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1. Introduction

Analysis of polyharmonic operators (natural powers of the Laplace operator) are ubiquitous in many
areas of pure and applied mathematics and as well in physics and engineering problems. Here we concern
ourselves with a fundamental solution of the polyharmonic equation (Laplace, biharmonic, etc.), which is
connected to solutions of the inhomogeneous polyharmonic equation. Solutions to inhomogeneous polyhar-
monic equations are useful in many physical applications including those areas related to Poisson’s equation
such as Newtonian gravity, electrostatics, magnetostatics, quantum direct and exchange interactions [11, §1],
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etc. Furthermore, applications of higher-powers of the Laplace operator include such varied areas as minimal
surfaces [27], continuum mechanics [23], mesh deformation [21], elasticity [24], Stokes flow [22], geometric
design [34], cubature formulae [31], mean value theorems (cf. Pizzetti’s formula) [28], and Hartree-Fock
calculations of nuclei [35].

Closed-form expressions for the Fourier expansions of a logarithmic fundamental solution for the poly-
harmonic equation are extremely useful when solving inhomogeneous polyharmonic problems on even-
dimensional Euclidean space, especially when a degree of rotational symmetry is involved. A fundamental
solution of the polyharmonic equation on d-dimensional Euclidean space R¢ has two arguments and there-
fore maps from a 2d-dimensional space to the reals. Solutions to the inhomogeneous polyharmonic equation
can be obtained by convolution of a fundamental solution with an integrable source distribution. Eigenfunc-
tion decompositions of a fundamental solution reduces the dimension of the resulting convolution integral to
obtain Dirichlet boundary values in order to solve the resulting elliptic system, replacing it instead by a sum
or an integral over some parameter space. By taking advantage of rotational or nearly rotational symmetry
in the azimuthal Fourier decomposition of the source distribution, one reduces the dimensionality of the
resulting convolution integral and obtains a rapidly convergent Fourier cosine expansion. In the case of an
axisymmetric (constant angular dependence) source distribution, the entire contribution to the boundary
values are determined by a single term in the azimuthal Fourier series. These kinds of expansions have
been previously shown to be extremely effective in solving inhomogeneous problems (see for instance the
discussion [14] and those papers which cite it).

It is well-known (see for [29, p. 45], [20, p. 202]) that a fundamental solution of the polyharmonic equation
on d-dimensional Euclidean space R is given by combinations of power-law and logarithmic functions
of the global distance between two points. In [11], the Fourier coefficients of a power-law fundamental
solution of the polyharmonic equation were obtained. Gegenbauer and Jacobi polynomial expansions of
a power-law fundamental solution of the polyharmonic equation (which generalize the Fourier expansions
presented in [11]) were obtained in [9]. The coefficients of these expansions are seen to be given in terms
of associated Legendre functions. Fourier expansions of a logarithmic and binomial fundamental solution of
the polyharmonic equation were obtained in [8].

The work presented in this manuscript is concerned with computing the Gegenbauer coefficients of
binomial and logarithmic fundamental solutions of the polyharmonic equation. One obtains a logarithmic
fundamental solution for the polyharmonic equation only on even-dimensional Euclidean space and only
when the power of the Laplace operator is greater than or equal to the dimension divided by two. The
most familiar example of a logarithmic fundamental solution of the polyharmonic equation occurs in two-
dimensions, for a single-power of the Laplace operator, i.e., Laplace’s equation. In this manuscript we
present an approach for obtaining the Gegenbauer expansion of binomial and logarithmic fundamental
solutions of the polyharmonic equation by parameter differentiation of a power-law fundamental solution of
the polyharmonic equation.

This manuscript is organized as follows. In Section 2 we introduce the fundamental mathematical sets, se-
quences, functions and orthogonal polynomials, which are necessary to understand the mathematical details
of this manuscript. In Section 3 we describe the properties of binomial and logarithmic fundamental solutions
of the polyharmonic equation in even-dimensional Euclidean space R%—and in particular in rotationally-
invariant coordinate systems and in Vilenkin polyspherical coordinates. In Section 4, we derive using a
limit-derivative approach, the Fourier cosine and Gegenbauer polynomial expansions for the kernels which
occur in binomial and logarithmic fundamental solutions of the polyharmonic equation in Euclidean space.
These kernels are (z — )P and (z — x)P log(z — x), where z > 1, x € (—1,1) and p € Np. In Section 5 we use
the results presented in the previous sections to obtain the azimuthal Fourier and Gegenbauer expansions
for binomial and logarithmic fundamental solution of the polyharmonic equation in rotationally-invariant
coordinate systems in even-dimensional Euclidean space. In Section 7 we derive addition theorems for the
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azimuthal Fourier coeflicients for the binomial and logarithmic fundamental solutions of the polyharmonic
equation in of even-dimensional Euclidean space.

2. Preliminaries

Here we introduce some nomenclature which we will rely upon in the text below. Throughout this paper
we adopt the following set notations: Ny := {0}UN = {0, 1,2,3,...}, and we use the sets Z, R, C to represent
the integers, real and complex numbers respectively. As is the common convention for associated Legendre
functions [1, (8.1.1)], for any expression of the form (2% — 1)%, read this as (22 — 1)® := (2 + 1)%(z — 1),
for any fixed @ € C and z € C \ (—o0,1]. Over the set of complex numbers, we assume that empty sum
vanishes and the empty product is unity. Given two numbers: 7,7’ € R, define

min £ /1 (2.1)

’I"§ ‘= max
The harmonic number H,, € Q, n € Z, is given by

0, if n <0,

n
k=1

H, = (2.2)

ifn>1.

9

E

The harmonic number is related to the polygamma function [18, (5.2.2)] with n € Ny since [25, p. 14]

¢("+ 1) = _7+Hn»

where v~ 0.57721 . .. is the Euler-Mascheroni constant [18, (5.2.3)].
The Pochhammer symbol (shifted factorial) is defined for @ € C, n € N, such that

(a)o:=1, (a)p:=(a)la+1)---(a+n—1). (2.3)
One also has
CUPL 0 < n<p,
(—p)n =14 1) (2.4)
0  ifn>p+l

Note for z € C, k € Ny, the binomial coefficient can be given in terms of the Pochhammer symbol as follows

(18, (1.2.6)]
2\ _ (=DM(=2)
(}) - 0 .
The Gauss hypergeometric function oF} : C x C x (C\ —=Np) x C \ [1,00) [18, Chapter 15] is defined as
a,b — (@)n(b)n 2"
F ) = -

for |z] < 1 and through analytical continuation for the rest of its domain. If one takes b = ¢ in the Gauss
hypergeometric function, one produces the binomial theorem [18, (15.4.6)]
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a .
1F0(_;Z) = (1—2) e, (26)
Associated Legendre functions of the first and second kind P¥, Q" : C \ (—o0,1] — C [18, (14.3.6-7) and

Section 14.21] are defined as

“
1 z+1)\2 -v,v+1 1—2
PH == — F ’ ; 2.7
K= e (1) (). @7

for |1 — 2] < 2,
piy o VT 4 p 4 (R - ) 2.8
QV(Z) = 2u+1I‘(V+ %)Zy+#+1 2471 y_|_% 72—2 , ( ) )

for |z| > 1, and elsewhere in z by analytic continuation of the Gauss hypergeometric function. A property of

the associated Legendre functions that we will take advantage of are the Whipple formulae [18, (14.9.16-17)]

(these are equivalent to each other)

Ql(z) = \/ge“mf(v—l—,u—l—l)(z? —1)7EPL <ﬁ> (2.9)
z ) , (2.10)

262’1/71'(2271)7% 1
Pl(z) =i\| = ——— P —
v (2) =i 7 T(—v—p) Q*#*a 221
for Rz > 0. These allow one to convert between the associated Legendre functions of the first and second

kind. We also take advantage of [18, (14.9.14)]

_ ey TV —p+1)
Iz — o 2iT M
Q) = el n ), (211)
Some useful special cases are (cf. [18, (14.5.17)])
(2.12)

and
2 ( ) i\/ /2(‘2 (n l)V’Z ]) ( )
2 (22_ |>4(z+1/22 >7L+1 ’ :

which follows from [18, (14.10.6)] and [18, (14.5.17)]. One also has

*3) (2.14)

)

N[=

eiW(M‘F%)QH*%I‘(
(22 —1)+a

=

[SIT
—~
I
~—
|

ut
Qt

where in this formula € C \ {—3,—1,—32,...}, which follows using (2.8) and the binomial theorem (2.6).
Let p,m € Ny. In regard to parameter differentiation of associated Legendre functions of the first kind,

then Szmytkowski derived [33, cf. (5.12)]
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)] y
<log % +2H,, — H, — Hp_m) P (2)
e p—m_l(_l 2k +2m+ 1) {1 + %} _—
_ P (p—m—k)(p+m+k+1) (2.15)
S e e, o5z
(=Dt (p 4+ m)(m —p—1)!P;"(2), ifm>p+1.

One interesting consequence of Szmytkowski’s formula is the following corollary which does not seem to
have appeared elsewhere in the literature.

