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Abstract

Signals analysis for cytometry remains a challenging task that has a significant impact
on uncertainty. Conventional cytometers assume that individual measurements are well
characterized by simple properties such as the signal area, width, and height. However,
these approaches have difficulty distinguishing inherent biological variability from
instrument artifacts and operating conditions. As a result, it is challenging to quantify
uncertainty in the properties of individual cells and perform tasks such as doublet
deconvolution. We address these problems via signals analysis techniques that use scale
transformations to: (I) separate variation in biomarker expression from effects due to
flow conditions and particle size; (IT) quantify reproducibility associated with a given
laser interrogation region; (III) estimate uncertainty in measurement values on a
per-event basis; and (IV) extract the singlets that make up a multiplet. The key idea
behind this approach is to model how variable operating conditions deform the signal
shape and then use constrained optimization to “undo” these deformations for measured
signals; residuals to this process characterize reproducibility. Using a recently developed
microfluidic cytometer, we demonstrate that these techniques can account for
instrument and measurand induced variability with a residual uncertainty of less than
2.5% in the signal shape and less than 1% in integrated area.

1 Introduction

In the last 30 years, cytometry has evolved as a powerful technique for clinical
diagnostics, drug development, and biotechnology [1,/2]. This success has recently
motivated fundamental questions and studies designed to better understand the ultimate
capabilities of cytometers, as well as their potential for quantitative, reproduceable, and
even traceable measurements [3H6]. However, in-depth uncertainty quantification (UQ)

has yet to be fully realized, limiting efforts to refine the metrology aspects of cytometry.

In this context, signals analysis is a challenging and often overlooked task that has a
significant impact on uncertainty. For example, conventional flow cytometers assume
that individual events are well characterized by simple properties such as the signal
area, height, and width [7H10]. However, such approaches discard the vast majority of
information in the measurement. Moreover, cytometers only interrogate a particle once
per laser region, so that population variability is inherently convolved with other
sources of uncertainty. As a result, it is difficult to determine whether an event
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corresponds to a valid measurand, characterize reproducibility on a per-event basis, and
ultimately, quantify confidence in the measurement process.

The goal of this manuscript is to address such problems by incorporating UQ
directly into the signals analysis. We propose a collection of techniques that use scale
transformations to identify sources of variation in events arising from changes in particle
speed, size, and brightness. The main idea behind these analyses is to represent signals
in terms of low-order mathematical interpolations and define the relevant
transformations in terms of generic physical models. We then use constrained
optimization to map all events onto one another, which also yields the physical
parameters (e.g. size) associated with the particles. Using a recently developed
microfluidic cytometer (see Ref. |[11]), we illustrate how this analysis can: (i) quantify
phenomena such as noise in flow conditions and sample variability; and (ii) estimate the
per-event reproducibility associated with all remaining sources of uncertainty. We also
demonstrate that this analysis provides a foundation for more advanced signal
processing techniques by using it to extract the individual singlets comprising a
multiplet signal, i.e. an event composed of multiple overlapping singlets.

The need to incorporate UQ directly into signals analysis arises from several issues
unique to cytometers. For example, cells are only measured once per laser region;

moreover, it is difficult to ensure identical flow and optical conditions for all measurands.

Thus, it is impossible to directly characterize repeatability and reproducibility of any
measurement. Signals analysis and mathematical modeling therefore take on new roles,
since they allow us to answer the questions, “how does variation in measurement
conditions deform the signals, and how can these deformations be undone?” In this way,
the theory approximately reconstructs an imaginary scenario in which one could repeat
measurements on identical particles, thereby overcoming experimental limitations.

Multiplets provide a similar motivation for our analysis techniques. Because
engineering solutions alone cannot prevent multiplets [12H15], common practice discards
their information. However, this introduces uncertainty into population variability
estimates [12/14]. Perhaps worse, common data analysis strategies that rely on
integrated areas cannot distinguish dim doublets from bright singlets, for example; see
Fig.[I] This leads to an uncomfortable situation in which even the identity and number
of measurands have potentially unquantifiable uncertainties. Again, we demonstrate
that signals analysis is an appropriate avenue to address such problems, since it allows
us to extract individual singlets by understanding how they combine to make the
multiplet. More generally, these examples illustrate that signals analysis is a useful tool
for untangling sources of uncertainty that become intertwined by the measurement
process.

This example of multiplet deconvolution highlights another theme of our work: there
is a natural feedback between UQ and signals analysis that must be exploited to realize
the full potential of cytometry. While it is obvious that uncertainty estimates arise from
data analysis, we also illustrate the reverse: new data analyses are enabled by UQ. For
example, we recast multiplet deconvolution as the task of finding the most probable
singlets that reconstruct the original multiplet. Thus, estimating the uncertainty in the
shape of singlets is a prerequisite step. Similar arguments apply to the related but
distinct problem of multiplet detection. More generally, UQ can inform data analysis by
ensuring that results are physically meaningful. These observations clarify our stance
that UQ is the broad set of tasks that increase confidence in a measurement.

Because the present work develops new analysis tools, it is useful to perform
validation measurements on particles with well characterized properties. For this reason,
the examples below are restricted to fluorescent microspheres. However, the results
herein suggest that extensions to cell-based measurements are viable, and we point to
relevant issues throughout. (Such work is also the subject of a manuscript in
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preparation.) We note also that the current manuscript does not consider issues
associated with gating strategies and quantification of population variability per se.
Such topics are left for future work.

The reader should also note that while our analysis strives to be as general as
possible — for example, we need not specify a form of the laser profile — we make certain
assumptions that may not apply to all cytometers or measurands. These relate to
uniformity of the laser profile perpendicular to the flow direction and light-collection
geometric factors. Importantly, these assumptions allow us to formulate the scale
transformations as relatively simple, closed-form expressions, thereby facilitating
downstream numerical optimization. An alternative would be to tailor our approach to
a specific cytometer through more detailed modeling, but this may introduce significant
computational overhead. Such issues are discussed in Sec.

The rest of the manuscript is organized as follows. Section [2] presents the main
assumptions of our analysis in the context of a generic model of a cytometry
measurement ; derives the associated scale transformations ; and formulates
the optimization problem needed to undo deformations associated with variable
measurement conditions . Section |3| validates these methods using experimental
data. Section [4] highlights the usefulness of this analysis for UQ (4.1)) and multiplet
deconvolution. Section |5| considers this work in the greater context of cytometry
and signals analysis thereof. An appendix presents technical aspects of the multiplet
deconvolution.

2 Motivation and Main Ideas

A key observation motivates our work: under generic conditions and for a given
cytometer, the shapes of all signals are identical up to a set of linear transformations
that depend only on the particle properties. As will become clear, these transformations
can be interpreted as changes of units that bring the numerical values of different
measurements into agreement. This provides a quantitative framework for comparing
events, e.g. to determine if they are valid measurands, characterize their properties, and
estimate variation about mean behavior. The goal of this section is to specify the
conditions under which this observation holds and develop the tools needed to compare
signals.

