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Abstract

Swift hardening law is one of the widely used phenomenological model
to describe the stress-strain behavior in sheet metal forming simulations.
In the present study, a statistical approach was used to investigate the
effect of the variation in material model parameters on estimated values
of the stress-strain data obtained using Swift hardening law. This estima-
tion employed values of the Swift hardening law parameters as reported
in the literature and those from three uniaxial tensile tests conducted in
this study. Uncertainties in the flow stress were estimated using Monte
Carlo (MC) simulations. A detailed sensitivity analysis was performed to
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determine the most sensitive parameter influencing the flow stress estima-
tion. It was found that the sensitivity coefficients of the Swift hardening
parameters are dependent on the true plastic strain. At lower plastic
strains ε0 was found to be most sensitive parameter whereas at larger
pre-strainsK was observed to be the critical parameter affecting the flow
stress estimation. Further, computed hardening curves were used to sim-
ulate the deformation in hole expansion tests (HET) of dual phase steel
(DP600) steel specimens using an explicit finite element analysis (FEA)
technique. The effects of the material property variation on the thinning
rate of the sheet with punch displacement were estimated with a mean
(µ) and standard deviations (σ) for determining (± 1σ, ± 2σ) statisti-
cal limits. FEA predictions were compared with measured data obtained
from HET conducted using specimens with holes fabricated with both
drilling and boring processes. A reasonable agreement was achieved. Fur-
thermore, the experimental values of the final sheet thicknesses were
found to lie within the statistical limits using finite element simulations.

Keywords: Uncertainty quantification, Sheet metal forming, Monte
Carlo method, Dual-phase steel, Finite element analysis, Hole expansion test

1 Introduction

The demand for accurate numerical predictions of forming automotive com-
ponents is continuously increasing. Often, the design of these components is
performed using finite element (FE) simulations. These forming simulations are
conducted at large strains typically reached in forming operations. Stress-strain
data are usually developed by conducting uniaxial tensile tests that result in
reliable data up to the limit of uniform elongation. Therefore, true stress vs.
true strain data must be extrapolated beyond this point to be used in a FE
material model. Typically, the experimental true stress - true strain response
is extrapolated to large plastic strains using suitable phenomenological strain
hardening models to describe the post-necking deformation behavior [1, 2]. The
parameters of strain hardening models are estimated using fitting the exper-
imental true stress-strain data obtained from tensile tests. The accuracy of
numerical simulations largely depends on the accuracy of identified hardening
parameters. Generally, there are uncertainties associated with the estimated
hardening parameters. These can be attributed to (a) inherent strain measure-
ment uncertainty associated with measuring devices such as extensometers,
strain gauges, digital image correlation (DIC) [3–5] etc., (b) statistical ran-
domness, (c) metallurgical factors like grain size [6], chemical composition,
coil-to-coil variation during sheet rolling [7], experimental limitations associ-
ated with measurement tools [6, 8], etc. Scatter in material properties, and
boundary conditions that rely on experimental measurements are a significant
source of errors affecting the FE simulations’ accuracy. In the scientific mea-
surement system, uncertainty analysis is an essential component, as it assesses



Springer Nature 2021 LATEX template

Accepted: Journal of Materials Engineering and Performance 3

the effect of the variability in input variables on the output and the system
response. In general, uncertainties associated with a measurement system can
be classified into two broad categories, (i) Aleatoric (random) (ii) Epistemic
(systematic). Aleatoric uncertainties [9] are associated with the inherent ran-
domness within the measuring system and cannot be minimized or removed.
Epistemic uncertainties are knowledge-based uncertainties that robust models
and algorithms can reduce. Thus, the proper applicability of numerical simu-
lation results can be ascertained by knowing both the aleatoric and epistemic
uncertainty.

