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Industrial robots are highly desirable in applications including manufacturing and surgery.
However, errors in the modeling of the kinematics of robotic arms limit their positional
accuracy in industrial applications. Speciﬁcally, analytical kinematic models of the robot
arm suffer from errors in coefﬁcient calibrations and the inability to account for effects
including gear backlash. However, statistical modeling methods require an extensive
amount of points for calibration, which is infeasible in practical industrial environments.
Hence, this paper describes, develops, and experimentally validates a hybrid modeling
methodology combining both analytical and statistical methods to describe the robot kinematics in an intuitive manner that is easily adaptable for small- and medium-sized industries. By formulating an explicitly described analytical kinematic model as a prior mean
distribution of a Gaussian process, the prior distribution can be updated with experimental
data using statistical Bayesian Inference, thus enabling more accurate description of the
robot kinematics with fewer data points. The hybrid model is demonstrated to outperform
an analytical model, a neural network model, and a Gaussian Process Regression model
with no prior distribution in predicting both the forward and inverse kinematics of a
UR5 and UR10 robot arm. Also, the error propagation of the inverse kinematic solutions
is studied. In addition, the testing framework used in this work can be used as a standardized benchmark to evaluate alternative kinematic models. [DOI: 10.1115/1.4053734]
Keywords: collaborative robot, manufacturing, Bayesian inference, kinematics

1 Introduction
Industrial robots are highly desirable in industrial applications
owing to their low cost, repeatability, and application ﬂexibility
[1]. Kinematic models are widely used in applications concerning
the control of industrial robots including robot-assisted surgery
[2], robotic welding [3], robotic milling [4], and additive manufacturing [5]. Industrial robot kinematic models are models that predict
the robot end effector pose using joint angles or the required joint
angles based on robot end effector pose, known as Forward Kinematics (FK) and Inverse Kinematics (IK), respectively [6]. The
current state-of-the-art in developing kinematic models relies
solely on using either analytical or statistical methods.
There is a plethora of analytical methods for describing industrial
robot kinematics in prior literature. Kinematic modeling is a fundamental basis for all robot types including parallel robots [7,8],
cable-driven platforms [9], and continuum robots [10]. However,
in addition to the fact that the aforementioned papers use solely analytical models, this paper focuses on industrial robotic arms due to
their widespread use and standardized implementations. The most
established modeling of industrial robot kinematics is the use of
the Denavit–Hartenberg (DH) parameters. The use of DH parameters involves describing each link in terms of length and twist and
each joint in terms of its link offset and joint angle [11]. By using
these parameters, the homogeneous transformation matrix
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describing the position and orientation between joints is calculated.
Thus, the FK relation between the joints to the end effector pose is
calculated by applying the homogeneous transformation matrices
along the kinematic chain. The application of the homogeneous
transformation matrix is the most commonly established approach
for FK and has been used extensively in robotics literature [12–
14] in addition to simultaneous joint stiffness/DH calibration [15]
and direct geometric derivation for hybrid industrial/parallel
robots for space applications [16]. In addition, note that Cohen
et al. [17] did not use DH parameters to solve the FK problem,
but rather used Hyper-dual numbers to formulate analytical 3 × 3
transformation matrices along the kinematic chain. In addition
Lopez et al. [8] used a numerical-based algorithm to iteratively
solve the FK and IK problem, though the approach was derived
from analytical methods. However, solving the IK problem is
more complex than FK due to nonlinearities and the existence of
multiple joint solutions for a given end effector pose [18]. Existing
methods for solving the IK problem include developing closed-form
solutions [18,19] and the iterative inverse Jacobian-based approaches
[20,21]. Notably, Fu et al. [22] used Geometric Algebra to solve
the IK problem, although the method still used DH parameters. In
addition, Ferrentino et al. [23] conducted an optimization search
to solve the IK problem, although the method was demonstrated
in simulation. However, analytical methods are limited in their
approach due to calibration errors [24] and the inability to account
for real-world environmental effects such as gear backlash [25].
More recently, there has been an increase in statistical methods to
model the kinematics of industrial robots. Statistical methods in the
context of modeling are equation forms that are not based on physical assumptions but on statistical assumptions instead [26]. Therefore, statistical methods describing industrial robot kinematics are
not prone to calibration errors derived from the geometric model
of a robot. For instance, a quantum behaved particle swarm
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2 Modeling Methodology
This section describes the modeling methodology for the UR5
and UR10 robots used in this work. The closed-form analytical
model is described followed by the Bayesian Inference method to
update the model based on measurements.
2.1 Analytical Modeling. The UR5 and UR10 robots are used
in this work due to their commonplace use in industrial applications.
Note that this work leverages a previously establish closed-form FK
and IK model of the UR5 and UR10 [19], which is brieﬂy described
in this paper for clarity. In addition, the closed-form expressions in
this work are more explicit than previous publications, and are
therefore more accessible for research publications and industrial
applications. Figure 1 shows the DH parameters of a Universal
Robot. Note that the UR5 and UR10 share the same FK and IK
equation forms and differ only with respect to their DH parameters.