Corollary 2.1. Let p,m € Ng, 0 <m < p, z € C\ (—o0,1]. Then

0 y+% . zZ+ vV 22 -1 +%
|:$Qm—% (Z):| . = [2H2p — Hp - + i + log ﬁ] an_%(z)

p—m=1 2k +2m+ 1) [1 + %} k+m+1
Q (2)

Hp—m)! —  KHp-m-k)p+m+k+1) i
el 2k + 1 ftd

Proof. Starting with (2.10) for ;» = m € Ny, and the reflection formula for the gamma function [18, (5.5.3)],
we have

—1 2 etV vl z
P (2) = - 2 .
v (2) (Z2_1)i\/;F(1/—m+1)Qm2 ( z2—1)

Then replace

o . i ]2 EL vty i
] e ()]

i 2 (1o eimv Pl P (“1)P [0 ust p
_(22_1)i\/;{[al“(u—m—kl)]y_pczm5( 22_1>+(p—m)! th@m%( 22—1)]1/_;7}7

[‘9 e_””} - (=1 (im+¢(p—m+1)),

(v —m+1) ~(p-m)!

in (2.15) for 0 < m < p, together with (2.10), [18, (14.9.14)], and applying the map z — ——=— [6, Appendix

22—1
A], completes the proof. Unfortunately, applying this same method for m > p+ 1 does not seem to produce

an analogous result. O
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On the other hand, using the map z — —=—=, (2.15), and (2.9), produces the following useful relation

o ()., e

wlm

P
—1)ptt 2422 -1 1
Ep )m) <10g Wr i +2Hy, —Hy,— H,_, Qf,jf%(z)
p—m—1
2k;—|—2m—|—1) { El(p +m)! ktm+ 1
p+1 Z 1+ QT2 (2)
| _ W — | m—3
y — kl(p — EYp+m+k+1) (k4 2m)!(p —m)! (2.17)
(—1)PH (p+m)! = 2k +1 ft .
+ % (2), f0<m<p,
(p—m)! ,; Fr - B+ k1) om-3 ) e
(~1)™(m = p— 1)1 QU (2), ifm > pt L

One main orthogonal polynomial that we use in this manuscript is the Gegenbauer polynomial. The
Gegenbauer polynomial C} : C — C can be defined by

(2v),, —n,n+2v 1—x
Cy(x) = 21 i —— | (2.18)
n! v+ % 2

where n € Ny, v € (—3,00) \ {0}. The Gegenbauer polynomial can also be written in terms of the Ferrers
function of the first kind (associated Legendre function of the first kind on-the-cut) [18, (18.11.1)]

O e () = . ! P (@), (2.19)
(2)m(=2)m(1 —22)>
where z € (—1,1), n,m € Ny such that 0 < m < n. The Ferrers function of the first kind is defined as [18,
(14.3.1)]

1 l1+zx 3 —-v,v+1 1—2x
p# = — F ’ ; 2.2
) F(l—u)<1—x> ’ 1( l—p 7 2 ) (220)

where v,u € C, 2 € C\ ((—00,—1] U [1,00)). One may consider the limit as p — 0 of the Gegenbauer
polynomial [2, (6.4.13)]

lim ntp
n=0 p

CH(z) = en T () (2.21)

where €, = 2 — 0,0 is the Neumann factor, commonly appearing in Fourier cosine series. The Chebyshev
polynomial of the first kind T}, : C — C, is defined by

-n,n 1—=x
Tn(w)IZQFl( 1 ;T)u

2

with the useful Fourier cosine representation T}, (cos ) = cos(n#). The Chebyshev polynomial of the second
kind U,, : C — C, is defined by [18, (18.7.4)] Uy (z) := C}(z).

For generalized Hopf coordinates (see Section 6.2 below) we use Jacobi polynomials which are defined as
[18, (18.5.7)]

+1) —n,a+B8+n+1 1—2
pld) iy = @t Dn p (=1, . .
n ) T a+1 T2
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Theorem 2.2. Let a, B,n € Ny, z € C. Then the Jacobi polynomials have the following symmetry in param-
eter relations

oSN e e
a+n)l n)! [z - _
Pit?(z) = ((oz++ ﬁ)lg-ﬂn—;!n!)' ( ; 1) P (2): (223)

Proof. For (2.22), start with [25, p. 212]

o n+ 0 z—1\" -n,—nm—a z+1
=) (5 )

replace a — —a, then n +— n + «. Then using (2.5), and the reflection formula [18, (5.5.3)], the final result

follows since for x,y € Z, one has

m sin(m(z + y + 2¢))
e—0  sin(w(z +¢€))

= cos(my) = (—1)Y.
For (2.23) use [18, (18.5.8)]

+ 1), (z+1\" —n,—n—p z—1
plaB) () — @+ n " .
) n! 2 2t a+1l "z2+1)°

and replace first 8 — —f3, and then n—n+ 5. O

Corollary 2.3. Let o, € Z, n € Ng, z € C. Then the Jacobi polynomials have the following symmetry in
parameter relation

o 2—1\"(z+1\" —a,—
P! ﬂ)(z):< 5 ) ( 5 ) PCSTD(2). (2.24)

Proof. For (2.24) use (2.22) and then substitute (2.23) to replace the Jacobi polynomial which appears on the
right-hand side. Notice that the restriction «, 8 € Ny is relaxed to a, 8 € Z in the resulting expression. O

3. Binomial and logarithmic kernels for the even dimensional fundamental solution of the polyharmonic
equation in Euclidean space

If x,x’ € R? then the Euclidean inner product (-,-) : R x R — R defined by
(x,x") == x2) + - + 292l (3.1)

induces a norm (the Euclidean norm) | - || : RY — [0,00), on RY, given by x| := /(x,x/). If ® : R = R
satisfies the polyharmonic equation given by

(~A)(x) = 0, (3.2)

where k € N and ® € C?*(R%), x € R?, and A : CP(R?) — CP~2(R?) for p > 2, is the Laplace operator on
R? defined by A := a‘% +-+ 6‘%. Then ® is referred to as polyharmonic, and (—A)* is referred to as the
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polyharmonic operator. If the power & of the Laplace operator equals two, then (3.2) is referred to as the
biharmonic equation and @ is called biharmonic. The inhomogeneous polyharmonic equation is given by

(—A)f(x) = p(x), (3-3)

where we take p to be an integrable function so that a solution to (3.3) exists. A fundamental solution for
the polyharmonic equation on R? is a function G¢ : (R? x R%) \ {(x,x) : x € R4} — R which satisfies the
distributional equation

(~A*G(x,x") = d(x — x'), (3.4)

where 4 is the Dirac delta distribution and x’ € R%. One might want to obtain solutions ® : R — R to the
inhomogeneous polyharmonic equation (3.3) given an integrable function p € C2(R?). An integral solution
of the polyharmonic equation is given by

wm=/%&xmwmx (3.5)
R4

(see [5, (3.13)]). In order to solve (3.3) on some simply-connected domain 2 C R%, one may require Dirichlet
boundary values on the boundary 9€2. By using (3.5), one may obtain the Dirichlet boundary values in order
to solve (3.3), given a fundamental solution of the polyharmonic equation, by convolution of a fundamental
solution of that partial differential operator with the source distribution over 2.

Let n € N and recall the definition of the harmonic number H,, := Y, _, % Then a fundamental solution
of the polyharmonic equation (3.2) on Euclidean space R? is given by (see for instance [4, (2.1)], [8, Theorem
1], [31, Section II.2])

(_1)k+g+1 ||x . X/HQk—d
(k= 1)1 (k — 4)122- 173
D(g — k) x — x|~

(k —1)122k7s

(1og Ix —x'|| — Bk,%d) , if d even, k > g,

Q,ff(x,x’) =

, otherwise,

where 3,4 € Q is defined as 8,4 := 3(H, + Happ y—Hay).

Remark 3.1. In regard to a logarithmic fundamental solution of the polyharmonic equation (d even, k > %),
note that [31, Section I1.2] is missing the term proportional to ||x — x/[|?*~¢. This term is in the kernel
of the polyharmonic operator (—A)*

fundamental solution of the polyharmonic equation. Our choice for this constant is given so that

, so for any constant multiple of this term /3, 4 may be added to a

—~AGl =Gi_, (3.7)

is satisfied for all k& > %, and that for k = %, the constant vanishes. Boyling’s fundamental solution satisfies
(3.7) for all k& > %, but is missing the term proportional to H 4y, and therefore only vanishes when k = %
for d = 2. Sobolev does not include this constant term, so for him g;j is purely logarithmic for all k& > %,
d > 2 even. However in that case (3.7) is not satisfied for k > 2.

We consider parametrizations of Euclidean space R? which are given in terms of coordinate systems whose
coordinates are curvilinear, i.e., based on some transformation which converts the Cartesian coordinates
to a coordinate system with the same number of coordinates in which the coordinate lines are curved.
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We consider solutions of the polyharmonic equation (3.2) in a curvilinear coordinate system, which arises
through the theory of separation of variables. We refer to coordinate systems which yield solutions through
the separation of variables method as separable. In this manuscript, we restrict our attention to separable
rotationally-invariant coordinate systems for the polyharmonic equation on R which are given by

Ty = x1(§17 e 1§d71)
Tg—3 = Ta—2(&1s- -, &a—1) . (3.8)

41 = R(&, ..., €a—1)cos @
rg = R(&,...,8q—1)sin¢

These coordinate systems are described by d coordinates: an angle ¢ € R plus (d—1)-curvilinear coordinates
(&1, ...,&4—1)- Rotationally-invariant coordinate systems parametrize points on the (d— 1)-dimensional half-
hyperplane given by ¢ = const and R > 0 using the curvilinear coordinates ({1,...,£4—1). A separable
rotationally-invariant coordinate system transforms the polyharmonic equation into a set of d-uncoupled
ordinary differential equations with separation constants m € Z and k; for 1 < j < d — 2. For a separable
rotationally-invariant coordinate system, this uncoupling is accomplished, in general, by assuming a solution
0 (3.2) of the form

d—1

¢(X) = eim¢ R(gh e 7£d—1) H Ai(fivma klv R kd—?))

i=1

where the properties of the functions R and A;, for 1 <7 < d — 1, and the constants k; for 1 < j <d -2,
depend on the specific separable rotationally-invariant coordinate system in question. Separable coordinate
systems are divided into two separate classes, those which are simply separable (R = const), and those
which are R-separable. For an extensive description of the theory of separation of variables see [26].

The Euclidean distance between two points x,x’ € R?, expressed in a rotationally-invariant coordinate
system, is given by

Ix —x'|| = V2RR' [y — cos(¢ — ¢')]? , (3.9)

where the hypertoroidal parameter x > 1, is given by

d—2
R24+ R?+ Z(mk —a})?

X:=XR,R,x1,...,0q-2,2,...,0)_5) = 2]];;, , (3.10)

and R, R’ € (0,00) are defined in (3.8). The hypersurfaces given by x = const are independent of coordinate
system and represent hypertori of revolution.

