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Abstract

In laser-assisted atom probe tomography, an important goal is to reconstruct
the mass-to-charge ratio, (m/z), spectrum due to various ion species. In
general, the probability mass function (pmf) associated with the time-of-
flight (TOF) spectrum produced by each ion species is unknown and varies
from species-to-species. Moreover, measuring pmfs for distinct ion species in
calibration experiments is not practical. Here, we present a mixture model
method to determine TOF pmfs that can vary from peak-to-peak. In this
approach, we determine weights of candidate pmfs with a maximum likeli-
hood method. In a proof-of-principle study, we apply our method to a TOF
spectrum acquired from a silicon sample and determine intensity estimates
of singly charged isotopes of silicon.

Keywords: Atom Probe Tomography, Cross-validation, Expectation
Maximization algorithm, Machine learning, Maximum likelihood, Mixture
model, Silicon isotopes

1. Introduction

In laser-assisted atom probe tomography (APT) [1, 2, B, 4, 5], a sharp,
needle-shaped specimen is subjected to an external electric field bias, which
is held just below the threshold for field evaporation of ions. Field evapora-
tion is triggered by incident laser pulses, imparting weak thermal transients,
enabling the evaporation threshold to be exceeded. As a result, surface atoms
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originating from the vicinity of the specimen apex are evaporated (in the form
of ions) synchronously with the laser pulses. The ions hit a 2-dimensional de-
tector and their respective impact locations and times-of-flight are recorded.
A back-projection algorithm applied to the accumulated data enables 3-D
reconstruction of the specimen. This reconstruction locates and identifies
each constituent species. Given the mass m and charge z of the ion, in the
simplest approximation, the theoretical time-of-flight (transit time) of the
ion to the detector, ¢, satisfies the following equation

m 2eVapp 5

r o

where e is the charge of the electron, V,,, is the bias voltage between the
specimen and the electrode and L is the length of the ion trajectory, which
is referred to as the flight length.

In actual experiments, the specimens are often conical so that the apex
diameter gradually increases as ions are evaporated away and the specimen
shortens. In this context, “apex diameter” refers to the diameter of a sphere
which approximates the shape of a specimen apex. As the apex diameter
increases, V,,, is generally increased to maintain a constant evaporation field
for a desired detection rate of ions. For conical specimens, the initial and final
apex diameters are typically in the range of 20 nm and 150 nm, respectively;
the length reduction of the specimen during an APT session is often a few
hundred nm depending upon experimental targets. The specimen-electrode
separation is roughly 30 pm to 40 pm. Now, if V,,, is instead held constant,
there is a negligible reduction in the evaporation field due only to the sample
shortening and the apex receding from the electrode as ions are evaporated
away; the increasing apex diameter is the dominant effect that influences
the evaporation field when V,,, is held constant. However, for a rod-like
specimen of uniform diameter, V,,, and the apex diameter, can both remain
nearly constant throughout the APT run while still maintaining the desired
detection rate [7]. In such a situation, V,, will rise solely because the apex
retreats from the electrode as ions are lost from the specimen. An analysis
of APT specimen apex electrostatics has been given by Zhang et al. [§].

In our experiments, the electrode-to-detector separation is 90 mm. Within
the approximations leading to Eq. 1, variations in flight length due to the
specimen-to-electrode separation, or due to an actual, originating, atomic lo-
cation on or near the specimen apex, are considered negligible. The detector
surface is a flat, circular region roughly 50 mm in diameter. As a conse-
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quence of geometry therefore, the flight length, L, and corresponding TOF
both depend upon where on the detector a detection event is registered; the
minimum flight length being 90 mm.

