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Abstract 

Waves entering a spatially uniform lossy medium typically undergo 

exponential intensity decay, arising from either the energy loss of the Beer-Lambert-

Bouguer transmission law or the evanescent penetration during reflection. Recently, 

exceptional point singularities in non-Hermitian systems have been linked to 

unconventional wave propagation. Here we theoretically propose and experimentally 
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demonstrate exponential decay free wave propagation in a purely lossy medium. We 

observe up to 400-wave deep polynomial wave propagation accompanied by a 

uniformly distributed energy loss across a nanostructured photonic slab waveguide 

with exceptional points. We use coupled-mode theory and fully vectorial 

electromagnetic simulations to predict deep wave penetration manifesting spatially 

constant radiation losses through the entire structured waveguide region regardless 

of its length. The uncovered exponential-decay free wave phenomenon is universal 

and holds true across all domains supporting physical waves, finding immediate 

application for generating large, uniform, and surface-normal free-space plane waves 

directly from dispersion-engineered photonic chip surfaces. 

Idealized linear energy-conserving systems with time-reversal symmetry are 

Hermitian, described by a Hamiltonian with real eigenvalues, and the evolution of states 

controlled by a unitary operator. However, dissipation processes are ubiquitous in nature, 

breaking time-reversal symmetry and giving rise to Non-Hermitian systems. Non-Hermitian 

systems can manifest exceptional points (EPs), the singularities in parameter space where 

several eigenvalues and eigenvectors become degenerate. Systems with EPs have recently 

attracted attention due to their fundamentally different behavior from Hermitian or 

dissipative counterparts.  

EPs are encountered in systems with cross-coupling between their modes 

comparable to the difference in loss or gain. In photonics, EPs enable alternative ways to 

control light generation and propagation1,2 such as discriminating and controlling lasing 

modes3-7, boosting the sensitivity of resonators to perturbations8,9, loss-induced 
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transparency10, asymmetric power oscillations11, non-reciprocal light transmission and 

propagation12, unidirectional invisibility13,14, and unique topological features15-18. A variety 

of such non-Hermitian photonic systems have been reported, including ring/disc 

resonators3-7,12, coupled waveguides10,11,19, Bragg reflectors20, and photonic crystals13,21,22. 

Under specific carefully tuned conditions, EPs are known to exist in band diagrams of infinite 

periodically structured wave media, such as photonic gratings23. Understanding wave 

propagation through such dispersion-engineered lossy materials is important for 

applications of optical metamaterials and integrated photonic devices involving coupling 

between photonic guided modes and free-space modes24-26. Recently, it has been predicted 

that non-Hermitian optical systems with balanced gain and loss can result in a specific class 

of solutions with constant-intensity profiles27,28 or asymptotic long-distance profile without 

gain-loss balance29, which are highly desirable but difficult to achieve experimentally, and 

has been verified only in macroscale acoustical waveguides with discrete gain-loss 

inclusions30. 

Here, we predict theoretically and demonstrate experimentally that a periodically 

structured passive medium tuned to operate at an exceptional point can manifest 

exponential decay free wave penetration with unusual, linearly varying wave amplitudes 

and spatially uniform energy losses over long penetration distances. Distinct from 

previously reported non-Hermitian wave phenomena27, this wave propagation regime 

occurs whenever forward and backward traveling waves are coupled via a symmetric lossy 

intermediary mode (IM). It is experimentally realized in a large periodic slab waveguide 

carefully tuned to create EPs in the waveguide’s band diagram. When the frequency of an 

incident guided wave is tuned to the EP, the wave penetration pattern switches from a 
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conventional quick ( 40 wavelengths) exponential decay to a very deep penetration across 

the full length of the structured waveguide, as long as 400 waves, directly observable by the 

spatially constant-radiated intensity across the device. 

 

Analysis of the model 

We consider wave propagation along a single direction in a uniform medium with 

linear dispersion, such as a guided wave in a linear waveguide or a slab, or a plane wave in 

a volume of material. A periodic modulation of the material or waveguide properties along 

the direction of propagation can linearly couple forward and backward traveling waves 

whenever phase matching occurs. In the simplest case, modulation with a period Λg near 

half the wavelength in the material λ= λ0/neff, leads to a direct and, often, strong Bragg 

reflection of the wave.  

However, here we study the effect of the modulation with a period approximately 

equal to the wavelength. The second-order diffraction, if it is non-zero, leads to the same 

direct coupling between the forward and backward waves. Meanwhile, if an IM with a zero 

wavevector is present in the system, the fundamental component of the modulation can also 

lead to forward-backward coupling occurring through the IM (Fig. 1a). Physically, such an 

IM can be a combination of waves traveling normal to the original direction of propagation 

or may originate from local standing wave resonances, and is, generally, lossy. In our 

experimental photonic grating waveguide (Fig. 1b) with the fundamental periodic 

modulation wavenumber kg=2/Λg, the forward and backward traveling slab modes are 

coupled to each other both through an IM (i.e., surface-normal free-space radiation mode) 

and directly (due to the first harmonic of the grating modulation with a wavenumber 2kg). 
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We use coupled mode theory (CMT) 31,32 to describe wave propagation under these 

general conditions for any such periodically modulated media and to reveal the relation 

between EPs in a band diagram (BD) and the arising linear wave penetration accompanied 

by the uniformly distributed energy losses. The CMT equations for the amplitudes A(z) and 

B(z) of the two modes A(z)exp(iB/vg∙z) and B(z)exp(-iB/vg∙z) propagating in opposite 

directions along the z-axis can be written in the form: 
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Here vg is the group velocity of the medium, and Δω is the angular frequency detuning from 

the Bragg center frequency 𝜔𝐵 =
2𝜋𝑣𝑔

Λ𝑔
 defined by the grating period Λ𝑔 . The wave 

propagation is described by the linear-dispersion diagonal elements ±𝑖
Δ𝜔

𝑣𝑔
 and, generally, 

the propagation gain or loss coefficient α. Henceforth we specifically consider the systems 

where the propagation loss α is negligible. An off-diagonal coefficient h2 describes the direct 

coupling of the modes. If the periodic modulation is mirror-symmetric (such as the grating 

in Fig. 1c), h2 is rendered real-valued by choosing the origin z = 0 to coincide with the 

symmetry plane32.  