Numerous studies have been performed by various researchers to under-
stand the uncertainty associated with the deformation behavior of materials
subjected to mechanical loading [10–13]. For instance, while estimating the
service life of components subjected to fatigue loading or while evaluating
the formability of sheet metal using traditional formability tests like forming
limit diagram (FLD), limiting dome height (LDH), several factors such as test-
ing environment, loading cycle, geometric parameters, etc. [12–14] were found
to play a critical role. De Souza and Rolfe et al. [15] reported the effect of
deformation conditions like blank holding pressure (BHP) and friction condi-
tions on the springback characteristics in dual-phase steels. In this work, the
authors showed that the variations in mechanical behavior had an appreciable
influence on springback. Similar work was performed by the same authors, in
which a probabilistic analytical model was proposed to account for the vari-
ations in input parameters for predicting springback [16]. Karthik et al. [17]
systematically studied the effect of material property variation on formabil-
ity in different grades of ferritic stainless steels obtained from different coils.
Standard uniaxial tensile tests and LDH tests were performed in different coil
specimens, and it was concluded that there were significant variations in the
formability of these specimens. Formability variations in the rolling direction
were always higher compared to that in the transverse direction. An analysis
of the scatter in published data reported by researchers as mentioned above
demonstrates that it is due to a combined effect of geometrical inhomogene-
ity, change in strain path [18, 19], friction condition [20, 21] and material
effect [10, 12, 22]. Fundamental material behavior has a very important role
in the scatter associated with characteristics of these plastic deformation pro-
cesses. The component of scatter associated with material property has not
been investigated so far. MC simulation is a stochastic analysis that has been
widely used to model the scatter in deformation behavior in metal forming
[13, 23]. In spite of several stochastic studies discussed above, there has not
been a systematic investigation of the uncertainty associated with the harden-
ing law parameters and their implications in sheet metal forming simulations.
The close resemblance of hole expansion deformation process with the uniax-
ial tensile test in terms of the evolving stress state is likely to give important
insights on the deformation process.

In the present work, we have investigated the effect of variability in material
model parameters, which forms a very critical part of the analysis. Despite the
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widespread use of the Swift hardening law in sheet metal forming applications
[24–27], stochastic-based analysis considering the scatter in material proper-
ties has not been conducted. Therefore, the objective of the present study is to
systematically investigate the effect of cumulative uncertainty associated with
material property scatter and errors in estimating the parameters of the Swift
hardening model. The Swift hardening law, is widely used for performing sheet
metal forming simulations [24–27]. Dual-phase steel (DP 600) is chosen in this
study because it finds widespread use in the automotive sector. Further, sta-
tistical analysis was performed to understand the effect of material property
scatter and uncertainty associated while obtaining the coefficients of hardening
parameters from experimental data. Furthermore, the influence of uncertainty
in hardening parameters was studied using a practical sheet metal forming
simulation. The hole expansion test (HET) is a standard sheet metal test to
evaluate the stretch-flangeability of the material [28–31]. This test determines
the ability of the sheet metal to resist edge deformation. Various researchers
have studied the hole expansion deformation process and showed that the hole
edge deforms in an uniaxial stress state [29–32]. Hence, the scatter in tensile
properties will directly affect the accuracy of the test results. Therefore, the
hole expansion test was chosen as an application example in the present work.
Finite Element simulation of hole expansion test was performed to understand
the deformation process. The influence of scatter in material properties on
sheet thinning and equivalent fracture strains were estimated for the mean
(µ) with (±1σ) and (±2σ) standard deviation (σ) limits representing the con-
fidence intervals of 68% and 95% respectively. The novelty of the present
work is that it provides shop floor engineers a tool to identify the scatter and
uncertainties in hardening law parameters when same type of materials from
different metallurgical heats are used in routine forming operations. Addition-
ally, this study provides a systematic approach to identify the most important
hardening parameters that influence the material deformation behavior in the
strain range of interest. This study can be easily extended to more compli-
cated hardening laws, when the appropriate probability distributions of the
hardening parameters can be accurately identified by systematically analyzing
stress-strain data from tests and/or from a literature review.

2 Statistical analysis of material data

2.1 Sample data

In this study, the variation of the material parameters of the Swift hardening
law for DP600 steel was chosen:

σ̄Y = K(εo + εp)
n (1)

where, σ̄Y is flow stress, K, ε0, and n are material parameters.
The values of these parameters are collected from the literature and summa-
rized in Table 2. It can be seen from the Table 2 that the parameters vary
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significantly. The variations in the parameters represent scatter in the mate-
rial properties 1. Additionally, uniaxial tensile tests were conducted to obtain
the parameters by fitting the experimental stress-strain data. DP600 steel with
nominal chemical composition (in wt.%: C-0.08, Si-0.13, Mn-0.94, Cr-0.57, Ni-
0.017, Al-0.03, S-0.005, P-0.039, Fe-balance) was selected. Tensile tests were
performed in a Zwick/Roell Z100 100 kN 2 universal tensile testing machine
(Fig.1). The tensile test was conducted at a nominal strain rate of 1 e−3 s−1.
Tensile test specimens were prepared according to the ASTM E8 standard [33]
sub-size specimen along the sheet’s rolling direction (RD), Transverse direction
(TD) and 45◦ to RD. Strain measurements were recorded using a non-contact
type video extensometer. The Lankford coefficients were estimated from the
experimental data and are presented in the Table 1. The experiment was
repeated three times to assess statistical uncertainty. The parameters K, ε0,
and n were obtained by curve fitting the experimental data.

