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Abstract The problem of classifying high-dimensional
shapes in real-world data grows in complexity as the di-
mension of the space increases. For the case of identify-
ing convex shapes of different geometries, a new classi-
fication framework has recently been proposed in which
the intersections of a set of one-dimensional representa-
tions, called rays, with the boundaries of the shape are
used to identify the specific geometry. This ray-based
classification (RBC) has been empirically verified us-
ing a synthetic dataset of two- and three-dimensional
shapes (Zwolak et al. in Proceedings of Third Work-
shop on Machine Learning and the Physical Sciences

(NeurIPS 2020), Vancouver, Canada [December 11, 2020],

arXiv:2010.00500, 2020) and, more recently, has also
been validated experimentally (Zwolak et al., PRX Quan-
tum 2:020335, 2021). Here, we establish a bound on
the number of rays necessary for shape classification,
defined by key angular metrics, for arbitrary convex
shapes. For two dimensions, we derive a lower bound
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on the number of rays in terms of the shape’s length,
diameter, and exterior angles. For convex polytopes in
RY . we generalize this result to a similar bound given
as a function of the dihedral angle and the geometrical
parameters of polygonal faces. This result enables a dif-
ferent approach for estimating high-dimensional shapes
using substantially fewer data elements than volumetric
or surface-based approaches.

Keywords Deep learning - Image classification -
Convex polytopes - High-dimensional data - Quantum
dots

Introduction

The problem of recognizing objects within images has
received immense and growing attention in the litera-
ture. Aside from visual object recognition in two and
three dimensions in real-world applications, such as in
medical images segmentation or in self-driving cars, rec-
ognizing and classifying objects in N dimensions can be
important in scientific applications. A problem arises in
cases where data are costly to procure; another prob-
lem arises in higher dimensions, where shapes rapidly
become more varied and complicated and classical algo-
rithms for object identification quickly become difficult
to produce. We combine machine learning algorithms
with sparse data collection techniques to help overcome
both problems.

The method we explore here is the ray-based clas-
sification (RBC) framework, which utilizes information
about large N-dimensional data sets encoded in a col-
lection of one-dimensional objects, called rays. Ulti-
mately, we wish to explore the theoretical limits of how
few data—how few rays, in our case—are required for
resolving features of various sizes and levels of detail. In
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this paper, we determine these limits when the objects
to be classified are convex polytopes.

The RBC framework measures convex polytopes by
choosing a so-called observation point within the poly-
tope, shooting a number of rays as evenly spaced as
possible from this point, and recording the distance it
takes for each ray to encounter a face. While it is reason-
able to expect that an explicit algorithm for recognizing
polygons in a plane can be developed, in arbitrary di-
mension, such an explicit algorithm would be tedious
to produce and theoretically unenlightening. Since our
work presumes a high cost of data acquisition but not
computing power, we leave the actual classification to a
machine learning algorithm. This paper produces theo-
retical bounds on how few data are required for a neural
network to reliably classify shapes.

This project originated in the context of quantum
information systems, specifically in the problem of cal-
ibrating the state of semiconductor quantum dots to
work as qubits. The various device configurations create
an irregular polytopal tiling of a configuration space,
and the specific shape of a polytope conveys useful in-
formation about the corresponding device state. Our
goal is to map out these shapes as cost-effectively as
possible. Here, the cost arises because polytope edges
are detected through electron tunneling events which
places hard physical limits on data acquisition rates.
Apart from this original application, the techniques we
developed should be valuable in any situation where ob-
ject classification must be done despite constraints on
data acquisition.

Related Work

In the broad field of data classification in N = 2, 3, 4,
etc. dimensions, there are many unique approaches, of-
ten tailored to the constraints of the problem at hand.
For example, higher-dimensional data can be projected
onto lower dimensions to employ standard deep learn-
ing techniques such as 3D ConvNets [3-5]. Multiple
low-dimensional views of higher-dimensional data can
be collected to ease data collection and recognition [6].
Models such as ShapeNets [7] directly work with 3D
voxel data. Data collected using depth sensors can be
presented as RGB-D data [8-10] or point clouds [11}12]
representing the topology of features present. Often,
depth information is sparsely collected due to limita-
tions of the depth sensors themselves. Within the field
of representing 3D or higher-dimensional data as point
clouds, data can be treated in various ways, such as sim-
ply N-dimensional coordinates in space [13], patches |14],
meshed polygons [15], or summed distances of the data
to evenly spaced central points [16]. However, unlike

most point-cloud-based classification frameworks, the
proposed RBC directly relies on ordered sets of points
for predictions.

Critically, the RBC approach is suited for an envi-
ronment in which data can be collected in any vector
direction in IV dimensional space while even coarse data
collection of the total space would be practically too ex-
pensive or unfeasible.

Historically, it is well-known that the complexity
of any classification problem intensifies in higher di-
mensions. This is the so-called curse of dimensional-
ity [17], which has a negative impact on generalizing
good performance of algorithms into higher dimensions.
In general, with each feature and dimension, the min-
imum data requirement increases exponentially. This
can be seen in the present work: according to Theo-
rem [2, the data requirement increases like v Ne®. At
the same time, in many applications data acquisition is
very expensive, resulting in datasets with a large num-
ber of features and a relatively small number of sam-
ples per feature (so-called High Dimension Low Sam-
ple Size datasets |18]). To address these problems, a
number of algorithms have been proposed to effectively
select the most important features in the dataset (see,
e.g., [19H23]).