The single remaining complex-valued coupling coefficient h1 in Eq. (1) is sufficient to 

fully describe the coupling effects via an IM when the mode is also mirror-symmetric around 

z = 0. The symmetric IM is coupled with equal phase and amplitude to both propagating 

modes, i.e., to 𝐴 + 𝐵  only. The second term in Eq. (1) fully expresses the change in the 

dispersion and the losses for each propagating mode due to the IM, as well as the indirect 
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coupling between the modes. The loss through the leaky IM is described by Re(h1), such that 

the combined local power loss density is given by 𝑝(𝑧) = 2𝑅𝑒(ℎ1) ∙ |𝐴(𝑧) + 𝐵(𝑧)|2.  

Coefficients h1 and h2 are generally independent. For example, for a square grating, 

the first harmonic of the modulation vanishes at the 50 % duty cycle (DC), and for such 

gratings, h2 can be made arbitrarily small, including h2 ≲ |h1|.  

For an infinite periodic medium, the well-known Floquet-periodic solutions, i.e., 

Bloch waves, with complex eigenfrequencies Δ𝜔1,2  directly follow from Eq. (1). The 

corresponding dispersion relationships for our modulated waveguide are illustrated in band 

diagrams in Figs. 1d-f, where the shading width depicts the imaginary component of the 

eigenfrequency. For a specific condition 𝑅𝑒(ℎ2 + 𝑖ℎ1) = 0, the bandgap at k = 0 vanishes, and 

the BD is described by 23 

 
Δ𝜔1,2

𝑣𝑔
= −𝑖ℎ1 ± 𝑖√𝑅𝑒(ℎ1)2 − 𝑘2, (2) 

containing two EPs at kEP = ± Re(h1), where eigenvalues and eigenmodes coalesce into one23. 

The group velocity of both modes remains zero within the range of k-vectors |k| < kEP, where 

the two modes have equal real eigenfrequency components but significantly differ in the 

imaginary components describing the losses. The red curves in Figs. 1d-f correspond to a 

lossy (radiative) mode and the black curves at k → 0, where imaginary parts are near zero, 

correspond to the bound state in the continuum (BIC)33-35. BIC generally arises when a 

spatially bound mode, which is frequency and phase matched to one or more of the 

continuum modes, has a shape such that the overlap integral with the continuum mode is 

zero, resulting in zero coupling and zero radiation loss. Here, the radiative mode is the 

symmetric combination of the propagating modes with equal amplitudes 𝐴 = 𝐵, allowing 

coupling to the symmetric IM (e.g., the free-space radiation). Meanwhile, the nonradiative 
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BIC mode is given by an antisymmetric combination with 𝐴 = −𝐵. It is frequency and phase 

matched to the surface-normal free space radiative mode (IM) at k = 0, but the mode overlap 

is zero, and radiation is forbidden by symmetry. 

Using finite element modeling (FEM) at the optical frequency corresponding to 

λ0 = 780 nm vacuum wavelength, we find that in a 250 nm thick silicon nitride (SiNx) 

photonic slab waveguide modulated by a shallow uniform grating etched 85 nm vertically 

into it (Fig. 1c), and cladded by SiO2, the EP condition 𝑅𝑒(ℎ2 + 𝑖ℎ1) = 0 is realized for the 

groove DC = DCEP ≈ 0.527 (Fig. 1e, Supplementary Fig. 2). Band diagrams simulated using 

FEM (scatter plot markers in Fig. 1e) strongly agree with the results obtained from CMT 

(solid curves). Once the DC is significantly detuned from the DCEP the conventional bandgap 

opens, removing the degeneracy (Figs. 1d, f).  

We now consider how the waves penetrate into a macroscopic layer of such medium 

having a large but finite length L, experimentally implemented by a uniform photonic grating 

with a large but fixed number of periods, illuminated by a guided photonic slab mode 

incident from one side. We solve the CMT Eq. (1) for continuous wave (CW) illumination, 

setting the boundary condition as A(z = 0) = 1 and B(z = L) = 0. For a finite grating under CW 

illumination, the BIC frequency, given by 
Δω

𝑣𝑔
= ℎ2 , corresponds to an EP in space (see 

Supplementary Section 1). For frequencies far away from the 
Δω

𝑣𝑔
= ℎ2 condition, both A and 

B decay exponentially from z = 0. However, as 
Δω

𝑣𝑔
 approaches ℎ2 , light penetrates much 

deeper into the medium, and both A and B become simple linear functions of z at 
Δω

𝑣𝑔
= ℎ2, 

and the power lost into the IM becomes constant and independent of z. The power is 
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maximized for a 52.7 % DC grating with EPs in the band diagram, i.e., 𝑅𝑒(ℎ2 + 𝑖ℎ1) = 0, and 

the amplitudes of two modes and the radiated power are given by: 

  𝐴(𝑧) =
1−𝑅𝑒(ℎ1)(𝑧−𝐿)

1+𝑅𝑒(ℎ1)𝐿
, (3a) 

  𝐵(𝑧) =
𝑅𝑒(ℎ1)(𝑧−𝐿)

1+𝑅𝑒(ℎ1)𝐿
, (3b) 

  𝑝(𝑧) = 2𝑅𝑒(ℎ1) ∙ |𝐴(𝑧) + 𝐵(𝑧)|2 =
2𝑅𝑒(ℎ1)

(1+𝑅𝑒(ℎ1)𝐿)2, (3c) 

i.e., an incident wave undergoes deep, linear penetration accompanied by the energy loss 

that is uniformly distributed across designed finite length L of a homogeneous periodically 

structured medium at the frequency tuned to the EP.  