One type of coordinate system which parametrizes points in d-dimensional Euclidean space which has a
high degree of symmetry are Vilenkin’s polyspherical coordinates (for a detailed description of Vilenkin’s
polyspherical coordinates, see [9, Appendix B and references therein]). These curvilinear orthogonal coor-
dinate systems are composed of a radius r € [0,00) and (d — 1) angles which must have domains given
in {[0, 27], [0, 7], [-m,7)}. Using these coordinate systems, we can also express the distance between two
points as

Ix — x'|| = V2rr (¢ — cosv)?, (3.11)
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where (¢ : [0,00)% — [1,00) is defined by

7“2 —|—T’2

C=¢rr') = —4—, (3.12)

and the separation angle v € [0, 7] is defined through the relation

(x,x) _ (%X
= = 3.13
O ] e 319
using the Euclidean inner product and norm. Note that
2 _ g2

From (3.6) we see that apart from a multiplicative constant, the algebraic expression of a fundamental
solution for the polyharmonic equation on Euclidean space R? for d even, k > g, is given by [¢ : (RY x R?)\
{(x,x) : x € R} — R defined by

(06 x') 1= o= X2 (log [~ X'l By g.a) - (3.15)

By expressing [ﬁ in a rotationally-invariant coordinate system (3.8) one has the following result. Let p =
k —d/2 € Ng. Then

%) = QRRY (G108 QRI) = fa ) (x — cos(s — )

45 QRR)” (x — cos(6 — )" log (x — cos(é— &) . (3.16)

Also, in a Vilenkin polyspherical coordinate system, one has

(€(x,x') = (2r')’ (% log (2rr") — ﬂp’d> (¢ — cosy)? + % (2rr")? (¢ — cos )P log (¢ — cosy). (3.17)

For the polyharmonic equation on even-dimensional Euclidean space RYE if1 < k < % — 1 then a

fundamental solution is given by h¢ : (R x R?) \ {(x,x) : x € R%} — R which is a power-law given by
hi(x,x) = |x — x'||**~¢, where 2k — d € —2N. For this range of k values then 2k — d is a negative even
integer and this case and all its implications are fully covered by the material presented in [9].

For the case in which a logarithmic fundamental solution exists, namely k& > %, then 2k — d € 2N is a
positive even integer and the kernel jz ‘R4 xRY - R

e x') =[x — x|, (3.18)
corresponds to a binomial expression (z — )P, where p = k — d/2 € Ny and its series expansion either in

terms of Chebyshev polynomials of the first kind or in terms of Gegenbauer polynomials truncates in a finite
number of terms. By expressing j¢ in a rotationally-invariant coordinate system there is

ji(x,x') = (2RR")" [x — cos(¢ — &))", (3.19)
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and expressing j{ in a Vilenkin polyspherical coordinate system one has

id(x,x') = (2r")’ [¢ — cosy)?, (3.20)
where p = k — d/2 € Ny.
4. Fourier and Gegenbauer expansions of binomial and logarithmic kernels

We require Gegenbauer (polynomial) expansions for kernels which naturally arise in a logarithmic funda-
mental solution of the polyharmonic equation in Vilenkin’s polyspherical coordinates in even-dimensional
Fuclidean space. Since these coordinates are rotationally invariant, in this study of addition theorems in these
coordinates, we require Fourier cosine (Chebyshev polynomials of the first kind) and Gegenbauer polynomial
expansions (see [9]). By necessity, here we treat the binomial (z — )P and logarithmic (z — z)P log(z — z)
kernels, where z,z,v € C and p € Ny. We have previously derived Fourier expansions of the binomial [11,
(3.10)] and the logarithmic [8, (20), (26)] kernels. We now treat those corresponding Gegenbauer polynomial
expansions. By examining (3.16), (3.17), (3.19), we see that for the computation of Fourier and Gegenbauer
expansions, we are interested in the Fourier and Gegenbauer expansions of the Euler and logarithmic kernels.

The formulas which are presented below all rely in one way or another on the following important
Gegenbauer polynomial expansion which can be found in [9, (3.4)], namely

+3 , L . e 1
(z—2)" = 2“ﬁ_rf((yu))emw—u+z>(zz 1Y () Ch@)Q T (2), (4.1)

n=0

where z € C \ (—00,1], and x € C lies inside the ellipse with foci at +1 that passes through z. This result
and the following results have the curious property of z,z lying on ellipses with foci at +1 and this is due
to the important theorem of Szegd, namely [32, Theorem 12.7.3, Expansion of an analytic function in terms
of orthogonal polynomials].

Lemma 4.1. Let p € Ny, z € C \ (—o0,1], x € C. Then the expansion of Euler kernel in Chebyshev
polynomials of the first kind is given by the following binomial expansion (see [11, (4.4)])

(z—2)P = i(—l)PH\@p!(zQ RIS MQH% (2). (4.2)

—p—n)lp+n) "2

Proof. This truncated series result follows from (4.1) with —v = p € Ny and then taking 4 — 0 with
(2.21). O

The Fourier cosine expansion of the important logarithmic kernel is given in the following lemma.
Lemma 4.2. Let p € Ny, 2z € C\ (—00,1], z—x € C\ (—00,0], = lies inside the ellipse with foci at +1 that
passes through z. Then

(z —x)Plog(z —x) = (2 — x)? <log # + 2H2p>

12 p 2 b+2 u En(_l)nTn(x) pt+3 P
HY W DT D iy (e o) Q1)

n=
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—1 p—n=1(2n 4 2k + 1) |1+ __kprm)t

/2 241 3 € (—1)nT (l‘) ( |: (2n+k)!(p—n)! ntk+l
Z(=1)PHip (22 —1)2 71 n n 3

IECTSICEN RS

rs (p+mn)! — Kp—n—k)p+n+k+1) Q"—% (2)
28 oy e CD' () (- 2k + 1 B
28 oy g (o p = DIT(@) e
+i ﬁp! (2% —1) n;ﬂ T @3 (2)- (4.3)

Proof. Use [8, (26)], with (2.9), (2.10), (2.11). D
The following consequence of (4.3) is also given in [25, p. 259].

Corollary 4.3. Let z € C\ (—o0,1], z—ax € C\ (—00,0],  lies inside the ellipse with foci at £1 that passes
through z. Then

log(z — x) = log

z4+vVz2 -1 2§: To(z) 1
2 n=1 n (Z +v Z2 - 1)n
Proof. Let p =0 in (4.3) and use [18, (14.5.17)]. This completes the proof. O

The Gegenbauer polynomial expansion of the binomial is given in the following lemma.

Lemma 4.4. Let p € Ny, p € (—3,00) \ {0}, 2 € C\ (—00,1], z € C. Then

oty , i1 (D)™ + p)CE(x) 1
RV ==l (2 — 1)E5E+E R n PEtE ) 4.4
(z—2) ™ PP~ 1) 4nzz;)(P—n)!l“(n+p+2/t+l)Q”ﬂ‘*%(z) (44)
Proof. Starting with [9, (3.4)], (4.1), we take the limit ¥ — —p, producing
2,u+% . 1 + 1 s 1 -1
_ )P — in(p+p+3) 2 _ P +g Iz i VTHTS
vt DCE Rt U N i (RO

By using (2.11), (2.4), we have

(_1)n+1872i77/,¢p!
lim LQ”_“_% (z) =< (p=n)!T(n+p+2u+1)

v——p F(I/) n+,u—%

ot g .
QZJ:FZ%(Z) if 0 <n<p,

0 ifn>p+1.
Using this limit in (4.5) completes the proof. O

Note that the above lemma generalizes (4.2) by the limit formula (2.21).
The Gegenbauer polynomial expansion of the logarithmic kernel is given as follows.

Lemma 4.5. Let p € Ng, p € N, 2 € C\ (—00,1], z—ax € C\ (—00,0], x lies inside the ellipse with foci at
+1 that passes through z. Then
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z+vVz2 -1
2

(z—x)Plog(z —x) = (z —x)P <log +2Hop 19, + H), H,,Jm)

oht3 piu 1 L —1)"CH 1
e D)y (s o) €740

n=

ot =y e
+Z'(_]_)P+N+1 ﬁ p'(/i—l) (Z _1 2 42 n—l—,u ) ( )

—  (p+n+2p)
”il (2n + 2k +2u+1) R ) bt
Elp—n—-k)p+n+k+2n+1) (k+2n+2u)!(p—n)!| “ntu—2
_ omt3 pin gt Eo(n4 p)(—1)"CH(x
_|_Z(_1)p+lt+1 \/E p!(u—l)!(zz—l) 2 42( :u&);_vz)' n( )
n=0 :
n+p—1
2]€+1 k+%
X
;;) (n+k+u)(pﬂc—k)(p+k+u+1)Q"+“*%(z)
pIas pra 1 N (4 p)(n—p— DICH(E)  ptptl
i(—1)H lp—1)!(z2=1) 7 '* n PTETE (). 4.6
(=) =l = D! (= - 1) ; T R AN C) (4.6)

Proof. Let v € C, p € (—3,00)\ {0}, 2 € C\ (—00,1] and z € C lies inside the ellipse with foci at +1 that
passes through z. Using (4.1) and (2.9), one has

(z—z)" =2°T(pu) (2> — 1)° an Puf#“( Zj_1>c;;(x). (4.7)

Let p € Ny. One then may use the following identity

Y _ — (5 — VTP
(2 — 2)Plog(z — 2) = lim =~ (z — 2)""?,
which upon substituting v +— v + p in (4.7) produces
- 0 (Z2-1:T(w+p+1) .t z
P] = 2" (2% — )rCH P ).
(z—x)P log(z—z) = 2'(z* §= n+p)(=1)"Cp (2) lim =~ Tw+pt2ntl) e\ Jmo1

Performing the derivatives, one obtains

D (-1 +p+1) z
ov T(v+p+2u+1) VP21
(22 -1)iT(v+p+1)

- V72 1 2p+1)) P -
T tptonel) ( 1+yp+rv+l)—dlp+ntrv+2u+ )) Vﬂw(m)

(22_1)%F(V+p+1)2 Nt z
Tv+p+2u+1) Ov "\ 2_1)

and after taking the limit one has
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.0 p! ntp z
lim —————P""" | ——
v=0 v (p+2u+1) PTH 22 -1

! n
= m (1og\/m+1l)(p+1)—¢(19+n+2lu+1)) e (%)

5o 5 ()]
4 Zprte .
F(p + 2/1’ + 1) |:8V 22 -1 v=p+u

For general u, the parameter derivative of the associated Legendre function of the first kind given in
the above equation is not known. However for p € Ny it is known (see (2.15)). The expansion for the
logarithmic kernel for ;1 = 0 corresponds to the Chebyshev polynomial of the first kind (see (2.21)), and
therefore corresponds to (4.3). Hence from this point forward we treat ;4 € N, and the result follows using
(2.17). O

One interesting consequence of (4.6) is the following expansion.