1The variations in the material properties can be attributed to variations in chemical
composition, microstructure, measurement errors, etc.

2Certain commercial equipment, instruments, software, or materials are identified to adequately
describe a procedure or concept. Such identification is not intended to imply recommendation,
endorsement, or implication by NIST that the equipment, instruments, software, or materials
identified are necessarily the best available for the purpose.
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Table 1: Coefficients of lankford parameters

r0 r45 r90 r
0.742 1.01 0.782 0.866

Fig. 1: Image showing the tensile specimen being tested in a universal testing
machine.
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Table 2: Parameters for the Swift hardening law for DP600 steel.

S.no. K (MPa) ε0 n Reference
1 1042.3 0.0224 0.231 [34]
2 1017 0.0032 0.182 [26]
3 1387 0.03 0.299 [35]
4 1019 0.0024 0.178 [24]
5 1078.91 0.0025 0.198 [36]
6 904 0.0175 0.182 [37]
7 970 0.0078 0.145 [38]
8 1080 0.001 0.152 [39]
9 1067.2 0.002 0.192 [40]
10 1140 0.005 0.2 [41]
11 1000 0.005 0.218 [42]
12 1201.75 0.0036 0.214 [43]
13 1101 0.002 0.22 [44]
14 1045.77 0.003 0.19 [45]
15 1140 0.005 0.2 [46]
16 983 0.0023 0.19 [47]
17 1140 0.001 0.203 [48]
18 1056 0.002 0.203 [49]
19 1063.9 0.0023 0.153 [50]
20 1054.2 0.0016 0.201 [51]
21 1243 0.003 0.216 [52]
22 1004 0.002 0.16 [53]
23 1044 0.0045 0.16 [54]
24 1177 0.0003 0.177 [55]
25 1140 0.005 0.2 [56]
26 1170 0.004 0.21 [18]
27 1207.8 0.0065 0.222 [25]
28 790.2 0.0008 0.132 [57]
29 1043 0.0005 0.184 [58]
30 945.5 0.002 0.22 [59]
31 1093 0.005 0.187 [27]
32 1100 0.02 0.2 [60]
33 1016.96 0.0051 0.173 [61]
34 983 0.0023 0.19 [62]
35 988 0.005 0.182 [63]
36 1077.3 0.0042 0.202 [64]
37 1261 0.004 0.16 [65]
38 1093 0.0016 0.187 [66]
39 1093 0.0016 0.187 [67]
40 1040 ± 3 0.005 ±

0.00055
0.166 ± 0.003 Present work
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2.2 MC method for computing uncertainty

MC simulation is one of the most widely used probabilistic methods used
to estimate uncertainty in the response variable. This method is based on
randomly generated input process variables. In order to best represent the real
process, it is imperative to accurately estimate the probability distribution of
input variables. MC simulation’s output data is often displayed as probability
distributions or transformed into error bars or confidence intervals. In this
work, a MATLAB [68] script was written for performing MC simulation. Eq.(1)
was used to compute the flow stress. Fig.2 shows the flowchart that was used
to conduct the MC simulation. The MC simulation was run 106 times to have
meaningful random variations.

Start

End

Define random input variables

                K, ϵ0, n

Calculate mean and standard deviation 

            of each input variable

Generate 106 values of each random

variable using the probablity distribution 

Generate 106 values of stress ( )

using input random variables for each ϵp

Calculate mean and standard 

deviation of output variable

Fig. 2: Flow chart used for MC simulation.

To further validate the results obtained using a MATLAB program, the
National Institute of Standards and Technology (NIST) uncertainty machine
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was also used to compute the uncertainty. NIST uncertainty machine (Version
1.5) [69] is a freely available web-based software application based on a R
script.