In agreement with the CMT, the FEM and the finite-difference time-domain method 

(FDTD) simulations for the finite length waveguide with EPs confirm the constant intensity 

profile of a radiated free-space beam occurring near the EP frequency (Fig. 2, also cf. 

Supplementary Fig. 3). For frequency-detuned light (e.g., λ0 = 778 nm) incident on the DC ≈ 

50 % grating, the radiated beam has a typical exponential decay profile (Fig. 2a, top plot) 

associated with the constant decay rate of the guided mode A(z) as the light couples out into 

free space. Conversely, tuning the frequency to the EP (λ0 = 773 nm) leads to a constant-

amplitude radiation profile over the full length of the modulated section (Fig. 2a, bottom 

plot). Notwithstanding the small initial intensity spike associated with scattering due to the 

mode and effective index mismatch at the slab-grating interface, the radiated power shows 

no decrease until the far end of the grating, over a distance several times longer than the 

length scale of the conventional exponential decay in the detuned case. The red arrows in 

Fig. 2a insets depict the free-space radiation direction.  
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The qualitative difference of the discovered wave propagation regime becomes 

particularly clear when considering penetration into the EP-containing structured medium 

of different lengths. Figure 2b compares the intensity profiles radiated by the grating 

waveguides of different lengths, contrasting the conventional regime at an incident guided 

wave frequency detuned from the EP with the deep linear penetration regime at the EP 

frequency. In stark contrast with the conventional exponential decays, which are 

independent of the waveguide length (top panel), the uniform power densities radiated into 

free space at the EP frequency (bottom panel) vary depending on the full-length L of the 

grating waveguide, as predicted by Eq. (3c). In all cases, the modulated section of the 

waveguide is excited by the same power incident from one side (z < 0) only.  

Qualitatively, the deep penetration into finite layers is intimately related to the 

lossless, spectrally narrow BIC mode in the infinite medium. Indeed, the wavelength 

dependence of the radiated power near the structured waveguide output end, opposite to 

the incident wave (Figs. 2c, d), reveals the narrow-band character of the decay-free radiation, 

with the spectral bandwidth decreasing with L (approximately  L-2) (inset of Fig. 2d) in 

agreement with CMT (see Supplementary Section 1). Hence for larger lengths of periodic 

materials, the device operation becomes extremely sensitive to small parameter variations. 

As the frequency transits the EP frequency, the outcoupled angle of the free-space beam 

undergoes fast variation around the surface-normal, flipping sign, clearly noticeable in 

Extended Data Fig. 1a as a double kink. This angle variation corresponds to the frequency 

sweep through the BD of the infinite-length medium from the top photonic band to the lower 

photonic band across both EPs (Extended Data Fig. 1b). 

The detailed analysis of normalized free-space amplitudes as a function of 

wavelength and position z using CMT and FDTD for gratings with several DC values 
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(Supplementary Fig. 3) implies the deep wave penetration is observed in each grating. 

However, only the grating tuned to operate at EP frequency (DC = 0.527, middle panel in 

Supplementary Fig. 3) manifests the linear energy losses in contrast to other counterparts 

that show distorted radiation profiles (top and bottom panels in Supplementary Fig. 3), 

highlighting the importance of the EP for linear wave penetration (Extended Data Fig. 2).  

 

Experimental results 

To verify experimentally the deep penetration and uniformly distributed energy loss 

in periodic media, we microfabricate uniform grating waveguides with the dimensions 

specified in Fig. 1 using the common nanofabrication methods (see Methods). The test 

gratings range in lengths from the 45 µm to 250 µm with nominal DC = 0.4, DC = 0.5, DC = 

0.53, and DC = 0.6. To excite gratings from one end, we launch a collimated TE polarized slab 

mode using an evanescent coupler with a spatially apodised gap formed between an input 

waveguide and the slab 36 (Fig. 3a). The slab mode is incident orthogonally to the grating 

lines. Images of the free-space radiation at input wavelengths away from the EP frequency 

(Fig. 3b) and tuned to the EP frequency (Fig. 3c) taken from the L = 180 µm grating 

waveguide with DC carefully tuned near 0.5 reveal the exponentially decaying and uniform-

intensity profiles, respectively. In particular, it is clear from Fig. 3c that the light outcouples 

uniformly across the entire grating area for the wavelength tuned to the EP. Conversely, for 

the detuned case, all measurable optical power outcouples at the front portion of the grating 

(Fig. 3b). The corresponding integrated plots of radiated intensity and its wavelength 

dependence at the end of the grating (z ≈ 170 µm) are depicted in Figs. 3b-d and agree with 
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the corresponding FEM and FDTD results (Figs. 2a and 2c). The experimental Q factor is 

2570 ± 110, which is close to the value predicted by the CMT. The value and the uncertainty 

are obtained from the Lorentzian fit to the experimental spectrum in Fig. 3d. Top-hat 

intensity beams surface-normally projected by 45 µm, 100 µm, 180 µm, and 250 µm long 

gratings with DC ≈ 0.5 (Extended Data Fig. 3) fall in with simulations as well (Fig. 2), 

experimentally revealing the linear wave penetration regime in the finite-length non-

Hermitian wave media with EPs. 