Corollary 4.6. Let m € N, z € C \ (—00,1], z — 2 € C \ (—00,0], = lies inside the ellipse with foci at +1
that passes through z. Then

-1
log(z — ) :log% + Hy,, — H,,
om+3 I e 2% + 1 ftd
. _1 m—+1 | 2 _1 m o= +2
+i(=1) LS mi(2 yr pors (k+m)!(m—k)(k—l—m—i—l)Qm*%(z)
i e -y 30 MG g (1.8
7 NG m (2 2 @m ) ntm—1(2)- .

Proof. Let p =0 in (4.6) using the duplication theorem [18, (5.5.5)], and (2.14), completes the proof. O

Corollary 4.7. Let z € C\ (—00,1], z—x € C\ (—00,0], z lies inside the ellipse with foci at £1 that passes
through z. Then

z+V22—-1 1 V22 -1 2 Unlz) z+(n+1)vV22 -1
log(z —z)=log————— + = - ————— —2 E
2 24+v22 -1 —n(

2 n(n+2) (z++22—1)nt! )

Proof. Let =1 in (4.8), then use (2.12), (2.13). Simplification completes the proof. 0O

5. Azimuthal Fourier and Gegenbauer polynomial expansions of binomial and logarithmic fundamental
solutions

The behavior of a logarithmic fundamental solution of the polyharmonic equation on even-dimensional
Euclidean space R in a rotationally-invariant coordinate system and in a Vilenkin polyspherical coordinate
system are given respectively by (3.16), (3.17). For rotationally-invariant coordinate systems (3.8), recall
that R, R’ are the cylindrical radii and ¢, ¢’ are azimuthal angles and that x, the toroidal parameter, is
defined in (3.10). Furthermore, for the polyharmonic equation (3.2), k¥ € N is the power of the positive
Laplacian. For the definitions of the special functions and numbers used in the results presented in this
section, see Section 2. We now present the expression for the azimuthal Fourier expansion of a logarithmic
fundamental solution of the polyharmonic equation.
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Theorem 5.1. Let x,x’ € R? with d € 2N, p = k — d/2 € Ny. Then the azimuthal Fourier expansion of
a logarithmic fundamental solution of the polyharmonic equation [ﬁ in a rotationally-invariant coordinate
system on Fuclidean space R is given by

p: py1
i x) = T (2R (¢ - DE [(log (RR') +10g(x + VX2 = 1) + 2Hap — Hy — Hy ., + Hy )

» P e (=1)" cos (m(¢p— @) p 1
I

& (1) cos (m(p — o))
D Y e

+l
Hyim + Hp 1) Qzlfé ()

- —m—1 k!(p+m)!
Lt § Em(ED eos (n(6 = ¢) " (2m+2k+1) |14 (2m+’“)’(”m)!}Qm+’“+%(X)

m=o -+ m) 2 THp-m-Rprm ikl omod
e - COS( (6= ¢) 2k + 1 ket d
mz::l (p—=m)! = (m+k)p— k)(p+k+1)Qm ey

p2 3 (mop=Dleosm@ =) ot )

(p+m)! m=3 (5.1)

m=p+1
Proof. Beginning with (3.16), applying the identities (4.2), (4.3) and simplifying, completes the proof. O

A logarithmic fundamental solution of the polyharmonic equation expressed in a Vilenkin polyspheri-
cal coordinate system is given by (3.17). Also recall that r, r’ are the hyperspherical radii and cosy =
(x,x")/(Ix||[Ix’|]) (3.13) is the separation angle (3.13) in a Vilenkin polyspherical coordinate system [9,
Appendix B and references therein], and that ¢ = (r? 4+ 1/2)/(2rr’) is defined in (3.12). We now give the
Gegenbauer expansion for a logarithmic fundamental solution of the polyharmonic equation in Vilenkin
polyspherical coordinate systems.

Theorem 5.2. Let x,x’ € R? withd € 2N, p = k—d/2 € Ny. Then the Gegenbauer expansion of a logarithmic
fundamental solution of the polyharmonic equation [g on even-dimensional Euclidean space R in a Vilenkin
polyspherical coordinate system is given by

2n—3

=P )(C2 — 1) (2P

X [<log (rr'") + log (g +/C2 — 1) +2Hsp 40, + H, — Hpy ) — 2ﬁp’d)

+u )OI (coSY) ptptl
X ( P+#+1Z 0 (2 f+:;f(<).
p+2u)! 2
P
l—l—u )CY (cos ) Gl
p+# )i H ptu+3
lz: p+l+2/i) ( p+it2u T Lp l)QlJer% (C)
p+u+1 Z (L +p) O#(COSV)

p+l+2,u)
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p—1—1
(2l+2k+2u+1) |: k'(p-l—l-l—?u)' :| EAl+ptd
- kz Kp—1l—k)(p+1+k+2u+1) ! (k+20+2u)!(p—1) @y "(©)
+ut1 l-l—u )C}(cos ) e 2k+1 ket L
e Z —1)! kzzo (z+k+u)!(p+ufk)(p+k+u+1)Ql+uf%<o
e () =p = DO (cosy) priutd
. wz:,;l (p+ 1+ 2p)! Qurpf Q) (5.2)

Proof. Applying the identities (4.6) and (4.4) to (3.17) completes the proof. O

For the polyharmonic equation on even-dimensional Euclidean space R¢ with k& > g,

tiplicative constants, the algebraic expression for a binomial fundamental solution of the polyharmonic
/sz—d

apart from mul-
equation j¢ : R4 x R — R is given by j¢(x,x’) := [|[x — x , with 2k — d € 2N. By expressing j{ in a
rotationally-invariant coordinate system one has (3.19) which leads to the following result for an azimuthal
Fourier expansion of the binomial fundamental solution of the polyharmonic equation.

Theorem 5.3. Let x,x’ € R? with d € 2N, p = k — d/2 € Ny. Then the azimuthal Fourier expansion of a
binomial fundamental solution of the polyharmonic equation jg on Euclidean space R¢ is given by

id " — i(—1)P 2 ! _1\%+3 - (=1)"€n cos (n(¢ — ¢')) p+i
i) = i1+ ZpteRR e - 1 S @ e9)

Proof. Starting with (3.19), and using the binomial expansion (4.2) with the Fourier cosine representation
of the Chebyshev polynomials of the first kind completes the proof. 0O

The expression j% can also be represented in any Vilenkin polyspherical coordinate system (3.20) which
likewise can be expanded using Gegenbauer polynomials. This is presented as in the following result.

Theorem 5.4. Let x,x’ € R% with d € 2N, p = k —d/2 € Ny. Then the Gegenbauer expansion of a binomial
fundamental solution of the polyharmonic equation j¢ on Euclidean space R is given by

.d / . p_i 272 1/ d ' N T2> - 7‘2< Pt
jR(x,x") =i(-1)P72 p.(§—2).(2r7“) o

P

g1 Cp 1 -
ZO = Tl+p)—|—d (;())S’Y)Qiid%a(() (5.4)

Proof. The Gegenbauer polynomial expansion of Lemma 4.4 with g = d/2 — 1, is combined with a fun-
damental solution written in a Vilenkin polyspherical coordinate system and using (3.14) completes the
proof. O

6. Global analysis on R? of standard and generalized Hopf Vilenkin polyspherical coordinate systems

Now we study some of the particular details which will arise in the study of binomial and logarithmic
fundamental solutions of the polyharmonic equation in standard polyspherical coordinates and generalized
Hopf coordinates. We will utilize the addition theorem for hyperspherical harmonics to expand the critical
Gegenbauer polynomial (that with an order equal to d/2 —1) over the product of normalized hyperspherical
harmonics in that particular Vilenkin polyspherical coordinate system. The reason we used the critical order
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d/2—1 is that these Gegenbauer polynomials with this particular order provide a basis for analytic solutions
on the hypersphere S%~!. For d > 3, the addition theorem for hyperspherical harmonics is given by (for a
proof see [36], [19, §10.2.1])

_ 9)pd/2 -
G eos) = gy g ) Y R, (6.)

where K stands for a set of (d — 2)-quantum numbers identifying harmonics for a given value of n € Ny, and
cos 7 is the cosine of the separation angle (3.13) between two arbitrary vectors x,x’ € R%. The functions Y,X :
S?=1 — C are the normalized hyperspherical harmonics. Normalization of the hyperspherical harmonics is
achieved through the integral

| YE@VER -1,
Sd—l
where df) is the Riemannian volume measure on S%1.
First we will treat standard polyspherical coordinates and then we will treat generalized Hopf coordinates.

Both of these polyspherical coordinate systems and many of their various properties are described in [9,
Appendix BJ.