Within the field of quantum dots, presented here as
an application of the RBC framework, several strate-
gies for classification and tuning using various machine
learning techniques have been implemented. Using vari-
ational auto-encoders, standard device measurements
have been optimized to reduce the total number of mea-
surements required [24] and to automate fine tuning
in higher (N > 2) dimensions [25]. Machine learning-
based binary classifiers have been used to classify 2D
stability diagrams as either good or bad for further ex-
perimental use [26]. Several different CNNs have been
implemented to classify 2D dot data using experimen-
tal [27], simulated [28], or a combination of both data
types [29]. A machine learning algorithm has even been
implemented to explore up to an eight-dimensional space
to optimally tune towards a desired experimental state
[30]. More recently, the ray-based measurement scheme
has been implemented in conjunction with an active
learning algorithm to estimate convex polytopes defin-
ing quantum dot states in 3D and 4D [31}[32].

Problem Formulation

We begin with a convex region @ C R¥ along with a
point x,, the observation point, in the interior of Q.
Given a unit vector v, the ray based at x, in the direc-
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tion v is

Re,w = {26 +tv |t €[0,00)}. (1)
The set of directions v at x, is naturally parameterized
by the unit sphere S¥ 1. M many directions v1, ..., vy €
SN=1 produces M many rays {R;}M,, R, = R, .,

based at z,. Because Q is convex, in the direction v;
there will be a unique distance t; at which the bound-
ary 0Q is encountered. Given a set of directions and an
observation point, the corresponding collection of dis-
tances is called the point fingerprint.

Definition 1 Given a convex region Q, a point x, € Q,
and a set of directions {v; }}£, C S¥~1, the correspond-
ing point fingerprint is the vector

F(Q,Io,{vi},f\il) = ]:ﬂto = (t1,...,tM) (2)
where t; € (0, 00] is unique value with z, + t;v; € 0Q.

In practice, there will be an upper bound on what val-
ues the ¢; may take, which we call T'. If the ray does
not intersect 9Q prior to distance T', one would record
t; = oo, indicating the region’s boundary is effectively
infinitely far away in that direction.

The fingerprinting process is depicted in Fig. [Th.
The question is to what extent one can characterize,
or approximately characterize, convex shapes knowing
only a fingerprint. If nothing at all is known about the
region Q except that it is convex, full recognition re-
quires infinitely many rays measured in all possible di-
rections, effectively resulting in measuring the entire
N-dimensional space. However, it turns out that if one
puts restrictions on what the objects could be—for in-
stance, if it is known that @ must be a certain kind of
polytope—information captured with a fingerprint may
be sufficient. Better yet, if we do not require a full re-
construction of the shape but only some coarser form of
identification, for example, if we must distinguish tri-
angles from hexagons but do not care exactly what the
triangles or hexagons look like, then fingerprints can be
made even smaller.

With an eye toward eventually approximating ar-
bitrary regions with polytopes, we define the following
polytope classes.

Fig. 1 a A sample polygon with 7 evenly spaced rays based
at z,, with t,, denoting the distance from z, to the polygon
edge 0Q. b A depiction of a minimum interior diameter of a
face I, the minimum exterior dihedral angle «, and the max-
imum possible polytope diameter d for a sample polytope in
R3.

Definition 2 Given N € {2,3,...} and d,l,a > 0,
let Q(N,d,l,a) be the class of convex polytopes in RV
that have diameter at most d, all face inscription sizes
at least [, and all exterior dihedral angles at most a.

The “inscription size” of a polytope face is the di-
ameter of the largest possible (N — 1)-disk inscribed
in that face. In the case N = 2, polytopes are just
polygons and polytope faces are line segments. In this
case, the inscription size of a face is just its length. For
the case of N = 3, the inscription size of a face is the
diameter of the largest possible disk inscribed in this
face, see Fig. [[b. We can now formulate the following
identification problem.

Problem 1 (The identification problem) Given a
polytope Q € Q(N,d,l,«), determine the smallest M
so that, no matter where z, € Q is placed, a fingerprint
made from no more than M many rays is sufficient to
completely characterize Q.

Again, the actual identification is done with a machine
learning algorithm. Resolving Problem|[T] will tell us how
few data we can feed a neural network and still expect
it to return a good identification. In R2, we actually
solve this problem and find an optimal value of M. In
higher dimensions, we find a value for M that works,
but could be sharpened in some applications.

Hidden in Problem [1]is another problem we call the
ray placement problem. To explain this, note that a
large number of rays may be placed at x,, but if the
rays are clustered in some poor fashion, very little in-
formation about the polytope overall geometry will be
contained in the fingerprint. This means that before one
can determine how many rays are needed, one must al-
ready know where to place the rays.

In R?, this placement problem is easily solved: choos-
ing a desired offset vy, the v; are placed at intervals of
27 /M along the unit circle. In higher dimensions, the
placement problem is much more difficult and we have
to work with suboptimally spaced rays. In fact, as we
discuss later in this paper, even in R3 an optimal place-
ment is out of reach. To overcome this problem, we pro-
pose a general placement algorithm that works in arbi-
trary dimension and is reasonably sharp. As we show,
the proposed algorithm is sufficient to enable concrete
estimates on the numbers of rays required to resolve
elements in Q(N,d,l, «).

In many practical applications, such as calibration
of quantum dot devices mentioned earlier, Problem [I]is
much too strict. Often we do not need to reconstruct
polytopes exactly but only classify them to within ap-
proximate specifications. For example, we may only wish
to know if a triangle is “approximately” a right trian-
gle, without needing enough data to fully reconstruct it.
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Or we may wish to distinguish triangles and hexagons,
and not care about other polyhedra. Theoretically, this
involves separating the full polytope set Q(N,d,l, «)
into disjoint subclasses Cy,...,Cx C Q(N,d,l, «), with
possibly a “leftover” set C, = Q(N,d,l,a) \ Ufil C; of
unclassifiable or perhaps unimportant objects. The idea
is that an object’s importance might not lie in its exact
specifications, but in some characteristic it possesses.

