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Abstract— One of the biggest problems facing future mobile
systems beyond 5G (B5G) is the energy dissipation of mobile
devices at high data rates. The heat generated by these devices
can impact the performance as a result of a new type of outage
called power-consumption outage. In this article, we propose a
general definition of the power-consumption outage and describe
its three features. Based on the heat transfer model in smart-
phones, the power-consumption outage probability is analyzed.
Specifically, we derive the joint outage probability of channel
and power-consumption outages in relation to the signal-to-noise
ratio (SNR), communication duration, and initial temperature
of the smartphone-back-plate. The joint outage probability is
then used to obtain the upper bound of the maximum receiving
rate of a typical smartphone. Furthermore, we propose and
analyze the impact on the capacity of the power-consumption
outage. Simulation results show that the power-consumption
outage probability increases with an increase of SNR and with
extension of the communication duration. The upper bound
of the maximum receiving rate of a smartphone decreases
with an extension of communication duration. Considering the
joint outage probability, simulation results show that the outage
capacities, i.e., channel and power-consumption outages, decrease
with an increase of SNR after reaching a given capacity threshold.

Index Terms— Massive MIMO, mobile communication, outage
probability, capacity with outage, smartphones.

I. INTRODUCTION

HE fifth generation (5G) mobile communication system

provides gigabit-per-second (Gbps) data rates to support
applications such as virtual reality (VR) and augmented reality
(AR) [1]. While millimeter-wave (mmWave) communications
and massive multiple-input multiple-output (MIMO) technolo-
gies have been adopted to support Gbps data rates in 5G [2],
[3], demands for even higher rates will continue to dominate
future generations of mobile systems well beyond 5G (B5G).
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Moreover, the ultra-dense network is a key deployment strat-
egy targeting seamless coverage of 5G cellular networks [4]
and reduces the outage probability of mobile communication
between base stations (BSs) and mobile devices, such as smart-
phones. However, the heat generated by the chip computation
in smartphones raises the temperature of the mobile device
back-plate as the data-rate increases. Considering the maxi-
mum receiving rate of smartphones [5], a new type of outage,
called power-consumption outage, is rapidly emerging [6].
Power-consumption outage is related to the heat dissipation of
smartphones [6], which is different from the channel outage
in which the power of a received signal falls below the
target minimum level at the receiver [7]. However, the general
definition and features of power-consumption outage have not
been thoroughly investigated in previous studies. Therefore,
it is crucial to introduce a general definition of the power-
consumption outage, which will require developing a probabil-
ity model, especially in 5G and BSG communication systems,
which support high data rates. For instance, at these rates if
communication between a base station and a smartphone is
sustained for a long period of time, the temperature of the
smartphone-back-plate will exceed the maximum temperature,
ie., 45 °C, that has been set to avoid burning the users’
skin [8], [9]. When the back-plate temperature exceeds 45 °C,
a protection measure of the smartphone is triggered to reduce
heat generation by decreasing the working frequency of the
chips in the smartphone. Without sufficient computational
resources for signal and data processing in smartphones,
the performance becomes unacceptable leading to a power-
consumption outage event. Bear in mind that most previous
studies have mainly focused on channel outage. For instance,
the outage probability for the massive MIMO uplink with
a general multi-level mixed-resolution analogue to digital
converter (ADC) architecture has been investigated in [10].
In this study the ADC resolution profile optimization prob-
lem is formulated considering both BS energy consumption
and outage probability. Considering device-to-device (D2D)
communication technology for enabling the internet-of-things,
channel outage probability was studied for D2D spectrum
sharing in [11]. In addition, the channel outage probability
of a spectrum sharing system with a distributed cognitive
underlay single carrier system has been investigated [12].
To maximize the system utility of a MIMO non-orthogonal
multiple access (NOMA), power allocation and beamforming
schemes have been jointly designed based on the constraints
of channel outage probability [13]. For vehicular networks,
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a theoretical framework to analyze the performance of vehic-
ular D2D communication systems has been established based
on channel outage probability [14]. Moreover, this theoretical
framework was used to analyze the capacity of vehicular D2D
communication systems [14].

In addition to channel outage, computational outage of
cellular networks is proposed in [15], which is a violation
of a timing constraint in computational tasks due to limited
computational resources. Moreover, the computational outage
in many studies is mainly due to limitations of the internet
service provider’s network. Considering the limited compu-
tational resources for a cloud-based centralized radio access
network, computational outage probability and its impact on
the throughput performance were analyzed in [15]. In mobile
cloud computing systems, computational outage probability,
caused by limited computational resources in computation
offloading, was derived in [16]. Moreover, the joint proba-
bility of channel and computational outages was also been
derived in [16], where computational outage is assumed to
be independent of channel outage. In [17], the system outage
performance of full-duplex communications in a fog com-
puting system was analyzed. Additionally, the computational
outage probability in the fog computing system was derived
in [17]. In practice, limitations in computational resources
exist not only in network equipment but also in mobile devices,
e.g., smartphones. Moreover, power-consumption outage is
related to the computational resources of the chipsets in mobile
devices. Although the concept of power-consumption outage
has been recently proposed, detailed studies related to power-
consumption outage are surprisingly rare in literature.

A. Related Work

The power-consumption outage relates to the power con-
sumption and heat generation of smartphones. In terms of
power consumption of smartphones, the authors in [18]
proposed a hardware-based method to evaluate the power
consumption of each module in Android smartphones and
established the energy model for these modules. A comprehen-
sive review of research papers regarding power consumption
of smartphones was presented in [19], where the authors
analyzed the ratio of power consumption for different modules.
The classification of existing energy-estimation schemes for
smartphone applications, including an analysis of current
energy estimation schemes, has been studied in [20]. The
data presented in [20] indicates that the central processing
unit (CPU) of smartphones consumes the most energy under
normal use conditions.

Overheating has been an important issue for the develop-
ment of smartphones in the last decade. A thermo-ergonomic
analysis of smartphones has been presented in [21]. Their
results indicate that, when receiving and processing videos,
the CPU and network chip overheat, causing a localised high-
temperature area on the smartphone surface. An algorithm for
real-time estimation of smartphone surface temperature has
been developed by the authors in [22]. Their measurement
results indicate that the temperature of the area on smartphone
surfaces, near the CPU, is the highest. In [23], the authors
proposed a new thermal simulator to measure the thermal

distribution of smartphones. Their measurement results show
that the working frequency of the CPU can be affected
by the safe temperature for skin. The experimental results
in [24] indicates that the working frequency of the CPU is
significantly reduced when the temperature exceeds a certain
threshold.