For analysis, the TOF data are transformed so that an m/z peak, for
example a 28-Da Si peak, will show the same apparent TOF over the entire
swing of V,,,. The data are further transformed so that the (physically) flat
detector is transformed into a hypothetical hemispherical section so that an
ion’s apparent flight length will be independent of where it strikes the de-
tector. These transformations of APT data are generally called “voltage”
and “bowl” corrections [2, [3, [6]. Operationally, the voltage and bowl cor-
rections are performed on raw TOF data with IVAS software [9]. After the
voltage/bowl corrections, the TOF data are transformed to m/z data that
is then calibrated with IVAS software based on recognized locations of m/z
peaks for Si. Finally, the m/z data are transformed back to TOF data. We
then scale this TOF data so that its sample mean agrees with the sample
mean of the raw TOF data.

Due in part to thermal effects, the evaporation time of any ion and its
TOF are both random. Hence, ions with particular m/z values produce
temporal peaks that are broadened with respect to an idealized measurement
where an ion evaporates within a time interval of 8 ps after the arrival of
the laser pulse (which has a width of 8 ps). In the real situation, ions are
persistently emitted at times greater than 8 ps after the arrival of the pulse
since it takes time for the tip to cool below the threshold for field emission.
In this work, we focus on the problem of reconstruction of the m/z spectrum
of ions produced by laser energy deposits in a sample given a measured TOF
spectrum produced by the evaporated ions.

In [I0], the authors review how practitioners often determine peak in-
tensities by ad hoc methods such as summing the number of counts in a
full-width-half region about the peak of the peak or fitting parametric mod-
els to peaks in a region of interest. However, as noted in [10], the assumed
parametric models are often inaccurate. In some situations, intensities of ion
species that produce overlapping peaks (typically in m/z-space) can be de-
termined with maximum likelihood methods given accurate estimates of their
local isotopic abundances [I1], 12, [13]. However, this peak overlap approach
does not yield estimates of peaks on a fine scale over a broad range. Ideally,
one should reconstruct the intensity of any ion species given the probability
mass function (pmf) associated with the TOF peak of interest and the pmfs
associated with neighboring peaks that affect the TOF spectrum in the re-
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gion of interest. See Appendix A for a definition of the pmf associated with
a particular peak.

In general, the TOF pmf for each ion of interest varies. For the case where
each TOF peak is described by a translated and scaled reference TOF pmf,
there are methods such as [10] [14] [15] to determine the TOF pmf. However,
as far we know, there are no published methods to determine TOF pmfs at
a fine scale over a broad range that vary from peak-to-peak.

Here, we determine TOF peak pmfs that that can vary from
peak-to-peak with a mixture model [16, 17] (a key tool in both Machine
Learning and Statistics) approach. We note that Vurpillot et al. [I§] deter-
mined peak pmfs in m/z-space, but not TOF-space, with a mixture model
approach where each peak is assumed to have a Gaussian shape. However
the mixture model in [I§] does not account for the contribution of a non-
constant background to m/z measurements. Further, as noted in [I§], for
many atoms, peak shapes are non-Gaussian. In our approach, predicted peak
pmfs can have non-Gaussian shapes, and we account for the contribution of
a background to TOF measurements. We specify a collection of candidate
pmfs for each peak of interest and determine their associated intensities with
a maximum likelihood method. We determine candidate pmfs by a template
deformation method. Hence, our approach is conceptually similar to existing
deformable template methods [19, 20, 21, 22]. Based on intensities for each
peak of interest determined by a maximum likelihood method, we estimate
the pmf for the peak as the weighted average of its candidate pmfs. In a
proof-of-principle study, we apply our method to experimental data corre-
sponding to a silicon sample that was acquired at the National Institute of
Standards and Technology (NIST). In particular, we determine the intensi-
ties of three singly charged isotopes of silicon. We expect that our method
will apply to more complicated experimental cases as well. In Section 2, we
discuss experimental methods and our analysis methods. In Section 3, we
present our main results for a silicon sample. In Section 4, we discuss our
main results and some complimentary studies.

2. Methods

2.1. Ezxperimental method

Atom probe tomography (APT) was performed with a LEAP 4000X Si
instrument (manufactured by CAMECA) operating in laser pulsing mode.
Voltage pulsing mode was not performed for this work. Data were collected

4
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from a single Si microtip residing on a Sbh-doped Si microtip coupon array,
which was also supplied by CAMECA. The conditions for data acquisition
were as follows.