Problem 2 (The classification problem) Assume
Q(N,d, 1, a) has been partitioned into classes {C;}X ;.
Given a polytope Q, identify the C; for which Q € C;.

The classification problem is more suitable for machine
learning than the full identification problem. This is
in part because the outputs are more discrete (we can
arrange it so the algorithm returns the integer ¢ when
Q € (;), and in part because machine learning usually
produces systems good at identifying whole classes of
examples that share common features, while ignoring
unimportant details.

Importantly, a satisfactory treatment of the classi-
fication problem can lead to solutions of more compli-
cated problems, such as classifying compound items like
tables, chairs, etc. in a 3D environment or geometrical
objects obtained through measurements of an experi-
mental variable in some parameter space. Depending
on the origin or purpose of such objects, they natu-
rally belong to different categories. For example, in the
3D real world, furniture and plants define two distinct
classes that, if needed, can be further subdivided (e.g.,
a subclass of chairs, tables). Objects belonging to a sin-
gle class, in principle, share common characteristics or
similar geometric features of some kind.

We close this section with two remarks. The first
is that the RBC framework has already seen consider-
able experimental success [1]. The second remark con-
cerns a subordinate problem that is beyond the scope
of this work: boundary identification. In the quantum
computing application for which RBC was originally
designed [1] boundaries are identified by measuring dis-
crete tunneling events, and there is little ambiguity in
determining when a boundary was crossed. Since the
fingerprinting method relies on identifying boundary
crossings, in other circumstances boundary detection
might require some other resolution. For now we only
mention that machine learning methods should be able
to compensate, to an extent, for boundaries that are in-
distinct or partially undetectable, and such algorithms
often remain robust in the presence of noise. We shall
have more to say about this in future work.

(b)

Fig. 2 a A depiction of the angular span, 6 (marked with
curved arrows). b Ambiguity between a polygon Q (solid
black) and its dual Q* (dashed gray), resolved with a sin-
gle additional intersection point marked in red.

Main Results

A solution to Problem [2| in the supervised learning
setting is obtained by training a deep neural network
(DNN) with the input being the point fingerprint and
an output identifying an appropriate class. Apriori it is
unclear how many rays are necessary for a fingerprint-
based procedure to reliably differentiate between poly-
topes. With data acquisition efficiency being the focus
of this work, we want to theoretically determine the
lower bound on the number of rays needed. Such a
bound is fully within reach for polygons in R? (Theorem
1)), and can be approximated in all higher dimensions
(Theorem [2).

For a polytope face to be visible in a fingerprint, at
least one ray must intersect it. To establish not only
the presence of a face but its orientation in N-space,
at least N many rays must intersect it. The smaller a
face is, the further away from the observation point x,
it is, or the more highly skewed its orientation is, the
more difficult it is for a ray to intersect it. We address
the case of polygons in R? first, as we obtain the most
complete information there.

The Identification Problem in R?

Recall that Q(2,d,l, @) is the class of polygons in the
plane with diameter < d, all edge lengths > [, and all
exterior angles < a.

Theorem 1 (Polygon identification in R?) Assume
Q is a polygon in Q(2,d,l,a), and let x, be a point
in the polygon’s interior, from which M many evenly
spaced rays emanate. If

4
M > { — (3)
arcsin

(é sina)-‘ ’

then two or more rays will intersect each boundary seg-
ment of Q, and one segment will be hit at least 3 times.

The [ -] notation indicates the usual ceiling function.
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Fig. 3 a A depiction of the angular span of a face, 0, for
a sample polytope in R3. b A visualization of the standard
great-circle distance.

Proof At the observation point x,, each boundary seg-
ment has an angular span, defined to be the angle formed
by joining z, to the segment’s two endpoints; this is
depicted by the angle 6 in Fig. 2h. The idea is to com-
pute the smallest possible angular span—which we call
Omin—=given our constraints on d, I and «. If we select
M such that 2m/M < %Hmin, which is the same as se-
lecting
M Z [47r/0min]>

then the set of directions placed at intervals of 27 /M
will intersect any angular interval of length > 6, a
minimum of twice. Consequently, the corresponding set
of rays {MR;}M, will intersect each boundary segment a
minimum of twice.

From the Law of Sines, we find the smallest possible
angular span to be 0,,;;, = arcsin (% sin oz)7 as depicted
in Fig. 2h. We conclude that when

47 4
M =z ’79min—‘ - Lmrcsin (L sin(a))—‘ @

and the directions are v; = vo + 2mi/M, i € {1,..., M}
(where vy is any desired offset), then the rays {9R;}M,
will intersect each polygon edge at least twice.
Replacing the “>” in with “>” will ensure that
each edge is hit by two rays, and at least one ray is hit
by three rays. This concludes the proof. a

Knowing the location of two points on each edge is
almost, but not quite, sufficient for identifying the poly-
gon. There remains an ambiguity between the polygon
and its dual; see Fig. 2b. This is resolved if at least one
edge is hit 3 times. Thus Theorem [I] completely solves
the identification problem in R2.

The Identification Problem for Arbitrary Con-
vex Polygons

Identification in RN follows a largely similar theory,
with two substantial changes. The first is that we must
change what is meant by the angular span of a face,
the second is that we must deal with the ray placement
problem mentioned in Section “Problem Formulation”.