Based on the measurement results of the power consump-
tion and heat generation of smartphones, the concept of
power-consumption outage was first proposed in our prior
work [6]. In addition, the simulation results presented in [6]
show the impact of the power-consumption outage on wire-
less communication systems, in terms of total transmis-
sion time and total number of power consumption outages.
However, a general definition and features of the power-
consumption outage, which would require developing a statis-
tical model of the power-consumption outage, has not yet been
established.

B. Main Contribution and Paper Organization

In this article, we aim to investigate the influence of the
power-consumption outage on the performance of B5SG mobile
communication systems. The main novel contributions are
summarized as follows.

1) A general definition of the power-consumption outage
is proposed, and its three main features are described
for the first time. Based on the proposed defini-
tion, the power-consumption outage probability of B5G
mobile communication is then derived. The theoret-
ical analysis shows that continuously receiving data
will generate more heat and thus increase the device’s
temperature. Moreover, simulation results indicate that
power consumption outage probability increases with
an increase of signal-to-noise ratio and an extension of
communication duration.

2) Since the power-consumption outage is not independent
of the channel outage, a joint outage probability of
channel and power-consumption is obtained, which is
then used to further evaluate the performance of B5G
mobile communication systems at high data rates.

3) Based on the power-consumption outage probability,
the capacity accounting for the power-consumption
outage is derived. Simulation results indicate that,
after reaching a given capacity threshold, the capacity
decreases as the SNR increases.

4) Using the joint outage probability, we derive the upper
bound of the maximum receiving rate of smartphones
under varying communication durations. Simulation
results indicate that the upper bound of the maximum
receiving rate of smartphones decreases with an exten-
sion of the communication duration.

The rest of this article is outlined as follows: Section II
describes the system model, including transmission and heat
transfer models. In Section III, we propose a definition of
the power-consumption outage. Moreover, power-consumption
outage probability and joint outage probability are derived.
The performance of BSG mobile communications between
BSs and smartphones is analyzed in Section IV. Simulation
results are presented in Section V. Finally, conclusions are
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TABLE I
DEFINITION OF SYMBOLS

Symbol Definition
Ry, R Spectrum efficiency (unit: bit/sec/Hz) and downlink rate (unit: bit/sec) of MIMO systems
Qair Heat dissipation power of free air convection (unit: Watt)
fl];;fma, Qam Heat generation power of the chip and amplifiers (unit: Watt)
Pgg, Pap Power of the baseband processing and application processing (unit: Watt)
Tenips Tsur» Teny Temperature of the chip, smartphone-back-plate and environment (unit: Kelvin)
M, Cchip Mass (unit: g) and specific heat (unit: J/kg-K) of the chip
A L Area (unit: cm?) and length (unit: mm) of the heat sink
D Thickness (unit: mm) of smartphone-back-plates
ki, ko Thermal conductivity of the heat sink and smartphone-back-plates (unit: W/m-K)
Rair Heat transfer coefficient of air (unit: W/m-K)
Kgp Number of logic operations per bit for algorithms in baseband processing (unit:
operations/bit)
Kap Number of logic operations per bit for programs in application processing (unit:
operations/bit)
Fhit Number of CPU cycles per bit (unit: cycles/bit)

M. : Mass of chip

Cepip: Specific heat of chip

L :Length of heat sink

A : Area of heat sink

T, : Temperature of air

Tyt Temperature of chip

T, : Temperature of smartphone-back-plate

) D : Thickness of smartphone-back-plate

ity of heat sink
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@ Smartphons™

Base Station Side view of smartphone

Fig. 1. Diagram of communication between a massive MIMO base station
and a smartphone.

drawn in Section VI. For clarity, the most important symbols
used in this article are summarized in Table L.

II. SYSTEM MODEL
A. Transmission Model

For a single-user MIMO system working on mmWave band,
Fig. 1 illustrates communication between a massive MIMO
BS and a smartphone. The number of antennas in BS and the
smartphone are Mt and My, respectively where Mt > Mg.
The received signal at the smartphone is y € CM&*1  which
is given by

y =Hx+n, 1)

where x € CMrx1 js the transmitted signal vector such

that E [xx"] = %IMT, Py is the transmission power and
Iy, € CMrxMr g the identity matrix. The matrix H €
CMrxMr s the downlink channel complex matrix and n €
CMrx1 is the random vector of additive white Gaussian noise
(AWGN). The distribution of each element in n is a complex
Gaussian distribution whose mean is zero and variance is o2,
ie., CN (0,0%). Moreover, E [nn"] = 02I,,, where Iy, €
CMrxMr jg the identity matrix. Assuming that perfect channel

state information is available at the smartphone, the downlink
rate in bits/sec is given by

R = Blog, det (IMR + LHHH> , 2)
Mr
where B is the bandwidth and p = % is the signal-to-noise
ratio (SNR).
Considering H is a random matrix, the downlink rate R is
a random variable. The channel outage probability is

Pout (R) = ]P (R < th)
=P {Blogg det <IMR + LHHH> < Rth:| )
My

where Ry > 0 is the threshold rate for the downlink.
The analysis of poy (R) is based on the probability density
function (PDF) of R, which has no closed-form expression
for MIMO systems [25]. When the number of transmit and
receive antennas increases, the spectrum efficiency of MIMO
systems, Ry, converges to a Gaussian random variable [26].
We assume that Ry, ~ N (u, 6%), where pn = Mglog (14 p)
and 0% = #”22 [27]. Moreover, Ry, is independent and
identically distributed (i.i.d.) in different time slots. Consider-
ing the bandwidth B, the downlink rate is R = BR}, and the
channel outage probability is calculated by

Pout (R) B

1 1 (B—p

where erf (z) = % Iy e~ dv is the error function of .

R
IP(R<Rth):IP’(Rb< —‘h>

B. Heat Transfer Model

The working frequency of the CPU in smartphones
decreases when the temperature of the CPU exceeds a tem-
perature threshold [24]. Therefore, heat generated by the CPU
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lies at the heart of the power-consumption outage concept.
Based on the measurement results in [24], the heat gener-
ated from other modules, i.e., Wi-Fi, Bluetooth and global
position system (GPS), has no significant impact on the CPU
temperature. Moreover, the CPU is usually integrated with a
baseband processor into a core chip in existing smartphones.
Considering that signal processing and application processing
are executed in the baseband processor and CPU, respectively,
we analyze the heat transfer model of the core chip, and
integrate the CPU with a baseband processor in the following.