2.3 Sensitivity analysis

Sensitivity analysis aims to evaluate how the output quantity is affected by the
variation in values of input parameters. The objective of sensitivity analysis is
to understand the relative importance of an input parameter in the total output
uncertainty. It helps to understand the most critical parameter that contributes
to the uncertainty in the model output. In this work, sensitivity analysis of
the Swift hardening law. was performed to determine the relative influence of
different input parameters on the accuracy of flow stress estimation. The input
material parameters of this model (Eq. (1)) areK, ε0 and n. Sensitivity analysis
was performed using a method of derivatives [70]. For example, the sensitivity
of a given output function Y = f(X1, X2, X3) for the input process variable
X is defined as the partial derivative of Y with respect to X1

(
i.e., ∂Y/∂X1

)
.

Sensitivity is often normalized by multiplying the standard deviations of the
output and input parameters, as shown in Eq. (2) below [70]:

SσX =
σX1∂Y

σY ∂X1
(2)

where SσX represents the sensitivity of output for an input variable X. Fur-
ther, it is normalized by the standard deviations. σX1 , σX2 are the standard
deviations of input and output quantity, respectively. Generally, the square
of the sensitivity is reported because the summation of squares of sensitivity
normalizes to 1 for N input variables. The square of sensitivity for n input
variables is represented as shown below:

N∑
i=1

(
SσXi

)2
= 1 (3)

A MATLAB script was written to perform the sensitivity analysis. Further,
the results were also compared with those obtained from the NIST uncertainty
machine.

3 Materials and methods

In the present work, DP600 steel of sheet thickness 2.6 mm and nominal
chemical composition as mentioned earlier in Section 2.1 was chosen.

3.1 Hole expansion test

To evaluate the stretch-flangeability of the sheet metal, HET was conducted as
per the ISO 16630 2009 standard. Figs. 3a and 3b show a schematic diagram
of the HET deformation process. HET was conducted using a square blank of
dimension 90 × 90 mm2, with a central hole of 10 mm diameter. The HET
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specimens’ center hole was prepared using drilling and boring processes. A
blank holding force of 65 kN was applied to hold the blank and prevent the
draw-in of the sheet. A conical punch with a cone angle of 60◦ was used to
deform the blank with a constant punch velocity of 10 mm/min. A video
camera with a light source was used to record and monitor the experiment.
The test was interrupted immediately upon the visual detection of a through-
thickness crack. The output of the test is a non-dimensional ratio known as
hole expansion ratio (HER), commonly expressed in terms of (%), which is
calculated using Eq.(4).

HER(%) =
df − d0

d0
× 100 (4)

where df and d0 refer to the final and initial diameter of the central hole.
df and d0 are calculated using the average values of diameters measured at
angles of 45◦. All the experiments were repeated three times and average values
along with standard deviation are reported.

(a) Before HET

(b) After HET

Fig. 3: A schematic diagram of the HET deformation process (a) before the
test, and (b) after test completion
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3.2 Finite element simulation

To understand the effect of uncertainty in material parameters of the Swift
hardening law in sheet metal stamping operations, Finite element (FE) anal-
ysis of hole expansion tests (HET) were performed. FE simulation was carried
out using commercially available ABAQUS \Explicit 6.14 software [71]. A
square blank of dimension 90 × 90 mm2, with a central hole of diameter 10
mm and sheet thickness 2.6 mm, was modelled as a deformable body whereas
a conical punch with a cone angle of 60◦ that was used for deforming the
blank was modelled as analytically rigid. The conical punch was constrained
to move only in the vertical direction with a constant punch velocity of
10 mm/min (Fig.4a). The blank was discretized using three-dimensional 8-
node linear brick, reduced integration continuum elements (C3D8R). In the
through-thickness direction, the blank was meshed with at least 10 elements,
considering the large localized bending deformation. The mesh was chosen
based on the mesh sensitivity study. Fig.5 shows the convergence study for the
results of PEEQ in the hole expansion test. Near the hole region finer mesh
were given, the total number of elements in the blank were approximately
61,180. The details of the mesh used in this simulation work is summarized
in Table 3. A Coulomb friction model with a constant friction coefficient of
0.2 [32] was used to model the contact between the punch and the blank.
Table 1 indicates that the material is not purely isotropic. However, due
to limitations on the data availability in open literature, anisotropy is not
included in the analysis. The deviation is, however, expected to be negligible.
Given the closeness of the Lankford coefficients to unity isotropic hardening
with von-Mises yield criteria was used to simulate the deformation behavior.
The material response of the blank was modelled using the Swift hardening
law, as in Eq.(1).
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(a) Boundary condition (b) Mesh

Fig. 4: (a) Image showing Hole expansion test set up with boundary condi-
tions (arrow indicates loading direction) (b) Image showing undeformed mesh
configuration (numerical values indicate size of computational domain in mm).
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Fig. 5: Variation of PEEQ at with varying mesh sizes at the inner hole edge
for µ+ 2σ limits.
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Table 3: Details of the meshing strategy used in the FE simulation.