The notion of angular span is relatively easily adjusted
(see Fig. [3h).

Definition 3 (Angular span) If Q is a convex poly-
tope in RV, N > 2, z, is an observation point in Q,
and L is a face of Q, the angular span of L is the cone
angle of the largest circular cone based at x, so that
the cross-section of the cone that is created by plane
containing L lies entirely within L.

We create a solution for the ray placement problem
with an induction algorithm, but first we require some
spherical geometry. Given two points v,w € SN~ let
Distgy—1 (v, w) be the great-circle distance between them
(see Fig. [3b for visualization in R?). Given v € SV,
we define a ball of radius » on S¥~! to be

B,(r) = {w esh-! ‘ Dist gn-1(v,w) < r}. (5)

For example, a ball B, () of radius 7 is the entire
sphere itself, and any ball of the form B,(r/2) is a
hemisphere centered on v. It will be important to know
the (N — 1)-area of the unit sphere S¥~! and also the
(N — 1)-area of any ball B,(r) C S¥~1. The standard
area formulas from differential geometry are

») _ (N*l)ﬂ'% T . N—2 d ( )
A (Bv(r)) = T Jo sin¥72(p) dp.

The evaluation of [ sin™~2(p)dp is a bit unwieldy but
it will be enough to have the bounds

N-—1
o2 . N-—1 -
—————sin" ' (r) < A (B (r)) < —xTT
F( N;—l ) v I
We also require the idea of the density of a set of
points.

Definition 4 (Density of points in S¥~1) Let P C
SN=1 be a finite collection of points P = {v1,..., v},
v; € SV for 1 < i < k. We say that the set P is
@-dense in SN~1 if, whenever v € SN¥~1, then there is
some v; € P with Distgy-1(v,v;) < .

We can now give a solution to the ray placement
problem on S¥~!. We use an inductive point-picking
process. Pick a value ¢; this will be the density one de-
sires for the resulting set of directions on SV~!. Begin
the induction with any arbitrary point v; € SN=1. If
¢ is small enough that B,, (¢) is not the entire sphere,
then we select a second point vy to be any arbitrary
point not in B,, (¢). Continuing, if points wv1,...,v;

1 A glance at the integral tables reveals [ sin®™ =2(p)dp =

— cos(p) gFl(%, %; %;0052(;))) where 2 F} is the usual hy-

pergeometric function.
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have been selected, let v;41 be any arbitrary point cho-
sen under the single constraint that it is not in any
By, (¢), j < i. That is, choose v;41 arbitrarily under
the constraint

Vi1 € S \ (Evl(QO) u--- UEM(@)) ) (8)

should such a point exist. Should such a point not exist,
meaning B, (¢) U -+ U B,,(p) already covers SN¥—1,
the process terminates, and we have our collection P =
{’Ul, . ,’Ui}.

Whether an algorithm terminates or not is always
a vital question. This one does, and Lemma [I] gives
a numerical bound on its maximum number of steps.
This process requires numerous arbitrary choices—each
point v; is chosen arbitrarily except for the single con-
straint that it not be in any of the By, (), j < i—so
it does not produce a unique or standard placement of
points. This contrasts to the very orderly choice of di-
rections v; = vy + 2mi/M on St that we relied on in
Theorem [1} Nevertheless, a set selected in this manner
does have valuable properties, which we summarize in
the following lemma.

Lemma 1 (Properties of the placement algorithm)

Let P = {vi,va,...} € SN71 be any set of points cho-
sen using the inductive algorithm above. Then

(i) the set P is p-dense in SN=1 meaning that SN~ =
U'U eP B (<p)7
(i1) the half-radius balls B,,(p/2) are mutually disjoint:

By,(9/2) N By, (¢/2) = @ when i # j, and
(iii) the number of points in P is at most

M < Vol <mn<¢/z>>N1' )

Proof We prove (ii) first. Without loss of generality sup-
pose i > j. Recall the i*" point v; € S¥~! was chosen
under the single condition that v; ¢ UZ ' B, ; (). This
explicitly means v; is a distance greater than @ from all
the points that came before, so the balls of radius /2
around v; and v; cannot intersect.

Next we prove (iii). Suppose there are M many
points in P. Because the corresponding balls B,, (¢/2)
are non-intersecting, we have the following;:

A(SNTY) > A(U B, (¢/2))
= Zz 1A ( s (@/2)) (10)
> M- =2 sinV ™ 1((,0/2).

F(*)

Using @ this simplifies to

I(5+3)
M= 5 +1) N\fsm (@/2) ()

I;((%%ii) < y/2/N, we obtain

Lastly, we prove (i). We now know that the set P is
a finite set, with a maximum number of elements given
by @[) That means the inductive point-picking process
used to create P must have terminated at some finite
stage. If P = {v;} was not ¢-dense, there would be a
point v € SV¥~1 at distance greater than ¢ from every
v, that is v € SN~ N Y, By, (¢). However, because the
point-picking process stopped exactly when there were
no more such points to choose from, such a point v
cannot exist, and we conclude that P is ¢-dense. O

After noticing that

We can now proceed to the identification problem
in N dimensions.

Theorem 2 (Polytope identification in RY) As-
sume Q € Q(N,d,l,a). IL‘ 18 possible to choose a set of
M many directions {Uz M. so that given any observa-
tion point x, € Q, the correspondmg rays R; = Ry, v,
have the following properties:

1. The collection of rays {R;}M, strikes each polytope
face N or more times.
2. The number of rays M is no greater than

M < VN (m@emm))]v_l (12)

where O, = arcsin (% sin(a)).