We observe good agreement between the experiment, CMT, and numerical 

simulation results across a range of frequencies (Fig. 4, Supplementary Fig. 3). Mapping the 

normalized free-space amplitude, as a function of the wavelength and the coordinate z, using 

CMT (Fig. 4a), FDTD (Supplementary Fig. 3b), and experimental data (Fig. 4b), verifies the 

constant-value profile at the EP-tuned frequency and an exponentially decaying intensity 

upon the wavelength detuned from that condition. The maps for the grating with EP, i.e., DC 

= DCEP, show approximately equally quick exponential decays in intensity vs. the coordinate 

z, upon red and blue wavelength detuning from the EP (middle panels in Fig. 4 and 

Supplementary Fig. 4). We observe red-blue asymmetric exponential decays when DC is 

detuned up or down from DCEP, such as in top and bottom rows in Fig. 4 and Supplementary 

Fig. 4. These asymmetric spectral plots with DCs detuned from EPs in corresponding BDs, 

i.e., DC ≈ 0.4 and DC ≈ 0.6 in Supplementary Fig. 4, reveal Fano-like peaks. Qualitatively, 

these complex radiation patterns with Fano-like asymmetry result from the spectral overlap, 

coupling and energy transfer between the spatially non-uniform high-Q BIC-like and the 

low-Q leaky mode centered at slightly different wavelengths (Figs. 1d and 1f) in the finite 

system where they are no longer the eigenmodes.  
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From a practical perspective, proper tuning into the linear wave penetration regime 

comprises three necessary conditions: (i) the uniformity of the periodic structure across the 

device, (ii) the presence of the EP in a band diagram, and (iii) the optical frequency tuned to 

the EP. For 180 µm long gratings manifesting EP in a band diagram, the bandwidth of linear 

wave penetration is Δλ ≈ 0.1 nm (Figs. S4 – S6). For small DC detuning away from the EP 

condition, the deep penetration is still evident at the frequency approximately 

corresponding to the BIC. However, the amplitudes and the dissipated power vary spatially 

and are no longer linear and constant (Fig. 4c, top and bottom panels, Figs. S7, S8) in stark 

contrast to linear wave penetration (Fig. 4c, middle panel) observed in the gratings with EP.  

Finally, periodic medium uniformity should be maintained with grating line widths 

within a few-nanometer range across the device lengths to ensure a linear wave loss 

propagation. Proximity effects in electron beam lithography patterning of the gratings may 

naturally result in the variation of the exposure and the corresponding reduction in the line 

width near the grating edges. To obtain uniform profiles, proximity effects have been 

carefully corrected in our exposures. Suboptimal exposures resulted in DC nonuniformities 

(Supplementary Fig. 10a) that can be approximated by the distribution shown in 

Supplementary Fig. 10b. The resulting free-space beam profiles manifest a bright spike at 

the leading edge of the grating quickly decaying to a constant intensity across the grating in 

qualitative agreement with simulations for the non-uniform gratings (Supplementary Figs. 

10c, d). This effect also explains small distortions from ideal uniform profiles seen in the 

experimental data in Fig. 3c and Extended Data Fig. 3. 

 

Conclusions 
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To conclude, we have discovered theoretically and verified experimentally a unique 

wave penetration regime into finite layers of uniform, periodically structured non-

Hermitian wave media with EPs, characterized by deep wave penetration with a linear 

spatial dependence of the wave amplitudes and a uniformly distributed energy loss. This 

regime arises when forward and backward traveling waves are coupled by the periodic 

modulation of the medium index directly and indirectly through a third, stationary lossy 

intermediate mode. It is experimentally observed in a photonic slab waveguide periodically 

structured by a shallow etched grating with the duty cycle of ≈ 50 %, and a period that 

couples the guided waves to a surface-normal free-space wave, resulting in radiation loss. 

The uniformly distributed radiation intensity into free space was observed for several 

grating lengths > 400 wavelengths long. The spectral bandwidth of the unusual penetration 

regime is shown to decrease proportional to the square of the medium length (waveguide 

length). The discovered wave penetration regime near EPs broadly applies across physical 

domains supporting propagating waves in non-Hermitian dispersion-engineered wave 

media. Our photonic implementation finds immediate application in integrated photonics 

circuits requiring the generation of well-collimated top-hat free-space beams emanated 

vertically36,37, for example, in coupling to atomic vapors for frequency metrology38, atom 

interferometry39, and free space sensing applications. 
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Figure 1. Linear wave penetration and uniform energy losses across a periodically structured 

medium with exceptional-point-containing band diagrams. (a) The forward, A, and backward, B, 

traveling waves are coupled via a stationary Intermediary Mode, IM, by the modulation reciprocal 

vector kg. The first harmonic at 2kg couples A and B directly. At the exceptional point (EP), the 

amplitudes A and B are linear, and IM is constant across the full width of the medium. (b) An  50 % 

duty cycle (DC) photonic grating waveguide excited from one side exhibits uniform energy 

dissipation, projecting an experimentally observed beam of uniform intensity. (c) A false-color cross-

sectional scanning electron microscopy (SEM) image showing the transverse E-field component 

(normal to the image plane) simulated using finite element modeling (FEM) and a waveguide 
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structure comprising a 250 nm thick SiNx slab with 85 nm deep grooves, nominal period Λg = 442 nm, 

and the length is L  180 µm (400 periods). (d-f) Band diagrams for different duty cycles DC = 0.5, 

0.527, and 0.6, simulated using FEM (scatter plot) and calculated with coupled-mode theory (CMT) 

(solid curves). The solid curves and scatter plot markers depict the real parts of eigenfrequencies, 

and the vertical dimensions of shaded regions and vertical lines show the imaginary 

eigenfrequencies. 
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Figure 2. CMT and numerical analysis of the light radiated by a periodically structured SiNx slab 

waveguide. (a) The radiated intensity dependence on the location z along the waveguide, at λ0 = 778 

nm (detuned from EP condition, top curve) and λ0 = 773 nm (tuned into EP, λEP = neff Λg, bottom curve). 