In Fig. 1, the mass and specific heat of the chip in the
smartphone are m (unit: g) and cepip (unit: J/kg - K), respec-
tively. The temperature of the chip in the smartphone is Tthip
(unit: Kelvin). Moreover, the temperature of a smartphone-
back-plate, whose area is A (unit: cm?) and is near the chip,
is Ty, in Fig. 1. The heat generated by the chip in the
smartphone raises the temperature Tihip, Which generates the
temperature difference between Tinip and Ty Afterwards,
the heat is transferred from the chip to the smartphone-back-
plate by heat conduction. Heat conduction occurs at the heat
sink, which is between the chip and the smartphone-back-
plate in Fig. 1. The length, area and thermal conductivity
of a heat sink are L (unit: mm), A and k; (unit: W/m - K),
respectively. Moreover, the thickness and thermal conductivity
of the smartphone-back-plate are; D (unit: mm) and ko (unit:
W/m-K), respectively. The heat, conducted to the smartphone-
back-plate by the heat sink, raises the temperature 7Tg,,. The
rise of Ty, causes the temperature difference between Ty, and
the environment temperature T¢,y, i.e., the temperature of air.
Accordingly, heat accumulated in the smartphone-back-plate is
dissipated by free air convection. The convection heat transfer
coefficient of air is h,;; (unit: W/m-K). Based on a heat transfer
theory [28], the heat dissipation power of free air convection
for a smartphone is expressed as

Qair = hairA (Tsur - Tenv) P (5)

where the unit of Q; is Watt and Ty < Tour < Teafe. Tsafe =
318 K, i.e., 45 °C, is the maximum temperature to avoid a
low-temperature burn on the users’ skin [8], [9]. Additionally,
Tafe 1s the upper bound of safe temperature at smartphone sur-
face [29]. When Ty, > T, protection measures in smart-
phones are triggered to reduce heat generation and decrease
Ty, €.2., decrease the working frequency of the chip [23].
In mobile communications, heat transferred by the heat sink
is divided into two parts; heat generated by the chip and
heat transferred from the amplifiers, i.e., low noise amplifiers
(LNAs) for downlink communications and power amplifiers
(PAs) for uplink communications [5]. Therefore, the total heat
generation power of the chip in a smartphone is given by

QTotal = Q?Ei’rmal + AQawm, (6)
where Q<hP

Thermas (UNit: Watt) is the heat generation power of
the chip in a smartphone, (Qay is the heat generation power
of LNAs and PAs, and ) is the heat transfer ratio from LNAs
and PAs to the chip. Considering that each antenna is equipped
with an LNA and a PA, Qawm is calculated by.

Qavm=Mg [(pr.Pina (1 — mina) + ConPea (1 —mpa)],  (7)

where P na is the power of the LNA and 7 na is the efficiency
of the LNA; FPps is the power of the PA and nps is the
efficiency of the PA; (pr, and (y are the fractions of downlink
and uplink transmissions, respectively, with {pp +{yL = 1 and
0 < ¢pL, CuL <1 [30].

Based on Landauer’s principle, the logically irreversible
computations of chips in smartphones increases the thermo-
dynamic entropy of the environment [31]. Considering that
there is no mass flow during the computations of chips in
smartphones, heat transfer is the only way to increase the
thermodynamic entropy of the environment [32]. Therefore,
the heat generation power of chips in smartphones Q%ffrmal is
equal to the computation power of chips Fepip (unit: Watt).

In Fig. 1, FPepip consists of three parts; the power consumed
by the baseband processing, application processing and the
systems’ operation. The baseband processing of a smart-
phone mainly consists of channel decoding for the baseband
processor in a downlink communication scenario. Moreover,
the power consumption of channel decoding is approximately
linear with the downlink rate [5]. Therefore, the power con-
sumption of the baseband processing is calculated by

Pgp = RKgplowky, (8)

where Kpgp is the number of logic operations per bit for
algorithms in baseband processing, Fj is the fan-out which
is the number of loading logic gates, and w is the activity
factor of transistors for the chips in smartphones. The switch
energy consumption of one transistor is F; which is given by

Et = GLbounda (9)

where Lyounda = kTeny In 2 is the Landauer limit and kg is the
Boltzmann constant. The gap between FE; and Lyoung is the
constant, G, which depends on the semiconductor technology.

Considering the scenario of transmitting multimedia data,
the data transmitted from a BS is decoded by the application
processor in a smartphone, i.e., the CPU. Moreover, the power
consumption of decoding multimedia data scales approxi-
mately linearly with the amount of multimedia data [33].
Therefore, the power consumption of the application process-
ing is calculated by

PAP = RKAPFowEt. (10)

Kap = NyFpie is the number of logic operations per bit
for programs in the application processing, where Ny is the
number of transistors in the application processor and Fpj
is the number of central processing unit (CPU) cycles per
bit [34]. Based on the results in [35], parameter Fii can be
modeled as a random variable with a gamma distribution for
multimedia applications [36]. Therefore, the PDF of Fy; is

given by
1 P\ i
fblt (Fbll) - BF (0&) < ﬁ ) e 7 )
where Fpy > 0, « is the shape parameter and [ is the scale
parameter of Gamma distribution. It is assumed that Fy; is
i.i.d. in different time slots.
The system operation power Fyygem is the power consumed
by maintaining basic system operations and running local

Y
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applications in a smartphone. Considering that no wireless
link is established between the BS and each smartphone at the
initial state, the smartphone maintains basic system operations
and running local applications, which means that the initial
value of Qow is equal to Piygem. Assume that the initial
state of the smartphone in Fig. 1 is thermal equilibrium,
i.e., the value of Qo is equal to Qg at the initial state.
Accordingly, the systems’ operation power can be estimated
by

Pﬂystem = hairA (Tq(l)lr - Tenv) 5 (12)

where T2,
Ts?u < Tsafe'
Therefore, the total heat generation power of chips in a

smartphone is calculated by
Qtota = PsB + Pap + Pyysem + AQam
= RFywE (Kp+ Kap)+ hair A (Ts?lr _Tenv) +AQam
= RbBFOWEI (KBB + ]Vterit) + hairA (T’s?lr - Tenv)
+AQawm, (13)

where Ry and Fy; are two independent random variables.

is the initial temperature of Ty, and Ti,, <

III. POWER-CONSUMPTION OUTAGE

In high-data-rate mobile communications, executing appli-
cations in smartphones needs a huge amount of computation,
which generates significant heat in the chip. The generated
heat is dissipated out of the chip by the heat sink in the
smartphone. When the total heat generation power of the chip
is larger than the maximum heat dissipation power of the heat
sink, the temperature of chips in smartphones Tty tises and
exceeds the threshold temperature of chips Ty,. In the case
where Teni, > Tin, a protection measure in the smartphone
is triggered to reduce heat generation by decreasing the
working frequency of chips. Considering that the working
frequency of the chip in smartphones is the computational
resource for applications and protection measures, decreasing
the working frequency would lead to computational overload,
i.e., no redundant computational resources would be available
to process data. The occurrence of computational overload
means the smartphone performance deteriorates, e.g., poor
video quality. Moreover, outage occurs when the system
performance of smartphones deteriorates. Therefore, power-
consumption outage is defined as the phenomenon that any
reduction of working frequency triggered by the overheating
of chips leads to computational overload. Under these condi-
tions, the three features of the power-consumption outage are:
overheating, decreased frequency, and overload, as described
below:

1) Overheating: Based on Landauer’s principle, the com-
putations of chips in mobile devices increase the ther-
modynamic entropy of the environment by heat transfer.
Overheating of chips in mobile devices indicates that a
huge amount of computation has been carried out for
computational tasks, e.g., signal processing, information
decoding, and data processing. Furthermore, overheating
raises the temperature of the chip to exceed the threshold
temperature.

