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Abstract— Scattering (S)-parameters are fundamental to
numerous microwave quantities, including antenna factors,
microwave power, and phase. The uncertainty in S-parameter
measurements is influenced by the test setup, including instru-
ment noise, drift, and position of the cables. In this article,
we present a model to assess the uncertainty in S-parameter
measurements due to nonlinearity in the receivers of a vector
network analyzer (VNA). We developed a model that describes
the nonlinearity of raw wave parameters and can be propagated
through the corrected S-parameters. We designed an experiment
to extract the parameters of our model for a test setup from mea-
surements of a series of devices under test and demonstrated our
model for the WR-15 rectangular waveguide band. This model
can correct for or assess uncertainties due to receiver nonlinearity
on S-parameter measurements and is agnostic to the calibration
method used. Using our model, we assess the effects of receiver
nonlinearity on calibration error coefficients and the corrected
S-parameters of one- and two-port devices under test (DUTs).

Index Terms— Calibration techniques, microwave measure-
ments, nonlinear modeling, rectangular waveguide, uncertainty,
vector network analysis, waveguide passive devices.

I. INTRODUCTION

IN RECENT years, the telecommunications industry has
been working to deploy electronics that operate at

millimeter-wave frequencies for 5G networks and beyond.
To support the new technologies, advances in microwave
metrology are required, including comprehensive, traceable
uncertainties on fundamental microwave measurands. Rigor-
ous uncertainty analysis of a scattering (S)-parameter measure-
ment on a vector network analyzer (VNA) includes assessment
of contributions due to instrument drift, cable positioning,
systematic effects due to the calibration artifacts, and receiver
nonlinearity [1]. Ideally, such an assessment would include
frequency correlations to enable time–frequency domain trans-
formations that are critical to many communications’ signal
measurements [2].

Large dynamic range is critical to several microwave mea-
surements, including amplifier characterization and load—
pull measurements. In these measurements, the receivers can
operate in compression and distort the measured S-parameters,
creating a systematic uncertainty in the measurement. Multiple
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elements in VNA receivers can be driven into compression at
high powers, including amplifiers used to condition the inputs
and outputs of the mixer. Because these uncertainty contribu-
tions can be difficult to model or remove by calibration, they
are often assessed as an uncertainty added to the corrected
S-parameters after the fact. Strategies to characterize the
effects of nonlinearity can rely on precision devices char-
acterized by top-tier calibration laboratories, which can be
expensive and hard to maintain [1], [3]. Another major disad-
vantage of approaches based on precision artifacts is that the
nonlinearity is estimated from the deviation of the artifact’s
measured S-parameters from their nominal values as measured
by the calibration laboratory. This means that all contributions
to the overall uncertainty of the device S-parameters increase
the uncertainty assessment of the contribution of receiver
nonlinearity. Moreover, previous efforts to model nonlinearity
contributions to the error box coefficients have found that the
contribution depends strongly on the calibration type and the
artifacts themselves [4].

Here, we propose a simple, general model for receiver
nonlinearity and an experimental method to calculate the
coefficients associated with the model. We assess the receiver
nonlinearity perturbation directly from measurements of the
raw wave-parameter measurements, in contrast to previous
methods. This approach makes our model insensitive to the
calibration artifacts or calibration type.

We test our approach on measurements in the WR-15
waveguide band, where we demonstrate that our model can
correct for the effects of nonlinearity in the error box coeffi-
cients as well as corrected S-parameters of devices under test
(DUTs). We also introduce a scheme for using the model as an
uncertainty mechanism and propagate the uncertainties from
the raw wave parameters through the corrected S-parameters
of several DUTs using the National Institute of Standards and
Technology (NIST) Microwave Uncertainty Framework [5].1

Our model and measurement can be easily extended to mea-
surements in other form factors, including coaxial and on-chip
measurements.

II. MODEL

The flow diagram in Fig. 1 illustrates the error model
we use to describe the effects of receiver nonlinearity. Here,
we use the eight-term error box model with coefficients

1In this article, “raw” wave parameters and S-parameters have not been
corrected by a calibration such as multiline TRL or SOLR. We use “corrected”
and “uncorrected” to indicate whether the nonlinearity of the receivers has
been accounted for using the techniques we describe here.
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Fig. 1. Flow diagram illustrating the switch-term corrected eight-term
error model used in this analysis. The error box model relates the raw
wave parameters perturbed by nonlinearity a�

i and b�
i to the corrected

S-parameters Si j . The raw unperturbed wave parameters ai are perturbed by
the nonlinearity with coefficients Nij . The eight-term error box components
are labeled Eij and the switch terms are labeled Wii .