Modulated section is 0 m < z < 180 m. The insets illustrate the direction of the free-space beam. 

(b) FEM-simulated radiated intensity for grating lengths L = 100 µm (red curve), 180 µm (orange 

curve), 300 µm (green curve), 600 µm (blue curve), and 900 µm (violet curve). The top plot depicts 

for comparison the conventional decaying intensity profiles for the wavelength λ0 = 778 nm (λ0 ≠ λEP), 

where the radiated intensity decay is independent of length, and hence all curves lie on top of each 

other. In contrast, the bottom plot shows decay-free profiles at the wavelength λ0 = 773 nm (λ0 = λEP), 
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where the radiated intensity depends on the grating length. (c) Finite-difference time-domain 

method (FDTD) simulated intensity spectrum (scatter plot) and CMT results (solid curve) near the 

grating end (z = 170 µm, L =180 µm) for EP duty cycle DC = 0.527. Little spectral broadening at the 

peak bottom is attributed to the finite pulse duration in FDTD simulations. An orange circle marks 

the linear energy wave penetration. (d) Intensity spectra calculated using FEM at the grating far end, 

z = L, opposite to the incident wave for different lengths L = 100 µm, 180 µm, 300 µm, 600 µm, and 

900 µm. Log-log inset shows the effective quality factor Q = λ0/FWHM increasing with L. The solid 

line is the CMT model, and the dotted line depicts the Q  L2. 
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Figure 3. Experimental observation of the deep linear wave penetration with decay-free radiation 

profiles. (a) A top-view optical microscope image of the 180 µm long grating waveguide with an 

incident collimated slab mode (schematically shown in red) launched into it by an evanescent 

expander. The grating dimensions along the z-axis are the same as in Fig. 1c. Optical images of the 

beams projected from the same device and the corresponding averaged intensity profiles at the 

wavelength detuned from (b) and tuned into (c) the EP frequency. The curves are obtained from the 

corresponding images by integrating intensity along the x-axis. One standard deviation statistical 

uncertainty shown by the shaded areas is obtained by analyzing multiple separate slices of the image. 

(d) Spectral dependence of free-space radiation at the end of the grating (z ≈ 170 µm) with DC ≈ 0.5. 
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Figure 4. Radiation loss profiles in non-Hermitian periodically structured media. (a) The normalized 

amplitudes radiated into free space by a single-side excited grating waveguide as a function of the 

wavelength and position z, for different grating duty cycles (DC = 0.4, 0.527, and 0.6, top to bottom) 

obtained using CMT. (b) Experimentally measured radiated amplitudes collected from gratings with 

DC ≈ 0.4, 0.5, and 0.6 (top to bottom). White arrows point out the deep wave penetration. Blue, red, 

and yellow dashed lines show the coordinates where spectral profiles shown in Supplementary Fig. 

4 are collected. (c) Experimental spectra (white curves) at the grating ends (z ≈ 180 µm) and 

amplitude profiles (red curves) are drawn through the maxima of the corresponding spectra for 

different DC gratings. Experimentally the linear penetration is observed for a grating with the 

nominal DC = 0.5 vs. the CMT-predicted DC = 0.527, corresponding to ≈ 12 nm difference in the 

grating groove width, which is within the fabrication variation. 
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METHODS 

Finite element modeling simulations. 

Band diagram analysis 

The band diagram analysis is conducted using a FEM approach. We solve the eigenvalue 

problem for a 2D unit cell where Floquet periodic conditions are defined on opposite cell 

boundaries. The unit cell comprises a 250 nm thick SiNx slab with top and bottom claddings 

made of SiO2. The top cladding is backed with a perfectly matched layer. For modeling, we 

assume the lossless materials with refractive indices of 2.01 (SiNx) and 1.45 (SiO2) around 

the 773 nm vacuum wavelength. The grating depth and the period are 85 nm and Λg = 442 

nm, respectively. 

 

Finite grating simulations 

To perform the FEM simulations, we define the 2D finite grating structure and three ports: 

2 ports for photonic slab modes at the opposite grating ends and one free-space port above 

the grating. We launch the propagating slab mode A(z) from one side of the 180 µm long 

grating at z = 0 (Fig. 1a) and measure the electric field profile 3 µm above the grating surface 

in free space. Then the complex free-space electric field is convolved with a 3.2 µm wide 

focal spot corresponding to a 0.3 NA objective used in the experiment. 

 

Sample fabrication. 

The standard nanofabrication techniques are employed to fabricate all photonic grating 

samples, as shown in the flowchart (Extended Data Fig. 4). Continuous films of ≈ 2.9 µm thick 

SiO2 and nominally 250 nm SiNx are grown on a Si wafer using thermal oxidation and low-

pressure chemical vapor deposition (LPCVD), respectively. The electron-beam lithography 
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followed by the reactive-ion etching is implemented two times sequentially to form the 

pattern of ≈ 85 nm deep partially etched gratings with different DCs in the SiNx slab and fully 

etched SiNx waveguides and evanescent expanders. ≈ 3 µm thick SiO2 cladding is formed on 

top of the written patterns employing LPCVD. Top-view and cross-sectional scanning 

electron microscopy as well as atomic force microscopy are implemented to routinely 

characterize grating dimensions and photonic waveguides.  

Experimental set-up. 