a 6-DoF UR5 or UR10 T06 using the joint angles, the homogeneous
transformation matrices are calculated along the kinematic chain as
follows.
T06 = T01 T12 T23 T34 T45 T56

(2)

Therefore, the individual elements in the ﬁnal matrix described by
Eq. (2) are the closed-form solutions as a function of the joint angles
for a given set of DH parameters. Thus, the elements of Eq. (2) describe
the set of prior distributions that will be used in the FK solution.
2.1.2 Inverse Kinematics. Unlike the closed-form FK solution,
the closed-form IK solution is solved sequentially from θ1 to θ5 to θ6
to θ3 to θ2 to θ4. For conciseness, the speciﬁc closed-form derivation
of the joint angles are described brieﬂy since they can be found in
Ref. [19] and are not the focus of this paper. However, this paper
does differentiate itself from prior work by expressing the
formula in more explicit forms for ease of interpretation and reproducibility. θ1 can be determined by analyzing the transformation
from joint 1 to joint 5 and solving the corresponding phase-shift
equation that results as follows.
θ1 = arctan2(p50x , p50y ) ± cos−1

d4 π
+
R51 2

(3)

where the following are explicitly expressed as
p50x = T06 (2, 4) − d6 T06 (2, 3)
p50y = T06 (1, 4) − d6 T06 (1, 3)

R51 = (T06 (1, 4) − d6 T06 (1, 3))2 + (T06 (2, 4) − d6 T06 (2, 3))2
Note that θ1 has two possible solutions, and the recommended
solution would be closest to the robot’s initial position. By utilizing
the transformation from joint 1 to joint 6 and Eq. (3), the following
solution can be derived for θ5.
θ5 = ± arccos

T06 (1, 4) sin θ1 − T06 (2, 4) cos θ1 − d4
d6

(4)

By using a spherical transformation when describing the transformation from joint 1 to joint 6, θ6 can be expressed as the follows:
T60 (2, 2) cos θ1 − T60 (2, 1) sin θ1
,
sin θ5
T60 (1, 1) sin θ1 − T60 (1, 2) cos θ1
sin θ5

θ6 = arctan2

(5)

Note that joints θ3, θ2, and θ4 can be formulated from the standard
planar RRR derivation [32]. Therefore, θ3, θ2, and θ4 are formulated
as follows:
2

θ3 = ± arccos

2.1.1 Forward Kinematics. According to the homogeneous
transformation between joints [11], the following transformation
matrix can be used to transition the position and orientation of
joint i − 1 to its consecutive joint.
⎡
⎤
P
R
i
i
i
⎦
(1)
Ti−1 = ⎣
0 0 0
1
where
⎡

⎡

⎤

−sinθi
0
cos θi
ai−1
⎢
⎥
⎢
⎥
Ri = ⎣ sinθi cos αi−1 cosθi cos αi−1 −sinαi−1 ⎦Pi = ⎣ −di sin αi−1 ⎦
sinθi sin αi−1 cosθi sin αi−1 cos αi−1
di cosαi−1

where Fig. 1 denotes the notation used in this work. Note that the
i
(h, k). Therefore, to calhth row and kth columns are denoted as Ti−1
culate the homogeneous transformation matrix of the end effector of
051009-2 / Vol. 14, OCTOBER 2022

θ2 = arctan2 −T14 (3, 4), −T14 (1, 4) − sin−1

(6)
−a3 sin θ3
R41

θ4 = arctan2 T34 (2, 1), T34 (1, 1)
where

⎤

R41 − a22 − a23
2a2 a3

R41 =

(7)

(8)