Ei j [6] and switch term corrections Wii [7] to relate raw wave
parameters ai and bi to the corrected S-parameters Si j . In this
report, we will use both multiline thru-reflect-line (TRL) and
short-open-load-reciprocal (SOLR) calibrations to determine
the error box coefficients, and we report all error coefficients
in terms of the model presented in Fig. 1. It is worth noting
that the nonlinearity model developed here is quite general
and extends to other error models and configurations of VNA
that rely on the same receivers.

We model the nonlinearity as a perturbation of the
a- and b-waves. We restrict our attention to the case where
the stimulus signal has only a single frequency and focus on
the effect of the receiver nonlinearity at the stimulus frequency
as opposed to higher harmonics. We attribute the perturbation
of the measured wave parameters by the nonlinearity of each
receiver to a separate coefficient. The relationship between
the unperturbed “true” wave parameters and those perturbed
by nonlinearity is

a�
0 = a0 + Na0|a0|2a0 (1)

b�
0 = b0 + Nb0|b0|2b0 (2)

a�
3 = a3 + Na3|a3|2a3 (3)

and

b�
3 = b3 + Nb3|b3|2b3 (4)

where, for example, an is the true wave parameter and a�
n is

the measured wave parameter perturbed by nonlinearity. The
perturbed uncorrected S-parameters can be calculated

S�
nm = bn + Nbn |bn|2bn

am + Nam |am|2am
. (5)

For a series of measurements taken at different power levels j ,
we denote the measurement with a superscript. Experimen-
tally, we have access to the measured data a( j)

n , b( j)
n , and S( j)

nm ,

while (1)–(4) describe the nonlinear distortion in terms of the
true wave parameters. Thus, to facilitate our analysis, we make
the approximation |an|2 ∼= |a�

n|2 and |bn|2 ∼= |b�
n|2 and

S( j)
nm = Snm

⎛
⎜⎝

1 + Nbn

���b( j)
n

���
2

1 + Nam

���a( j)
m

���
2

⎞
⎟⎠. (6)

Equation (6) still has one true, as opposed to measured,
variable, Snm . To derive a relationship between the nonlinearity
coefficients and measured S- and wave parameters, we take the
ratio of two measurements at different power levels

S(1)
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S(2)
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=
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��2

1 + Nam

���a(1)
m

���
2

⎞
⎟⎠

⎛
⎜⎝1 + Nam

��a(2)
m

��2

1 + Nbn

���b(2)
n

���
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⎟⎠. (7)

We take the first term of a Taylor series expansion of the ratios
with respect to Nam |a(1)

m |2 and Nbn |b(2)
n |2 to yield
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Finally, we eliminate terms that are higher order than
Nam |a(1)

m |2 and Nbn |b(2)
n |2. The result is a model that relates

measurements of raw S-parameters and raw wave parameters
to the nonlinear coefficients of our model

S(1)
nm

S(2)
nm

−1 =Nbn

	��b(1)
n

��2 − ��b(2)
n

��2



− Nam
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m
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m

��2


.

(9)

Note that it is possible to measure the nonlinear coefficients
without any knowledge of the S-parameters of the DUT. Also,
note that, for the purpose of correcting for the nonlinear distor-
tion, it is not necessary to determine the power incident on the
receivers in physical units. The raw values suffice. To correct
for nonlinear distortion, we use (1)–(4). For example, acorr

0 ,
our estimate of the true value of a0 based on the measured
value a�

0 is given by

acorr
0 = a�

0 − Na0

��a�
0

��2
a�

0. (10)

Similar expressions exist for the other four wave parameters.

III. MEASUREMENT METHODS

In this section, we use the nonlinear model described in
Section II to characterize the effect of receiver nonlinearity
for a measurement configuration with extender heads in the
WR-15 rectangular waveguide band. To control the power
level, we used manual attenuators built into the extender
heads. These attenuators are applied to the RF input signal
before the signal passes through the couplers and attenuates
both the a- and b-waves for each measurement [8]. This
is advantageous because our characterization is insensitive
to the S-parameters of the attenuator itself, a drawback of
other nonlinearity characterization techniques [1]. The power
range used to evaluate the nonlinearity was approximately
−10 to 10 dBm.

Authorized licensed use limited to: NIST Virtual Library (NVL). Downloaded on December 22,2023 at 16:13:38 UTC from IEEE Xplore.  Restrictions apply. 