We use a tunable fiber-coupled laser to feed a TE0 single-mode on-chip waveguide via an 

inverted-taper coupler. To obtain a wide collimated photonic slab mode, we expand the TE0 

waveguide mode using an evanescent coupler with a spatially apodised gap formed between 

the spatially uniform waveguide and the slab (Fig. 3a). Since the gap size determines the 

coupling strength between both modes, the slab wave with arbitrary-defined intensity 

distribution can be engineered by apodizing the gap along the expansion region. We vary 

the gap to obtain a slab mode with a 200 µm full width at half maximum (FWHM) Gaussian 

intensity profile. The collimated photonic slab mode is launched at the angle relative to the 

waveguide determined by the phase-matching relation between the waveguide and slab 

modes and is normally incident onto the grating from one side only. We capture the images 

of the free-space beam emanating from the grating using a microscope equipped with an NA 

= 0.3 objective (Extended Data Fig. 5), which is mounted above the chip. The grating projects 

the slab mode into free-space at the near-normal angle, defined by the phase-matching 

condition 𝛽0 −
2𝜋

Λ𝑔
𝑚 =

2𝜋

𝜆
sin 𝜃 , with 𝑚 = 1 . The angle is experimentally quantified by 

defocusing the microscope a few millimeters above the chip surface (Supplementary Fig. 11). 
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ADDITIONAL INFORMATION 

Supplementary Information is available for this paper. 

The data that support the findings of this study are available from the corresponding 

author upon reasonable request. 

Correspondence and requests for materials should be addressed to VAA, SK, or AY. 
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Extended data figures. 

Free-space beam angle and intensity dependences on the optical wavelength. 

(a) The orange curve shows the radiation angle as a function of the wavelength for DC = 

0.527. The black dashed line indicates 0°. (b) The corresponding band diagram (BD) for 

infinite grating. The dashed blue arrows depict the wavelength tuning. Once the 

wavelength crosses the EPs in the BD (panel b), the outcoupling angle experiences high 

variation about the chip’s normal, that is noticeable as a double kink in the wavelength 
dependence of the outcoupled angle (panel a). 
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Spatially uniform and non-uniform energy losses in non-Hermitian periodically structured 

media excited from one side. 

FEM simulated time-averaged power flow along the uniform periodically structured 

waveguide in the positive z-direction (a) and averaged |E| over one grating period (low-

pass spatial filtering) (b) vs. the coordinate z for the optical frequency tuned to the EP 

wavelength (red curve) and detuned (black curve) from the EP wavelength. The waveguide 

is excited by a wave incident from the left side at z = 10 µm. 
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Linear radiative energy losses experimentally observed in 45 µm, 100 µm, 180 µm, and 

250 µm long gratings with ≈ 50 % DC. 

Insets depict top-view optical images of the projected free-space beams. The saturated ≈ 

20 µm wide spike at the grating input is due to the fabrication imperfections related to the 

electron lithography proximity effect (Supplementary Fig. 10). 
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Sample fabrication flowchart. 
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Experimental apparatus. 
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1. General CMT equation solution and transition to constant-intensity profile 

In contrast to previous constant-intensity approaches based on a specific form of the 

wave equation potential1,2, we consider here wave propagation across the periodically 

structured medium. We start from CMT equations describing the coupling between two 

counterpropagating modes A(z)exp(iB/vg∙z) and B(z)exp(-iB/vg∙z) with slowly varying 

amplitudes A(z), B(z) across the periodically structured medium, and E0(z), an intermediary 

mode amplitude. The intermediary mode is stationary, having a near-zero wavevector 

projection on the z-axis. Here we generalize the specific approach developed in Refs. 3,4 for 

grating waveguides coupled to free space. Replacing the free space radiation mode by a 

general lossy intermediary mode at near-zero wavevector is the key concept enabling 

generalization to a wide range of systems supporting propagating waves.  

For the purposes of this work, we impose two additional constraints on the system. The 

first one is that the modulation of the wave medium is mirror symmetric. This allows picking 

the origin z = 0 at the symmetry plane such that the direct coupling coefficient h2 is real-

valued. Secondly, we consider only such intermediary modes that have the same mirror 

symmetry. Being stationary, the intermediate mode can in general be coupled to both of the 

stationary combinations of the two traveling waves, characterized by amplitudes A + B and 

A – B. However, a symmetric intermediary mode couples only to the symmetric combination. 

The resulting coupled mode equations take the following simple form 

  𝐸0(𝑧) = √ℎ1(𝐴 + 𝐵), (1) 

  
𝑑

𝑑𝑧
[
𝐴
𝐵

] = [
𝑖

Δω

𝑣𝑔
−

𝛼

2
𝑖ℎ2

−𝑖ℎ2 −𝑖
Δω

𝑣𝑔
+

𝛼

2

] [
𝐴
𝐵

] + √ℎ1𝐸0(𝑧) [
−1
1

]. (2) 
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Here, h2 and α are the coefficients describing the coupling between the two counter-

propagating modes with amplitudes A(z) and B(z) (real-valued), and their propagation 

loss/gain, respectively. √ℎ1  is the complex-valued coefficient describing the coupling of 

these modes to and from the intermediary mode with amplitude E0(z) (e.g., the free-space 

radiation in our experiment), which also accounts for the losses through that mode. Δω and 

vg are the optical angular frequency difference relative to the Bragg frequency at zero index 

modulation and the group velocity, respectively. The +1 and -1 in the second term account 

for the different propagation directions of the propagating modes. 

Substituting Eq. (1) into Eq. (2), we get 

  
𝑑

𝑑𝑧
[
𝐴
𝐵

] = [
𝑖

Δ𝜔

𝑣𝑔
−

𝛼

2
𝑖ℎ2

−𝑖ℎ2 −𝑖
Δ𝜔

𝑣𝑔
+

𝛼

2

] [
𝐴
𝐵

] + ℎ1(𝐴 + 𝐵) [
−1
1

]. (3) 

From Eq. (3), the corresponding eigenvalues defining the periodic system band diagram in 

case of no material loss and gain are given by  

  
Δ𝜔

𝑣𝑔
= −𝑖ℎ1 ± √(ℎ2 + 𝑖ℎ1)2 + 𝑘2, (4) 

where k is a wave number. The choice of the sign in Eq. (4) defines either a leaky radiative 

mode or a bound state in the continuum (BIC) when A and B modes interact to enhance or 

cancel radiation, respectively.  