2) Decreased frequency: Generating heat is a common
phenomenon in the computation of chips. To avoid the
occurrence of overheating, protection measures have
been built into mobile devices [37]-[39]. Decreasing
the working frequency of chips is the most common
protection measure [40]. For instance, when chip over-
heating occurs and its temperature exceeds the threshold,
working frequency decreases in order to reduce the heat
generation in mobile devices.

3) Overload: The computation capability of chips depends
on its working frequency and reducing it will also
decrease the chip computational resources, hence trig-
gering the device to activate its protection measure.
Under these conditions, overload occurs if there are
no redundant computational resources available to exe-
cute the computational tasks. This leads to an outage
in mobile devices, e.g., no redundant computational
resources for signal processing, information decoding
and data processing.

As smartphones are still the main mobile devices for the
high-data-rate applications in 5G and B5G systems, the power-
consumption outage probability of smartphones is analyzed
next.

A. Power-Consumption Outage Probability

As defined earlier, power-consumption outage is measured
as the likelihood of the occurrence of event Tty > Tin. The
relationship between Ty, and Ty, in Fig. 1 is derived based
on heat transfer theory, which is

z (Tchip - Tenv) = hairA (Tsur - Tenv) s (14)

where z = 1/ (ICILA + k% + ﬁ) Based on (14) and the
limit Ty, < Tyre, power-consumption outage does not occur
based on the following condition

hairA

Tchip < — (Tsafe - Tenv) + Tenva (15)

which indicates: Ty, = h“‘Z’A (Tiate — Tenv) + Teny. Therefore,
the value of Ty, depends on Tgg, which means that the
power-consumption outage is equal to occurrence of event;
Tsur > ﬂaf@

Lemma 1: Suppose the initial temperature of Ty, is TS?",
the total heat generation power of chip in smartphones is
QTotal, and the communication duration is ¢. The temperature
of Ty, which varies with ¢ in the one-dimensional non-steady-
state conduction process, is given by

_ =zt
Cchip”

" ) + (ﬂ?lr_Tenv) 67#;7” +Teny,
(16)

Tour (t) = gTojll (1 —€
air

where z =1/ (MLA + kz% + haier)'
Proof: See Appendix A.

Based on (13) and Lemma 1, Ty, (¢) is the function of
random variables Ry and Fii. Moreover, Ty, (t) depends on
communication duration ¢. Therefore, the power-consumption
outage probability is the probability that Ty, () > Tsape occurs,
ie., Pout [Tsur (t)] =P [Tsur (t) > Tsafe]-
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Theorem 1: Suppose that the communication duration is
t and the initial temperature of Ty, (t) is T2, i.e., Ty (0) =

TO.. The power-consumption outage probability is

Pout [Tsur (t)] =P [Tqur( ) > Tsafe]
| et (R e H Ry,

2 2(9)°T (o) ’
a7

1 hairA (Tsate sur)
BFUUJE[(KBBJFNU'FM[) 1 -2t

_e Cchip™

where X (i, t) = —AQam|,

erf () = % fox e~v"dv is the error function of z, and T (x) =
fooo r®~le~"dr is a gamma function of z.

Proof: Based on Lemma 1, the power-consumption out-
age probability for communication duration ¢ is calculated by

Pout [Tsur ()]
- P[ sur( ) > Tsafe]

[ghj (1_6—%;;7 )+ (T~

Tenv) € me "+ Teny > Toate

=t
P QTolalz hairA (Tsafe env) halr/if( sur Tenv)e Chip™®

1—¢ Cchip™

(18)

_ =zt
Baie A(Tuate = Teny ) = hair A Tigy—Temy e “ehip™

Define that Quax (t) = Lo

176_ Cchip™
Based on (13), the power-consumption outage probability is

derived as

P [QTolal 2 Qmax (t)]
= P[Pgg + Pap + Peystem + AQaM > Qmax (1)]
= E{P[Psg + Pap + Piysiem + AQaM > Qumax (1) | Foil }

= / P [Pap + Pap > Y (t) | Foie] foit (Foit) dFpit
0

_ Fiir
3

(Fbll)

T

:/ P[Pys + Pap > Y (1) | Fo]
0
(19)

where Y (t) = Qmax (t) -
(10), we can get

Piysiem — AQam. Based on (8) and

P[(Psg + Pap > Y (t) | Fbit)]
= P[RyBFywE; (Kpp + Kap) > Y (t) | Foit)

Y (t)
—P|R, > Fi
|: b= BFywE; (Kgg + Ny Fuir) | bl:|

=P[Ry > X (Foir, t) | Foir] - (20
where X (Fiy, t) is calculated by
Y (t)
X (Fyi, t) =
i t) = B oEs, (Ko + NeFor)
haer( safe ;Tq?lr) - )\QAM‘|
]_ — e Cchip ™
1
2D

>< .
BFywE, (Kgp + NuFpit)

Considering that R, is a Gaussian random variable, i.e., Ry ~
N (1,6%), the probability of P[Ry > X (Fii,t) |Fp] is
derived as
X (Frie, ) — M)
0v/2 '
(22)

1 1
PRy 2 X (Fbie, 1) [Fon] = 5 — §erf(

Based on (18), (19), (20) and (22), the equation (17) can be
derived, which completes the proof.

B. Joint Outage Probability

The channel outage is a type of outage that has been
well explored in mobile communication systems. The channel
outage, whose probability is P (R < Ry ), is caused by the
randomness of wireless channels where Ry, is the threshold
rate for the downlink. Under the channel outage condition (i.e.,
R < Ry,) the performance of mobile communication systems
becomes unacceptable [7]. On the other hand, the power-
consumption outage, as a new type of outage, caused by the
computational overload at mobile devices, can also deteriorate
the performance of mobile communication systems. As these
impacts both types of outage on the performance of the com-
munication systems, the joint outage probability of channel
and power-consumption outages are investigated as follows.