Mesh Type C3D8R
Mesh size, Inner region 0.4 mm
Mesh size, Middle region 1 mm
Mesh size, Outer edge 2.5 mm
Number of through thickness elements 10
Number of elements 61,180

Figs.6a and 6b shows the mean simulated stress-strain curve along with
upper and lower limits for (µ±σ) and (µ± 2σ) limits that were used to define
the input strain hardening behavior in the FE model to simulate the HET.
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Fig. 6: True tensile stress–strain curves for (a) (µ±σ), (b) (µ±2σ) as
determined by the MC simulation for the Swift hardening law.

One of the critical aspects in HET is to estimate equivalent fracture strains
(εeq). For this, equivalent fracture strains were estimated using Eq.(5) [72]
by measuring the inner (dinner) and outer (douter) hole diameter and sheet
thickness (tedge) around the circumference at fracture as shown below:

εeq =
2

3
(εc − εt) (5)

where εc and εt are the circumferential and thickness strain, respectively and
are given by the following expressions:

εc = ln

(
douter + dinner

2do

)
(6)

εt = ln

(
tedge
to

)
(7)

where do and to are initial hole diameter and sheet thickness, respec-
tively. For estimating the equivalent fracture strain from FE simulation in
different edge conditions, the strain components (εc and εt) are estimated at
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corresponding measured punch displacements at fracture. Since the punch dis-
placements at fracture are sensitive to hole edge conditions, they are measured
experimentally for each edge condition (drilling and boring).

4 Results and discussion

The microstructure of the selected steel is characterized. The details of the
characterization procedure and results can be refereed in the Appendix A and
B.

4.1 MC simulation

Fig. 7 shows the variation in the flow stress using the material parameters men-
tioned in Table 2 obtained with the Swift hardening law (Eq.(1)). Table 2 shows
that there is a significant variation in the Swift hardening parameters for the
DP600 steel. As explained earlier, these variations in the hardening parameters
can be possibly attributed to various factors like scatter in material proper-
ties, variations in the chemical composition of the alloy, measurement errors,
etc. The first and primary requirement for performing the stochastic analysis
using MC simulation is to accurately estimate the probability distribution of
input quantities that describes the actual process.
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Fig. 7: Tensile stress-strain curves due to variations in Swift hardening law
parameters.

In this work, the input parameters are K, ε0, and n. Table 2 lists the
values of these Swift hardening law parameters as reported by researchers.
Based on these values, the probability distributions of these input parameters
were identified using the MATLAB distribution fitter tool [73]. The probability
distributions of these input parameters are shown in Fig. 8. It is observed
that the parameter K follows an approximately normal distribution, while
parameters ε0 and n follow an approximately lognormal distribution.
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Fig. 8: Probability density distribution of the various Swift hardening law
parameters (a) parameter K - Normal distribution, (b) parameter ε0 - Log
normal distribution and (c) parameter n - Log normal distribution.

Further, various statistical parameters like mean (µ), standard deviation
(σ), variance and coefficient of variation (σµ ) for these input parameters (K,

ε0 and n ) were estimated and are tabulated in the Table 4.
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Table 4: Statistical measure of input parameters for the Swift hardening law.

Input
parameter

Mean Standard
deviation

Variance Coefficient of
variation

Distribution

K (MPa) 1075.02 103.99 10813.92 0.096 Normal
ε0 0.0051 0.0062 0.000038 1.215 Lognormal
n 0.1906 0.0290 0.00841 0.152 Lognormal

After identifying the probability distribution of input parameters, uncer-
tainties in stress computation at different plastic strains using the Swift
hardening law were obtained by estimating the standard deviation. The com-
puted uncertainty in the stress were obtained by MC simulations, in which
106 random samples were used to estimate the flow stress using the constitu-
tive Eq. (1). The mean and standard deviation were computed at each true
plastic strain. The computed flow curves based on the Swift law is shown in
Fig.9. The (µ± σ) and (µ± 2σ) limits, representing 68% and 95% confidence
intervals, are also shown in Figs.9 (a) and 9 (b) respectively.
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Fig. 9: Stochastic flow curves are generated using MC simulation for (a) µ ±
σ limit and (b) µ ± 2σ limit.