Eq. (4) defines the complex frequency eigenvalues Δ𝜔 for the infinite Floquet periodic 

problem with real-valued wavevectors 𝑘 . To describe the continuous-wave experiments 

performed for specific real-valued optical frequencies, it is also useful to consider the 
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eigenmodes of Eq. (3) for given real-valued frequency parameter, with complex-valued 

wavevectors 𝑘 as eigenvalues, given by 

  𝑘 = ±√(Δ𝛽 + 𝑖ℎ1)2 − (ℎ2 + 𝑖ℎ1)2 (4’) 

with real-valued parameter Δ𝛽 =
Δ𝜔

𝑣𝑔
. These functions are illustrated in Fig. S1 for three 

different values of h2 such that 𝑅𝑒(ℎ2 + 𝑖ℎ1) is >0, <0 and =0. For ∆β  h2 there are two 

eigenmodes with spatial dependencies ∝ 𝑒𝑥𝑝(±𝑖𝑘𝑧), and the solution inside a finite length 

of the periodic structure is given by their linear combination satisfying the boundary 

conditions at the structure’s ends.  

 

Fig. S1. Calculated dependences of real (top) and imaginary (bottom) components of 

complex-valued wavevector eigenvalues on the real-valued frequency. The frequency 

detuning is defined with respect to the Bragg condition (Δ𝛽 = 0). The values of h2 are chosen 

to satisfy 𝑅𝑒(ℎ2 + 𝑖ℎ1) is <0, =0 and >0 conditions that are realized at DC = 0.4, 0.53, and 0.7, 

respectively. 
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For the finite periodic structure of length L excited from one side, the boundary conditions 

become A(z = 0) = 1 and B(z = L) = 0, and the grating mode profiles take the form 

  𝐴(𝑧) =
𝑖𝑘 cosh 𝑖𝑘(𝐿−𝑧)−(𝑖Δ𝛽−ℎ1) sinh 𝑖𝑘(𝐿−𝑧)

𝑖𝑘 cosh 𝑖𝑘𝐿−(𝑖Δ𝛽−ℎ1) sinh 𝑖𝑘𝐿
, (5a) 

  𝐵(𝑧) =
𝑖 (ℎ2+𝑖ℎ1) sinh 𝑖𝑘(𝐿−𝑧)

𝑖𝑘 cosh 𝑖𝑘𝐿−(𝑖Δ𝛽−ℎ1) sinh 𝑖𝑘𝐿
. (5b) 

However, ∆β = h2, is an exceptional point, where both eigenvalues k become equal to 0, and 

both eigenmodes coalesce to unity, becoming spatially independent. At this EP, occurring at 

the bound state in the continuum (BIC) frequency, the solution is no longer a linear 

combination of two different eigenmodes, but rather Eqs. (5a-5b) simplify to the linear 

expressions: 

  𝐴(𝑧) =
𝑖ℎ2−ℎ1

1−(𝑖ℎ2−ℎ1)𝐿
𝑧 + 1, (6a) 

  𝐵(𝑧) =
𝑖(ℎ2+𝑖ℎ1)

1−(𝑖ℎ2−ℎ1)𝐿
(𝐿 − 𝑧). (6b) 

The power loss from the propagating modes through the intermediary mode (e.g. radiated 

into free space) is given by 𝑝(𝑧) = 2𝑅𝑒(ℎ1) × |𝐴(𝑧) + 𝐵(𝑧)|2, and according to Eqs. (6a-6b), 

becomes independent of the coordinate z, enabling uniform radiation losses across the 

whole length of L. To plot solutions using CMT, we use h1 = 31270 m-1 and the following 

values of h2 = -17800 m-1, 0 m-1, and 15400 m-1 for DC =0.5, DC = 0.527, and DC = 0.55, 

respectively. All values are chosen based on fitting BDs in Figs. 1 d-f.  

To estimate the bandwidth of the decay-free radiation, we consider operation slightly 

detuned from the constant-intensity regime, i.e., ∆𝛽 = ℎ2 + 𝛿𝛽. Hence, we can incorporate 

the following approximations 𝑘 ≈ √2𝑖𝑅𝑒(ℎ1)𝛿𝛽 and truncate Taylor expansion of harmonic 
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functions as 
sin 𝑘𝐿

𝑘
≈ 𝐿 −

2𝑖𝑅𝑒(ℎ1)𝛿𝛽𝐿3

3
 and cos 𝑘𝐿 ≈ 1 − 𝑖𝑅𝑒(ℎ1)𝛿𝛽𝐿2 . This allows us to 

approximate the sum of A and B modes at the end of the periodic medium, (i.e., L ≈ z), 𝐴 +

𝐵 ∝  
1

cos 𝑘𝐿−(𝑖𝛿𝛽−ℎ1)
sin 𝑘𝐿

𝑘

 using Lorentzian function with a quality factor proportional to 

𝑅𝑒(ℎ1)𝐿2+𝐿+
1

3
𝑅𝑒2(ℎ1)𝐿3

1+𝑅𝑒(ℎ1)𝐿
. This fits well the Q-factor vs. L simulated using FEM and indicates that 

Q-factor scales as ∝ 𝐿2. 
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2. Dependence of the grating DC manifesting an EP (DCEP) in the band diagram on the 

grating groove depth  

The detailed FEM analysis indicates the noticeable deviation from the 50 % DC where 

the EP is observed in a band diagram with the larger grating depth (Fig. S2), and DCEP 

approaches 50 % for shallow gratings. The results are obtained using FEM simulations of a 

unit cell. According to Fig. S2, the DCEP grows with the grating groove depths. The EPs appear 

in the band diagram for an infinite shallow grating of 85 nm nominal groove depth at the 

specific duty cycle of DC ≈ 0.527 (Fig. 1 e), which is close to but not exactly 50 %. Although 

h2 vanishes at DC = 50 %4, for partially etched deep gratings h1 is complex requiring detuning 

DC from 50 % to compensate for the imaginary part of h1 and achieve the EP condition 

𝑅𝑒(ℎ2 + 𝑖ℎ1) = 0 .  