Computational resources of chips in smartphones are
required for computational tasks between BSs and smart-
phones, such as signal processing, information decoding and
data processing. Without sufficient computational resources,
the downlink rate; R, will be difficult to achieve. Let us define
Q as the indicator of redundant computational resources, which
is a random variable. The event that there are no redundant
computational resources for computational tasks is denoted as
) = 0, whose probability is P (£2 = 0). Moreover, Q = 1
is the event that indicates there are enough computational
resources available to execute computational tasks where the
probability is P (2 =1). Considering € and the channel
outage, the outage probability between BSs and smartphones
is calculated by

PQR< Rp) =P(QR< Ry/2=1)P(Q2=1)

+P(QR < RpQ = 0)P(Q=0),

where P (R < Ry|2 = 1) is the probability of event QR <
Ry, on condition that there are sufficient computational
resources. For 2 = 1, the outage probability in (23) depends
only on the channel outage, ie., P(QR < Ryp|2=1) =
P(R < Rn|2=1). P(QR < Ryp|?=0) is the probability
of event, QR < Ry, which is based on condition that
there are no redundant computational resources available.
In the case that 2 = 0, the computational tasks (i.e.,
signal processing, information decoding and data process-
ing), cannot be executed. This consequently leads to the
outage of mobile communication between BSs and smart-
phones, i.e., P(QR < Ryp|Q2=0) = P(0 < Ru|Q2 =0) and
P (0 < Ru|Q = 0) = 1. Therefore, (23) is converted to

(23)

(Q=1)+P(Q=0).
(24)
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When the power-consumption outage occurs in smart-
phones, the chips has no redundant computational resources to
execute the signal processing, information decoding and data
processing. Therefore, the probability mass function (PMF) of
Q is assumed to be

(25)
— P (T () > Tate)

which indicates that the occurrence of event 2 = 0 is caused
by event Ty > Tufe, i.€., the power-consumption outage.

Based on (25), we derive that

P(QR < Ru)
=P[R < Run|Tar (t) < Tiate] P [Tur (t) < Tsate]
+ P [Tour (t) > Thate]
=P[R < R, Tour (t) < Taate] + P [Tour (t) > Tiate]

= Pout [R7 Tsur (t)] s (26)
which is the joint outage probability of channel and
power-consumption outages. In (26), the joint outage prob-
ability, pou [R, Teur (t)], is the probability that any of
events Ty (t) > Tae and R < Ry will occur,
i~e-7 P [Tﬁur (t) Z Tsafe UR< Rth]'

Based on Lemma 1 and (13), the event Ty, (t) < Tiafe is
equal to the event

! o —T
hir A ( Tias thS“’) CAQaw
Cchip ™

R < £ 1=¢ = Runax (1),
FowFEy (Kgp 4+ Ny Fiir) ®)

27)

which indicates that P [Ty, (t) < Teage] = P[R < Rmax (1)]-
Moreover, the event Ty, (t) > Tipe is equal to the event

R > Rpyax (t), ie., P [Tsur (t) > Tsafe] =P [R > Rmax (t)]
Based on (27), Ryax (t) is a random variable, which is the
function of the communication duration ¢ and random variable
Fi. Defining a = FowEN,, b = FywE Kpg and ¢ (t) =
h/airA(Tcz\fe_TO )

sur

— — AQam, the expression of the random variable

Theorem 2: Suppose that ¢ (t) > 0. The PDF of the random
variable Rpax (t) is

[ Rmax ()]

)

a—1
— c(t) ct) b\ ()
afB°T(a)R2,,.(t) \aRmax(t) a
(28)
where 0 < Rpyax (t) < % The cumulative distribution
function (CDF) of the random variable Rpax (t) is

P [Rmax () < 7]

o 1 B\ g c(t)
I ﬁF(a)(ﬁ) ¢ 7 db, 0sr<—
c(t)
1 7
) /r > b )
(29)

where A = ¢B=br

Proof: Seg rAppendix B.

Lemma 2: Suppose that ¢(¢) > 0. Based on Theorem 2,
the probability that both events R < Ry, and Ty () < Tafe
occur simultaneously is (30), as shown at the bottom of the
page.

Proof: See Appendix C.

When c(t) < 0, we get Rmax(t) < 0. Consid-
ering R > 0, we derive that P[R > Rpax (t)] = 1,
ie, P [Tsur (t) > Tsafe] = 1 and P [Tsur (t) < Tsafe] =
0. Based on (26), P[R < R, Ty (t) < Teare] = and
Dout [R, Teur (£)] = 1 in the case of ¢ (t) < 0.

Therefore, the joint outage probability of channel and
power-consumption outages is calculated by (31), as shown
at the bottom of the page.

The joint outage probability of channel and power-
consumption outages depends on the values of R and
Rpnax (t). For a special case, Ruax (t) = Rm, and based on
(26) and (27), we derive the analytical expression of equation
(30) as P [R < R, Tour (t) < Tsafe] =P [R < th].

Subsequently, equation (31) is calculated as

Pout [R, Tour (t)]
=P[R < R, Taur (t) < Tate) +P [Taur (t) > Tiate]
=P[R < Rp] +P[R > Ruax (1)]
=P[R < Ry]+P[R > Ry

I—e Cap
Runax (1) is converted to Ryax (t) = a;::zrb. =1, (32)
th
1 1 Rinax (t)—Bu)}
= 4 Serf ((Bma W) Z B e ()] d R (¢ .
/ [2 : ( )| o OB )
P [R < Rthv Tsur (t) < Tsafe] = (30)
+ Pout (R) P [Rmax (t) > Rth] ,
P [Tsur (t) < Tsafe] ) R > %bt)
Ha [1 1 Runax (t) — B
/ — + —erf (max—>:| f [Rmax (t)] dRmax (t) c(t)
2 2 BOv/?2 0< Ry <=2
Pout [R7 Tsur (t)] = 0 \/_ o b (31)

L

+ Pout (R) P [Rmax (t) > th] =+ Dout [Tsur (t)] )

t
th> %a
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which ensures an outage occurrence in the special case:
Rmax (t) = th~

IV. PERFORMANCE OF MOBILE COMMUNICATIONS
A. The Maximum Receiving Rate of Smartphones

Based on Lemma 1, event Ty, (t) > Teare is equal to event
QTolal Z Qmax (t) where Qmax (t) is

hairA (T’%afe - Tenv _hairA Tq(l)lr
Qmax (t) = ) zt(

1—¢ Cehip™

zt

_ Tenv) e Cehip™

(33)

Qmax (1) is defined as the maximum heat dissipation power
of smartphones in the case where the communication duration
is t. Under such condition, the power-consumption outage
occurs when the value of Qo becomes larger than the value
of Qmax (t). Therefore, Qmax (t) is the energy limit, under
time constraint ¢, for the mobile communications between BSs
and smartphones.