A key challenge in formulating this analysis is that the measurements are given in a
form that does not permit direct comparison. That is, we can easily model events over a
constant trajectory, but the instrument generally outputs signals having a fixed
time-window. Converting between these requires knowledge of the unknown particle
speed. Part of our task is therefore to ensure that the data analysis can recast the
signals we acquire into ones that can be modeled. The multitude and complexity of
steps involved motivates a separation of the analysis into three subsections. In Sec.
we propose a model that characterizes deformation in signals arising from differences in
particle speed and size, assuming they each have the same trajectory. In Sec. we
develop the machinery to convert signals acquired over the same time interval to ones
having the same trajectory length. Section [2.3| combines these results to solve the
backwards problem: determine the particle properties by undoing the signal
deformations.

2.1 Physical Effects Causing Signal Variation

Consider the interplay between physical, chemical, and biological processes during a
cytometry measurement. We take an event to be the fluorescence signal f(t) collected
as a function of time ¢ while a bead or cell passes a laser excitation region; see Fig.
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Fig 1. Schematic of the signal generation process associated with a
cytometry event. Panel A. As a bead or cell traverses the laser profile, the
concentration of fluorophores and object shape convolve with the laser profile to create
fluorescent light. This light is converted to a voltage by a photodetector. See Eq. for
a mathematical description of this process. Conceptually we can imagine the signal as
beginning and ending when the particle reaches an initial and final position as it moves
with the fluid. We refer to this as a constant-trajectory signal. In practice, it is easier to
acquire a signal over a constant time interval, i.e. by approximately centering the peak
in a time window of fixed duration, without regard to the distance traveled. See Eq.
and the surrounding text for definitions of C', ¥, and f. Panel B. Simple metrics such
as the signal area, height, and width may not be able to distinguish the signals
generated by dim doublets and a bright singlet. Compare with Panel A.

For particles moving with a constant velocity and parallel to the fluid flow, a model of
this process is

(@) :/Dd:vdydz C(x,y,z —vt)¥(x,y, 2)P(z,y, 2), (1)

L

where C'(z,y,z — vt) is the concentration of fluorophores on the particle, ¥(z,y, z) is
the laser light intensity, ®(x,y, 2) is the amount of emitted fluorescent light (per unit
laser light and fluorophore number) coming from (z,y, z) and collected by the
photodetector, v is the constant advection velocity of the particle, Dy, is the spatial

domain over which the signal is generated, and z is parallel to the direction of flow, i.e.

the axial direction. The goal of our analysis is to quantify how f(¢) changes as a
function of the bead radius R, velocity v, and concentration C', so that we can then
solve the reverse problem of determining these parameters from f(¢).

We first simplify Eq. . Considering, for example, the microfluidic cytometer in
Ref. [11], we assume that Eq. can be reduced to

f@) = dzdydz C(z,y, z — vt)(z), (2)

Dr
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where 1(z) depends only on z and accounts for both the laser and collection optics. In
an abuse of terminology, we henceforth refer to ¢(z) as the laser profile.

Equation is justified for a wide range of operating conditions. For example,
letting p = (z,y) denote the radial direction and p = |p| be the magnitude of p, Eq.
applies when: (i) differently sized, radially symmetric particles whose centers follow
streamline p, encounter a laser profile and geometric factors whose product is linear in
P, so that

Uz, y,2)®(x,y,2) = P1(2) + a(2) - (p = po), (3a)
C=C(p,2), (3b)

for some vector function a(z); and (ii) arbitrary shaped, non-rotating particles on any
streamline encounter a laser profile and geometric factors that are independent of p, so
that

U(z,y,2)0(x,y,2) = P(2). (4)

Either case may happen when the particles are small relative to the laser interrogation
region. In particular, case (i) can be shown by symmetry arguments applied to Eq. )
See Ref. |11] for relevant details associated with the device studied in this manuscript,
including in particular the focusing strategy used to ensure that particles do not cross
streamlines.

We model C(z,y,2) as a step function of the form

C(z,y,2) = cO (RQ—zz—y2 722) , (5)

where ¢ is a constant fluorophore concentration and the Heaviside function is defined
such that ©(r) = 1 if r > 0 and O(r) = 0 otherwise. Equation (5)) corresponds to a bead
or cell with a uniform concentration of fluorophores throughout its volume. Through
appropriate modification of the Heaviside function this expression can describe, for
example, surface concentrations. Moreover, Eq. can be parameterized to model
non-radial deformations associated with deformable cells, although such tasks are
beyond the scope of this manuscript.

In light of these simplifications, Eq. becomes

Lo
() = c7r/ dz [R?— (z—vt)2] O [R? — (= —vt)?](2), (6)

7L0

where where we assume that the laser is fully contained inside the domain [—Lg, Lo] for
some length L. For later convenience, we assume (without loss of generality) that L
satisfies the inequality

0<a<Ly—R, (7)

where the domain [—a, a] is the smallest set for which (z) > 0. Physically, inequality
implies an event in which we track a particle starting before it enters the laser and
ending after it fully exits; the corresponding function f(¢) is padded on the left and
right by zeros. (We assume that any constant offset or background has been subtracted
from the fluorescence signal.) Because Ly is constant, the locations at which we start
and stop tracking the particle are fixed. Taking ¢ = 0 as the time when the particle is at
the (arbitrary) “center” z = 0 of the laser, f(t) is defined on the interval [—7, 7], where
T = Lo/U.

Equation @ implies that increasing or decreasing v “compresses” or “stretches” the
signal in the time domain. Thus, we should be able to solve the reverse problem:
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estimate the relative velocities by undoing the deformations in such a way that the
signals coincide. To achieve this, it is convenient to consider Fourier representations of
the signals [16}/17]. We denote the corresponding transforms of ¢ (z) and

[R? — 22]0[R? — 22| by (k) and §(k; R), where a simple computation yields

—4RL2cos(kR/Lo) , 4L3sin(kR/Lo)
Gk R)=4, 5 " T k70
gRS k - 0

and k = 7n for any integer n. (Note that we use the normalization
Sl = sz -exp(—ikz/Lo)dz, where §[-] is the Fourier transform acting on -.) In
practice, we assume that —M < n < M, where M is a mode-cutoff associated with the
noise floor of the signal; see also Sec. |3] Unless otherwise stated, all sums over k range
from —Mm to M. Note that @(k) is unknown.