T14 (1, 4)2 + T14 (2, 4)2 + T14 (3, 4)2

Thus, all the joint angles for the IK solution have been presented
in an easy-to-interpret and explicit manner to be used in this work
and future research. In addition, this derivation shows that errors
in θ1 will inﬂuence θ5 and so on. Therefore, this paper will also
examine error propagation throughout the IK solution for both the
analytical and hybrid model.
Transactions of the ASME
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algorithm was used to model the IK of a 7-DoF robot arm, although
the study was only used in simulation [27]. In addition, Raja et al.
developed a learning framework using an artiﬁcial neural network
to describe the IK of an industrial robot arm on a mobile robot
[28]. Neural networks have also been used for solving the FK and
IK problems of a single arm of the 7-DoF YuMi [29]. Also, Reinhard et al. used a Neural network to describe the errors in the FK
problem of a continuum robot, but the statistical approach was
not applied to the IK problem and did not predict end effector orientation [30]. In addition, two support vector machines were used to
model the kinematics of a Mitsubishi PA-10 robot arm [31].
However, a majority of the literature using statistical methods to
model robot arm kinematics is only in simulation. This is because
the calibration of these methods requires an extensive number of
measurements, which are prohibitively time-consuming in an
actual environment. In addition, statistical methods require extensive calculation times to compute a solution, which makes them
infeasible for real-time control applications.
Thus, this establishes that use of only analytical or statistical
methods is insufﬁcient for accurate prediction and efﬁcient calibration of FK and IK models of industrial robot arms. Therefore, this
paper proposes a hybrid method combining both analytical and statistical methods to describe the robot kinematics. First, a closedformed analytical model of the robot kinematics is described. The
model is treated as a prior distribution of a Gaussian process. The
model is then updated using Bayesian Inference with experimental
data. The end result is a model that leverages analytical methods for
efﬁcient calibration while leveraging statistical methods for more
accurate predictions. The proposed method is compared to alternate
analytical and statistical methods using Optitrack TRIO pose measurement data of UR5 and UR10 robots. Discussion of the results is
then followed by conclusions.

2.2 Bayesian Updating of Analytical Models. After the analytical functions have been established for both the FK and IK solutions, they can be treated as priors of a Gaussian process with
posteriors that are formed after updating the model with more
data. The general formulation of Bayesian updating is as follows.
First, assume a Gaussian process as follows for an input datapoint
x [33].
f (x) ∼ GP(β(x), k(x, x′ ))

(9)

where β(x) is the closed-form solution of the kinematic models
treated as a mean function and k(x, x′ ) is the covariance function.
In this work, the covariance function between two outputs is speciﬁed as
k(xi , xj ) = σ 2f exp

−(xi − xj )T (xi − xj )
2σ 2l

yt
f∗




∼ N 0,

K(Xt , Xt ) + σ 2 I
K(X∗ , Xt )

K(Xt , X∗ )
K(X∗ , X∗ )

(12)

cov(f∗ ) = K(X∗ , X∗ ) − K(X∗ , X)[K(X, X) + σ 2 I]−1 K(X, X∗ ) (13)
Thus, Eq (12) is the output prediction of the hybrid model. Note that
the computation of Eq. (12) is relatively inexpensive if [K(X, X ) +
σ 2I]−1y, which is determined from the training dataset, is calculated
beforehand. Therefore, this approach is suitable for applications
with computation constraints such as real-time control when compared to alternate statistical methods [34]. Thus, this approach is
feasible for small and medium sized industries and manufacturers
that cannot leverage the capabilities of powerful computational
hardware.

3 Experimental Setup


(11)

where K(X, X ) is the covariance matrix with indices deﬁned by
Eq. (10) and σ 2 is the variance of the observations. Therefore, the
output form of the Gaussian process given X, yt, and X∗ is
Journal of Mechanisms and Robotics

f ∗ = K(X∗ , X)[K(X, X) + σ 2 I]−1 y + β(X∗ )

