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ABSTRACT

We describe an algorithm to extract the complex refractive index of a material from reflectance and transmittance
measurements commonly taken by spectrophotometers. The algorithm combines Kramers-Kronig analysis with
an inversion of Fresnel’s equations to provide a direct method of solving for the refractive index which is accurate,
even for weakly absorbing materials. We discuss the details of the uncertainty analysis of the algorithm. The
algorithm is validated by extracting the complex refractive index of polydimethylsiloxane between 2 µm and
18 µm and comparing against existing literature.
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1. INTRODUCTION

Material optical properties are crucial in the design of any device which will interact with electromagnetic
radiation. This includes not just optical components such as lenses, mirrors, and filters, but also any system
which will emit or absorb thermal radiation. For linear, isotropic, and non-scattering media, the complex
refractive index can completely describe the thermal radiation emitted by a material. Radiative heat transfer is
an inherently broadband phenomenon, so broadband optical properties of materials are required to model it. In
this work, we will present a numerical algorithm for extracting broadband optical properties of materials from
common reflectance and transmittance measurements. The outline of this work is as follows. First in Sec. 2.1,
we will discuss a technique to directly invert reflectance and transmittance to determine the complex refractive
index of transmitting samples. Next in Sec. 2.2, we will describe the application of Kramers-Kronig analysis to
reflectance data and cover two key innovations which improve the analysis. Then in Sec. 2.3, we discuss how
these two methods may be used in tandem to form a direct method which may be applied to any material with at
least two transmission bands. Finally in Sec. 3, we apply the algorithm to measurements of polydimethylsiloxane
(PDMS) to extract its complex refractive index and compare the result to existing literature.

2. DIRECT DETERMINATION OF OPTICAL CONSTANTS

Throughout this work, we will define the complex refractive index, ñ, as ñ = n + iκ where the real part, n, is
commonly referred to simply as the refractive index and the imaginary part, κ, is the extinction coefficient. A
number of methods exist for determining the complex refractive index from measurements of reflectance and/or
transmittance.1–9 Most attractive for their simplicity are direct methods, i.e., those which may be written
ñ = f(R, T ), where R and T are measured values of reflectance and transmittance. The function f varies from
method to method but is a known function of R, T , and perhaps other easily accessible variables. Many direct
methods involve inverting Fresnel equations, which can often be extremely sensitive to noise in the measurands.10

In this work, we will utilize two direct methods which are less susceptible to measurement noise: an analytical
solution recently put forth by Nichelatti11 and the Kramers-Kronig relations.12–17
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Figure 1. Schematic of measurement geometry.

2.1 Nichelatti’s Method

Nichelatti examined the case of a thick slab of material with two smooth, parallel faces (see Fig. 1 for a
schematic).11 The material of interest, labeled 2, has thickness h and is embedded between two regions labeled
1 and 3. For the purposes of this work, regions 1 and 3 will be taken as vacuum. A ray of light, depicted by an
arrow, impinges on the interface between regions 1 and 2. Subsequent reflections and transmissions are shown
by the various daughter rays. If the initial ray is taken to have unity intensity, then the first surface reflectance
is shown as R12. The reflectance including all contributions from internal reflections is shown as R123. Similarly,
the total transmittance taking into account all internal reflections is shown as T123.

Nichelatti determined a direct method of inverting Fresnel’s equations for reflectance and transmittance to
extract the complex refractive index. The solution is valid for thick slabs (i.e., those in which the multiple
reflections of light between the parallel faces add incoherently). The key results of Nichelatti’s work are
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λ

4πh
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(
R12T123

R123 −R12

)
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+

√(
1 +R12

1−R12

)2

− 1− κ2 , (2)
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√
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and λ is the wavelength. Though not explicitly written here, it is important to note that n, κ, R123, T123, and
R12 are all functions of λ. Explicit formulas for the propagation of experimental uncertainty in Eqs. (1)-(3) are
given in Appendix A

Recent work by Brissinger verified Nichelatti’s method gives accurate results when using reflectance mea-
surements at near-normal incidence.18 Furthermore, Brissinger provided an estimate of the greatest extinction
coefficient Nichelatti’s method can accurately discern, based on the noise floor of the instrument’s transmittance
measurements, Tnoise:

κmax =
λ

4πh
ln

[
(1−R123)

2

Tnoise

]
. (4)

2.2 Kramers-Kronig Analysis

Kramers-Kronig analysis is a mathematical technique which takes advantage of the link between the real and
imaginary parts of certain analytic functions. The theory, application, and limitations of Kramers-Kronig analysis
has been documented thoroughly by various researchers.12–17,19–24 In this work, we will apply Kramers-Kronig
analysis to the Fresnel reflection coefficient. The Fresnel reflection coefficient is related to both R12 and ñ by

r =
√
R12 exp (iδ) =

ñ− 1

ñ+ 1
, (5)



where δ is the phase angle of r. Applying Kramers-Kronig analysis to Eq. (5), we get

δ(ω) =
−ω
π
P
∫ ∞
0

ln (R12(ω′))

ω′2 − ω2
dω′ , (6)

where ω′ is an arbitrary integration variable, ω = 2πc/λ is the angular frequency, c is the speed of light in
vacuum, and P indicates the Cauchy principal value. Equation (6) has two important characteristics to note at
this time. First, the value of the integrand is not finite for ω′ = ω. Indeed, that is exactly why we must take the
Cauchy principal value of the integral. Second, the value of the phase at any single frequency is impacted by the
value of reflectance at all frequencies. To evaluate Eq. (6), for an arbitrary sample, even over a finite range, we
would need to measure the value of R12 at every frequency.