In light of these assumptions, Eq. @ becomes

2Lo Zd} /LO i (z—vt)2]
O [R*—(z—vt)’] ethz/ Lo (9)

where we have used the fact that
2L0 Zw ZkZ/Lg. (10)

To further simplify this, use inequality to impose the periodicity relationship
C(z,y,z —vt) = C(x,y,z — vt + 2nLg), where n € Z is an integer. This assumption
does not change the signal on the domain —Lg/v <t < Lg/v. However, it does allow us
to invoke the convolution theorem [18], which yields

t)=cr Y U(k)g(k; R)e™/. (11)
k

Equations (8) and illustrate how the measurand and measurement conditions
affect the signal. Varying the concentration ¢ and velocity v (which controls 7) alters
the height and width of the signal. Changes in particle size R have more complicated
effects as characterized by Eq. 7 since a particle is convolved with a larger fraction of
the laser profile as R increases. Taking the Fourier transform of Eq. with respect to
time (over the interval —7 to 7) yields

fk; ) = 2em7(k)g(k; R). (12)

The inclusion of 7 in the argument of f (k; ) is to emphasize the time-domain over
which the transform is taken, which is important in the following sections. Letting f(¢)
and fo(t) denote test and reference signals, the laser profile (k) is eliminated by taking
the ratio

vf(k;r)  ca(k;R)
vo fo(k; o)  cog(k; Ro)’

where quantities with 0 subscripts are associated with fo(¢) and the trajectory length
Ly is assumed to be the same for both particles. In the remainder of the manuscript, we
assume that 79 = Lo/vp, i.e. the reference particle defines the length and time scales
against which we compare all events.

Equation is the key result of this section: it defines the shape of one signal in
terms of another and as a function of the particle properties, provided the trajectories
are identical.

(13)
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2.2 Converting between fixed-time and fixed-trajectory
representations

In practice, it is difficult to measure an event over a fixed trajectory length and variable
time domain. It is more common for acquisition to occur in fixed time windows, which
we assume to be [—7q, 79]. However, if 7 remains fixed, the corresponding trajectory
lengths of each particles must vary, which violates the key assumption of the previous
section, so that we cannot use Eq. . (Allowing trajectory length to vary per-particle
would yield varying spectral representations of (z), making it difficult to eliminate the
laser profile via a relationship akin to Eq. (13)).)

The resolution to this problem is to identify a mapping that converts a fixed-time
Fourier representation to one on a fixed spatial domain. Observe first that in Eq. ,
the dimensionless frequency k is common to all signals; moreover, f (k;7) is linear in the
particle-dependent time-scale 7 = Lo /v. Instead of f (k;T) we are given a measured
signal fm(k; To), where 79 = L/v = Lo/vg and L # Ly if v # vg. The linearity of f(k;T)
in 7 suggests that there is a transformation matrix X such that

Flkir) =" Xpw (7,70) fin (K3 70), (14)

k!

where f(k;7) and f,,(k'; 7) are the constant-trajectory and constant-time
representations of the event. The subscript m emphasizes that the latter is the
measured signal. The time domains associated with the right and left sides of Eq.
are D, = [—7,7] and Dy = [—79, 79]. (The subscript v on D, is to emphasize that v, not
Ly, controls 7.) We temporarily assume that 7, 79, and L are known; in the next
section we show how to find these quantities.

Equation does not itself specify the operator X. Its definition depends on how

we wish to extend or truncate a signal when mapping it to a constant-trajectory domain.

There are two equivalent perspectives one may take: active or passive. In the former, we
deform (i.e. expand or contract) the time-series so that its constant-trajectory domain
D, becomes Dy. This collapses all time-series onto one another. In the latter
perspective, we deform Dy to become D,,, keeping the time-series unchanged. While
both approaches are equivalent, the corresponding derivations have subtle differences.
To better understand these issues, consider the case in which v > 1. Clearly D, is a
subset of Dy. In the passive approach, we are given fm(k; 7o), i.e. the Fourier modes on
Dy, and wish to find the corresponding modes on the smaller domain D,. In this sense,
X is a “domain-restriction” operator. Assume that inequality holds, so that
fm(t) = 0 as t — +Lg/v. Defining the restriction f,.(t) = f,,(t) for t € [—7, 7], we take
the Fourier transform of f,.(t) on D, to find

flks) = frlksT)
== ;sinc <k—’“’0> (K5 70), (15)

v

so that X, := (vo/v)sinc(k — k’vg/v) and the := symbol means that we define the
left-hand side to be equal to the right-hand side. We adopt the convention that [19]

sinc(z) = sin(z)/x. (16)

To arrive at this result via the active perspective, we scale the argument of f,,(t) by a
factor vg /v, so that f,,(t) = fim(vot/v). Then, restricting f,,(vot/v) to the domain Dy
and taking the Fourier transform yields an estimate that we denote fT(k; 7o) in a slight
abuse of notation. (The restriction f,(¢) is only defined on D,, so that by the notation
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f(k; ) we mean the Fourier transform of the expanded version of f,.(¢), which has the
constant-trajectory domain Dy.) To convert this to f(k;7) (i.e. the mode-weight on the
domain D, ), we invoke Eq. with R = Ry and ¢ = ¢g, which yields

fr(k;7) = (vo/v) fr(k; 7). This derivation suggests the interpretation that X is also a
“signal-expansion” operator, since v > vg. We leave it as an exercise to the reader to
show the the corresponding matrix X is identical to that given by Eq. .

When v < 1, the domain D,, = [—7, 7] contains the interval [—7, 7], so that in the
passive-interpretation, X is a “domain-extension” operator that extends f,,(t) from Dg
onto D,,. While there is no unique extension f.(t), we assume without loss of generality
that f,,(t) = 0 as t — £75. (Signals violating this condition can be treated as
multiplets, which are considered in Sec. ) This together with inequality @ suggests
the definition

‘MUF{hM)tGPmm] 1

0 otherwise.

Again, taking the Fourier transform on D,,, one finds
~ v ~
k;T) = i k— — k') f(K';70), 18
Flk; ) ;smc< " )f (k'3 70) (18)

so that Xj, s := sinc[k(v/vo) — k']. In the active interpretation, X is a
“signal-contraction” operator; we leave derivation of the equivalence with Eq. as an
exercise for the reader.

Combining these results, we define f(¢t) on D, to be

fuw={ﬂ“)”2“0 (19)

fe(t) USU(J,

with f (k; T) being the corresponding Fourier transform. In both Egs. and ,
setting v — vg yields the identity transformation, as expected.