(10)

where σl is the characteristic length scale and σf is the noise standard
deviation. Note that Eq. (10) corresponds to a Bayesian linear
regression model. In addition, the explicit covariance function
implies a distribution over β(x). Thus, training data from experiments can form a posterior distribution based from the assumed
prior. Therefore, the joint distribution between the data output yt
and set of inputs Xt and the corresponding query function f∗ for a
query dataset X∗ can be expressed as follows:


deﬁned as N( f ∗ , cov(f∗ )) where

To evaluate the proposed hybrid model, experiments were conducted on UR5 and UR10 robots. In these experiments, the robot
was driven to a set of random poses. At each position, the robot
was stationary for two seconds while the joint angles were measured
from the robot controller and the end effector position was measured with an Optitrack TRIO. To control the robot during the
experiments, nominal joint angles were sent to the robot using
User Datagram Protocol (UDP) protocol while the Optitrack
TRIO data was recorded using the NatNet Software Development
Kit (SDK). Five motion capture markers were mounted onto the
robot end effector. The center marker was set as the pivot point
of the tracked rigid body. The end effector was manufactured
such that the center of the center marker was offset by 20 mm
from the robot ﬂange +Z direction. Thus, the center of the ﬂange
was tracked by offsetting the rigid body by 20 mm from its
OCTOBER 2022, Vol. 14 / 051009-3
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Fig. 1 Schematic of the Universal Robot arm

measured location. In addition, the ﬁve markers were used to calculate the orientation of the target, which was calibrated to be the same
as the ﬂange by initializing the Rx, Ry, and Rz of the rigid body target
at the 0 deg, 0 deg, and 0 deg orientation, respectively, with respect
to the robot’s base frame. Note that the Optitrack TRIO was characterized using a scale bar test. The scale bar was placed 50, 100, 150,
200, 250, and 300 mm horizontally from the TRIO. The distance
between the two markers on the scale bar (nominal length of
174.763 mm) was measured at each of the ﬁve positions. The
average deviation was calculated to be 0.12 mm with a standard
deviation of 0.084 mm. To register the Optitrack TRIO sensor
frame to the robot frame, an efﬁcient three-point registration technique was conducted. Using this registration technique, three points
were measured in the robot frame and sensor frame to create an
intermediate coordinate system from which the homogeneous transformation matrix between the robot base frame and sensor frame
was computed [35]. Figure 2 shows the experimental setup. Note
that this experimental setup can be used as a standardized testbed
and methodology to evaluate performance of kinematic models
for industrial robots.
The ranges of joint angles for the poses are shown in Table 1.
Note that the joint angles used in this work were randomly generation from a uniform distribution to avoid possible experimental bias
in the results. Note that the commanded joint sets were the same for
the UR5 and UR10. In addition, note that uniformly sampling at a
fairly coarse increment of 5 deg of the workspace listed in Table 1
would require 663,552 samples. Thus, model calibration would take
approximately 530 h if sampling an average of 20.8 poses/min,
which was the rate at which the experiments were conducted.
Thus, these experiments already demonstrate the tedious nature of
conducting only statistical methods to sample the workspace,
which would be infeasible for small and medium sized industries.
Thus, these experiments show the need for more efﬁcient calibration methods of kinematic models.
Table 2 shows the DH parameters used in the analytical and
hybrid models. Note that the DH parameters were speciﬁcally calibrated by driving the robot to known hold positions on a precision
plate and recording the joint and end effector positions [36]. The
procedure is then repeated at multiple positions on the plate. As

Table 1 Joint angle bounds for experiments (all units in
degrees)

min
max

θ1

θ2

θ3

θ4

θ5

θ6

60
100

−100
−60

70
100

−10
50

40
100

40
100
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shown in Eqs. (1) and (2), a system of equations can be developed
with known Cartesian positions and joint angles and unknown DH
parameters. By recording multiple poses, nonlinear least squares
minimization is conducted to determine the change in DH parameters by starting the search at the original DH parameters [37].
The end result of the calibration procedure is the modiﬁcation to
the DH parameters that are also shown in Table 2. Note that the
results of the calibration show that the change in parameters can
be as large as 380.77 mm for UR5 d2. However, note that the subsequent calibration correction factor (UR5 d3) is −381.46 mm,
which compensates for the extreme calibration factor in UR5 d2.
A consistent limitation of kinematic calibration is that the system
of equations is signiﬁcantly underdetermined due to six equations
and 18 unknown DH parameters. Therefore, Table 2 shows that calibrating DH parameters used in analytical models can result in coefﬁcients with nonsensical physical meanings. In addition, even if the
calibration is “perfect,” the fundamental equation forms of the kinematics can be erroneous due to failure to consider effects including
backlash.