Figs.9 (a) and 9 (b) show the stochastic stress-strain curve (mean stress-
strain curve along with uncertainty). It is observed that the width of variation
continuously increases with plastic strain in both cases. At plastic strain, εp =
1, the ±σ limits and ±2σ limits account for 9.78 % and 19.57 % of the mean.

4.2 Sensitivity analysis

As explained earlier in Section 2.3, sensitivity analysis aims to understand the
most critical input variable that affects the uncertainty in the output function.
The probability density functions mentioned in Table 4 are used to determine
the sensitivity coefficients of the input variables. Based on the distribution
function, the output function is calculated using Eq. (1). Sensitivity analysis
was conducted using the method of derivatives explained in Section 2.3. Eq. (2)
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was used to compute the sensitivities. Fig.10 shows the evolution of sensitivity
coefficients with plastic strain. It is observed that the sensitivity coefficient
for parameter K and n increases with plastic strain, while those for the other
parameter (ε0) decrease with the increase in plastic strain. The MATLAB
results were compared with those from the NIST uncertainty machine. A very
good agreement can be seen in these plots.
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Fig. 10: Evolution of sensitivity coefficients of the Swift hardening law
parameters with true plastic strain (a) K, (b) ε0, and (c) n.

The evolution of the normalized sensitivity coefficient (Eq.(2)) with true
plastic strain, εp is shown in Fig. 11. On normalizing the sensitivities of the
input parameters of the Swift hardening law (Eq.(1)) all sensitivity values lie
within (0 to 1). This helps to effectively visualize and compare the estimated
results. It is interesting to note that at εp = 0, (i.e., stress corresponding to
yield stress of the material), ε0 is the most sensitive parameter. Whereas, as
the material strain hardens with increasing plastic strain, the sensitivity for
the parameter K monotonically increases and saturates to 1 and the sensitivity
for the parameter n gradually decreases.
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Fig. 11: Evolution of square of sensitivity coefficients of the various Swift
hardening parameters with true plastic strain.

To elucidate the contributions of input parameters of the Swift hardening
law (i.e., K, ε0 and n) on the flow stress, the contribution of each of the
individual parameters at different plastic strain increments is estimated using
the NIST uncertainty machine. Analysis of variance (ANOVA) for the input
material parameters at different plastic strains were estimated and tabulated
in Table 5. It can be seen from Table 5 that at relatively lower plastic strains,
parameters ε0 and n contribute equally to the flow stress whereas, as the
plastic strain increases there is a sudden decline in the percentage contribution
from the parameter ε0 while there is a gradual decrease in the percentage
contribution from the parameter n. On the contrary, the contribution from
the parameter K was found to monotonically increase and thereafter it tends
to attain a saturated value. From this study, it is inferred that overall at
large plastic strain the order of relative importance of material parameter is
K > n > ε0, whereas, near the yield point where the material enters the plastic
deformation regime the order of relative importance of material parameter is
ε0 > n > K (see Fig.11).
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Table 5: ANOVA % contributions from input material parameters of the Swift
hardening law (K, ε0 and n) on the flow stress estimated using the NIST
uncertainty machine.

Plastic strain (εp) K
(MPa)

ε0 n

0.00 16.49 41.06 42.45
0.05 56.74 2.02 41.24
0.10 68.80 0.76 30.44
0.15 76.36 0.41 23.23
0.20 81.71 0.26 18.03
0.25 85.72 0.18 14.10
0.30 88.81 0.13 11.06
0.35 91.24 0.10 8.66
0.40 93.17 0.08 6.75
0.45 94.71 0.07 5.22
0.50 95.97 0.05 3.98
0.55 96.96 0.05 2.99
0.60 97.76 0.04 2.20
0.65 98.40 0.03 1.57
0.70 98.89 0.03 1.08
0.75 99.27 0.03 0.70
0.80 99.56 0.02 0.42
0.85 99.76 0.02 0.22
0.90 99.89 0.02 0.09
0.95 99.96 0.02 0.02
1.00 99.99 0.01 0.00
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Such an analysis can be used as a guiding tool while obtaining the material
parameters from experimental data. This will overall improve the accuracy of
the numerical fitting and more robust hardening parameters can be extracted.
Without having the knowledge of the most significant parameters, errors
can unknowingly be introduced, which could adversely affect the accurate
estimation of the output flow stresses.