In practical settings, distinct signals f,,(¢) may not be identically centered on the
domain Dy (i.e. before applying X). However, Eq. @ assumes that the center of any
given particle is at z = 0 when ¢ = 0, and moreover X deforms the signal about ¢ = 0.
Thus, it is necessary to consider transformations of the form f,,(t) — fn.(t + At). As
before, assume that f,,(t) is padded by zeros as t — £, so that cyclic permutations by
sufficiently small At only wrap zeros around the left and right sides of the peak.
Assuming that f,(¢) is periodic with a period of 27, one finds that

fm(t) = Z fm(k§ TO)eikt/To
k

— Z fm (k, TO)eikt/TO+ikAt/Toa (20)
k

so that fo, (k;70) = fim(k;70) exp (ikAt/70) under time translation. While the padding
assumption is technically not necessary for the validity of Eq. , it ensures that
subsequent transformations by X do not truncate non-zero parts of the signal.

2.3 Signal Matching

Assume that we have reference and test signals fo(¢) and f,,(¢), both mapped to the
interval —7y <t < 79 and sufficiently padded by zeros on left and right. Both Fourier
expansions use the same set of frequencies. Let k denote the vector of frequencies, and
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fo and f,,, denote the corresponding vectors of Fourier coefficients. Also define the
matrix operators X, T, and S having elements

(vo/v)sinc(k — k'vg/v) v > vy
X gt 5 = 5 21
bk (v, v0) {sinc(kv/vo — k) v < g 1)
Thor (AL) := O o eFAY 0, (22)
Sk (B Ro) == 0k 1 (ks Ro)/§(k; R), (23)

where 0; 1 = 1if k = k' and 5 5 = 0 if k # k'. Equations and derive from
matrix analogues of Egs. 7 , and . The quantity g(k; R) is given by Eq.
and defines the relative transformation associated with changing particle radius. The
vector analogue of f(k;7) is denoted f(k; 7).

For noise-less signals and a known set of transformation parameters At, R, Ry, v,
and vg, Eq. implies that

Af,, (k;70) — fo(k;70) = 0, (24)

where

A= B g p RYX (0, v0)T(AL). (25)
(¢/co)

The interpretation of Eq. is straightforward. The product Af,,(k;7o): (i) centers
fm; (i) scales it to the domain D,; (iii) matches the radius scaling to Rp; and (iv)
normalizes the amplitude to the reference signal. The order of operations of the
matrices mirrors the assumptions of the analysis above and cannot be changed. (Note
that the transformations matrices do not all commute with one another. For example,
centering a peak and then truncating its edges can yield a different signal than
truncating followed by centering.)

In practice, the transformation parameters must be determined from noisy signals.
This motivates the objective

L= HAfm—foHQ, (26)

where the square is interpreted as the sum over magnitude-squared of the elements of
the complex vector argument. Ostensibly minimizing £ as a function of the At, R, Ry,
v, Vg, ¢, and ¢y should yield their numerical values. However, many of these quantities
only appear in A via the ratios v/vg, Ro/Lg, and ¢/cg. As a result, we can only
determine their relative values. This reflects a deeper freedom that we have not yet
exploited: the ability to arbitrarily pick the numerical scale of the coordinate system.
For convenience, we pick ¢g = 1, Lo = 1 (i.e. the reference particle traverses a distance
of 2), and vy = 1, which implies that 79 = 1, with all units now being dimensionless.
The latter two choices fix the time and length scales of the system, so that R, Ry, and v
are defined relative to the reference trajectory and velocity. We use this convention
throughout the remainder of the manuscript.

With these choices, we define the true ¢, v, R, Ry, and At to be solutions to the
optimization problem

{¢",v*, R* RS, At} = argmin L(c,v, R, Ry, At; ).
{c,v,R,Ro,At}
The objective £ is highly non-linear and may have local minima. Thus, it is important
to identify reasonable initial points as inputs to the optimization. While these issues are
discussed at greater length in Sec. [3] we note that simple properties of the signal such as

its height, width at half max, etc. yield initial conditions that should be sufficiently
close to optimal solutions to ensure convergence of the optimization.
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3 Validation with Experimental Data

To validate the analysis presented in Sec. [2] we consider a collection of 1302 events
measured in the optofluidic device described in Ref. |[11]. The measurands are
polystyrene microspheres with dispersed Dragon Green fluorophore and a
manufacturer-specified mean diameter of 15.3 um (no uncertainties available for the
mean). We use a high-speed camera system to manually verify that all events
correspond to singlets. The fluorescence signals, denoted f,,, are discretized on a 16-bit
data acquisition card that records samples at 2 MHz. Thus, the f,, are vectors whose
entries correspond to the discrete time interval over which the data is collected. The
digitizer outputs fluorescence values in units of volts; we divide these measurements by 1
V to non-dimensionlize.

As a preprocessing step, we use a moving average filter to smooth peaks followed by
a polynomial fit peak finder to estimate the height h,,, width w,,, and the time interval
of the location of the peak maxima for each event; see Ref. |11,|20,[21]. The first two
quantities are used later in the optimization. Using the third, we perform a cyclic
permutation of the data (corresponding to temporal shifts) to approximately align the
peak maximum with the midpoint of the time interval, which we rescale to be [—1,1].

Having estimated these quantities, we return to the original (non-smoothed) signal
for subsequent analysis. Because the signals contain noise (likely from the photodetector
and/or counting statistics of photons), we perform a discrete Fourier transform (DFT)
to identify a noise-floor, which begins around the tenth mode, corresponding to M =9
according to our indexing convention; see also Ref. [22]. We take this value to be a cutoff
for a low pass filter and also keep the complex conjugate weights, which correspond to
the last 9 modes (the case k = 0 is its own conjugate mode). (The exact cutoff will
depend on application and the noise-floor of the signal.) Given that the DFT yields a
spectral representation that is a continuous interpolation of the data, we can directly
use the corresponding mode weights and frequencies in calculations involving Eq. .

To test Eq. , we pick a reference event fo at random from among those having a
height and width roughly equal to the median value for this population. The specific
choice of this event is unimportant, since the goal is to demonstrate that all signals can
be collapsed to any chosen reference. Next, we choose N, additional samples f,, and
define the modified objective

N,
ENS = Z £(Cm,Um,Rm7R0, Atmafm)7 (27)

m=1

where Ry is the unknown radius of the reference particle and (¢, Uy, R, Aty ) are the
unknown transformation parameters associated with f'm. In Eq. , m has been
upgraded from a subscript to an index. Because the beads have on the order of 10°
fluorophores per particle, we anticipate that variations in ¢,, (e.g. due to shot noise) are
negligible. Thus, we set ¢,, = 1 for all values of m, so that it does not play a further
role in the analysis.