 

 

Fig. S2. Dependence of DC corresponding to the EP in a band diagram on the grating 

groove depth. The grating depth is shown in fractional units of the SiNx slab thickness.  
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3. Light loss profiles in non-Hermitian periodically structured media using CMT and 

FDTD simulations

 
 

Fig. S3. Light loss profiles in periodically structured media. The normalized 

amplitudes radiated into free space by a grating waveguide excited from one side (z = 0) as 

a function of wavelength and position z, for different grating duty cycles (DC = 0.5, 0.527 and 

0.55, top to bottom) obtained using CMT (a) and simulated using FDTD (b). (c) Additional 

maps of normalized amplitudes radiated into free space by a grating waveguide as a function 

of wavelength and position z, for DC = 0.4 and DC = 0.6 using CMT and FDTD. White arrows 
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point out the deep wave penetration. White curves depict the spectra at the grating ends (z 

= 180 µm), and amplitude profiles (red curves) are drawn through the maxima of the 

corresponding spectra. 
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4. Wavelength dependence of radiated intensity at 50 µm, 100 µm, and 170 µm 

grating coordinate 

 
 

Fig. S4. Free-space radiation spectra of 180 µm long grating at z = 50 µm (blue curve), 100 

µm (red curve), and 170 µm (yellow curve) obtained using CMT (a), FDTD (b) for DC = 0.4, 

DC = 0.5, 0.527, DC = 0.55, and 0.6 (top to bottom). (c) Experimentally measured radiated 

intensities collected from gratings with DC ≈ 0.4, 0.5 and 0.6 (top to bottom). 
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5. Device operation versus parameter variation 

 

Fig. 

S5. Top-view optical images depicting intensity profiles of projected beams at different 

free-space laser wavelengths. Sample 1. The red label indicates tuning into the exceptional 

point and linear energy loss regime. L = 180 µm. DC ≈ 0.5. 
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Fig. S6. Spatial free-space profiles vs. excitation wavelength. L = 180 µm. DC ≈ 0.5. Sample 

1. The curves are obtained by integrating optical images shown in Fig. S5 over the vertical 

axis. One standard deviation statistical uncertainty shown by the shaded areas is obtained 

by analyzing multiple separate slices of the image. The red label indicates tuning into the 

exceptional point and linear energy loss regime. 
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Fig. S7. Spatial free-space profiles vs. excitation wavelength. L = 180 µm. DC ≈ 0.5. Sample 

2. One standard deviation statistical uncertainty shown by the shaded areas is obtained by 

analyzing multiple separate slices of the image. The red label indicates tuning into the 

exceptional point and linear energy loss regime. 
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Fig. S8. Spatial free-space profiles vs. excitation wavelength. L = 180 µm. DC ≈ 0.4. One 

standard deviation statistical uncertainty shown by the shaded areas is obtained by 

analyzing multiple separate slices of the image. 
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Fig. S9. Spatial free-space profiles vs. excitation wavelength. L = 180 µm. DC ≈ 0.6. One 

standard deviation statistical uncertainty shown by the shaded areas is obtained by 

analyzing multiple separate slices of the image. 
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6. The effects of spatial non-uniformity in DC distribution across the grating 

waveguide 

 

Fig. S10. FEM simulations of the grating performance with DC uniformity affected by 

an imperfect correction of the electron-beam lithography (EBL) proximity effect. (a) 

Atomic force microscopy images of the unclad photonic grating (nominal DC = 0.53) at 

the leading edge (left) and in the grating center (right). The DC at the grating end is ≈ 1 

nm smaller than the value at the grating center due to the imperfect correction for the 

EBL proximity effect. (b) Approximation of the DC variation at the grating ends using 

6th order polynomial: DC(z<L/2) = 0.527 – l/Per*(2z/L)6, for l = 0 nm (black curve), 1 

nm (blue curve), and 3 nm (red curve).  (c) FEM intensity profile of the grating with DC 

variation in (b). (d) FEM intensity profile convolved with 1.6 µm radius point spread 

function of the large field of view microscope objective used in the experiment. 
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7. Characterization of the free-space top-hat beam propagation in free space 

  

 

Fig. S11. Beam propagation in free space projected from the photonic grating with a 

frequency tuned in EP. (a) A schematic depicting a collimated decay-free beam and z 

coordinates where images of the intensity profiles have been collected. (b) Optical images 

captured at the chip surface (bottom image), 0.6 mm above the chip (middle image), and 3 

mm above the chip (top image). (c) The intensity profiles that correspond to images in panel 

(b) depicting symmetric beam diffraction once light propagates first 3 mm from the chip. 
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8. Bragg reflection from the periodically structured media manifesting EP 

 
 

Fig. S12. The spectrum of the back reflected light power from the periodically structured 

media with EP calculated using CMT and simulated employing FEM. 
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9. Band diagram evolution across the EP 

 
 

Fig. S13. Band diagram evolution for DC = 0.5, DC = 0.51, DC = 0.52, DC = 0.523, DC = 0.525, 

DC = 0.527 (EP), DC = 0.53, DC = 0.54, DC = 0.55,  
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