Proof We imitate the proof of Theorem [1} Using again
the Law of Sines, we compute the minimum angular
span (see Definition [3)) of any face of Q to be O, =
arcsin (4 sin(a)).

Any circular cone with cone angle 6., creates a
projection onto the unit sphere, and this projections is
a ball of the form B ( Omin). We show that if P is a
éﬁmm dense set, then, inside any ball of radius %Qmin
must lie at least N many points of P.

The way we count the number points of P that must
lie within B ( Omin) 18 volumetrlcally To give the idea,
note that the balls {B,, (¢ mm)}fw1 cover all of SV~1
and so they must cover both B. (lﬁmm) as well as the
sub-ball BU( Omin)- But for a ball Bu,( Omin) to par-
ticipate in the covermg of B, ( Omin), it’s center must
lie within B, ( Omin). Using Volumes to count up how
many balls of radius %Hmin it takes to cover a ball of
radius §9mm, we have an estimate of how many of the
points v; lie in B, ( Hmm) See Fig. |4

Using 1.) since B, ( Omin) is covered with balls of

radius %Gmin, at least
A(Bo($0min)) sin(30min)"
= — >
K AB0min)) = (20mm)"
S (QSinc %Qmin))Nfl
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(a)

Fig. 4 a Projection of a cone with cone angle 6,,;, onto
SN—1_ creating the ball Ev(%Bmm). b The covering argu-
ment: the centers v; € P of those balls of radius %Omin which
help cover EU(%Hmin) must lie within Ev(%emm)‘

many balls of radius é@min participate in this cover.
Thus, from above, at least K many of the points of P
lie within the slightly larger ball Ev(%Hmin).

Since é < 1, we can safely assume that 0, < 7/2,
that is arcsin(4 sin(a)) < /2. Therefore 2 Sinc($Omin) >
2sinc(m/6) ~ 1.9, and so K > (1.9)N~1. We easily
check that (1.9)V=1 > N for N > 3. We conclude that
more than N many balls of the form B,, (é@min) are part
of the cover of B,( %Hmin), and therefore greater than
N many of the points v; € P lie within BU(%Gmin).

To conclude, if P is the %Gmin—dense set produced
by the induction algorithm, we now know that (1) at
least N many corresponding rays must lie inside of
any cone with cone angle 6,,;, or greater by what we
just proved, and (2) by Lemma [I| it has fewer than
Vot N cscN’l(%Gmin) elements. O

The estimate (12)) can be improved if our solution
for the placement problem can be improved. The opti-
mal placement problem is unsolved in general; this and
related problems go by several names, such as the hard
spheres problem, the spherical codes problem, the Fejes
Té6th problem, or any of a variety of packing problems.
For a sampling of the extensive literature on this sub-
ject, see [33H38]. Our approach to this theorem, inspired
by a technique of |39], was chosen because of its easy
dimensional scalability—and as one moves through di-
mensions what is more important is the rate of increase
with dimension rather than optimal coefficients. Our
result gives a theoretical bound in any dimension, and
means of benchmarking and comparison. In practice,
for the modest number of rays and relatively low di-
mension, existing empirical algorithms are sufficient. In
the case of larger numbers of rays or very high dimen-
sion, the placement algorithm prior to Lemma [I] could
certainly be implemented. The number of rays needed
will usually grow exponentially in dimension, but given
a fixed dimension the computational cost will be poly-
nomial in the number of rays (this is similar to existing

(c) » 12
>
\ 7 5
\ / 5 10
\/ —qg
E 8
3
z

6

00 02 04 06 08 1.0
Aperture to polygon width ratio

Fig. 5 Schematics of two of the five geometrical shapes typ-
ical of the quantum dot dataset: a a hexagon corresponding
to a double-dot state and b a strip contained by parallel lines
corresponding to a singe-dot state. ¢ Plot of the lower bound
M on the number of rays to the ratio @/w, as given by Eq. .
The shaded region corresponds to @/w ratios typical for real
quantum dot devices.

algorithms, although at present the details of how this
compares to other algorithms is unknown).

A classification problem example: The quantum
dot dataset

To close the paper, we examine Problem [2]in the con-
text of the quantum dot dataset studied by [1]. In this
application, electrons are held within two potential wells
of depths d; and ds, which can be adjusted. Depending
on these values, electrons might be confined, might be
able to tunnel between the two wells or travel freely be-
tween them, and might be able to tunnel out of the wells
into the exterior electron reservoir. Individual tunnel-
ing events can be measured, and, when plotted in the
di-dy plane, create an irregular tiling of the plane by
polygons. The polygonal chambers represent discrete
quantum configurations, and their boundaries represent
tunneling thresholds. The shape of a chamber provides
information about the quantum state it represents.

The goal of |1] was to map the (dy,ds) configura-
tions onto the quantum states of the device by taking
advantage of the geometry of these polygons. With scal-
ability being the overall objective, it was essential that
the mapping requires as little input data as possible.
For theoretical reasons, it is known that each of the
lattice’s polygons belongs to one of six classes; roughly
speaking, these are quadrilateral, hexagon, open cell
(no boundaries at all), and three types of semi-open
cells. Further, the hexagons themselves are known to
be rather symmetric: they have center-point symmetry,
with four longer edges typically of similar length, and
two shorter edges of equal length (see Fig. [Fh).