STELSON et al.: QUANTIFYING RECEIVER NONLINEARITIES IN VNA MEASUREMENTS 2745

The form of (9) hints at the optimal choice of calibra-
tion standards to characterize the nonlinear coefficients of
our model. Calibration artifacts that produce a relatively
small b-wave make the contribution of the first term on the
right-hand side of (9) small, isolating the nonlinear contribu-
tion of the a-wave receiver. However, the b-wave must still be
large enough that the S-parameter ratio on the left-hand side
of the equation is not substantially affected by the noise floor
of the VNA, even at the lowest source power levels. For a
typical VNA with a dynamic range above 110 dB, a load or
attenuator with reflection coefficients around −30 to −60 dB
is good candidate for characterizing a-wave nonlinearity. With
the a-wave nonlinearity well-conditioned by the measurement
of a lossy standard, an additional standard that produces
relatively large b-waves (e.g., a short or a thru connection) then
serves to provide a well-conditioned equation for nonlinear
contribution of the b-wave receiver. We mention again that
the S-parameters of these standards do not need to be known
explicitly, though any devices chosen to characterize receiver
nonlinearity should be highly linear.

We performed a series of raw wave-parameter measure-
ments on four DUTs: a short, load, 30-dB attenuator, and flush
thru. For each DUT, we connected the device and measured
the raw wave parameters as a function of attenuation. A single
connect cycle was used for each DUT to minimize the effects
of connection repeatability. Approximately, the same level
of attenuation was applied on both ports for each of the
measurements, and control measurements of varied attenua-
tion across ports 1 and 2 yielded similar results. The raw
S-parameters we present are calculated from the raw wave-
parameter data and are not switch-term corrected.

To calculate the nonlinear coefficients from our model,
we fit a linear system of equations across the DUTs. Specifi-
cally, we simultaneously fit the real and imaginary components
of S11 and S22 of the short and load and S21 and S12 of
the flush thru and the attenuator to the model in (10). The
result was an overdetermined fit of the real and imaginary
parts of Na0, Nb0, Na3, and Nb3 at each frequency point
(50–75 GHz on a 50-MHz grid). This allowed us to evalu-
ate the phase and amplitude nonlinearities of each physical
receiver independently.

IV. RESULTS

We observe good agreement between our measurements
and the model (Fig. 2). In Fig. 2, the zeroth measurement
is the measurement taken at the highest power level, and
negative values indicate the compression of the S-parameter
as a function of power. Our model is characterized by com-
peting contributions from compression in the a-waves and
b-waves (the green lines and orange lines, respectively). For
the short and the thru, the b-wave term dominates, resulting
in a net compression. However, for the attenuator and the
load [Fig. 1(c) and (d)], the nonlinearity effects are dom-
inated by the a-wave receivers, and we see a systematic
increase in the S-parameters as a function of power. This
trend is consistent with our expectation that a-wave and
b-wave receiver compression are both important at high

Fig. 2. Nonlinearity model and data. Relative S-parameters for (a) short,
(b) flush thru, (c) load, and (d) 30-dB attenuator as a function of wave-
parameter amplitude at 50 GHz. Dotted lines are the model and points are
measured data. The full nonlinear model is the sum of the a-wave contribution
and b-wave contributions. We used the raw wave parameters as reported
by the VNA, with arbitrary units. Here, the wave parameters are measured
in V .

Authorized licensed use limited to: NIST Virtual Library (NVL). Downloaded on December 22,2023 at 16:13:38 UTC from IEEE Xplore.  Restrictions apply. 



2746 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 70, NO. 5, MAY 2022

Fig. 3. Nonlinear coefficients for (a) a-wave receivers and (b) b-wave
receivers. Each frequency point was calculated independently as a nonlin-
ear fit.

powers and that b-wave receiver compression is relatively
unimportant for the small b-waves associated with the load
and the attenuator. We also note that directly assessing the
nonlinearity on the S-parameters or attributing nonlinearity
only to compression in the b-wave receivers would not account
for these effects. The largest deviation from our model is
observed in the load, where other contributions to uncertainty
in the S-parameters (e.g., drift and cable positioning) become
a proportionally greater contribution to the small-magnitude
wave parameters [9].