6.1. Standard polyspherical coordinates

Here we review details connected with standard Vilenkin polyspherical coordinates. These coordinates
and as well the general Vilenkin polyspherical coordinates are described carefully in [9, Appendix B], and
we will not depart from the description and usage of standard polyspherical coordinates described therein.
Standard polyspherical coordinates are a generalization of the spherical coordinate system that is most
commonly encountered in multi-dimensional calculus. What we refer to as standard polyspherical coordinates
are given by

r1 = rcosfq,
To = 1 8in fq cos b,
x3 = 7 sin # sin O3 cos O3,
Tg_o =71sinfy---sinfy_3cosby_o,
Tq_1 =7rsinfy---sinfy_3sinfy s cos @,
Tg=rsinf;---sinfy_3sinf,_ssin @, (6.2)

where 6; € [0,7] for 1 <i < d—2 and ¢ € [-7, 7). In standard polyspherical coordinates, the normalized
hyperspherical harmonics can be written as [9, (B.19)]

ez’m¢7 d—2

[T 9415413 0;), (6.3)
V2T =1 I

YR ®) =

where [9, (B.20)]



18 H.S. Cohl et al. / J. Math. Anal. Appl. 517 (2023) 126576

D (L + ) [o2td (20 +d— j— 1)(1; — 1,1q)!
CHURIRHAE ( ) 2L UL L)

T fd—j—1 m(l;+ 1l +d—j—2)!
x (sin ;)1 O T2 o). (6.4)

The addition theorem for hyperspherical harmonics (6.1) involves the product Y, (x)Y;¥ (x’), so we intro-
duce a convenient notation, namely Q¢ : Ng x Z x [0,7]2 — R is defined by

/

O
Qf (zk,zkH;G ) = Ol lit1; 01)OL (I, L1567, (6.5)
k

6.1.1. Standard polyspherical coordinates multi-sum reversal lemmas

An important ingredient in the production of the binomial and logarithmic addition functions is reversing
the order of the multi-sums that appear when the Gegenbauer polynomials are expanded as multi-sums
of hyperspherical harmonics. This allows us to compare the Fourier coefficients relying on the azimuthal
quantum number m.

Lemma 6.1. Let p € Ng. Then the multi-sum Y1, over the allowed quantum numbers for standard polyspher-
ical hyperspherical harmonics (6.3) defined by

Proof. To reverse the multi-sum, the upper and lower bounds of the indices need to be determined. Each
index of the original multi-sum can have values between 0 and p inclusively. However, the upper bounds of
the original multi-sum give the following constraint:

When the indices are reversed, this constraint determines the new lower bound of each of the indices. Since
there are no other constraints, the upper bound for each index will be p. O

Lemma 6.2. Let p € Ng. Then the multi-sum Yo over quantum numbers for standard polyspherical harmonics
defined by

ld—S l2

P IDIED DD IS D )

l=p+1 K  I=p+1la=0 lg_,=0m=0

can then be re-expressed with the sum order reversed as

oo oo

YQ:XP: i i i + > > ii (6.9)

m=014_o=m lo=l3 l=max(l2,p+1) m=p+llz_o=m lo=l3 =l
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Proof. First it is noted that each of the indices in the original multi-sum, except for [, will have a lower
bound of 0 and an upper bound of infinity. The index [ will have the same upper bound, but a lower bound
of p + 1. Like the previous lemma, the upper bounds of the original multi-sum will give us the constraint
(6.8), which determines the lower bounds of the reversed multi-sum. The combination of the following two
lower bounds:

ZQSlv p+1§la

yields the lower bound max(p + 1,13). With this, the multi-sum can be reversed:

o0 oo o0 oo
ey Y ey %
m=014_s=m la=l3 l=max(l2,p+1)
In later theorems, the scenarios of m < p and m > p + 1 need to be treated separately. With the index

m being the first sum of the multi-sum, this split is uncomplicated. When m > p + 1, we can drop the
maximum function on the lower bound of I. O

6.2. Generalized Hopf coordinates

Generalized Hopf coordinates are a type of Vilenkin polyspherical coordinates on R with d = 29 for ¢ > 1.
They are Vilenkin polyspherical orthogonal curvilinear coordinates with one radial coordinate r € [0, c0),
and (d — 1)-angular coordinates which together parametrize points on S?~! the (d — 1)-dimensional real
hypersphere with radius r. Of the (d — 1)-angular coordinates (d/2—1)-9 coordinates take values in [0, 37],
and the other (d/2)-¢ coordinates are of azimuthal type and take values in [—m, 7). For a careful treatment
of generalized Hopf coordinates, see [9, Appendix B].

In this paper we depart slightly from our previous description of generalized Hopf coordinates—we
have adopted a reversed azimuthal identification for the azimuthal angles and their corresponding quantum
numbers. In particular if one considers the collection of angles in generalized Hopf coordinates given by some
vector of angles ® := (O1,...,04_1) with vector of corresponding quantum numbers p := (p1,...,p4—1)-
In our previous paper, these were ordered as

®:(1917"'719d/271a¢17"'7¢d/2>7 p:(llv'"7ld/271am17"'7md/2)7 (610>
and in the current paper we order them as
92(1917"'aﬁd/2717¢d/2a"'5¢1)7 P = (lla"'ald/Qflamd/Za"'aml) (611)

(see Fig. 1 as compared to [9, Figure 5]).
These coordinates generalize two-dimensional polar coordinates (see Fig. 1a)

1 = T COS P, To = TSin @, (6.12)
and four-dimensional Hopf coordinates (see Fig. 1b)

x1 = 1 cos® cos ¢a, To = 1 cos Y sin ¢o,

3 = rsind cos ¢q, T4 = rsindsin ¢y. (6.13)

See Fig. 1c for a Vilenkin tree of the d = 8 generalized Hopf coordinates. In general the transformation
formulae to Cartesian coordinates for generalized Hopf coordinates is given by
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X, X, X, X, X, X, X, X, X,

(d)

Fig. 1. This figure is a tree diagram for polyspherical generalized Hopf coordinates of on R?’ with ¢ = 1,2,3,4 for (a), (b), (c),
(d) respectively. The first (297" — 1)-branching nodes correspond to the angles 9, € [O, %ﬂ and quantum numbers I; € Ny,
1 < j < d/2—1. The following (297 ')-branching nodes correspond to the angles ¢, € [—7,7) and quantum numbers m; € Z,
1 < k < d/2. These coordinates correspond to transformation (6.14).

1 = 1 cos ¥ cos o cos ¥4 cos g - - - COS Poa—2 COS Pga—1,

To = 1 cOS Y1 cOS Vg cos ¥y cOS Vg - - - COS Voq—2 SiN Pog—1,
Zoq-1_1 = rcost sindy sin s sin g - - - sin¥z.04-3_1 COS Pog—241,
Toa—1 = 7 cos Yy sin Vg sin 5 sin vy - - - sin ¥5.99-3_1 sin Pog—241,
Zoq-141 = rsindy cos¥s cos g cos Vg - - - cosV3.0a-3 COS Poa—2,
ZToq—149 = rsinv cos¥3 cos ¥g cos Vg - - - oS V3.9¢—3 SIN Poq—2,
Toa_1 = rsind; sin ¥z sin¥7 sin Y47 - - - sin ¥gq—1_1 cOS @1,

ZToq = rsiny sin Y3 sin 7 sin W7 - - - sin ¥gq—1_1 sin ¢q, (6.14)
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where ¥; € [O, %77] for 1 <j <297 '-1and ¢y € [-m,7) for 1 < k < 2971, Generalized Hopf coordinates are
unique in that they correspond to the only trees which contain only themselves in their equivalence class
(see [9, (B.2)]). These coordinate systems have separated harmonic eigenfunctions which are given in terms
of complex exponentials of the azimuthal angles, and for ¢ > 2, non-symmetric Jacobi polynomials for the
quantum numbers corresponding to the ¥-angles.

The cosine of the separation angle (3.13) in these coordinates may be given as follows. Define the symbol
4GL € [-1,1], where 0 < s < gand 1 <r <27 —1, by the recursive formula

ro__ / 2r—1 . . ’ 2r
qGs = o8, _1494-5 €08V, 9q-s ¢G5 8N, 1905 8inV, | 00— ¢G5,
with 4G} = 1. Then the cosine of the separation angle is given by
_ !
cosy = 4G,

Note that through the identification ¢ = ©g4/241_k, where 1 < k < 24=1 then ,Gi = cos(¢; — ¢}). Thus,
this shows one may stop this recursion at s = 1.

In regard to the quantum numbers in generalized Hopf coordinates, denote the meridional quantum
numbers [ € Ny and the azimuthal quantum numbers m; € Z, such that 1 <k <d/2-1,1<j <d/2.
Define £ := (1,12, ...,lqj2—1), M := (mgy2,...,m1) where [ := I and m :=m;. In these coordinates, it is
convenient to relate the meridional quantum numbers [l to corresponding surrogate quantum numbers ny
using I, = 2ny + log + lok+1, and we define N := (nq,no, .. -yNgj2—1), where n := ny, and ng € Ny for all
1 <k <d/2—1. For convenience define N := Zd/z ! ng, M = Zd/21 m;. Note that one can always write

I, = 2N + M,
log,(d/2) 29—2 1 d/2
b=2 > et D m
Jj=2 j=d/4+1
log,(d/2) 27-2 -1 d/4

l3 =2 Z Z Noj—249i— 1+k+2m]
j=2

In generalized Hopf coordinates, the normalized hyperspherical harmonics are given by [9, (B.21)]

[licj<caroexp(im;o;) . 4 n 1 n
YR (x) = ==Y Tye 3 20l I Py
(%) V2 /4 1 Iy, 15’ Ko X by Mo, m’ d/2—1 | »

7

where 1222 : N3 x [0, 7] — R is defined by

o, d L (2ng + o+ B+ 1)(nk + a + B)Iny!
4§ log, logs1’ (ng + a)l(nk + B8)!
x (cos Vg )2 (sin 0, ) '26+1 PP (cos(201,)), (6.15)
o = ag(lzk) = l2k — 14+ Qlogz(d/4)*L10g2 kJ’
5 — B]Egl(le+l) p— 12k+1 — 1+ 210g2(d/4)7l_10g2 k| .