In the language of Problem [2] the interesting sub-
classes of polygons are C;: the hexagons with the sym-
metry attributes we described, including the quadrilat-
erals which are “hexagons” with a = 0; C3, C3, C4: three
kinds of semi-open cells contained between parallel or
almost parallel lines; and Cs: the open-cell, which has no
boundaries at all. The three classes of polygon Ca, Cs,
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C, are distinguished from one another by their slopes
in the di-dy plane: polygons in class Cy are between
parallel lines with slopes between about 0 and —1/2, in
class C3 between about —1/2, and about —2, and class
C4 between about —2 and —oo. All other polygon types,
for these purposes, are unimportant and can go in the
“leftover” Cy, category. The question is how few rays
are required to distinguish among the polygons within
these classes.

In the quantum dot dataset, we must address one
additional complication: the “aperture,” that is the short-
est segment in Fig. B, is sometimes undetectable. The
physical reason for this is that crossing this barrier rep-
resents electron travel between the two wells, and this
event is often below the sensitivity of the detector.

Proposition 1 Let x, be an observation point which
might be within a polygon of type C1-Cs. Five rays are
needed to distinguish these types. If the short segment
is undetectable and the hexagon has the dimensions in-
dicated in Fig.[Ja, then

6

| |
—14(a/w)? ’
arccos ( 1+(((1/<11); )

(13)

many rays are needed to distinguish these types.

Proof Referring to Fig. [Bh, the dimension a is the di-
mension of the short side (the “aperture”), and the di-
mension w is the hexagon’s width, specifically, the dis-
tance from an endpoint of one of its short segments to
the corresponding endpoint on the opposite short seg-
ment, as represented by the two dotted segments in the
hexagon of Fig. Fh.

First consider a model situation of distinguishing
between a line and two rays connected at a vertex. To
distinguish them, the arrangement must be hit with
three or more sufficiently spaced rays: if the three rays’
intersection points lie on a straight line then the object
must be a line, whereas if they do not lie on a straight
line we know the object must have a vertex.

Now consider a point z, placed within a hexagon,
as shown in Fig. [fh. We require that either (1) three
rays penetrate one of the the dotted lines of length w—
so that a vertex can be detected as described in the
previous paragraph—or (2) two rays penetrate one of
the dotted lines, and 1 ray strikes either of the short
segments of length a.

In the case that the segment a is detectable, two of
the longer line segments joined with a shorter segment
will always occupy an angular width of at least m from
any observation point, no matter where it is placed.
For a minimum of three rays to find placement within
any angular span of 7, we require five rays. Among five

evenly spaced rays from a point between parallel lines,
there are two possibilities: three will strike one line and
two will strike the other, or two rays will strike each
line and the fifth ray will be parallel to the other two
and proceed to infinity—in either of these cases, par-
allel lines will be resolved along with their orientations
in space. This will also distinguish polygons that are
closed (class C1, where no 3 rays will lie on any line)
and polygons that are open (class Cs, where the rays
will hit nothing).

In the case that the segment a is not detectable,
either pair of two longer segments joined at a vertex
must be struck three times. From inside the polygon,
the smallest possible angular span of either pair of two
joined long segments is

—1+ (9/w)?
L+ (afw)? )
A minimum of three rays from z, must lie within this
angular span. Thus using M rays evenly spaced about

the full angular span 27 of the circle, we find the lower
bound on the number of rays is

27
M =
el
as claimed in Eq. . O

0 min = arccos ( (14)

(15)

To close the paper, we compare the theoretical bound
given by Eq. with the performance of a neural net-
work trained to recognize the difference between strips
and hexagons. The question is whether a neural net-
work can come close to the theoretical ideal.

In fact it can. In actual quantum dot environments,
we expect values of a to lie between about 0 (where the
hexagon degenerates to a quadrilateral) and about %w;
see, for example, Fig. 2 in [1]. For these values of @/w,
Eq. gives theoretical bounds on the necessary num-
ber of rays between six and about nine. Empirical train-
ing experiments discussed in [1] confirm that six rays
and a relatively small DNN—that is a DNN with three
hidden fully connected layers of 128, 64, and 32 neu-
rons, respectively—are in fact sufficient to obtain clas-
sification accuracy of 96.4 % (averaged over 50 train-
ing and testing runs, standard deviation ¢ = 0.4 %).
This performance is on par with a ConvNet-based clas-
sifier using two-dimensional (2D) images of the shapes
for which average accuracy of 95.9% (o = 0.6 %) over
200 training and testing runs was reported [40]. More
recently, the RBC has been verified using experimen-
tal data, both off-line (i.e., by sampling rays from pre-
measured large 2D scans) and on-line (i.e., by directly
measuring the device response in a ray-based fashion) [2].
That paper found the RBC outperformed the more tra-
ditional 2D image-based classification of experimental
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quantum dot data that relied on convolutional neural
network while requiring up to 70 % fewer data points.
All tests reported in this section were performed on a
2019 MacBook Pro with 2.8 GHz Quad-Core Intel Core
i7 processor.

Conclusions and Outlook

In conclusion, we have explored the ray-based classifi-
cation framework for convex polytopes. We have proven
a lower bound on the number of rays for shape identi-
fication in two dimensions and generalized the results
to arbitrary higher dimensions. Finally, we discussed
these results in context of the quantum dot dataset,
which was the real-life application that motivated the
RBC framework.

Since objects in N-dimensional space can be approx-
imated by convex polytopes, provided they are suitably
rectifiable, this seemingly restricted technique opens
the way to generalization. The problem of dividing a
complicated object into a set of approximating poly-
topes can be considered a form of salience recognition
and data compression—of detecting and storing the
most useful or important features of the object. When
the datum itself is scarce or costly to procure, one seeks
methods that economize on input data while retain-
ing salient features, even at the expense of some ac-
curacy loss or potentially requiring heavier computing
resources. RBC incorporating multiple intersections of
the rays can be extended to solve problems where multi-
ple nested shapes are present enclosing the observation
point.