4.3 Hole expansion test

The HET were conducted as mentioned earlier in Section 3.1. A typical HET
specimen before and after the test is shown in Fig. (12a and 12b), respectively.
The values of HER were estimated using Eq. (4). The experimentally deter-
mined HER values for drilled and bored edges are mentioned in Table 6. It
is observed that the bored edge exhibited (7%) higher HER values compared
to the drilled edge. It is widely accepted that the HER values are very much
sensitive to the hole edge preparation method [28–30]. Typically, micro-cracks
are generated during the center hole preparation. These micro-cracks serve as
crack initiation sites during HET deformation. Since boring is a semi-finishing
process, therefore the surface roughness values and micro-crack density are
comparatively less than that of drilled edge. This observation is clearly sup-
ported, by the higher values of HER in the bored edge compared to the drilled
edge.
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Table 6: Comparison of HER (%) in different edge conditions.

Edge condition HER (%) Avg. surface roughness,Ra (µm)
Drilled edge 68 ± 14.3 4.32 ± 0.19
Bored edge 73.12 ± 8.66 2.32 ± 0.14

In a typical hole expansion test, the sheet metal continues to thin due to
the force exerted by the punch. As the sheet metal continues to thin down, a
through-thickness crack develops.

(a) Initial specimen (b) Deformed specimen

Fig. 12: HET specimen (a) Undeformed specimen, and (b) Deformed specimen
after hole expansion test (Bored edge).

The reduction in sheet thickness at the hole edge with punch displacement
was estimated for the mean (µ) and (µ± σ) and (µ± 2σ) limits. The results are
shown in Fig.13. It was observed that the predicted thickness reduction using
the mean (µ) input material data was always lying in the center of the two
predicted thickness reduction curves using (±σ, ± 2σ) limits. Higher reduc-
tion in sheet thickness was observed for (µ− σ, µ− 2σ) compared to (µ + σ,
µ+ 2σ) limits. These statistical limits represent the variation in the strength
of the material, and it is known that in a ductile metallic material higher
strength leads to greater resistance towards through thickness deformation.
Therefore, the resistance to thinning will be higher in case of (µ+ σ, µ+ 2σ)
compared to that for (µ− σ, µ− 2σ). To further validate this prediction, the
sheet thickness of the deformed specimen (Fig.12(b).) for different edge condi-
tions (drilled edge, bored edge) at the fracture was experimentally measured,
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Fig. 13: Variation of sheet thickness along with the punch displacement (a)
simulated using (µ±σ), (b) enlarged view of sub-figure (a), (c) simulated using
(µ± 2σ), and (d) enlarged view of sub-figure (c).

and it is superposed in the simulated curves (see Fig.13). It is observed that
the experimental values are well within the predicted limits. It is interesting
to note that irrespective of input material limits, the rate of sheet thickness
reduction (∆t) is high in the initial deformation regime but as the punch con-
tinues to deform the blank the rate of sheet thickness reduction decreases. This
is because initially the conical punch is in contact with the sheet, and it exerts
the compressive stress in the radial direction, but as the deformation continues
the inner edge of the sheet is no longer in contact with the punch. A similar
observation of punch detachment with the sheet was experimentally demon-
strated by [74]. Another interesting observation can be made from Fig.13. The
experimental values of sheet thickness for both bored and drilled edge condi-
tions are contained within (µ±2σ) plots (see Fig.13c and Fig.13d.) Therefore,
simulations containing (±2σ) bounds of mean flow stresses are likely to pro-
vide more accurate estimations of the actual material behavior during forming
operations.
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(a) S.Mises distribution for µ− 2σ limit (b) PEEQ distribution for µ− 2σ limit

(c) S.Mises distribution for µ+ 2σ limit (d) PEEQ distribution for µ+ 2σ limit

Fig. 14: FE simulation of hole expansion test distribution of (a) von Mises
equivalent stress, (b) equivalent plastic strain for (µ− 2σ) limit, (c) von Mises
equivalent stress and (d) equivalent plastic strain for (µ+ 2σ) limit at 35 mm
punch displacement.