In principle, minimizing £y, with respect to the unknown parameters yields
estimates of their values, as well as a “consensus” estimate of Ry. However, several
computational considerations limit our ability to use Eq. directly. First, the
objective function is nonlinear and contains on the order of 20N, terms and 3N,
parameters. Second, the objective has rapid oscillations due to the forms of X(v) and
g(k; R). Third, in the limit that R — 0 for R/Ry constant, the ratio
g(k; Ro)/g(k; R) — (Ro/R)3, so that Ly, develops a connected set of solutions. That is,
only the ratio of Ry to R can be estimated from Ly,.
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A resolution to these problems is to consider a regularized version of the objective
L, =Ly, +e(Ry— Ro)?, (28)

where € < 1 is a regularization parameter and Ry is an estimate of the particle radius
given by outside sources of information. For the beads under consideration,
manufacturer specifications indicate that the average radius is approximately 7.625 pum,
which we use as the value for Ry in dimensional units. To convert to dimensionless
units, we note that: (i) the digitizer samples at 2 MHz; (ii) each peak is 1200 samples
long; and (iii) the average velocity as estimated from time-of-flight between two
interrogation regions is 337 mm/s. Thus, the characteristic distance d. traversed by a
particle during an event is

1200 samples

c = oM, 337Tmm/s ~ 202 pm. (29)

The characteristic radius 7.625 ym normalized by d. and doubled (to account for
mapping to —1 < z < 1) yields Ry = 0.0755. We also set ¢ = 1072 and fix Ny = 5.

To estimate transformation parameters associated with the remaining curves, we
minimize £ for each of the remaining 1296 curves separately, using the consensus value
of Rp. The results of this exercise are shown in Fig. 2] The top subplot shows the
original time-traces, while the bottom subplot shows the data collapse; the inset shows
the relative errors. See also Fig. [3l We also compute the sample mean R and sample
variance 0% estimates of the particle radius to estimate the coefficient of variation (CV)
given by CVg = or/R [23]. We find CVg = 3.18 %, which is consistent with the
manufacturer specified range of particle sizes (4.4%) and the number of measurements
considered; see Fig. [4]

Figure [5| shows scatter plots of estimated size and velocity measured using two
independent photodetection systems. To record these measurements, waveguides are
placed both upstream and downstream of the laser interrogation region in order to
collect fluorescence from different perspectives. Each waveguide is connected to a
separate photomultiplier and data acquisition hardware, ensuring two independent
measurements; see Ref. |11] for more details. The correlation between data analysis
results from each detector further supports the conclusion that we have extracted
systematic information from each time-series.

4 Applications

We now consider two applications of the analysis discussed in Sec. [3} estimating
per-event measurement reproducibility and doublet deconvolution. A key theme of these
examples is that UQ enables one to extract otherwise inaccessible information from
cytometry measurements. In particular, UQ allows us to resolve a uniqueness problem
of identifying the most probable singlets that generate a multiplet. Our main task is to
recast the previous results in a probabilistic framework and demonstrate how this leads
to new kinds of signals analyses.

4.1 Uncertainty Quantification

Equation implies that the optimal transformation parameters undo signal
deformation due to effects such as particle speed, size, brightness, etc. Thus, each
transformed signal Af,, can be viewed as a realization of a measurement of identical
particles, i.e. a version of f'o. Treating these as independent and identically distributed
random variables, we can estimate the per-event reproducibility in terms of
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Fig 2. Example of data collapse for 1302 time-series. Top: The original curves
to which we apply the scale transformations described in the main text. The bold-yellow
time-trace is used as the reference. The time and fluorescence values are given in their
original units, although subsequent analysis is done after non-dimensionalizing. Bottom:
All 1302 curves after data collapse and conversion back to the original units. To achieve,
collapse, we use Eq. to turn each measured curve into a realization of fo(¢). For the
purposes of defining units in this and other figures, we adopt this active interpretation of
the transformations. The inset shows the point-wise residuals between the transformed
curves and reference. The difference is normalized by the maximum value of the

reference. Note that the residuals have the characteristic frequency of the mode cutoff.
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Fig 3. Absolute values of the mode-weights associated with the 1302 curves
in Fig. [2| after transformation and collapse via Eq. . The inset shows the
signal-to-noise ratio, which was computed by: (i) using the first 10 modes to determine
the transformation parameters; (ii) applying the transformation matrices to the first 100
modes of each signal; and (iii) computing the ratio of the absolute value of the mean to
standard deviation of the resulting mode-weights. The dotted-red vertical line shows the
mode cutoff, which occurs when the mode-weights approach a signal-to-noise ratio of
unity.

corresponding statistical estimators. For example, if A; denotes the integrated area of
the jth transformed signal, then reproducibility in area measurements is given in terms
of a standard deviation o4 computed via

1 &
2 _ N2
A= g o - A (30)
Jj=1
B R C
e j:1

where N, is the number of events. Note that in Sec. [2| we use the subscript m to denote
a measured time-series, which we implicitly index from 1 < m < N,. Unless otherwise
specified, in this section we use the subscript j when referring to transformed signals.
(The number of transformed signals is still denoted N,.) Figure |§| shows the results of
this analysis for the 1302 curves considered in Fig. [2l The inset to the bottom plot of
Fig. [2 indicates that the point-wise (in time and relative to the reference amplitude)
uncertainty in shape of the filtered signals is on the order of 2 % or less.

We make this last observation more precise by considering the Fourier modes of each
realization of fo, which we denote by fo - As a practical matter, it is easier to consider
the real and imaginary parts of foﬁj(k, 7o) separately, since their fluctuations should be
independent. Dropping explicit reference to 7y, we decompose

foi(k) = fire(k) + i f;1m(k), where
Re[fo; (k)] = fire(k) = fre(k) + Afjre(k), (32a)
m{fo; (k)] = fiim(k) = fim(k) + Afjm k), (32b)
fre(k) [frm (k)] are average real [imaginary] Fourier modes, and A f; re(k) [Afj.1m (k)]
are random variables associated with uncertainty in each mode. The average mode

weights are constructed by analogy to Eq. . As a bookkeeping step, it is useful to
define a vector §; whose first M + 1 elements (where M is the mode cutoff) are the real
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Fig 4. Histograms of relative particle sizes (top) and velocities (bottom).
The coefficient of variation (CV) in particle radii is 3.18%, which matches well with the
manufacturer specification of 4.4% (Bangs Laboratories, FSDGO009).
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Fig 5. Scatter plots of estimated size and velocity of the same events
measured using two independent photodetection systems. Velocities and sizes
are correlated to within roughly 1 % relative uncertainty, which is consistent with the
uncertainty in the shape shape.
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Fig 6. Histogram of integrated areas of the transformed signals in Fig.
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parts of modes k =0, 7,2, ..., Mm of fo ; and whose next M elements are the
corresponding imaginary parts for k # 0; see Appendix [A] for more detailed motivation
of this decomposition. Note that f contains all of the same information as f because f (t)
is real. There are N, such realizations of fj, where 1 < j < N,. The corresponding
average (sample mean) weights and perturbations are f and Afj. We also use the fj to
construct a covariance matrix =, as well as the probability of a deviation Af

Py(Af) o exp [;AfT ElAﬂ , (33)

where the proportionality factor depends on the dimensionality and determinant of =.
Equation characterizes uncertainty in the shape of a signal. Note that the real
basis underlying % in Eq. allows us to express correlations between modes in terms
of the usual covariance matrix. Likewise, we construct a probability density

Q1(Ax) x exp [;AXTTle} , (34)

where AxT = (R — R,v — v) characterizes deviation from the average radius and
velocity, and T is the corresponding covariance matrix. In the next section, we show how

these probability densities play a fundamental role in the tasks of doublet deconvolution.