(1) Pulsed laser: the laser wavelength, energy per pulse, and repetition
rate were 355 nm, 30 pJ, and 250 kHz, respectively. The pulse width is 8 ps.

(2) Analysis environment: the specimen stage was maintained at an in-
dicated temperature of 54 K under a vacuum of approximately 7.6 x 10~ Pa.

(3) Detection rate of ions: the detection rate was 0.003 ions per laser
pulse.

(4) Span of specimen-electrode bias voltage: the data were collected over
a range of bias voltage spanning from 2.75 kV to 6.77 kV. The voltage is auto-
matically adjusted during data acquisition in order to maintain the specified
detection rate. Since the specimen tip is conical with a semi-hemispherical
cap, the apex diameter of the tip will increase as ions are field-evaporated
away. This increasing apex diameter necessitates continuously increasing the
bias voltage to maintain an electric field strength that provides the desired
evaporation rate of ions.

(5) Duration of data acquisition: data were accumulated over a run time
of 15.5 hours resulting in a data set composed of 40.5 million ions.

(6) Time-of-flight (TOF) mass spectrometer: the sample-to-detector flight
length was 90 mm.

(7) The specimen did not fracture during data acquisition. Since we were
only interested in TOF information and not 3D spatial reconstruction of the
data, we did not record the comparative apex diameters nor the heights of
the specimen tip before and after APT analysis.

2.2. Mixture model and reconstruction

Suppose that the mass-to-charge ratio for an ion is r = m/z where m
and z are the mass and charge of the ion. Further, assume that the expected
number of ions with ratio r that produce counts in the observed TOF his-
togram is O(r). Assume that the conditional probability mass function for
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the observed TOF histogram given r iS pyeo(t|r) where ¢ is the midpoint of
the bin. In general, peo(t|r) varies with . We model this theoretical pmf
as a mixture of J candidate pmfs where the jth candidate pmf is p(t|r, 7), as
follows:

ptheo(ﬂr) - Zwr,jp(ﬂraj)v (2>

where the weights w, ; are non-negative and ) | jwrj =1
Given our model assumptions, the expected number of counts in the kth
TOF bin, E(ny), is

E(ng) = Zzwr,j@(T)p(tk|raj) + Aopo(te), (3)

where py(t) is the pmf for the background process, and A, is the expected
number of total background events. Rewriting Eq. 3, we get

E(n) = Zz)\(ﬁj)p(tk!ﬁj) + Aop(te), (4)

where
A(r, §) = w,;O(r). (5)

We model the observed TOF histogram as a realization of a multivariate
Poisson process where the associated Poisson random variables for the bins
are independent. We determine estimates of the intensity parameters A(r, j)
and A, (which are Poisson parameters in the Poisson Likelihood model) with
a maximum likelihood method based on the iterative Expectation Maximiza-
tion (EM) algorithm [23]. This 1D-spectrum reconstruction method (not to
be confused with the method for 3D-spatial reconstruction of APT data) is
mathematically similar to reconstruction methods for emission tomography
[24], 25], 26] (see Appendix B). To avoid possible over-fitting of our mixture
model to the observed TOF spectrum, we halt the EM algorithm with a cross-
validation [27] method similar to those in [28, 29]. In our cross-validation
analysis, we randomly split the observed TOF spectrum into training data
and validation data by a binomial thinning method (see, for example, [30]).
Based on the reconstruction determined from the training data, we compute
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the conditional log-likelihood function of the validation data at each iteration
of the EM algorithm. When this conditional likelihood first decreases, we halt
the EM algorithm. Based on cross-validation analysis of multiple splits of
the observed data, we determine the median iteration (7,,¢q) at which the EM
algorithm is halted. We then determine a reconstruction from the observed
TOF spectrum after i,,.q iterations of the EM algoriAthm.