The approach of this paper gives good estimates on
how few data are necessary to distinguish convex ob-
jects in arbitrary dimension, using the ray-based tech-
nique. This is an important step as with the unavoid-

ably high computational demands needed to study higher-

dimensional datasets, one wishes for a way to tell ahead
of time what the smallest possible resource demands
might be. Left for future work is installing and testing
practical solutions in N dimensions. The problem of
creating data classes in higher dimensions, which is nec-
essary for Problem 2 to be well defined, is not difficult in
dimensions 2 or 3, but present greater difficulties as the
number of dimensions grows. For example, it is unclear
to what extent the RBC extends to cases where the
number of possible convex polytopes is not know apri-
ori. Efficient division of geometric objects into usable
classes is one way of reducing data requirements and
complexity, but is unaddressed in the present study and
represents a future avenue to explore. Another interest-
ing question, also not tackled in the current work, is the

utility of the RBC framework to go beyond only assign-
ing a class, to potentially reconstructing an enclosing
convex polytope to some specified degree (a qualitative
approximation of Problem 1). In light of these open
questions as well as the recently reported experimental
validation of the utility of RBC for classifying states of
quantum dot devices [2], the ray-based data acquisition
combined with machine learning appears to be a very
promising path forward.

Acknowledgements

This research was sponsored in part by the Army Re-
search Office (ARO), through Grant No. W911NF-17-
1-0274. S.K. gratefully acknowledges support from the
Joint Quantum Institute (JQI)-Joint Center for Quan-
tum Information and Computer Science (QuICS) Lanc-
zos graduate fellowship. The views and conclusions con-
tained in this paper are those of the authors and should
not be interpreted as representing the official policies,
either expressed or implied, of the ARO, or the U.S.
Government. The U.S. Government is authorized to re-
produce and distribute reprints for Government pur-
poses notwithstanding any copyright noted herein. Any
mention of commercial products is for information only;
it does not imply recommendation or endorsement by
the National Institute of Standards and Technology.

Conflict of interest

The authors declare they have no conflict of interest.

References

1. Zwolak, J. P., Kalantre, S. S., McJunkin, T., Weber, B. J.,
and Taylor, J. M. (2020). Ray-based classification frame-
work for high-dimensional data. Proceedings of Third
Workshop on Machine Learning and the Physical Sci-
ences (NeurIPS 2020), Vancouver, Canada [December 11,
2020]) arXiw:2010.00500.

2. Zwolak, J. P., McJunkin, T., Kalantre, S. S., Neyens,
S. F., MacQuarrie, E. R., Eriksson, M. A., and Taylor,
J. M. (2021). Ray-based framework for state identifica-
tion in quantum dot devices. PRX Quantum 2, 020335.

3. Shi, B, Bai, S., Zhou, Z., and Bai, X. (2015). DeepPano:
Deep Panoramic Representation for 3-D Shape Recogni-
tion. IEEFE Signal Processing Letters 22, 2339.

4. Cao, Z., Huang, Q., and Ramani, K. (2017). 3D
Object  Classification via  Spherical Projections.
arXiv:1712.04426.

5. Lyu, Y., Huang, X., and Zhang, Z. (2020). Learn-
ing to Segment 3D Point Clouds in 2D Image Space.
arXiw:2003.05593v3.

6. Zhao, J., Xie, X., Xu, X., and Sun, S. (2017). Multi-view
learning overview: Recent progress and new challenges.
Information Fusion 38, 43.



10

B. J. Weber, S. S. Kalantre, T. McJunkin, J. M. Taylor, J. P. Zwolak

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

. Wu, Z., Song, S., Kholsa, A., Yu, F., Zhang, L., Tang,
X., and Xiao, J. (2015). 3D ShapeNets: A deep represen-
tation for volumetric shapes. In IEEE Computer Vision
and Pattern Recognition, pages 1912-1920.

. Ward, I. R., Laga, H., and Bennamoun, M. (2019). RGB-
D image-based Object Detection: from Traditional Meth-
ods to Deep Learning Techniques. arXiv:1907.09236v1.

. Socher, R., Huval, B., Bath, B., Manning, C., and Ng,

A. (2012). Convolutional-recursive deep learning for 3d

object classification. In Advances in Neural Information

Processing Systems 25, pages 656—664.

Cao, Y. P, Ju, T., Xu, J., and Hu, S. M. (2017). Ex-

tracting Sharp Features from RGB-D Images. Computer

Graphics Forum 36, 138.

Rusu, R. B. and Cousins, S. (2011). 3D is here: Point

Cloud Library (PCL). In IEEE International Conference

on Robotics and Automation, pages 1-4.

Soltani, A., Huang, H., Wu, J., Kulkarni, T., and Tenen-

baum, J. (2017). Synthesizing 3D Shapes via Modeling

Multi-view Depth Maps and Silhouettes with Deep Gen-

erative Networks. In IEEE Computer Vision and Pattern

Recognition, pages 2511-2519.

Qi, C. R., Su, H., Mo, K., and Guibas, L. J. (2017). Point-

net: Deep learning on point sets for 3D classification and

segmentation. In Proc. IEEE Conference on Computer

Vision and Pattern Recognition, pages 652—660.

Tretschk, E., Tewari, A., Golyanik, V., Zollhofer, M.,

Stoll, C., and Theobalt, C. (2020). PatchNets: Patch-

Based Generalizable Deep Implicit 3D Shape Represen-

tations. arXiw:2008.01639v1.

Lieberknecht, S., Huber, A., Ilic, S., and Benhimane, S.