In Theorem 2, R, (¢) is defined as the maximum receiv-
ing rate of a smartphone in the case where the communication
duration is t. Based on Lemma 1 and (13), the relationship
between Rnax (t) and Quax () is derived as

R _ Qmax (t) - qustem - )\QAM
max (t) -
FowEy (Kpp + Kap)

Based on Theorem 2, the PDF and CDF of the maximum
receiving rate of a smartphone is obtained. Considering that
P[Rmax (t) <] =1 in the case of r > %t), the upper bound
of Rimax (1) is given by
c(t)

b

(34)

Rupper (t) _

max

1 hairA (Tsafe -7 )

_ sur Y
FowEtKBB 1— - Ztm QAM

e Cehip

(35)

Moreover, the outage of mobile communications occurs in the
case of Rumhx (t) < 0.

The maximum receiving rate of a smartphone R,y (¢) is
the rate at which the data can be stably processed by the
chipset [5], which is different from the definition of the wire-
less channel capacity. When the value of the communication
duration is t, the outage of mobile communications occurs if
R > Ryuax (t). Therefore, the downlink rate at the time ¢ has
to satisfy Ry < R < Rmax (1) to avoid an outage of mobile
communications.

B. Capacity With Outage

The capacity with outage is relevant to the design of
mobile communication systems. Capacity with channel outage
is defined as the maximum transmission rate over a channel
with some channel outage probability [7]. The capacity with
channel outage is given as

C%“ = [1 — Pout (R)] Ry. (36)

where Ry, = MgrBlog (1 + pn), pm is the threshold SNR for
the downlink. The outage of mobile communications depends

not only on the channel state of downlink, but also on the heat
dissipation of mobile devices. Considering the joint outage
probability poy [R, e ()], the capacity with channel outage
is rewritten as

Ch 1, (£) = {1 = pou [R, Tour (£)]} Rin. (37)
Based on (26), pout [R;Twr (t)] >  pou (R). Therefore,

Cp oy, (1) < CH*and Cf 1 (1) C%", in the case of
Pout [Tsur (t)] =0.

By comparison to the definition of the capacity with channel
outage, the capacity with power-consumption outage is defined
as the maximum receiving rate of mobile devices that the
received data from BSs can be stably processed by the proces-
sor in mobile devices with incorporating power-consumption
outage probability. Considering smartphones, the capacity with

power-consumption outage is expressed as
O (1) = {1 = pout [Tour ()]} Ripax (1) ,

where R (t) is the threshold value of Rpax (t), ie., the
value of Rpax (t) in the case of Fuix = Fiihh. Fhithn 1S
the threshold CPU cycles for each bit. Considering the joint
outage probability poy [R, Te (t)], the capacity with power-

consumption outage is rewritten as
CRT, (8) = {1 = pou [R, Tour ()]} Rijax (1) -
Based on (26), pout [R, Tsur (t)] > Dout [Tsur (t)]. Therefore,

CR¥, (t) < C%l:ut, (t) and CR¥, (t) = C%l:ut, (t), in the case of
Pout (R) =0.

(38)

(39)

V. SIMULATION RESULTS

The numerical results of power-consumption outage are
investigated in this section. In our simulations, we adopt
the 5-nanometer semiconductor technology for the chip in
the smartphones where the value of G is estimated to be
454.2 [41]. The smartphone chipset is packaged with poly-
ethylene terephthalate (PET) whose specific heat is 1030 J/kg-
K [6], i.e., cenip = 1030 J/kg - K. We assume the heat sink in
smartphones is made of copper whose thermal conductivity
is 401 W/m - K [28], i.e., k1 = 401 W/m - K. In addition,
the material used in the smartphone-back-plate is assumed
to be 7075-T6 aluminum, an aluminum alloy whose thermal
conductivity is 130 W/m - K [42], i.e., ko = 130 W/m - K.
Moreover, the convection heat transfer coefficient of air is
26.3 W/m - K [28], i.e., har = 26.3 W/m - K. The default
values of pp =1 dB, Fiim,m = 0.1, (p. = 1, and Ts?,r = Teny
are configured in the simulations. Other default values of
parameters are listed in Table II.

The channel outage probability pey (R) with respect to SNR
and communication duration ¢ is shown in Fig. 2. As can be
seen from this figure, the value of poy (R) decreases as SNR
increases. We can also observe that the value of poy (R) is
independent of the communication duration.

Fig. 3 illustrates the power-consumption outage probabil-
ity, pout [Tsur (t)], as a function of SNR and communication
duration. From Figs. 2 and 3, we can observe that distri-
butions; pou [Tsur (t)] and pow (R) are different. The results
in Fig. 3 indicate that the value of poy [Twy ()] increases
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TABLE 11
SIMULATION PARAMETERS

Parameters Values
Number of antennas in BSs My 128
Number of antennas in smartphones Mg 4
Bandwidth B 1 GHz
Mass of chip m lg
Length of heat sink L 2 mm
Area of heat sink A 1 cm?
Thickness of smartphone-back-plate D 1 mm
Power of LNA P na 24.3 mW
Efficiency of LNA 7y na 59 %
Ratio of the heat transferred from 30 %

amplifiers to the chip A
Fanout Fg 4

Activity factor of transistors w 0.2
Number of transistors Ny 108
Shape parameter « 1
Scale parameter 3 0.1
Environment temperature 7,y 300 K

0.9

0.8

0.7

5 20

10
SNR p (dB
r (dB) Communication duration t (s)

Fig. 2. Channel outage probability with respect to SNR and communication
duration.

20
B30 35 40 4 s 5

Communication duration t (s)

SNR p (dB) 0

Fig. 3. Power-consumption outage probability as a function of SNR and
communication duration.

with an increase of SNR, when the communication duration
is fixed whereas the value of pou [Tsur (¢)] is dependent on the
communication duration. More specifically, pou [Tsur (t)] with
respect to SNR p has different distributions for different values
of t. When the value of p is fixed, the value of poy [Tur (1)]
increases with an extension of the communication duration.
For a fixed value of poyt [Tsur (t)], the results in Fig. 3 show that
the communication duration is shortened by increasing SNR.
When p = 5 dB, the power-consumption outage occurs, with
Pout [Tsur (t)] = 1, in the case of ¢ > 23 s. When p = 10 dB,

Poul Tourt)]
Fd
&

25
3035 a0 4 50 T C

Communication duration t (s) sur

Fig. 4. Power-consumption outage probability as a function of initial
temperature of smartphone-back-plate and communication duration.

the power-consumption outage occurs, with poy [Tour (£)] = 1,
fort > 13.4 s.