Given the EM algorithm estimate of each A(r, j), A(r, j), we estimate O(r)
and w, ; as ©(r) and 1w, ; where

O(r) =>_Arj), (6)
and
(7)

2.3. Construction of candidate pmfs

Based on an empirical estimate of the TOF pmf for the 2*Si'* peak, we
construct a reference pmf, p,.r(t), where the first bin corresponds to the start
time of the peak. For each of the other two peaks, we translate the reference
pmf to nine possible locations in the vicinity of the nominal start time of the
peak of interest. For each translation, we generate seven candidate pmfs by

distorting the reference pmf as follows:

pdistort(tv Bz) - Czpf;f(t)7 (8>

where §; = 0.4+ (i — 1) % 0.2 for i = 1,2,---7, and C; is a normalization
constant that ensures the pmf sums to one. For the 2°Si'™ and 3°Si'™ peaks,
we determine 63 intensity parameters for each. We determine an additional
intensity parameter for the 2®Si'* peak, and another for the background
process. In all, we determine 128 intensity parameters.

3. Results

Based on the fully corrected TOF data (see Introduction for details about
the corrections), we compute a TOF histogram where the width of each bin
in 0.1 ns. We analyze a subset corresponding to TOF values in the interval
[417.95, 439.95] ns (see Figure 1) corresponding to singly-charged isotopes of
silicon.
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We estimate a reference pmf based on analysis of the TOF spectrum as-
sociated with the 28Si'" peak. We determine a flat background by averaging
TOF values in the interval [436,440] ns. The estimated background (98.7) is
subtracted from the observed TOF spectrum. We fit an exponential model
to the tail of the background-corrected 2Si'™ peak (see Figure 2a). The ob-
served values in the region of the exponential fit (thick red line in Figure 2a)
are replaced by the exponential model prediction. We normalize the extrap-
olated version of the Figure 2a spectrum to get a reference pmf that sums to
1 for relative TOF values up to 1000 ns. We generate candidate pmfs from
this reference pmf according to Eq. 8. We normalize each candidate pmf
so that it sums to 1 (see Figure 2b). We determine a nominal start time
for the 2°Si'™ peak as the nominal start time of the 28Si'™ peak plus the
difference between the TOF time where the 2°Si'" takes it maximum value
and TOF time where the 28Si'™ peak takes its maximum value. A similar
method yields a nominal start time for the 3°Si'* peak.

Given n counts in a particular bin of the TOF histogram, the number of
thinned counts in the same particular bin of the training data, ns.qin, 1S a
realization of Binomial random variable with parameters n and p. Here, we
set p = 0.8. Given ny,qin, the number of thinned counts in the same particular
bin in the validation data is n — ny.qi,. For each of five sets of training and
validation data, we determine estimates of the 128 Poisson parameters in
our model (see Section 2.2) from the training data with the EM algorithm.
At each iteration of the EM algorithm, we compute the conditional log-
likelihood of the validation data based on the Poisson parameters determined
from the training data. When this conditional log-likelihood first decreases,
we halt the EM algorithm. Based on analysis of the five sets of training
and validation data, we determine the median iteration at which the EM
algorithm is halted to be i,,,g = 33 753. From the original TOF histogram,
we determine Poisson parameters with EM algorithm after 7,,.; iterations.
In our implementation of the EM algorithm, the initial value of the Poisson
parameter for each candidate pmf (excluding the background pmf) is the
sum of counts in the observed histogram divided by 127. The initial value
of the background intensity is 99 * ny;, * f where f if 0.8 for training data
produced by thinning, f is 1 for the observed TOF histogram, and ny;, is
the number of bins (221) in each TOF histogram.