Remark 6.1. Note that if d/4 < k < d/2 — 1 then —1 4 2'°82(4/9-losz k] — 0 hence a, 3, oy, lop 11 € M.
Also if 1 <k <d/4—1, then lak, log+1 € L.
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The addition theorem for hyperspherical harmonics (6.1) involves the product V¥ (x)Y,X(x’), so we
introduce a convenient notation, namely ¥ logQ : N§ x [0, 37]> = R is defined by

Dy, :
\I]}cogz d Nk : — Ticogz d Nk ;79k: Ticogz d ng : 19;6 ) (616)
Lok bakt1 9, Lok, o1 lok, okt

Theorem 6.3. In generalized Hopf coordinates, the product of mormalized harmonics which appears in the
addition theorem for hyperspherical harmonics (6.1) is given by

—_— 1
VA x)YE () = iy cos(1m(¢ — ¢'))em, cos(M2(Gm, — Gy )« €my s COS(Maysa(Gasz — dlyya))
xplogzd [ Td/2-1. V21 - X \Illog2 nov (6.17)
d/2-1 mo, M 1951/2 1 l2,13719/ ' '

Proof. In the sequel, we sum over all quantum numbers. If the coefficients of a product of Fourier series over
m; € M, whose coefficients are f,,;, are invariant under sign reversal transformation, namely f_p,; = f,,
we can rewrite the product of complex exponentials as a product of trigonometric cosine functions. This is
accomplished using

> fiexplimiy) = Y emfjcos(m;iy),

ijZ ijNO

where €,, = 2 — &,,0. The eigenfunctions \I'fgﬂ are invariant under this transformation, which can be
verified by applying (2.22), (2.23) for d/4 < k < d/2 —1 (see Remark 6.1). O

6.2.1. Generalized Hopf multi-sum reversal lemmas

In generalized Hopf coordinates (as well as in the large-part of Vilenkin polyspherical coordinate systems),
the procedure for summing over the degenerate quantum numbers can become somewhat technical. In the
specialized case of generalized Hopf coordinates we outline the procedure for describing the multi-sums over
the degenerate quantum numbers and derive descriptions of those same multi-sums, but instead with the
sum orders reversed.

Lemma 6.4. Let p € Ny, 1 < j <d/2, 1 <k <d/2—1. Consider the multi-sum Z, defined by

EPIP BN IO DS (6.18)
1=0 lo=0 12q 1_1=0 myq— 1=0 mo=0 m=0

over LUM with 0 < mj; < p, 0 < < p, where the sum over the li; € L quantum numbers are restricted
such that

Iy —lop — 1
BTk bkl o

ne = 9

Then the multi-sum Z1 can be re-expressed as a multi-sum over N'U M, with sum order reversed to obtain

2¢—1_4

q— q— 1
\‘ - =1 mLJ \‘ - ml*Qquz I"iJ
k— 2
p—Yiime p=Xi, Timy

Z, = Z Z Z Z Z . (6.19)

m=0 mp=0 7n2q_1:0 n2,1_171:0 n=0
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Proof. Let ¢ denote an integer at least 2. Put d = 29 and suppose also that p is a positive integer. Let
A C R4 consisting of (d—1)-tuples I = (I1,...,14_1) satisfying the following conditions: (i) for k satisfying
1<k<d-1,0<I <p; (i) for k satisfying 1 <k < & —1, lx — log, — lok+1 is a nonnegative, even integer.
Let S € R?! denote the convex polytope defined by the following inequalities:

ll S D,

Iy > lag + log41 (1<k< %l),

k>0 (2<k<d).
If L denotes the lattice L C Z%! consisting of (d — 1)-tuples of integers for which I, — loy, — log41 is even
for 1 <k < %, then A = LN S. (The polytope S is a (d — 1)-simplex, as shown below.) For 1 < k < %, put

ng = %(lk—IQk—lgk+1); for g < k < d, put ng = lj,. The function ¢ : R* — R taking [ to n = (ny,...,ng_1)
is an invertible linear transformation. In particular, l; is given in terms of the ng’s by

Iy =2(m +---—|—n%71)+n% 4+ ngog.
The transformation takes S to the polytope T = (.5) defined by

ng >0 (1 <k< d),

2ny+ -+ ng_y) Fng+oo g1 <p.
The polytope T is a simplex, being the subset of the first orthant in R%~! that is cut off by a hyperplane.
Therefore the linearly equivalent set S is also a simplex. The function ¢ takes L to Z¢~! and consequently
it takes A := LN S to I := Z4"' NT. For a set {x5} indexed by I, one has 3. _ran = > jcp Ty~ This

completes the proof. O

Lemma 6.5. Let p € Ny, 1 < j <d/2, 1 <k <d/2—1. Consider the multi-sum Zy defined by

2R D3 VD M DY (620

over LUM with 0 < m; < p, li, > p+ 1, with the same restriction over the I, € L in the above lemma.
Then Z can be re-expressed as a multi-sum over N'U M with sum order reversed to obtain

P o) [ee] [ee] ) )
ZQ:ZZ'“ Z Z Z Z i (6.21)
m=0 mo=0 Myq—1=0 nyq—1_,;=0 na=0 ( { 224 m17222q 1o )
n=max| 0, i=1 +1

Proof. Let S’ C R%! denote the convex polyhedron defined by the following inequalities:

ll 2p+17
l > lak + lakt1 (1<k< ),
p>l>0  (§<k<d).

The polyhedron 77 = ¢(.S) is given by the following inequalities:
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ng >0 (1§k‘<d),

2(”1+"'+”g71)+ng+~-~+nd71 >p+1L

The set A’ := S’ N L is mapped to I'" := T'NZ*~* by . For a set {z} indexed by I"", one has 3., x5 =
>_ien’ Tp(ry- This completes the proof. O

Lemma 6.6. Let m,p,k € Ny such that p = k —d/2 € Ny, d € 2N and 1 < k < d/2 — 1. Consider the
following multi-sum over LU M with m > p + 1:

YD IR D SIS Sl S (6.22)
l=p+11>=0 laj2—1=0mg/2=0 mo=0m=p+1

with the same restriction over the ly, € L in the above lemmas. Then the multi-sum Zs can be re-expressed
as a multi-sum over N'U M with sum order reversed to obtain

DD D S Z (6:23)

m=p+1ma=0 mg2=0ng/2_1=0

Proof. Let S” C R?~! denote the convex polyhedron defined by the following inequalities:

le > lok + lok+1, (1<k<9),
lkzoa (%§k<d)7
lg—1 >p+1.

The polyhedron T = ¢(S”) is given by the following inequalities:

ng >0 (1§]€<d),
ng—1 2 p+1.

The set A” := §” N L is mapped to ' := T"” N Z4~! by ¢. For a set {z;} indexed by I'”, one has

Z Tn = Z Loy

ner” leA”

This completes the proof. O
7. Binomial and logarithmic addition theorems for the azimuthal Fourier coefficients

In even-dimensional Euclidean space R?, the kernels for a fundamental solution of the polyharmonic
equation are represented by a function of the distance between two points (3.6), ||x — x’||. In rotationally-
invariant coordinates systems, one may represent the distance between the source and observation points in
terms of the difference between azimuthal coordinates, namely (3.9). In Vilenkin’s polyspherical coordinates,
which are rotationally-invariant, one may also represent this distance in terms of the separation angle,
namely (3.11). In a previous publication [9], addition theorems which arise when a fundamental solution of
the polyharmonic equation is a power-law in Euclidean space with odd-dimensions and for even-dimensions
when 1 < k < d/2 were derived. In this manuscript, we treat the even-dimensional case for k > d/2, in
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which the functional dependence is either logarithmic or of binomial form. By considering the equivalent
azimuthal ¢ — ¢’ and separation angle v, Fourier and Gegenbauer expansions respectively of the kernels for
the polyharmonic equation in even-dimensional space, one can derive addition theorems for the azimuthal
Fourier coefficients.

The procedure for developing the addition theorems in this section is as follows. Let p = k — d/2 € Ny,
with f, : R¢x RT = R, g, : (R x RY)\ {(x,x) : x € R¥} — R, defined such that f,(x,x’) := ||x — x/||??,
gp(x,x') := || x —x'||*" log ||x — x'||. First, express f,, g, in terms of their azimuthal separation angle Fourier
cosine series using (4.2), (4.3). Call these the left-hand sides. Then express f,, g, in terms of their separation
angle Gegenbauer expansions given using (4.4), (4.6) with g = d/2 — 1. Call these the right-hand sides. By
using the addition theorem for hyperspherical harmonics (6.1), we can expand the right-hand sides in terms
of a product of separable harmonics in a chosen Vilenkin polyspherical coordinate system. Since Vilenkin’s
polyspherical coordinate systems are rotationally-invariant, one of the coordinates will correspond to the
chosen azimuthal separation angle which has been expanded about on the left-hand side of the azimuthal
Fourier expansion. To obtain the addition theorem, one must re-arrange the multi-sum expression which
arises on the right-hand side so that the outermost sum is the sum over the relevant azimuthal quantum
number. Addition theorems are simply derived by comparing the azimuthal Fourier coefficients on both
sides.

In order to obtain binomial and logarithmic addition theorems in a Vilenkin polyspherical coordinate
system, we relate respectively ||x —x'[|?P and ||x — x||*" log ||x — x|, in terms of their Fourier cosine series
over the azimuthal separation angle, and their Gegenbauer polynomial expansions over the separation angle
(3.13). These equalities reduce respectively to

rr’

(= eosto— ) = () (6 = cos)” )

and
log(2RR) (x — cos(¢ — &))" + (x — cos(¢ — ¢'))P log(x — cos(¢ — ¢'))
- (;;;) (log(2rr") (¢ — cos )P + (¢ — cosy)P log(z — cos 7)) . (7.2)

7.1. Addition theorems in standard polyspherical coordinates

The binomial addition theorems in standard polyspherical coordinates are given by the following two
theorems.

Theorem 7.1. Let m € Ng, p=k —d/2 € Ng, d € 2N, 0 < m < p. Then

ey (1) ()T
p=mpp T RRe 2rr!

3 0 (") S 0 (1 L) QE ()
d—2 d—2, 79&_2 1 7270/ (P*l)'(l+p+d*2)' H_% .

lg_2=m 1=y

N

@ () = (- i e i 2 1)

Proof. This equality can be found by comparing the binomial expansions of Theorems 5.3 and 5.4. The
Gegenbauer polynomials in Theorem 5.4 can be expanded with the aid of (6.1). The normalized hyper-
spherical harmonics can be written in standard polyspherical coordinates, as seen in (6.3). Using the concise
notation of (6.5), the Gegenbauer expansion of (6.1) can be written as follows:
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O3 (cos ) = — 42T - Ze““f’ N0 (1o ) ot (1 (7.3)
1 Y (2l+d—2) (d/2 d—2 d—2,M 0&2 1 a219, . .