4 Results
In this work, the hybrid modeling approach was compared to the
previously described analytical models and a Gaussian process with
no prior distribution (labeled as “no prior”), which represents a
purely statistical model approach that is commonly used in applications including pose prediction of continuum robots [38] and
robotic learning by demonstration [39]. In addition, another
purely statistical model that was studied in this work was a neural
network model, which has been demonstrated to be used in prior
kinematic modeling [29–31]. In this work, the neural network
was conﬁgured to be a single layer, 10 neuron neural network
with a rectiﬁed linear unit activation function. Also, the hybrid
model using calibrated DH parameters was compared to a hybrid
model without using the corrected DH parameters. The performance
of the models with respect to solving the FK problem is ﬁrst
described followed by the IK problem. 250, 500, 750, and 1000 calibration poses were tested to evaluate the performance of the models
in the presence of increasing data. For the hybrid, no prior, and
neural network models, a ﬁve-fold cross-validation approach was
conducted with the root-mean-squared error (RMSE) calculated
as the metric of model accuracy. Because the analytical model
uses factory-calibrated coefﬁcients, the RMSE was computed
using the full dataset with no cross-validation. In addition, as the
closed-form IK solution is solved sequentially, error propagation
is explored to provide fundamental understanding of the inﬂuence
of the sequential errors in both the analytical and hybrid models.
Transactions of the ASME
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Fig. 2 Experimental setup for UR5 experiments. The TRIO was relocated to facilitate measurements for the UR10.

Table 2 Nominal and calibrated modifying factors DH Parameters for UR5 and UR10 Robot
UR5

UR10

i

ai

Δai

di

Δdi

αi

Δαi

ai

Δai

di

Δdi

αi

Δαi

1
2
3
4
5
6

0
−425
−392.25
0
0
0

2.27 × 10−4
0.34
1.03 × 10−4
−3.36 × 10−4
4.55 × 10−4
0

89.16
0
0
109.15
94.65
82.30

1.08 × 10−4
380.77
−381.46
0.68
−2.26 × 10−5
4.01 × 10−5

π/2
0
0
π/2
−π/2
0

−2.81 × 10−4
1.09 × 10−3
7.97 × 10−3
−8.22 × 10−4
4.53 × 10−4
0

0
−612
−572.30
0
0
0

2.03 × 10−5
2.72 × 10−3
1.89 × 10−3
−3.88 × 10−4
4.43 × 10−4
0

127.30
0
0
163.94
115.70
92.20

6.7 × 10−4
8.52
−10.92
2.41
−8.17 × 10−5
1.82 × 10−4

π/2
0
0
π/2
-π/2
0

−3.55 × 10−4
−7.27 × 10−3
−0.01
−9.39 × 10−4
3.69 × 10−4
0

Note: The units for a, d, and α are mm, mm, and radians, respectively.
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Fig. 3
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FK RMSE for (a) UR5 and (b) UR10
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example, the RMSE of the no prior model for the UR5 X position
prediction is initially 0.98 mm at 250 sample poses. Then the
RMSE converges to 0.27 mm at 1000 sample poses as more
points are added to the model. Thus, the number of sampled
points is important for calibration of purely statistical models.
However, the density of points for a given workspace for a statistical model to achieve a desired RMSE is extremely difﬁcult for small
and medium sized industries to determine without extensive and
iterative experiments. In addition, the hybrid model also exhibits
convergence, such as in the prediction of the UR10 Z position (starting at 0.54 mm and ending at 0.26 mm). However, the severity of
the convergence is much less than the purely statistical models,
which shows that the hybrid model does not have such a large reliance on the amount of data relative to the statistical model. Hence,
the hybrid model is shown to outperform the analytical, neural
network, and no prior models to solve the FK problem. In addition,
the hybrid model without calibration performs similarly with

Fig. 4 IK RMSE for (a) UR5 and (b) UR10
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4.1 Forward Kinematics. The outputs of all models were
represented as homogeneous transformation matrices in Eq. (2).
The rotation matrix notation was converted to Euler angles, while
the positional coordinates were extracted from the last column of
the homogeneous transformation matrix to compare with direct
measurements from the TRIO. Figure 3 shows the RMSE for the
analytical, neural network, hybrid, and purely statistical with no
prior models.
The RMSE values for all the analytical model predictions are
shown to be invariant with respect to sample size. This is expected
since the DH parameters in the analytical models were factorycalibrated. In addition, the invariance to the sample size shows
that the quality of the data itself is consistent regardless of sample
size (i.e., no region in the workspace appears too densely
sampled). Interesting to note is that the no prior and neural
network models tend to experience convergence from a large
RMSE to a smaller RMSE as the sample size increases. For