In Figures 3 and 4, for the 2°Si'™ and %°Si'* peaks, for each candidate
translation, we display the estimated intensity for each of seven candidate
pmfs. In Figure 5a, for the 2°Si'™ peak, for each candidate translation, we

8
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Figure 1: Observed TOF spectra for a silicon sample. The three peaks inside the analysis
region (from 419.95 ns to 439.95 ns) are due to singly charged isotopes of silicon— 28Gj1
298i'* and 3°Si'T. There are 221 bins with width of 0.1 ns. From count data correspond-
ing to TOF values in the interval [436,440] ns, we determine the background to be 98.7
counts.
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Figure 2: In (a), we fit an exponential model to the background-corrected data produced
by the 28Si'™ peak. (The fitted value of the mean lifetime of the exponential and its stan-
dard uncertainty are 7 = 1.75 ns and 0.09 ns.) Based on the estimated exponential model
parameters, we extrapolate to arbitrarily large values of TOF. Based on the extrapolated
curve in (a), we determine a reference pmf. In (b), based on Eq. 8, we generate candidate
pmfs by deforming the reference pmf.
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plot the sum of the seven intensities. In Figure 5b, for the 3°Si'™ peak, for

each candidate translation, we plot the sum of the seven intensities. Based on
Eq. 6, the overall intensity for the 2°Si'™ peak is the sum of the 63 intensities
shown in Figure 3. Similarly, the overall intensity for the 3°Si'* peak is the
sum of the 63 intensities shown in Figure 4.

In Figure 6, we compare observed and predicted TOF spectra and show
standardized residuals. In Figure 7, we compare the contribution of each
peak to the overall TOF spectrum. In Figure 8, we compare the shapes of
the pmfs for the three peaks. In Table 1, we list estimated intensities for each
peak and the estimated isotopic abundance associated with each isotope of
silicon.

Table 1: Below, we show estimates of intensities and associated isotopic abundances for
for 28Si'*, 298i'* and 39Si'" determined at 33 753 iterations of the iterative EM algorithm.
This halting iteration is determined by cross-validation. The theoretical values for isotopic
abundances of 28Si, 2°Si, and 3°Si are 0.9222, 0.0469 and 0.0309. For iterations of EM
algorithm greater than 10 000 iterations, results agree to the number of significant digits
shown below.

peak intensity isotopic abundance
28GiI+ 1.05549E+07 0.92121
29Gj1+ 5.517E+05 0.04815
30GjL+ 3.511E+05 0.03064

4. Discussion

4.1. Reconstruction method and Poisson model

As discussed earlier, we assume that the observed TOF histogram is a
realization of a multivariate Poisson process. Visual inspection of the 146
standardized residuals computed according to the Poisson model (see Fig-
ure 6b) at times beyond the nominal start time of the 2°Si'™ peak suggests
that our Poisson model and reconstruction method are reasonable. Further,
the fact that the root-mean-square (RMS) value of these 146 standardized
residuals is 1.08 suggests that our Poisson model and reconstruction method
are reasonable. We note that standardized residuals for early times of the
28Gi!" peak are generally smaller in magnitude compared to the magnitude
of standardized residuals at later times. We attribute this to the fact that
the assumed pmf values for the 2Si'* peak at early times are proportional
to background-corrected observed values.

11
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Figure 3: For the 29Si'™ peak, we show intensities of candidate pmfs determined with the
EM algorithm after 33 753 iterations (determined by cross-validation). For each candidate
translation about the nominal start time of the 29Si'™ peak, (-0.4, 0.3, 0.2, 0.1, 0, 0.1, 0.2,
0.3 ,0.4) ns, we show intensities for the seven candidate pmfs in plots (“a”, “b”, “¢”, “d”,
Lée”’ “f” , Lég” , “h” , “17’ ) .
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translation about the nominal start time of the 3°Si'™ peak, (-0.4, 0.3, 0.2, 0.1, 0, 0.1, 0.2,
0.3 ,0.4) ns, we show intensities for the seven candidate pmfs in plots (“a”, “b”, “¢”, “d”,
“e”’ “f” , “g” , “h” , “177 ) .
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Figure 6: (a):Observed and predicted TOF spectra. The EM algorithm determines
the background to be 92.7 counts for results in the analysis region (see Figure 1). (b):
Standardized residuals according to our Poisson model (difference between observed and
predicted values divided by the estimated standard deviation of the observation (the square
root of the predicted value)). The root-mean-square (RMS) value of the 146 standardized
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the 29Si'* peak is 1.08.
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Our reconstruction method conserves counts. That is, the sum of ob-
served counts in all bins and the sum of predicted counts in all bins agree.