The power-consumption outage probability; as a function
of the initial temperature of the smartphone-back-plate 72,
and communication duration ¢ is shown in Fig. 4. When the
value of ¢ is fixed, the value of pou [Tsr ()] increases with the
rise of T2, i.e., a power-consumption outage occurs easily
at a high temperature of T2 Considering a fixed value of
Dout [Tsur (t)], the results in Fig. 4 show that the communication
duration is reduced as the temperature of 7%, increases. Based
on the results in Figs. 3 and 4, the power-consumption outage
probability depends on the values of p, T, and t.

Fig. 5 illustrates the joint outage probability; pou [R, Tsur (1)]
with respect to SNR p and communication duration ¢. The
contour plot of Fig. 5(a) is shown in Fig. 5(b). The results
shown in Fig. 5(b) indicate that the channel and power-
consumption outages create a valley in the distribution of
Pout [R, Tyur ()], which we call it the outage valley. Fig. 5(c)
shows pou [R, Teur ()] with respect to the communication
duration, ¢. Based on these results, the value of poy [R, Tsur (2)]
increases with an extension of communication duration when
Pout [R, Teur (t)] # 1. Considering that channel outage is
independent of communication duration (see in Fig. 2),
the results shown in Fig. 5(c) indicate that the value of
Dout [R, Teur (t)] is affected by the power-consumption outage
in the time scale, i.e., the communication duration. Fig. 5(d)
shows pouc [R, Teur (t)] versus SNR. In this figure, the value
of pout [R, Teur (t)] first decreases with the increase of SNR
and then grows after a certain point, which is the minimum
value of pout [R, Tsur (t)]. Moreover, the minimum value of
Dout [R, Teur (t)] increases with an extension of the commu-
nication duration.

For T2, = 311 K, i.e., 38 °C, the joint outage probability
Pout [R, Teur (t)] with respect to SNR and communication dura-
tion is illustrated in Fig. 6(a). Moreover, the contour plot of
Fig. 6(a) is shown in Fig. 6(b). A comparison of the results
in Fig. 5(b) and Fig. 6(b) show that the area of outage valley in
the contour plot shrinks with raising temperatures; 72,.. Based
on the results in Fig. 5(b) and Fig. 6(b), the outage valley is a
space where pou [R, Teur (t)] < 1. Moreover, the outage valley
depends on the SNR p, the communication duration ¢, and the
joint outage probability poy [R, Teur (t)]-

Considering the maximum receiving rate of smartphones
with power-consumption outage probability, the downlink

rate has to be less than the value of Ruthx (t) whose
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Fig. 5. (a) Joint outage probability as a function of SNR and communi-

cation duration; (b) contour plot of joint outage probability; (c) joint outage
probability vs. communication duration; (d) joint outage probability vs. SNR.

communication duration is t. The upper bound of the
maximum receiving rate of smartphones with respect to the
communication duration ¢ is illustrated in Fig. 7. The results
in this figure show that the value of Rybhy (t) decreases with
an extension of the communication duration. When the value
of t is fixed, the value of Ribhy (t) decreases with the rise
of TY..

Fig. 8 compares the capacity with respect to channel
outage, ie., C%" and Cg_Tm (t), in terms of SNR. The
results in Fig. 8 indicate that the value of CR p,, () first
grows as SNR increases and then drops after a certain
point, which is the maximum value of C%Tw (t). The max-

imum value of C . (t) decreases with an extension of the
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Fig. 6. (a) Joint outage probability as a function of SNR and communication

duration, considering that TS?H = 311 K; (b) contour plot of joint outage
probability.
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Fig. 7. Upper bound of the maximum receiving rate of smartphones with

respect to communication duration.
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Fig. 8. Capacity with respect to channel outage, i.e., C%" and C}k{, T (®),

as a function of SNR.

communication duration. Moreover, the results in Fig. 8 indi-
cate that C . (t) < CH".

Fig. 9 shows the capacity performance with power-
consumption outage, i.e., C3" (¢) and CR% (t). These results
indicate that the value of C" (t) depends not only on SNR,
but also on the communication duration. When the value of
SNR is fixed, the value of C'" () decreases with an extension
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Fig. 9. Capacity performance with power-consumption outage, i.e., C%:l[,, (t)
and CF% (t), as a function of SNR.
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Fig. 10. Normalized capacity with channel outage in joint outage probability,
ie, C'h T (t)/B , vs. joint outage probability.

of the communication duration. Based on the results in Fig. 3,
an extension of the communication duration increases the
value of pour [Tsur ()], which causes ' (#) to decrease. When
the communication duration is fixed, the value of Cf" (t)
increases as the SNR increases and stays constant when
CP (t) reaches maximum value. In the results of Fig. 9,
the value of CR%Y () first grows with the increase of SNR
and then decreases after a certain point which is the maxi-
mum value of CR% (¢). The maximum value of CR% ()
decreases with an extension of the communication duration.
Moreover, the results in Fig. 9 indicate that CR% t) <
CQ (t). -

Taking into account that —2 dB < pg < 10 dB,
Fig. 10 illustrates the normalized capacity with channel outage
in the joint outage probability, i.e., CQTW (t)/B, as a function
of joint outage probability pou [R, Ter (t)]. Fig. 10 shows
different curves representing the relationship between the
capacity-with-outage versus the outage probability and how
they can be influenced by the values of ¢ and p. As can
be observed, the curves are right-shifted by increasing the
SNR or shift up as a result of extending the communication
duration.

Based on the simulation results and the model in (13),
power-consumption for high data rates mobile applications
(e.g., ultra-high-definition live video, virtual reality, and holo-
graphic communication) can easily cause outage as a result of
excessive local-computations and long execution times.

VI. CONCLUSION

Power-consumption outage is a phenomenon that causes
the working frequency of chips to drop. This is triggered
by overheating, which leads to computational overload in

mobile devices. Moreover, we specify three features of the
power-consumption outage, which are: overheating, decreased
frequency, and overload. Furthermore, a power-consumption
outage probability is proposed for the first time to evaluate
the performance of B5G mobile communication systems.
Simulation results indicate that power-consumption outage
probability increases with an increase of SNR and an extension
of the communication duration. In other words, the joint
outage probability of channel and power-consumption out-
ages depends not only on SNR, but also on communication
duration. The size of the outage valley in the distribution of
joint outage probability shrinks with the rising temperature
of the smartphone-back-plate. Moreover, the upper bound of
the maximum receiving rate of smartphones decreases with
an extension of communication duration. Based on the joint
outage probability, the influence of communication duration
needs to be considered in the optimization of capacity with
outage.