Now the expansion of Theorem 5.4 will contain a multi-sum. Our goal is to compare the Fourier coefficients
of the binomial expansions, this multi-sum will need to be reversed. This reversal is shown in Lemma 6.1.
This allows us to compare the Fourier coefficients, and complete the proof. O

Theorem 7.2. Let m € Ny, ke N, p=k—d/2€ Ny, d=4 and 0 <m < p. Then

rrl NP [r2 2 p+3
_ | | > <
(p—m)l(p+m)! (RR’) ( 2rr! )

p 2l2 [ — |
Z l (2[2 + 1)(Z2 m) (SiHGSiH 9/)12 PZL(COS 92)PZL(COS 9’2)

W=

QU2 (x) = ()" - 1)7E

- 2+ 2)(1 —1o)! lo+1 lo+1 p+3
Zz: —l l+p+ DN Iy + 1)1 Cte (08Ol (cos )@y (C).

Proof. To prove this, take the result of Theorem 7.1 and use d = 4. This simplifies the multi-sum of 2
functions:

0
>, (zd 2.1 ) Zﬂd (z Ia; )eZQ‘* (lz, Z)Zﬂ% (Uz;e/)- (7.4)
la—2o d—2 l

By (6.5), we know the Q-functions are products of ©-functions, which are defined in (6.4). A couple of the
Gegenbauer polynomials that appear can be rewritten as Ferrers functions using (2.19). This allows (7.4)
to be written as:

222 (151)* (215 + 1)(lg — m)!
%:Q;* <l2, >ZQ4 (z Iy ) Z l2im))(2 )

l 1
X (sin @ sin §")" P (cos 02) P (cos 65) E + ) C;TE (cos 9)Cl2+1((3086‘ ). (7.5)
- !

Then simplification completes the proof. 0O
In standard polyspherical coordinates, one has the following logarithmic addition theorem for 0 < m < p.

Theorem 7.3. Let m € Ng, ke N, p=k —d/2 € Ng, d € 2N and 0 < m < p. Then

(p ¥ m)|1(p — m)| (log(RR/) + 1Og(X TV X2 - 1) + 2H2p - Hp+m - HP—m) sz_%% (X)
1 ! (2m +2k +1) kl(p +m)! m+k+1

+(p+m)! kZ:o klp—m—Fk)(p+m+k+1) ! 2m+k)(p — m)'] @y ()
1= 2k + 1 Kl

MR SN e e R A L

P d—1
st

_ T_T/p mtd/2-1(9 \d/2— (2 -1) 4
_(RR’> (=" (2m) (x2 —1)5+%
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S S (g B o] ()

ld 2=MM

(~1'Qa% (© ,
{( “Dip+i+d-2) (k’g(” ) +10g(CH+V/¢? = 1)+ 2Hypqo+Hp — Hp+d/2*1_Hp+l+d—2_Hp‘l)

—I-1

(—1)! b (20 + 2k +d — 1) ) El(p+1+d—2)! QI ()
p+i+d=2)! &= Kp-I-kp+i+k+d-1) (k+20+d—2)(p—1)!]| “+%5* ¢
(—1)b EE? 2k + 1 bt

+(p—l)! l; (I+d/2+k—-1Dl(p+d/2—k —1)(p+d/2+k)Ql+%3(O}
0
+ Z Qd 2 <ld 2, ) Z Qd <l27l3, 2)
lg—2=m d* lo=l3 2
- (—DPH—-p—1)! APV }
Xl_maiz(l?:+1,l2) (p+1+d-2) o <l7l2’9’>Ql+dzg’(<) ' (7.6)

Proof. To prove this theorem, we take the Fourier and Gegenbauer expansions of logarithmic fundamental
solutions, seen in Theorems 5.1 and 5.2 respectively. For the Gegenbauer expansion, the substitution of
uw = d/2 —1 is used. Again, the Gegenbauer polynomials can be rewritten as in (7.3). The Gegenbauer
expansion contains three different multi-sums, one contains the sum of [ from zero to p, the next contains
the sum of [ from zero to p+ 1, and the last contains the sum of [ from p+1 to infinity. The first two of these
sums can be reversed as in Lemma 6.1, where the later p can be replaced with p+ 1. For the final multi-sum,
Lemma 6.2 is used. Since only the region 0 < m < p is required, only the first term of the split multi-sum
is used. When comparing the Fourier coefficients of the expansions, only those terms where 0 < m < p are
used. Thus only the first two parts of the above multi-sum are used. O

The following corollary results from substituting d = 4 in the above logarithmic addition theorem (7.6).

Corollary 7.4. Let 0 <m <p,p=k—d/2 € Ng, k € N and d = 4. Then

1 1
RN (lo(RR') +log(x + v/x® — 1) + 2Hap — Hyym — Hy ) Q074 (X)

T (2m + 2k + 1) Hp+m)! ] kel
p+m Z Elp—m—-k)p+m+Fk+1) [1 @2m+k)(p— m)'] Qm—% )

1 2k +1 k+3
- m'Z (I~ B)(p + &4 1) oY

_ _1\ym+1 TT/ b (<2 B 1)§+% a (212 + 1)(l2 - m)' 21, . . Nis
=2(-1) (RR’> (2 1)EF lz ot )l I (cos 02) P12 (cos 05) 22 (15! )2(sin @ sin #)
p
4+ 1) = 1)y, .
zl: b+ D) c! J[;( cos G)C’llj;(cos 0"
1
% {( - Dl (p+1+2)! (IOg(W/) +1log(C+v/¢? = 1) + 2Hsp o + Hp — Hpy1 — Hpyiyo — ) Ql+d/2(<)
p—Ii—1

1 (2l+2k+3) k'(p+l+2)' k+l+%
+(p+l+2)! kz:o klp—1-Fk)(p+1+k+3) ! (k+2l+2)!(p—l)!}Ql+§ ©
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Z 2k +1
—l' (I+Ek+D)!(p—k+1)(p+k+2)

Q“@@ﬂ

(202 + 1)(12 — m)'

Mg

+(=1)rPH! 1™ (cos f2) Py (cos 05)22"2 (15!)? (sin O sin 0)">

lo=m (I +m)!
) M lo+1 oS lo+1 cos u p+2
X l_ma)%,pﬂ) (141 +1)! C)27, (cos0)Cy27 " (cos 0 )(p Fi+2) 1@y (C)} (7.7)

Proof. To prove this, take the result of Theorem 7.3 for the d = 4 case. The (2-functions can be simplified
as in the proof of Theorem 7.2, as seen in (7.5). This completes the proof. O

In standard polyspherical coordinates, one has the following logarithmic addition theorem for m > p+1.

Theorem 7.5. Let m € Ng, p=k —d/2 € Ng, d € 2N, m > p+ 1. Then

P ) = (L1 @m (@ - )EE 2 - 1) -d e mt (T
Qm_%(X) - (_1) (27T) (C 1) (X 1) (m —p— 1)! <RR/)

S (—p- 1! ez
x Z Qs (ld—m ,0d 2) ZQd (l lo; ) leZ% €). (7.8)

la—2=p+1 I=l2

Proof. Again, this proof starts with equating the logarithmic expansions of Theorems 5.1 and 5.2. With the
Gegenbauer expansion, the polynomials are rewritten as seen in (7.3). The Fourier coefficients of interest
only appear in the multi-sum that has [ summing over p + 1 to infinity. This multi-sum can be seen in
Lemma 6.2. The second term of this multi-sum contains values of m that are greater than p, which are the
terms needed for the comparison to complete the proof. O

Corollary 7.6. Let m € Ng, p=k —d/2 € No, d=4, m > p+ 1. Then

Wl

p+3 — 5+3 ~g-1_(ptm)! rrt )
Qm,%(x)——2(c 12O - ) (m—p—1)! (RR')

8 i 222 (1,12 (215 + 1) (I — m)!
lo=p+1 12 + m)
X (sin 0sin 0')"2 P} (cos 02 )P} (cos 05) Z l+ lg 1 l2)! C’FT;( H)C’ZQH(CObQ )Q jf (€). (7.9)

=la

Proof. Start with (7.8) and set d = 4. The Q-functions can be simplified as in (7.5), which completes the
proof. 0O

7.2. Addition theorems in generalized Hopf coordinates

In generalized Hopf coordinates, one has the following binomial addition theorem valid for 0 < m < p.

Theorem 7.7. Let p,m € Ng, 0 <m <p,d=24%, q > 2. Then

Qij—i (x) = (=1)m 42712427 (g — ) l(p +m) ! (x* — 1) 75~

e
7 N\
| =
3| x
~_
S
7N
53l\)
M\/
3
3
S
AN
~_—
k]
+
.
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29
p—m p=Yiimi p-ri T m
X Z €my €08(ma (2 — ¢5)) -+ Z Z emd/2 Cos(md/2(¢d/2—¢2l/2))
m2=0 mp=0 Mg =0
{p M 22d/z L,
19 2
logyd [ Md/2—1 . d/2—1> log, d ( no 19)
d/2—1 1 Y]
na/2-1=0 < 2, m 79:1/2 1 n=0 EREN
: iy 2y s (O) (7.10)
" —2N — M)I(p+ 2N + M + d— 2)! “2N+m+45315): :

Proof. Start with the Gegenbauer expansion of a fundamental solution given by Theorem 5.4. The hyper-
spherical harmonics contained within can be expanded with the aid of (6.1) and Theorem 6.3 to be

/21 _ (d - 2)
G (eos ) = (2 +d — 2)0(d/2)

X Z €m cos(m(¢ — ¢/))677l2 cos(ma(¢m, — ¢;n2)) “Cmgyy Cos(md/2(¢d/2 - ¢:1/2))
K

cplosad [ Mdj2-1, Vaja-1 % oo plogzd n v (7.11)
d/2—-1 ma, m %/2 X 1 lo 1’ 9" )" .