In our model, the observed number of counts in the kth TOF histogram
bin, ny, is a realization of a Poisson process with expected value \,. Given
that the sum of observed counts in all K bins is n, it is well-known (see, for
example, [40] ) that (X, Xs,... Xk) is a multinomial random variable with
the following distribution (probability mass function)

K
n!
Pr(X; =ni, Xo = ng,... Xg =] X =n) = —————— [[ . (9)

nylne! ... ng! Pl

where X = X; + X, ... Xk, and

Ak

= . 10
M+ A+ Ak (10)

Pk

4.2. Stability of estimates

In a stability study, we determine results with the EM algorithm for
iterations ranging from 1000 to 4 million. As discussed earlier, the overall
intensity estimates for the 2°Si'* peak and the *°Si'* peak are the sum of
estimated intensities determined for each of 63 candidate pmfs (see Eq. 6).
After 10 000 iterations, the estimate of the intensity of the 2°Si'™ peak and
the estimate of the 3°Si'™ peak are both stable to within four significant
digits. After 10 000 iterations, the estimate of the intensity of the 28Si'"
peak is stable to within six significant digits. For either the 2?Si'™ or 30Si'*™
peak, in general, the intensity associated with any one of the 63 candidate
pmfs is not stable to within four digits after 10 000 iterations. For instance,
for the 2Si'* peak, the ratios of the intensity estimates for candidate pmfs at
4 million iterations and %,,.q iterations range from 2.7E-320 to 14.3. For the
308i* peak, the ratios range from 1.5E-321 to 6315. One expects the average
of the 63 intensities for each peak to be better determined than any one of
the 63 estimates corresponding to that peak. In medical imaging studies, a
similar phenomenon occurs when EM algorithm estimates of a large number
of spatially varying Poisson parameter estimates are averaged within regions
of interest (for example, see [31, B2]). Estimates of the predicted 2°Si'*
and %°Si'* peaks. at any particular TOF value are less stable than overall
intensities of these peaks (see Figure 9).
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4.3. Initial values of Poisson parameter estimates

When the initial values of the Poisson parameter estimates in the EM
algorithm method are equated to the square root of the values assumed in
our main study, for i,,.4 iterations, the estimated value of the estimated 128
Poisson parameters are similar. The ratios of the new and original estimates
of the Poisson parameters vary from 0.93 to 1.01, and the median ratio is
1.00. The fractional differences between the predicted value of the TOF
spectrum with new initial value relative to the predicted value determine
with the original initial values ranges from -2.1E-05 to 1.3E-05 (over all bins).
Further, the estimates of the intensities (determined with the original and
revised choice of initial values of the Poisson parameters) for the 28Si'* 29Gi'*
and 3°Si'* peaks agreed to within nine significant digits, six significant digits,
and six significant digits respectively.

4.4. Background jumps

Our comparison of predicted and observed TOF spectra shown in Figure
6a strongly suggests that the background rate before the start of the 23Si'"
peak is less than the background rate after the start of the 28Si'™ peak. The
source of this jump could be an ion feedback (IFB) artifact produced by
micro-channel plates (MCPs) in the single ion detection systems [34] 35 136,
37, 138, [10].

4.5.  Peak-to-peak pmf variation

Our results appear consistent with the hypothesis that the TOF pmfs vary
among the three peaks (see Figure 8). As a caveat, the source of this apparent
variation among the pdfs could be due to the physics of ion evaporation or
systematic effects associated with multiple-hit events [33], IFB artifacts, or
perhaps other instrumental effects.