Based on the theoretical results, a design guideline for
B5G communication systems is to prevent the occurrence
of power-consumption outage at mobile devices. The ratio-
nale behind this design guideline is to carefully trade off,
among the temperature of chip in mobile devices, down-
link rate and communication duration, to reduce the power-
consumption outage probability. In future work, we plan to
carry out further study to optimize the power-consumption
outage probability and compare our results with actual
measurements.

APPENDIX A
PROOF OF LEMMA 1

Proof: Considering the one-dimensional non-steady-state
conduction process, the differential equation of heat transfer
is given by

Qrotar - dt — q - dt = CchipTt * chhip; (40)

where Tty is the temperature of chip in smartphones, ¢
is the heat dissipation power of chip. Considering the heat
conduction of composite materials [28], the heat dissipation
of chip is calculated by

q==z (Tchip - Tenv) ) (41)
where z =1/ gﬁ + 25+ k1)
Based on (40) and (41), we can get
dt dTopi
- - chip . (42)
Cchip™l z (Tchip - Tenv) — QTotal

The solution of the differential equation (42) is derived as

1 1 __zt
Tenip = ~ Qowa + Teny + ;eNZe (43)

where N is the constant coefficient. Considering the initial
state, i.e., Tepip = Tc?ﬁp at ¢ = 0, the constant coefficient is
derived as

1
N = ; In (ZTC(})lip — ZTenv - QTotal) . (44)
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Based on (43) and (44), the temperature of T¢y;p, varying with
the communication duration ¢, is given by

_zt
env - QTotal

- Cchip™

1
TChip = ;QTolal + Tony + (Tc?up

=zt

Tenv) e Cehip™

(45)

L“h"’ " ) +Tenv+ (TChlp

1
= _QTolal (1_
z

Based on (14), the relationship between T,
case of t =0, is

Chlp and T2, in the

(T‘gup env) - haer ( sur Tenv) . (46)
Based on (14), (45) and (46), we can get
z
Tqur = m (Tchip - Tenv) + Tenv
z _ =zt
= haer |: Qotal (]- e Ccmpm) (Tc?up Tenv) e o
+ Tenv
QTotal — =2 z 0 — 2
= I A (1 — e Cehip ) + oA (Tchlp Tenv) e Cchip
+ Tenv
= % (1 — 6_ CC;‘;M) —+ (Crg?lr — Tenv) 6_ C“‘hz“’/m + Tenv.
air
47)
which completes the proof.
APPENDIX B
PROOF OF THEOREM 1
Proof: Consider that ¢ (t) > 0, Rpax (t) = a;b(ifzrb is the

monotonic function for all Fi; in the range {0, th)} More-

over, Fuiy = h [Rmax (t)], where h [Ryax ()] = aan(:i(t) — %.
If the random variable Fi;; > 0 has a gamma distribution with
shape parameter « and scale parameter 3, the PDF of R,,ax (t)
is derived as

f [Ruax ()]
_r. c (t) B b c (t)
= fblt |:aRmax (t) a,:| ameX( )

_ a0 ( c®) b)<—>
afeT (o) RIQnax (t)\aRmax (t) a .
(48)

Considering that @ > 0, b > 0 and r > 0, Ryax (t) < 7 is
equal to Fpy > c(t()l—;br. The CDF of Ryax (1) is calculated by

(-]

P [Rmax (t) < T] =P |:Fbit >
ar

= /f(Fbit) d Fi. (49)
o

where ¥ = {Fbit|Fbit >0, Fpig >

C(t()l—;b”} is the interval of
e(®)—br
ar

integration. Defining A = , the value of A is analyzed

as follows.

When A >0,1e.,0<r < %, the interval of integration
is U = {an|an > %} P [Rmax (t) < 7] is calculated
by

P[Ruyax (1) <7] = /A BF;W) <Fﬁbn> _ﬂdem (50)

which indicates that P[Ruyax (t) < 7] is equal to the com-
plementary cumulative distribution function (CCDF) of the
random variable Fpj;.

When A < 0, ie., r > %t), the interval of integration is
U = {Fyu| Foir > 0}. P[Rinax (t) < 7] is calculated by

1 Fy; it
P[mex <T / ( b[) Bh dFy = 1.

OT («
(5D
which completes the proof.
APPENDIX C
PROOF OF LEMMA 2
Proof: Considering that the event Ty () < Tife

is equal to the event R < Ruyax(t), we get that
P[R < R, T (t) < Teate] = P[R < R, R < Rpax (1))
Based on Theorem 2, P [R < Ry, R < Rpax (t)] is derived
as
P[R < Rm, R < Rmax ()]

=E {P [R < R, R < Riax (t) |Rmax (t)]}
c(t)
b

_ / PR < R, R < Runax (t) | Runax (£)]

0
% f [Runas (£)] dRupax (t) -

On the condition of 0 < Ry
R < Rpax (1)] is calculated by

P[R < Rn, R < Rax ()]
R
= /0 P [R < Rmax (t) |Rmax (t)] f [Rmax (t)] dRmax (t)

c(t)
+ / PR < Roo| Runas (£)] f [Runax (1)] dRuma (1),

(52)
S T) ) [R < Rth7

th
(53)
where
B 1 1 Rmax (t) - BIJ’
P [R < Rmax (t) |Rmax (t)] - 2 + 26rf< BH\/§ )
(54)
and
1L (Ra= Bu
]P[R < Rth|Rmax (t)] - 2+26rf< Bgﬂ >
=P [R < Rth] = pom (R) - (55)
Considering that P [Ryax (t) > Ru fR[h Rinax (1)]

dRmax (1), the equation (52) is converted to
P[R < Rpn, R < Ruax ()]

_ L, L p(Bmax () — By
_ /O {2 n 2erf< BTN ﬂ £ [Ronae ()] dRuneas (1)
+p0ut (R) P [Rmax (t) > Rth] . (56)
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On the condition of Ry > %2 P[R < R, R < Ruax (1)]
is calculated by

P [R < Ry, R < Rpax (t)]
c(t)
b

= P[R < Rmax (t) | Rmax (t)] f [Rmax ()] dRmax (t)

0
c(t
o101 Riax (1) — B/L):|
= —+—erf| ——————— Rm x (T dRm x (T
[ gt (P =Y R (0] s (0
X (Fit, -1 T
w1, erf [ X5=¢] ()™ e ¥ P 57)
2 2(8)°T () ’
where X (Fyi,t) = R’%"(t), (a) is calculated based on
Theorem 2 and Ry (1) = - ;}fﬁrb Based on Theorem 1,

we can obtain

P [R < Rth; R< Rmax (t)] =1-P [Tsur (t) > T’safe]
P [Tsur (t) < Tsafe] .

(58)

which completes the proof.
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