(2011). RGB-D camera-based parallel tracking and mesh-

ing. In IEEE International Symposium on Mized and

Augmented Reality, pages 147-155.

Ng, Y. T., Huang, C. M., Li, Q. T., and Tian, J. (2020).

RadialNet: a point cloud classification approach using lo-

cal structure representation with radial basis function.

Signal, Image, and Video Processing 14, pages 747-752.

Bellman, R. (1966). Dynamic programming. Science

153, pages 34-37.

Hall, P., Marron, J. S. and Neeman, A. (2005). Geometric

representation of high dimension, low sample size data.

J. Royal Stat. Soc. (Series B) 67, pages 427-444.

Vapnik, V. N. (1995). The Nature of Statistical Learning

Theory. Springer-Verlag, Berlin, Heidelberg.

Freund, Y. and Schapire, R. E. (1996). Experiments with

a new boosting algorithm. In Proceedings of the Thir-

teenth International Conference on International Con-

ference on Machine Learning, 96, pages 148—156.

Breiman, L. (2000). Random forests. Mach. Learn. 45,

pages 5-32.

Vapnik, V. N. and Chapelle, O. (2000). Bounds on error

expectation for support vector machines. Neural compu-

tation 12, pages 2013-2036.

Hofmann, T., Scholkopf, B., and Smola, A. J. (2008).

Kernel methods in machine learning. Ann. Statist. 36,

pages 1171-1220.

Lennon, D. T., Moon, H., Camenzind, L. C., Yu, L.,

Zumbiihl, D. M., Briggs, G. A .D., Osborne, M. A., Laird,

E. A, and Ares, N. (2019). Efficiently measuring a quan-

tum device using machine learning. npj Quantum Inf. 5,

pages 1-8.

van Esbroeck, N. M., Lennon, D. T., Moon, H., Nguyen,

V., Vigneau, F., Camenzind, L. C., Yu, L., Zumbiihl, D.

M., Briggs, G. A. D., Sejdinovic, D., and Ares, N. (2020).

Quantum device fine-tuning using unsupervised embed-

ding learning. New J. Phys. 22, 095003.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

Darulova, J., Pauka, S.J., Wiebe, N., Chan, K.W., Gar-
dener, G.C, Manfra, M.J., Cassidy, M.C., Troyer, M.
(2020). Autonomous tuning and charge-state detection of
gate-defined quantum dots. Phys. Rev. Appl. 13 054005.
Durrer, R., Kratochwil, B., Koski, J.V., Landig, A.J., Re-
ichl, C., Wegscheider, W., Thn, T., Greplova, E. (2020)
Automated tuning of double quantum dots into specific
charge states using neural networks. Phys. Rev. Appl.
13, 054019.

Kalantre, S. S., Zwolak, J. P., Ragole, S., Wu, X., Zim-
merman, N. M., Stewart, M. D., and Taylor, J. M. (2019).
Machine learning techniques for state recognition and
auto-tuning in quantum dots. npj Quantum Inf. 5, pages
6-10.

Darulovd, J., Troyer, M., and Cassidy, M. C. (2021).
Evaluation of synthetic and experimental training data
in supervised machine learning applied to charge-state
detection of quantum dots. Mach. Learn.: Sci. Technol.
2, 045023.

Moon, H., Lennon, D.T., Kirkpatrick, J., van Esbroeck,
N. M., Camenzind, L. C., Yu, L., Vigneau, F., Zumbiihl,
D. M., Briggs, G. A. D., Osborne, M. A., Sejdinovic, D.,
Laird, E. A., and Ares, N. (2020). Machine learning en-
ables completely automatic tuning of a quantum device
faster than human experts. Nat. Commun. 11, 4161.
Krause, O., Rasmussen, T., Brovang, B., Chatterjee, A.,
and Kuemmeth, F. (2021). Estimation of Convex Poly-
topes for Automatic Discovery of Charge State Transi-
tions in Quantum Dot Arrays. arXiv:2108.09133.
Chatterjee, A., Ansaloni, F., Rasmussen, T., Brovang,
B., Fedele, F., Bohuslavskyi, H., Krause, O., and Kuem-
meth, F. (2021). Autonomous estimation of high-
dimensional Coulomb diamonds from sparse measure-
ments. arXiw:2108.10656.

Katanforoush, A. and Shahshahani, M. (2003). Distribut-
ing points on the sphere, I. Exp. Math. 12, pages 199-209.
Dumer, I. (2007). Covering spheres with spheres. Discrete
Computat. Geom. 38, pages 665—679.

Ballinger, B., Blekherman, G., Cohn, H., Giansiracusa,
N., Kelly, E., and Schiirmann, A. (2009). Experimen-
tal study of energy-minimizing point configurations on
spheres. FEzxp. Math. 18, pages 257—-283.

Saff, E. and Kuijlaars, A. (1997). Distributing many
points on a sphere. Math. Intell. 19, pages 5-11.
Schutte, K. and van der Waerden, B. (1953). Das problem
der dreizehn kugeln. Math. Ann. 125, pages 325-334.
Conway, J.H. and Sloane, N.J.A. (2013). Sphere pack-
ings, lattices and groups (Vol. 290). Springer Science &
Business Media.

Gromov, M. (2007). Metric Structures for Riemannian
and Non-Riemannian Spaces. Birkhduser Basel, Boston,
MA.

Zwolak, J. P., Kalantre, S. S., Wu, X., Ragole, S., and
Taylor, J. M. (2018). QFlow lite dataset: A machine-
learning approach to the charge states in quantum dot
experiments. PLoS ONE 13, pages 1-17.