calibration, thus demonstrating that the hybrid model may not
require a calibration procedure for accurate predictions.
Figure 3 also shows that at ﬁnal convergence, the neural network
and analytical models perform poorly. This is because the analytical
model does not account for the inﬂuence of outside factors, such as
gear backlash, that are captured by the TRIO measurements, and the
neural network model uses a covariance matrix in its output formulation and therefore is heavily dependent on the number of datapoints used in its training. Overall, the no prior model performs
similar to the hybrid model in predicting the Euler angles after

convergence. However, the no prior model RMSE appears to converge at an offset larger than the hybrid model in the X, Y, and Z
positions. For instance, the UR10 Y direction RMSE converges at
0.43 mm and 0.27 mm for the no prior and hybrid models, respectively. This implies that even after an extensive number of points are
sampled, the hybrid model will still outperform the purely statistical
models. It is also interesting to note that the analytical model shows
fairly accurate predictions even though the modiﬁcation to the DH
parameters are extremely large as shown and discussed previously
in Table 2. This shows that the factory calibration of the

Table 3 Average normalized standard deviation among all simulations
UR5

Analytical
Hybrid

UR10

θ2

θ3

θ4

θ5

θ6

θ2

θ3

θ4

θ5

θ6

0.07
0.05

0.03
0.01

2.05
0.07

5.54
4.20

0.69
0.22

0.32
0.04

0.14
0.005

10.75
0.68

28.95
4.26

3.52
0.17

Note: All units are in kilodegree/degree.
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Fig. 5 Monte Carlo Standard Deviation Results for (a) UR5 and (b) UR10

DH-parameters does indeed result in a more accurate performance
even though the physical meanings of the correction factors are
not intuitive.

4.3 Error Propagation. As stated previously, the order of calculating the joint angles for the analytical and hybrid IK solutions is
θ1, θ5, θ6, θ3, θ2, and θ4. Therefore, an error in calculating θ1 will
inﬂuence all subsequent calculations. Thus, it is important to
study the inﬂuence of error propagation for both the analytical
and hybrid model. Speciﬁcally, this paper uses a Monte Carlo simulation to study the inﬂuence of error propagation. Initially, a known
value of θ1 is sampled from the dataset. The value of θ1 is assumed
to be the mean of a normally distributed variable. The standard
deviation of the distribution is the RMSE determined from Fig. 4.
Thus, a sample from the distribution of θ1 is then used as an
input to calculate θ5. The values of θ1 and θ5 are then used to
predict θ6. Note that because θ5 only depends on θ1, the same
number of θ5 and θ1 solutions is calculated. Hence, the procedure
for the simulation is as follows:
(1) Compute θ1 distribution using RMSE from Fig. 4
(2) Sample from θ1 distribution to calculate θ5 distribution
(3) Sample from θ1 and θ5 distributions to calculate θ6
distribution
(4) Sample from θ1, θ5, and θ6 distributions to calculate θ3
distribution
(5) Sample from θ1, θ5, θ6, and θ3 distributions to calculate θ2
distribution
(6) Sample from θ1, θ5, θ6, θ3, and θ2 distributions to calculate θ4
distribution
However, because θ6 depends on θ1 and θ5, all combinations of
θ1 and θ5 are sampled (resulting in a number of θ6 calculations
that is equal to the number of θ1 calculations squared). Thus, it
can be seen that the simulation can become costly. The size of
the dataset used in the simulation is therefore limited to 250
points. The quantifying metric to determine the inﬂuence of error
propagation is the standard deviation of the calculated joint
angles. Thus, if a large standard deviation results from a particular
051009-8 / Vol. 14, OCTOBER 2022