4.2 Doublet Deconvolution

As an illustration of how UQ can inform downstream analysis, consider the task of
doublet deconvolution. In typical cytometry protocols, such data is identified indirectly
via gating procedures and subsequently rejected. We propose an alternate strategy
based on constrained optimization.

First assume that a doublet d(t) is a linear combination singlet signals. In Fourier
space this implies

6 - 671(617U17R17 R07 Atl)ﬁ_'— A%l]
+ 9_1(C27’U2,R27R07At2)ﬁ+ Afg], (35)

where the parameters c;, v, R;, and At; transform the reference signal into the
corresponding singlets that comprise the doublet, and 9 and © are the representatlons
of d and A in the same basis as Af (cf. the Appendlx) We use the inverse @~ 7, since
we are transforming from the reference signal to the measured signal. Generahzmg Eq.
to an arbitrary multiplet m(t), yields

ﬁl:ZGil(cjavijij()’AtJ)[?‘FAf]] (36)
Assuming that a sample is known to be a multiplet comprised of M singlets, the

probability that the singlets have a given set of deformations Afy, Afs, ..., Afaq before
transformation to m can be expressed as

PM(AflaAan'"aA]EM) = Pl(Aij) (37)

—

<
Il
—

Likewise, the probability of a set of transformation parameters is given by

M
Qm(Ax1, Axa, ... Axm) = [ Qu(Ax,). (38)

Jj=1
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Fig 7. Example of doublet deconvolution. Signals associated with two known
singlets were added together to make a synthetic doublet. Original signals are shown in
dotted lines. The solid lines show the recovered signals after deconvolution (purple and
yellow) as well as the filtered doublet (red). The inset shows the error in the recovered
singlets relative to the original filtered singlets, normalized by the maximum values of
the latter.

We assume that the true values of Afj and Ay; are those that maximize the joint
probability PrqQ . However, the singlets must reconstruct the multiplet exactly.
Together this suggests the objective

Ly =Y AFETIAf + AXTY Ay, (39)
J

which we minimize with respect to the Afj and Ay;, subject to the constraint given by
Eq. . Note that Egs. and are valid for an arbitrary multiplet composed of
M singlets, although M is assumed known; see Sec. for additional considerations on
determining M.

This optimization problem is performed over M(2M + 1) 4+ 4 M parameters, where
M > 2 is the number of singlets comprising the signal, and M is the mode cutoff. In
practice, however, this can be reduced to a 4 M dimensional problem, since the
constraint is linear in the A)Ej. We leave details of the optimization to the Appendix.
We also set c¢; = 1, consistent with Sec.

Figure [7] illustrates the results of this analysis applied to a synthetic doublet
constructed from two singlets taken from Fig.[2] The analysis recovers the original
signals to within roughly 5% accuracy or better point-wise in time. The actual
transformation parameters associated with each particle are recovered to within
approximately 2%. Figure [§[shows the relative errors (with doublets inset) associated
with different peak spacings between the singlets. All reconstructions have point-wise
errors of less than 10%, even for closely spaced singlets.

Figure [0] shows the results of this analysis applied to two measured signals that were
visually verified to be doublets. In the second event (bottom plot), one of the beads was
likely out-of-focus of the camera, leading to a reduced visual signal. See Ref. [11] for
more details. In both cases the analysis recovers singlets that are consistent with the
synthetic examples shown in Fig.[7]] While more work is needed to make this analysis
fully robust for commercial settings, the examples provided herein indicate that the
constrained optimization formulation is a useful tool for doublet deconvolution.
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Fig 8. Impact of peak separation on doublet deconvolution. The inset shows
synthetic doublets constructed by varying the peak separation distance of the singlets in
Fig.[7l The main figure shows the time-dependent relative difference between one of the
recovered singlets and its true (filtered) signal. Colors have the same interpretation in
both the main plot and inset.

5 Discussion

5.1 The Role of Modeling in Cytometry

From a metrology perspective, the operation of a cytometer is at odds with the
fundamental assumptions used to characterize reproducibility and uncertainty. The
inherent separation of scales — thousands of distinct, micron-sized cells traveling meters
per second in a complicated fluid-dynamic system — coupled with the native variability
of biological systems means that it is challenging to repeat an independent measurement
on the same particle in the same optical region. Moreover, as Fig. |2/ demonstrates, even
small variations in reference materials can lead to dramatic changes in raw measurement
signals. Thus, a key challenge in characterizing the accuracy of a cytometer arises from

an inability to design operating conditions that isolate individual sources of uncertainty.

In other words, experimental analysis of uncertainty is difficult.

The modeling herein provides a distinct approach to this problem through synthesis,
i.e. building up a prediction of the experimental result, taking into account the
cumulative effects of multiple sources of variation. Under ideal circumstances,
comparing this synthetic result with reality leads to a unique quantification of the
physical phenomena (e.g. particle size, speed, etc.) that generate each signal. Any
remaining variation that we cannot account for is then treated as a reasonable proxy for
reproducibility.

This distinction between analysis and synthesis highlights both the potential roles
and challenges of using mathematical modeling for device characterization. In
particular, the model permits us to infer the relative magnitudes of coupled physical
effects, thereby compensating for experimental limitations. But critically, the accuracy
of these estimates relies on the validity of the underlying theoretical assumptions. For
example, the assumption that the particles are spherical may not be appropriate for
deformable cells, requiring revision of Eq. @ Likewise, the properties of laser profiles
considered herein may not apply to all cytometers.

These observations suggest a need for deeper coordination between UQ), signals
analysis, and design of cytometers. While models can often be revised to account for
increasingly complex phenomena (e.g. deformable cells, non-uniform lasers),
computations invariably become too expensive to be useful. In such cases, theory can
instead inform design changes that may be experimentally achievable and lead to
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Fig 9. Deconvolution of two visually verified doublets. The inset shows false
color images of the particles traversing the laser interrogation region. In the inset, the
horizontal axis is parallel to the flow direction, and the vertical direction is parallel to
the laser. The horizontal elongation is due to blurring. In both plots, two lobes are
visible. The main figure shows the original signal (blue), as well as the reconstructed
singlets (orange and yellow). The sum of singlets is superimposed in purple over the
blue curve but is visually indistinguishable. In the bottom plot, one particle is likely
rotated out of the focal plane, which would account for the differences in visual
intensities relative to signal peaks. This assumes the geometric factors associated with
illumination and light collection are constant for both particles; see Ref. for the
validity of this assumption.

o
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improved accuracy through consistency with modeling assumptions. See also Ref. [11]
for related ideas.