The nonlinear coefficients we calculate from our fitting
procedure are generally frequency independent and similar
across both ports (Fig. 3). The nonlinear coefficients of the
a-wave receivers are approximately one order of magnitude
lower than the b-wave receiver coefficients. However, because
the a-waves have a larger amplitude, the relative magnitude
of the a-wave contributions to the nonlinearity can some-
times be the dominant contribution to the nonlinearity in
well-matched devices and attenuators, as shown in Fig. 2.
Though we allowed for complex nonlinear coefficients in our
fitting procedure, we found that across the average imaginary,
the nonlinear coefficient was close to zero for all receivers. For
a narrow range of frequencies from 51 to 52 GHz, we find that
our fit is ill-conditioned for the load and attenuator devices,
which helps determine the contribution from the a-wave
receiver. Better fits across all frequencies could be achieved

by overdetermining the fit with a variety of attenuators.
We calculate the nonlinearity coefficients directly from the
uncorrected wave parameters of the VNA, and thus, we report
the nonlinearity coefficients as arbitrary units relative to the
definitions of the VNA. We discard the imaginary component
of the nonlinearity coefficient in our uncertainty analysis as the
variance is small and centered at zero. Physically, this corre-
sponds to gain compression in the receivers being the dominant
source of nonlinearity. We calculate the average nonlinear
coefficient of the receivers across all the frequency points to
be Na0 = −1.583 × 10−2 ± 5.400 × 10−3, Na3 = −1.489 ×
10−2 ± −2.121 × 10−3, Nb0 = −0.162 ± 3.065 × 10−2, and
Nb3 = −0.151 ± 3.636 × 10−2, where the uncertainty is
reported as one standard deviation of the measurements taken
at all the frequency points. We used the average values
reported here to calculate the corrections due to nonlinearity
in Figs. 4–6.

To further test our model, we performed a one-port short-
open-load (SOL) calibration where we varied the power levels
on individual calibration standards. Specifically, we performed
a series of calibrations where two standards were measured
at approximately −10 dBm and the third was measured at
approximately 10 dBm (high power). For each calibration,
we calculated the directivity, reflection tracking term, and
source match (Fig. 4). For the directivity [Fig. 4(a)], there
is a small deviation when the load is measured at higher
power than our model corrects for. The reflection tracking
[Fig. 4(b)] is perturbed by higher power measurements of
reflect standards, and applying the nonlinearity correction to
the calibration standards both reduces the noise and corrects
the systematic lower values in the reflection tracking. The
source match term [Fig. 4(c)] is not clearly affected by stan-
dards measured at different power levels. The source match in
this measurement configuration was small (less than 0.1), and
other studies of receiver nonlinearity suggest that this term
would be more dependent on power levels in a test setup
with a larger source match term [4]. An additional source
of power dependence in the error box coefficients is internal
leakages in the VNA, which are not accounted for in this
model. Overall, we observe that our model allows us to correct
for the nonlinearity in the receivers and yields the same error
box coefficients as standards calibrated at power levels where
the receiver is not compressed.

Applying the nonlinearity correction directly to the uncor-
rected wave parameters of the calibration artifacts has two key
advantages over a model applied to the error coefficients. The
first advantage is that our model is calibration-independent
and can be applied in the same way to different calibration
types without reassessing the nonlinearity coefficients. The
second key advantage is that this approach can predict the
deviations of the error box coefficients for calibrations where
the standards are perturbed differently due to nonlinearity.
Being able to account for varying compression across calibra-
tion standards is particularly important for calibrations such
as multiline TRL, where the different lengths of line will have
different compression in the receivers.

We assessed the contributions due to nonlinearity for a
range of DUTs [flush short (Fig. 5) and 30-dB attenuator
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Fig. 4. Normalized change in error box coefficients: (a) E00 (directivity),
(b) E10 (reflection tracking), and (c) E11 (source match) for calibrations with
calibration standards measured at mismatched high-power levels.

(Fig. 6)] that were calibrated with multiline TRL using an
NIST-traceable kit described in detail elsewhere [10]. We per-
formed these measurements under our typical measurement
conditions for passive devices. To minimize the presence of
uncertainty mechanisms due to connection cycles, we con-
nected each artifact once and measured it at varying power
levels. We then applied our nonlinear correction to the cali-
bration artifact and DUT raw wave parameters and corrected

Fig. 5. Calibrated S11 of a flush short that is (a) uncorrected for nonlinearity
and (b) corrected with the model we present here. The S-parameters are
normalized to the measurements taken at −25 dBm.

the perturbed S-parameters. When the nonlinear correction
is applied, the S-parameters collapse to the value taken at
lower power, where the receivers are not in compression
[Figs. 5(b) and 6(b)].

We found that nonlinearity was a significant contributor
to the uncertainty in |S11| for reflective devices and |S21| of
transmissive devices when the devices were measured at power
levels above approximately 0 dBm. Under ideal operating
conditions where the power levels across all receivers and all
standards are comparable and the receivers are not operated in
compression, nonlinearity is a minor contributor to the overall
uncertainty for the S-parameters. However, under less ideal
measurement conditions where the compression asymmetry is
large or the calibration and DUT measurement were performed
at different levels of compression, nonlinearity can become
the dominant contributor to the uncertainty in the magnitude
of S-parameters. Compression asymmetry in the receivers can
occur in load—pull and amplifier measurements, as well as
measurements with high-loss devices.