To further understand the effect of variation in mechanical properties, the
distribution of von Mises stress and equivalent plastic strain (PEEQ) for the
(µ − 2σ, µ + 2σ) limits were compared at a punch displacement of 35 mm as
shown in Fig.14. It is observed that deformation is predominately concentrated
at the hole edge. However, for the same punch displacement, there is significant
variation in the von Mises stress distribution for (µ−2σ) compared to (µ+2σ)
limit. Note that the punch displacement can be indirectly correlated with the
equivalent plastic strain (PEEQ) imposed during HET. It is observed from
Fig.14b and Fig.14d that the PEEQ distribution is nearly the same in both
cases however, there is significant variation in the von Mises stress distribution
in the HET specimen. The (µ− 2σ) limit corresponds to much softer material
behavior compared to that for the (µ + 2σ) limit. Therefore, for achieving
the same equivalent plastic strain (PEEQ) a harder material needs a larger
deforming force, thereby developing larger von Mises stress in the specimen
[75] which also supports our earlier observation of a large reduction in the
sheet thickness.

It is well established that the edge condition plays a crucial role in hole
expansion tests due to the existence of pre-existing defects that are generated
during manufacturing. The sheet fracture takes place at larger punch travel
and thus larger reduction takes place. The accurate simulation will lead to
a better estimation of hole expansion ratio (HER), which is a major chal-
lenge in the automotive sector. To further understand the influence of the edge
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condition, an additional statistical description is provided. For this purpose,
the maximum, minimum, and median values associated with the strain mea-
surement are estimated at experimentally determined punch displacement at
fracture as explained in Section 3.2. A box and whisker plot pertaining to strain
measurement in different edge conditions is shown in Fig.15. It is seen that
the measured strain in the bored edge is higher than the drilled edge. Larger
variability for the bored edge condition is shown, which is expected because
of the higher propensity for defect formation during manufacturing operation
for this process. Higher median values in comparison to mean values for both
edge conditions indicate that, statistically, there are higher number of larger
equivalent strain values at fracture than those with lower fracture strains.

Fig. 15: Box and Whisker plot of equivalent strain in different edge condition
estimated using FE simulation.
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5 Conclusions

A MC-based approach was used to obtain the uncertainty in the true stress
estimation based on the Swift hardening law using uniaxial stress-strain data
reported in the literature and those from three tests conducted in this study.
A sensitivity analysis was performed to understand the most critical param-
eters of the Swift hardening law, affecting the uncertainties in estimated flow
stresses. Thereafter, the obtained mean and standard deviations for the true
stress-strain curves for (µ±σ) and (µ±2σ) limits were used to simulate the hole
expansion test (HET) using FE simulation. Following important conclusions
can be made from the present study.

1. Sensitivity coefficients of the Swift hardening parameters are dependent on
the true plastic strain. At lower plastic strains ε0 was found to be most
sensitive parameter whereas at larger pre-strains K was observed to be the
critical parameter affecting the flow stress estimation.

2. The reduction in sheet thickness was sensitive to the uncertainty limits.
It is shown that the larger reduction in sheet happens for (µ − 2σ) limit
compared to that for (µ+ 2σ) limit.

3. The experimental values lie within the statistical limits determined from
FE simulations using the bounds of the Swift hardening law as determined
from the MC simulations, and a close match was observed.

4. The present study demonstrates that uncertainties of parameters of more
complicated hardening laws and their relative influences on the hardening
behavior of the material can be determined by pursuing a similar approach.
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A Initial material characterization

For the metallographic examination, standard metallographic procedures were
used to polish the as received sample and then etched with 2% nital reagent for
10-12 s. The microstructure was observed using a scanning electron microscope
(SEM) (Inspect F50 from FEI).

B Material characterization results

he microstructure of the as-received steel sheet is shown in Fig.16. Microstruc-
ture reveals the presence of uniformly distributed martensite phase in the
ferrite matrix, with a phase fraction of martensite as 22 ± 1%. The average



Springer Nature 2021 LATEX template

26 Accepted: Journal of Materials Engineering and Performance

grain size of ferrite and martensite phase is approximately 4.1 ± 1.6 µm, 2.5
± 1.4 µm, respectively.

Fig. 16: Microstructure of as received DP600 steel.
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