4.6. Extrapolation model

In our analysis, we model the upper tail of the 2*Si'™ peak as an expo-
nential (see Figure 2). While this model appears to be reasonable, we can

not rule out the possibility that a non-exponential model is more accurate.
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4.7. Application to other experimental data

In our study, the peaks due to 28Si'*, 2°Si'*, 30Si* overlap, but peaks
that are not in analysis region appear to not significantly overlap with the
silicon peaks. If other peaks beyond the analysis had significantly overlapped
with the silicon peaks, we should account for the contribution of these peaks.
We believe that our mixture model approach is flexible enough to model the
contributions of such peaks. For other applications, the method to generate
candidate pmfs may be different than the method presented here. For in-
stance, for peaks with shapes that vary more dramatically (see, for example,
[41]) than the peaks considered in this work, the number of candidate pmfs
for each peak might be larger than assumed in this work and analysis could
be more computer intensive. Due to the flexibility of our method, it may
be possible to determine candidate peak pmfs from deformations of analyti-
cal models. Scaling up the mixture model analysis to a larger subset of the
observed TOF spectrum is a worthwhile topic for future research.

4.8. Uncertainties

Quantifying uncertainties for results is a worthy topic for future research.

5. Conclusions

We presented a mixture model method to determine TOF pmfs that can
vary from peak-to-peak. In a proof-of-principle study based on experimental
data, we demonstrated the feasibility of our method by determining a TOF
pmf, intensity and isotopic abundance for each of three singly charged iso-
topes of silicon. How well our method works for more complicated examples
is a topic for future study.

Appendix A: Probability mass function

Consider an ideal experiment where time-of-flight measurements are pro-
duced by ions of the same species. Further, assume that each time-of-flight
measurement is a realization of a random variable T'. Suppose that we rep-
resent the TOF spectrum associated with this ion species as a histogram
with K bins where K can be arbitrarily large. Further, suppose that the
probability that any realization of T falls in the kth bin is f(k). Since T is a
random variable, the bin index is a random variable g(T") where g is a known
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function that determines the bin index given the realization of 7. We denote
the probability that g(7") = k as

Pr(g(T) = k) = f(k). (A1)

where k = 1,2,... K. Given that Zle f(k) =1, f(k) is a probability mass
function. In this work, K = 10 000 for each pmf of interest. For this large
value of K, we assume that 3, f(k) = 1. As discussed in many references
(see, for example, [39]), the probability mass function is sometimes referred
to as a discrete density function or probability function. In our study, we
seek to determine pmfs associated with different ion species that can vary
from species-to-species, as well as the intensity for each peak.

Appendix B: EM algorithm applied to APT

Following the nomenclature in [24] and [25], we assign an integer index b
to each of the Poisson parameters in our model (see Section 2.2) (where b =
1,2--- B) and an integer index d (whered = 1,2 - - - D) to each bin of the TOF
histogram. In our study, B = 128 and D = 221. The Poisson likelihood of
the observed TOF histogram n = (ny, ns, - - - np) given the associated Poisson
parameters (intensities) for the candidate pmfs A = (A(1),\(2) --- A(B)) is

D=2 (d) \x(g)"(d)
R | e (B.1)
d=1 ’
where the mean of n*(d) is
N(d) =) AO)p(b,d), (B.2)

and p(b,d) is the probability that the observed TOF will fall into the dth
TOF histogram bin predicted by the bth pmf.

The EM algorithm is an iterative scheme for determination of maximum
likelihood estimates of the Poisson parameters. The bth Poisson parameter,
A, is updated as follows:

old D

old

pb.) =S8 ) b d)
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where p(b,.) = ZdDzl p(b,d). For more technical details on how to derive Eq.
B.3, see Section 2 of [25]. Shepp and Vardi [24] proved that, after each itera-
tion of the EM algorithm, the likelihood of the data never decreases provided
that the initial estimates are positive.

In our study, we estimate the expected background contribution to each
TOF measurement. For the case where the expected background contribu-
tion is treated as known, one can derive an EM algorithm (see, for example,
Fessler and Hero [42]) similar to Eq. B.3
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