In addition to correcting for the nonlinearity in our nominal
S-parameters, we assess the uncertainty in our model and
propagate these uncertainties to the corrected S-parameters
of the DUTs. Our uncertainty analysis considers correlations
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Fig. 6. Calibrated S12 of a 30-dB attenuator that is (a) uncorrected
for nonlinearity and (b) corrected with the model we present here. The
S-parameters are normalized to the measurements taken at −25 dBm.

in the measurement errors of the four nonlinear coefficients.
We performed a principal components analysis and treated
each frequency point as a sample of the 8-D real vector
formed from the real and imaginary parts of the four nonlinear
coefficients. We determined the sample covariance matrix
and calculated the eigenvectors and eigenvalues. We nor-
malized the eigenvectors so that their squared magnitude
is equal to their associated eigenvalue (variance). In our
sensitivity analysis, we treated each of these eigenvectors
as an uncertainty mechanism. Specifically, we perturbed the
raw wave parameters of the calibration artifacts and DUTs
by the uncertainty in the nonlinearity contribution given by
these eigenvectors. For each uncertainty mechanism, we then
propagated these changes to our final measurement result and
considered the difference between the perturbed values and our
nominal values as the standard uncertainty (k = 1) associated
with that mechanism. To perform this calculation, we used
the NIST Microwave Uncertainty Framework, which handles
uncertainty-mechanism propagation for common calibrations
including SOL-Thru (SOLT) and multiline TRL [5].

The uncertainty in our nonlinearity model is a small con-
tributor to the overall uncertainty in the S-parameters of
a DUT (Fig. 7). Comprehensive assessments of uncertainty
contributions in WR-15 typically lead to uncertainties in
the range of 1% for |S11|, and the uncertainty contributions

Fig. 7. Standard uncertainty contributions of the principal components of
the nonlinear coefficients propagated to (a) S11 of a flush short and (b) S12 of
a 30-dB attenuator. The data were corrected with a multiline TRL calibration.
Components are ranked according to their contributions to the variance of
complex N .

from our nonlinearity model are several orders of magnitude
smaller. [11] It is important to note that here, we assess
the uncertainty in our model, not the perturbation due to
nonlinearity itself. If the DUT is measured at a much higher
power level than the calibration standards, the perturbation due
to nonlinearity can be a leading contribution to uncertainty in
the S-parameters (see Fig. 5, where the deviation can be on the
order of 1%). Here, we propose to apply a correction to the S-
parameters to account for nonlinearity and assess uncertainties
on that correction.

V. CONCLUSION

In this report, we developed a model to describe the contri-
butions in receiver nonlinearity in S-parameter measurements.
Our model was able to correct for perturbations due to non-
linearity in S-parameters and error box coefficients. We also
demonstrated the application of this model as an uncertainty
mechanism in a traceable multiline TRL calibration and found
that under ideal operating conditions, nonlinearity is a minor
contributor to the overall uncertainty but becomes increasingly
important when devices are lossy or measured at variable
compression levels. The model we develop and our method for
assessing nonlinearity is generalizable to other calibrations and
connector types. Looking forward, this model can be applied
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to correct for or assess uncertainty due to receiver nonlinearity
in more complex measurement setups, including on-chip mea-
surements with lossy materials, large signal network analyzer
(LSNA) measurements, and load—pull measurements.

A. Experimental Methods

We performed all measurements on a Rhode and Schwarz
ZVA 67 four-port VNA in combination with Virginia Diodes,
Inc. (VDI) WR-15 extender heads. We used an intermediate-
frequency bandwidth (IFBW) of 10 Hz and an average factor
of 1 for all measurements. The VNA and extender head
setup was designed to minimize stress on the cables attached
to the extender heads, with the extender heads placed level
with the VNA ports. All measurements were performed on
the same test ports that were dimensionally characterized to
be within 0.0035 mm of the ideal WR-15 dimensions. The
calibration artifacts and DUTs were measured at 501 frequency
points, spaced linearly from 50 to 75 GHz. All one-port
measurements were performed with DUTs attached to both
ports to prevent crosstalk, and equivalent DUTs were measured
simultaneously on each port. For the measurements performed
at our standard operating conditions, we use a power level
calibrated at −10 dBm at 67 GHz.
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