5 Conclusion
This paper describes, develops, and experimentally validates a
hybrid analytical and statistical modeling approach to predicting
the FK and IK solutions of industrial robots. By treating the analytical model as a known prior mean function in a Gaussian process,
Bayesian inference is used to update the Gaussian process with
experimental data. A generalized pose-measuring testbed and methodology using the Optitrack TRIO and randomized robot poses was
used to evaluate the analytical, neural network, no prior, and hybrid
models for UR5 and UR10 robots. The hybrid model was shown to
result in the lowest RMSE compared to all the models. In addition,
the hybrid model was shown to perform similarly without DH
parameter calibration and therefore this model may not require
the calibration procedure. A Monte Carlo simulation was studied
to explore the inﬂuence of error propagation on the IK solutions.
It was shown that the error propagation was more dependent on
the equation form than the sequence of equations. In addition, the
hybrid IK model was shown to be more robust to error propagation
than the analytical IK model.
Using the general pose testbed methodology in this work, more
robot types can be tested. However, note that the hybrid approach
in this paper is primarily focused on using closed-form solutions
that are available for UR5 and UR10 robots. Future work is required
to explore methods to conduct Bayesian updating on numerical
methods, such as the iterative Jacobian approach, for more
complex robot types, such as the ABB YuMi. In addition, more
modeling and calibration methods can be evaluated using the
testbed and the dataset provided in this work. Also, this general
testbed methodology can be used to study the inﬂuence of performance degradation of industrial robots, particularly because the
hybrid model in this work can be continuously calculated during
robot operation.
Transactions of the ASME
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4.2 Inverse Kinematics. Figure 4 shows the IK RMSE for the
analytical, neural network, no prior, and hybrid models. Similar to
the FK results, the analytical model RMSE is shown to be invariant
to the number of data samples. In addition, note that the RMSE for
the no prior model does not even appear to converge for θ6 and takes
substantially more points to converge for θ4 compared to the FK
results. In addition, the neural network is shown to perform better
than the no prior model for the θ4, θ5, and θ6 predictions. This is
because the IK problem is much more nonlinear compared to the
FK problem owing to multiple solutions and discontinuities resulting from inverse tangent operations. Therefore, the no prior model
will require many more points to lower the RMSE to an acceptable
level while the neural network model would require less points than
the no prior model. It is also interesting to note that the IK hybrid
model does not appear to converge as much as its FK counterpart.
This could be because the hybrid model is based on an already nonlinear prior mean function, and therefore not as much data is
required to convergence to capture the nonlinear behavior.
Overall, the calibrated hybrid model is shown to have the lowest
RMSE for the IK predictions with similar results as the hybrid
model with no calibration, thus demonstrating that calibration
may not be required for either the FK or IK solutions. Overall,
the analytical model performs decently, but some of the RMSE
values are unacceptable in certain high-precision applications,
such as machining and fastening, compared to the hybrid model.
For instance, the converged RMSE for the UR10 θ1 for the statistical and hybrid models are 0.26 deg and 0.04 deg, respectively. In
addition, the neural network and no prior models are shown to
perform worst out of all the models and would therefore require
more datapoints for calibration.

joint calculation, then the inﬂuence of the error propagation is
assumed to be large.
Figure 5 shows the normalized standard deviation calculated by
the error propagation simulation. Figure 5 shows that θ4 and θ5
tend to experience the largest normalized standard deviations. Interestingly, θ5 and θ4 are the ﬁrst and last variables to be solved after θ1
is initially computed. Thus, it appears that the forms of Eqs. (3)–(8)
are more important to determining which joints in the analytical
and hybrid models are more susceptible to error propagation as
opposed to the order in which the joint angles are calculated. For
instance, Eq. (8) shows that θ4 exhibits less addition/subtraction
operations that could have minimized perturbations in the ﬁnal
output. Also, Eq. (4) conducts the inverse cosine operation, which
can amplify the inﬂuence of θ1 on the output. In addition, it
appears that the UR10 joints experience larger normalized standard
deviation with respect to analytical model errors than the UR5. This
is because the UR10 is a larger robot, and therefore error in the analytical model will inﬂuence the analytical IK solution to a larger
degree.
Table 3 shows the normalized standard deviation averaged
among all simulations. Interestingly, the hybrid model is shown
to reduce the normalized standard deviation for θ4, but θ5 is
shown to exhibit the largest normalized standard deviation for
both models and both robots. This may be due to the wrist singularities resulting from θ4 and θ5 compensating for each other. Thus,
the hybrid model may be able to compensate for these singularities
more. This reinforces the notion that the error propagation of the IK
solutions are more reliant on the equation form than their order of
solutions. In addition, Table 3 shows that the hybrid model
results in smaller normalized standard deviations compared to the
analytical model. This is because the hybrid model is more tuned
to the data than the analytical model, and therefore, variations in
the inputs will have less inﬂuence on the uncertainty of the
output. Therefore, the hybrid IK model is shown to be more
robust to propagation errors than the analytical IK model.
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