The multi-sum in (7.11) can be combined with the sum in (5.1

4), and with the ability to reverse this multi-sum
given by Lemma 6.4 yields:

d
2

N

+7
hi(x,x') = 222 o=+ 1) 1 (2P r -2\’
L(x,x") = e pl(2rr) S Z €m cos(m (¢ — @)
p—m p=Yiimi p=r T m
X Z €mo COS(m2(¢2_¢/2))"' Z Gmd/Q COS(md/2(¢d/2 _¢Id/2))
meo=0 mp=0 mg/2=0
{p Mo 22d/z 1,
[p M p ———si=2 i
log, d nd/2 1 d/21> log2d< n T9>
d/2—1 1 ' gl
na/2-1=0 (mg,m 19:1/2 1 n=0 la, 13" 9
1 P+ =5
. 7.12
X 2N DN T M prd—2) e (©) (7.12)

The Fourier coeflicients of this can be compared with the Fourier expansion of a fundamental solution given
in Theorem 5.3. This completes the proof O

The simplest example of a binomial addition theorem for 0 < m < p in generalized Hopf coordinates
occurs in four dimensions.

Theorem 7.8. Let pm € No, 0 <m <p,p=k—d/2 € Ny and d =4. Then

INP /.2 .2\ Pt3
<£;/) <T>2 T<> (sind sin9")™
rr

Bl

Qf:_é () =—2(p—m)!(p+m)l(x*—1)"2"
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30
p—m {wJ
X Z €ms €OS(Ma (P2 — ¢5))(—1)™?(cos ¥ cos¥')™2 Z P{mm2) (cos(209)) P{m™2) (cos(20'))
m2=0 0
(2n +m + mg + 1)(n + m + ms)!n! prd
2ntmtmotl Q). (7.13)

X
(p—2n—m—m2)!(p+2n+m+ms+2)(n+m)(n—+msy)!

Proof. Starting with Theorem 7.7, let d = 4. From this we obtain the following:

P

Q2 () = —2(p — m)!(p+ m)(* — 1) 5 S ( r )p (Ti TE)ME
3 RR' 2rr!

m=3

p—m LP 7"2 mZJ n 0
X (=1)™2€pm, cos(ma(pa — ¢3)) nz=:O v <m7m2; 19/>

7)’L2=0

1 p+3
. 7.14
(p—2n—m—mo)!(p+2n+m+mg+2)! 2"+m+m2+%(o (7.14)

X

Then by (6.15), (6.16), the function denoted by ¥ can be written in terms of Jacobi polynomials:

(n +m)l(n +my)!

v 1 In
o2 ( " ; 19’) = @ntm+ms+1)(n+mtms)in (sin ¥ sin¥")™ (cos ¥ cos ¥')"*2
m,ma

x P{72) (cos(209)) PU™2) (cos(20)). (7.15)

Using this identity with (7.14) completes the proof. O

In generalized Hopf coordinates, one has the following logarithmic addition theorem valid for 0 < m < p.

Theorem 7.9. Let 0 <m <p, d=2%¢g>2 and p=k —d/2 € Ng. Then

1 / 2 _ _ o p+3
T (1og(RR') +log(x + VX% = 1) + 2Hzp — Hyppm — Hym ) Q0 %, (1)
L1 p‘fl (2m + 2k + 1) [1 H(p + m)! } T

(p+m)! = klp—m—k)p+m+k+1) 2m+k)l(p—m)!| “m-3 X
m—1
L 2k+1 ket
+ 2
(p— m'g) (m+k)lp—k)(p+k+1 )Qm 1 (0
/I \ P 2 2\ P+—3
— (_ymtE-1gd-1 (T 2 _ 31 (> 0<
(=1) RR’ (X ) 2rr!
p—m p=3121 mi =i mi
x{ Y ems cos(m2<¢r¢’2)>--~ Yo ey cos(my(¢; — ) emy c3(mg (64 — 0y)
mo=0 m;=0 mq =0
Lp M 9 Lp+2n—22N—MJ
$- 9
\1110%2 nd 1. 21 \1/10g2d n .
Z m2,m 19/ 1 7;) ! 127137 9

nd 1
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n:max(O, LWJJrl)

Proof. Again, we start by comparing the Fourier and Gegenbauer expansions of the logarithmic fundamental
solutions. For the Gegenbauer expansion, replace p with % — 1, use (3.14) and the following relation:

log(rr') + log (C +(%— 1) =2logrs.

The Gegenbauer expansion of Theorem 5.2 can be rewritten in Hopf coordinates by use of (7.11). Next, we
consider the multi-sums. The first sums of Y 7_, > ., are dealt with by Lemma 6.4. The later sum uses
Lemma 6.5. Using the identity [ = 2V + M and compare the Fourier coefficients to complete the proof. O

The simplest example of a logarithmic addition theorem for 0 < m < p in generalized Hopf coordinates
occurs in four dimensions.

Corollary 7.10. Let 0 <m < p, m € Ng, p=k —d/2 € Ny where d = 4. Then

1 1
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Proof. When d = 4, note that N =n and M = m + ms. The functions of the Hopf coordinate system can
be simplified as in Theorem 7.8. 0O

The general logarithmic addition theorem for m > p + 1 in generalized Hopf coordinates is given as
follows.

Theorem 7.11. Let pm € No, m >p+1,d =29, q > 2. Then
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Proof. This is similar to the proof of Theorem 7.9. For this case only the Fourier coefficients where m > p+1
are used, therefore Lemma 6.6 is needed. Simplifying the expression completes the proof. O

The simplest example of a logarithmic addition theorem for m > p 4+ 1 in generalized Hopf coordinates
occurs in four dimensions.

Theorem 7.12. Let p,m € Ng, m > p+ 1. Then
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Proof. Simplifying as in Theorem 7.9 for d = 4 completes the proof. O
8. Conclusion and future outlook

With the publication of this work, we have fully-implemented the procedure which appeared for the first
time in the Cohl mathematics thesis [5, §§6.3-4] for computing azimuthal Fourier expansions of fundamental
solutions of the polyharmonic operator (—A)* on even dimensional Euclidean space R?" where the power
of the Laplacian is restricted to k > n. This effort illustrates the geometric notion concerning rotationally-
invariant coordinate systems which solve the underlying partial differential equation using separation and
R-separation of variables (for both types we henceforward refer to as separable).

For a given linear partial differential operator which admits separable solutions in a given coordinate
system on a Riemannian manifold, in principle, one may expand a fundamental solution of that partial
differential operator in terms of the separated eigenfunctions, which provide a basis for solutions to the
partial differential equation, over their corresponding degenerate quantum numbers. As a function of the
dimension of the space, these systems are numerous! For the three-dimensional Laplace equation, there are
17 conformally inequivalent separable coordinate systems. As far as the authors are aware, there has been no
comprehensive study of the exact number of inequivalent separable Laplace coordinate systems as a function
of dimension, but one can find at least an extreme lower bound by examining for instance Vilenkin’s poly-
spherical coordinates. Remember, in three-dimensions, spherical coordinates represent only one in the 17
separable coordinate systems. In [9] it was shown that the sequence of numbers of inequivalent Vilenkin poly-
spherical coordinate systems of this type is for d = 2,...,13 given by 1,1,2,3,6,11, 23,46, 98,207,451, 983,
and the sequence in general is given by the Wedderburn—Etherington numbers (see for instance the On-Line
Encyclopedia of Integer Sequences [30, A001190]) and for d = 34, the number of inequivalent Vilenkin
polyspherical coordinate systems is 44,214,569, 100. Therefore the growth of the numbers of inequivalent
coordinate systems as a function of dimension in this case is exponential. In every one of these coordinate
systems, there exist special functions which arise out of this procedure. It is mystifying to imagine their full
quality, especially considering some of separable solutions to the three-dimensional problem for Laplace’s
equation, most likely, have never been computed (take for instance, the special functions which arise in the
asymmetric cyclidic coordinate systems which are solutions of a second order differential equation with five
regular singularities [15-17]).

Now the problem at hand is the determination of addition theorems for the azimuthal Fourier coefficients
in rotationally-invariant coordinate systems. Examining the particular case of the three-dimensional Laplace
equation, 9 of the 17 conformally inequivalent coordinate systems are rotationally-invariant about an axis
of symmetry (spherical, circular cylindrical, parabolic, oblate spheroidal, prolate spheroidal, toroidal, flat-
ring cyclidic, flat-disk cyclidic, bi-cyclidic). For Laplace’s equation, the azimuthal Fourier component of
its fundamental solution was computed in [14]. To date, the various addition theorems in these coordinate
systems, have not been computed, we are close! In fact, in each of these coordinate systems, there will be (at
most) two different addition theorems since there are in general different harmonic solutions corresponding
to both coordinate equals constant surfaces. The special functions which arise in separation of variables in
these coordinate systems include Legendre functions, Bessel functions, Lamé functions and Lamé-Wangerin
functions (see the discussions in [3]).

For the polyharmonic equation in Euclidean space R¢, as of the publication of this paper, the identification
of the azimuthal Fourier components are now known for all powers of the Laplacian operator and for all
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dimensions. These are given in terms of associated Legendre functions of the second kind with argument
given by a hyper-toroidal function of all space. So addition theorems arising from comparing the azimuthal
Fourier components with the eigenfunction expansions in terms of the described separated systems is clearly
obtainable. All that remains is to obtain the separated eigenfunction expansions and integrals in the various
separable coordinate systems and to compute the full expansion of a fundamental solution in that given
coordinate system. We have now computed a smattering of all the possible addition theorems (we’ve only
computed a vanishingly small number of possible Vilenkin polyspherical coordinate systems), the world is
at hand to investigate their remainder, not to mention all those coordinate systems where harmonic (or
polyharmonic) solutions are not straightforwardly computable, of which there are many.

There are some future steps that we would like take to further the investigation of this rich special func-
tions problem. These include the corresponding study for the polyharmonic operator (natural powers of the
Laplace-Beltrami operator) in spaces of constant curvature [7,12,13] and beyond such as in the rank-one
symmetric spaces. The rank-one symmetric spaces are the real, complex, quaternionic and octonionic (Cay-
ley) plane hyperbolic and projective spaces. These spaces are isotropic (two-point homogeneous Riemannian)
so their fundamental solutions satisfy ordinary differential equations and are therefore straightforward to
compute. In these spaces it is known that separable solutions exist, so it is compelling to obtain some
example addition theorems in their rotationally-invariant coordinate systems for their harmonic problem.
Of course, other intriguing problems include the application of this problem while meandering into other
linear partial differential operators (as well as their natural powers) such as Helmholtz [10], heat and wave
operators in Euclidean or curved isotropic spaces.
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