5.2 Further Applications and Open Directions

The analysis presented herein offers routes to solving several outstanding problems in
signals analysis for cytometry. In particular, the ability to quantify reproducibility of a
measurement suggests a task wherein one seeks to minimize this uncertainty as a
function of operating conditions, e.g. flow velocity and degree of focusing, particle
density, etc. Moreover, reproducibility estimates suggest the possibility for propagating
uncertainty into populations studies so as to inform best gating and classification
strategies. In this spirit, the work presented in Ref. [24] may be relevant.

Recent publications have also suggested the importance of cell deformability during
the measurement process. Equation @ makes a key simplifying assumption that
requires modification in this case. To the extent that it is possible to parameterize
deformation modes (e.g. in terms of spherical harmonics or empirically defined shapes),
the transformations associated with Eq. can be generalized to account for
non-spherical particles. This ability to extract shape information from a relatively
simple time-series could yield significant improvements in throughput relative to imaging
cytometers while still characterizing more nuanced information about the cell status.

The problem of doublet identification also requires further investigation. We define
this as the task of estimating the number of singlets in a signal, irrespective of their
relative contributions to the measurement. Contrast this with multiplet deconvolution
as addressed in Sec. The latter assumes a number M of singlets and extracts their
individual signals from the measurement. To distinguish these problems, it is useful to
think of deconvolution in terms of conditional probability, e.g. as being conditioned on
M. Thus, the identification problem must be solved prior to deconvolution.

With this in mind, we note that traditional strategies address identification through
subjective gating of populations, although several recent works has proposed methods
closer in spirit to conditional probability described above [25[26]. Using methods from
the present work, the distribution of Fourier spectra may provide more objective,
probability-based methods. The left plot of Fig. shows the envelope of spectra (red
region) associated with the distribution of transformed singlets in Fig. [2l The right plot
shows a collection of synthetic doublets; their corresponding spectra (normalized to the
same area as the mean singlet) are shown relative to the singlet envelope on the left.
Note that for almost any peak separation at least one mode associated with the doublet
falls outside the admissible window for singlets. This suggests that signal shape may be
an exquisitely sensitive tool for identifying events that are candidates for our doublet
deconvolution algorithm. Such questions, however, are left for future work.

The task of generalizing our analysis to scattering channels is likely straightforward,
although we leave this for future work. In a related vein, determining when particles
have non-spherical geometries and/or fluorescence staining is likely possible but may
introduce additional complexity. For example, we speculate that one can parameterize
shape in terms of spherical harmonics whose corresponding weights are determined
through the data collapse process. It is unclear how many such harmonics can be
recovered, but it is plausible that one could distinguish spherical and ellipsoidal
particles, for example. Dimensional analysis also suggests that additional features of
particles could be extracted from signals by changing the width and/or sharpness of the
laser profile. Such generalizations would be necessary to address tasks such as
determining particle size when the underlying distribution is multimodal. Such issues
remain open questions. Finally, we do not consider convergence analyses of the signal
reconstruction and optimization methods herein. Such issues are left for future work.
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Fig 10. Fourier Spectra of Doublets. Left: Fourier spectra of synthetic doublets
(dotted) compared with the uncertainty window for singlets (solid red). For a fixed
mode number, the uncertainty window for singlets is the set of all mode weights
between the minimum and maximum values computed in Fig. [2| Synthetic doublets are
composed of two copies of a singlet (taken at random from Fig. [2) whose peaks are
separated by 0 (green), 10 (blue), 20 (cyan), 30 (yellow), 40 (magenta), and 50 (black)
microseconds. The doublet mode weights are divided by 2 to normalize the them to
scale of the singlets. Note that after a separation of only 10 microseconds the doublet
spectra fall outside the uncertainty window of the singlets. Right: The doublets whose
spectra are shown on the left plot. Solid lines are the doublets, whereas dotted lines of
the same color are the corresponding singlets. The colors have the same interpretation
as on the left plot. Note that all doublets appear as a single peak and are visually
difficult to distinguish from singlets.

May 24, 2024

2127



5.3 Metrics in the Context of Past Work

Signals analysis has been integral to cytometry since its inception [7H10,/22]. However,
virtually all techniques characterize cells in terms of properties such as the signal area,
height, width, etc., and the justifications for such analyses are not universally valid. For
example, common practice dictates that forward-scatter (FSC) vs area or FSC-height
measurements are appropriate for detecting doublets, as cells should nominally follow
one another single file [12]. But as Fig. |§| illustrates, cells may pass the laser
interrogation region side-by-side or even at a diagonal to the flow direction. A recent
study of inertial effects also suggests that typical flow focusing strategies are
ineffective [11]. Furthermore, biological processes of interest may interfere with
measurements typically used to distinguish doublets [27].

Many of these problems arise from the fact that quantities such as signal area, width,
and height are functionals of high-dimensional data (i.e. the full event time-trace) that
produce a scalar. Thus, much of the underlying information that could be used to
characterize measurands is lost before signals are actually compared. This suggests a
need to revisit the order of operations, e.g. by directly comparing full signals before
quantifying their differences in terms of simple descriptors.

To better understand this point, it is useful to consider the concept of a metric,
which addresses the question: how “far apart” are the generic objects h and g7 In other
words, the metric, often denoted d(h, g), defines a notion of distance appropriate to the
structure of h and g. While a complete treatment is beyond the scope of this work (see
Ref. [28]), we note two fundamental properties: (i) d(h,g) > 0 for any objects h and g,
i.e. all distances are non-negative; and (ii) d(h, g) = 0 implies h = g.

While seemingly abstract, these observations have important ramifications for UQ of
cytometry. Conventional analyses implicitly use the absolute value metric

d(P[f;0) Plfe@)]) = [PLf;(8)] = Plfx(®)]] (40)

and related notions of Euclidean distance as the basis for comparing measurements,
where P[f;(¢)] is a functional that returns a scalar value (e.g. area, height) associated
with the time-series f;(t). Since the dimensionality of P[f;(t)] is low, the statement
d(h, g) = 0 applied to Eq. implies that two distinct time-series may still be treated
as equivalent. For example, a large, dim cell may yield the same integrated area as a
small bright one, despite the objects being very different. Yet according to Eq. (40)
both objects would be the same based on intensity alone. Moreover, such approaches
make it impossible to separate effects (e.g. flow rate) that may change the signal shape
while keeping scalar properties such as the height constant. Such shortcomings have
limited UQ studies to those effects due to photodetectors and total uncertainties as
characterized by population histograms [29-32].

The objectives considered herein address such problems by defining the metric in
terms of the time-series explicitly; that is, Eq. considers the situation
d(f;,fx) = ||f; — f&|| in which the notion of distance || - || is applied directly to the full
time-series (expressed as its Fourier transform). Equation in particular is a
variation on the commonly used ¢2 or “sum-of-squares” metric [28]. A benefit of this
approach is that it leverages the full information content of each signal to characterize
multiple sources of variation. However, the resulting analysis is more computationally
expensive and does not have a simple interpretation. Nonetheless, the example of
doublet deconvolution highlights the usefulness of such techniques, and we speculate
that more advanced signals analyses in cytometry will require further development of
appropriate metrics.
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5.4 Limitations

The modeling framework described Sec. 2.1] sets forth the minimum assumptions
required for the validity of our analysis. A key goal of the theory is to avoid the need
for detailed device characterization, which can be costly. However, our main
assumptions on the laser profile and geometric factors may not be applicable to all
cytometers. In such cases, using our analysis would decrease confidence in results by
introducing additional model-form uncertainty.

We acknowledge that extending the method to particles on different trajectories is
fundamentally difficult and ill-posed if the laser profile and geometric factors do not
satisfy Eq. . The signal generated by the instrument is a one-dimensional time-series,
whereas the underlying physical phenomena take place in three-dimensions. Loosely
speaking, the physics permits more degrees of freedom than can be measured by the
instrument. Equation is useful insofar as it reduces the spatial model to one
dimension, thereby rendering the data analysis problem (more) well-posed. That is, it
yields a one-to-one correspondence between the spatial variable z in the model and
temporal variable t associated with a time-series. In the event that particles are allowed
to take different trajectories in a way that violates Eq. , a signal generated at a given
time could correspond to a particle located at many positions.

While this seems like a fundamental limitation of our analysis, in practice it is not.
At flow rates typical of cytometers, the Reynolds number is O(1), so that inertial effects
matter. Under such conditions, spherical-like particles in a flow-channel have a tendency
to focus to inertial nodes that, surprisingly, do not coincide with the channel center [11].
The cytometer used in this work takes advantage of this inertial effect to ensure that all

of the particles travel on the same streamline [11]; i.e. they all have the same trajectory.

In principle, when it is necessary to measure particles that may be on different
streamlines, the aforementioned limitations can potentially be overcome by more
detailed modeling of the experimental system. The general structure of Eq. can be
maintained, although the transformation matrix A may not exist in closed form.
Rather, it may be necessary to evaluate it on-the-fly in terms of a simulation or other
computational model of the measurement process. In this case, a key challenge will be
to formulate an optimization routine that can minimize Eq. in a reasonable amount
of time. Reduced-order modeling or computationally inexpensive approximations are
possible routes for addressing such problems.

Acknowledgements: The authors thank Drs. Bradley Alpert and Mark Stiles for
helpful feedback during prepration of this manuscript. This work is a contribution of the
National Institute of Standards and Technology, and as such, is not subject to copyright
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A Optimization for Multiplet Deconvolution

In this appendix we describe the mathematical formulation and solution of optimization
for multiplet deconvolution. See Ref. [33] for background on the underlying
mathematical methods. For convenience, we restate the key equations underlying this
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problem. Specifically, the objective is given by
M A ~
Lo=) Aff 7 AJ + AT Ay, (41)
j=1

whereas the constraint in the complex basis is

=Y A" (c;,v5, Ry, At))[f + Afj], (42)
i

where f is the complex representation of §. Our goal is to convert Eq. to the same  so0

basis as ]E and then simplify the optimization problem implied by Eq. . 501
Define A;l = Afl(cj,vj,Rj, At;). Next, note that a vector f has 2M + 1 elements.

Because we compute them via a DFT, we take the convention that the first M + 1

modes correspond to k = 0,7, 27, ..., M, whereas the last M modes correspond to

k=—-Mn,—(M — 1)7,...,—m. Moreover, because the signals are real in the

time-domain, we know that f(k) = f(fk:)*, where * denotes the complex conjugate.

This implies that all of the relevant information about f is contained in f, since only M

complex Fourier modes are needed to describe the signal. To see this explicitly, express

an arbitrary f as

a
az + a2
as + tapr43

ay1 +iaap41 | (43)
AM+1 — a0 41
ayr — iagM

">
I

ag — i0p742

where a; is the jth element of f 502

To derive the transformed version of A in the basis of f, first decompose the matrix
into blocks via

A B
a-fp 7] "
where Ais (M +1)x (M +1), Bis(M+1)xM,Cis M x (M +1),and D is M x M.
Clearly A couples the first M + 1 modes of f into one another, B couples the remaining
M modes into the first M + 1, and so forth. However, because the signal remains real in
the time-domain after transformation by A, knowledge of A and B is sufficient to
determine the transformation matrix in the basis of f Let F denote that operator that
reverse the order of columns in a matrix, 7. (7,) denote the operator that removes the
first column (row) of a matrix, and 0p; denote a column vector with M zeros. Then it
is straightforward to show that the operator A transforms to

o[ 1. w
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where

and R and <& denote the real and imaginary components. Thus we arrive at an
expression for m expressed in the basis of f, viz,

Z@ 7+ Afj.

Minimizing Eq. subject to Eq. may entail optimizing over O(100) or
variables corresponding to: (i) the scale parameters ¢, v, R, and At; and (ii) the

(46)

(47)

more
real

and imaginary parts of the mode-weights. The latter comprise the majority of variables,
although they only appear up to second order. In contrast, the transformation variables,
while few in number, appear in highly non-linear function associated with the matrix

©~ ! in Eq. . Further compounding these issues is the fact that both @' and

= are

dense matrices, the latter possibly having eigenvalues close to zero. This may yield a
relatively large numerical problem that is poorly scaled, and thus challenging to solve.
Fortunately, the constraint given by Eq. is linear in the mode-weights, which

yields a key simplification. Without loss of generality, one finds

Afy =0, |m— 07— Z@ F+ Afj]

Jj=2

Equation can be substituted into Eq. and minimization performed over

(48)

the

remaining modes Afj for j > 2 for fixed transformation parameters associated with the

©®;. We leave this exercise for the reader. For the case of doublets, one find that
G=0,[m- (07" +6;")j,
Al = [(©:07)= @0y +271| '0,0,%276,
Af; = ©4[G - ©; ')

where Af; and Aft are the optimal mode perturbations (the * is distinct from the
complex conjugate x). Having the Af} in terms of the transformation parameters (via

the ©®;), we may then express the objective as

La=>" |af] TEIAR £ AYTY Ay,

J

(49)

This L4 can then be optimized as a function of the scale transformations parameters.
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