To overcome these two challenges, we draw on innovations from past works. First, we use an integral which
evaluates to the same value but has an integrand which is always finite. That new integral has previously been
described by Yamamoto and Masui25 and is given by

δ(ω) =
−ω
π

∫ ∞
0

ln (R12(ω′))− ln (R12(ω))

ω′2 − ω2
dω′ . (7)

Second, we apply a technique innovated by Roessler22–24 to address the finite measurement range of their
data. Many past works have used extrapolation procedures to artificially extend the range of their data, such
as assuming the value of R12 is constant outside the measured range26 or fitting a model to the ends of the
measured data and extrapolating it outward.27–30 Roessler’s technique, however, requires only data within the
measurement range. Although the integral for δ used by Roessler was not identical to Eq. (7), their technique
may be applied to Eq. (7) as well. Roessler broke the integral into three parts and treated each separately.
Doing so, we get

δ(ω) = α(ω) + β(ω) + γ(ω) , (8)

where
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π
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and ωupper and ωlower are the upper and lower frequency bounds of the experimental data, respectively. Equation
(10) may be evaluated directly from the experimental data using numerical integration. Integrating by parts, we
evaluate to Eq. (9) and (11) to get
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]
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(
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)
, (13)

where Cα(ω) and Cγ(ω) are weakly varying functions within [ωlower, ωupper].

By approximating Cα(ω) and Cγ(ω) as constant within the measurement range, the problem of needing
information from all frequencies outside the measurement range is reduced to a problem of needing the value of
the phase of r at two frequencies within the measurement range. With that information, we may solve for Cα
and Cγ directly. For any sample which transmits at two frequencies and meets the assumptions of the method,
we may apply Nichelatti’s method to obtain the values of n and κ and thus obtain δ at those two frequencies
from Eq. (5).



2.3 Numerical Algorithm

In this work, we propose the following algorithm for measuring the complex refractive index:

1. Measure R123 and T123 over as broad of a spectral range as is feasible. Confirm that two transmission
bands exist in the spectrum of T123.

2. Use Eq. (3) to compute R12 from R123 and T123.

3. Apply Nichelatti’s method to directly solve for n and κ at all frequencies for which the value of T123 is
statistically distinguishable from zero, as determined by the uncertainty of the measurement.

4. Compute the phase of r using n and κ at two frequencies. In practice, the location of these two frequencies
is best when R12 is flat at each location and the frequencies enclose the portion of spectrum which does
not transmit.

5. Compute β(ω) using Eq. (10) and numerical integration.

6. Solve for Cα and Cγ using Eqs. (8), (10), (12), (13), and the two known values of phase.

7. Compute δ for all values of frequency. Use Eq. (5) to solve for ñ.

8. For any frequency for which the value of n and κ has been computed using both Nichelatti’s method and
Kramers-Kronig analysis, choose the value with a smaller uncertainty. In many cases, this tends to mean
choosing values of κ from Nichelatti’s method and values of n from Kramers-Kronig analysis. See Appendix
A for discussion of uncertainty for each method.

3. REFRACTIVE INDEX OF PDMS

In order to validate this method, we applied it to measurements of PDMS and compared the results against
a recent work which characterized the infrared refractive index using infrared ellipsometry.31 Two samples of
PDMS, henceforth referred to as Sample 1 and Sample 2, were prepared with thicknesses (0.11 ± 0.02) mm and
(1.91 ± 0.02) mm, respectively (k = 2 expanded uncertainty). The reflectance and transmittance of each sample
was measured between approximately 2 µm and 18 µm using a custom Fourier transform infrared spectropho-
tometer equipped with an integrating sphere.32–36 The resulting measured values are shown in Fig. 2. Also
shown are the computed values of R12 and the k = 2 expanded uncertainties for each quantity. Sample 1, which
is much thinner, has transmission bands between approximately 2 µm and 8 µm and between approximately
14 µm and 18 µm. Sample 2, however, only has transmission bands for wavelengths less than about 5 µm. It is
important to note that R12 computed from both samples’ measurements match within the expanded uncertainty,
validating Eq. (3).

The algorithm in Sec. 2.3 was then applied to the data in Fig. 2, the results of which are presented in
Fig. 3. Cα and Cγ were determined by using the complex refractive index obtained from Nichelatti’s method at
3.44 µm and 15.25 µm. The result compares favorably to that of Ref. 31. For most wavelengths, the difference
in n falls within the expanded uncertainties of the two methods. At short wavelengths, κ differs significantly in
two wavelength bands. The differences between the two works should be explored further in future work. The
uncertainty from this work was determined for Nichelatti’s method by the explicit formulas in Appendix A and
by a Monte Carlo simulation for Kramers-Kronig analysis. The computed uncertainties are generally lower or
equal to that from Ref. 31.

4. CONCLUSION

We implemented an algorithm for determining the complex refractive index of a material over a broad spectral
range from spectrophotometric measurements. We validated the algorithm by computing the complex refractive
index of PDMS between 2 µm and 18 µm and comparing the result against existing literature. Our results match
the existing literature for most wavelengths and generally have lower or equal uncertainties, proving the algorithm
is a powerful tool for analyzing commonly recorded reflectance and transmittance measurements.
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Figure 2. Measured reflectance/transmittance, calculated first surface reflectance, and associated uncertainties.
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Figure 3. Complex refractive index of PDMS and associated uncertainties.



Future work in this area should determine a more rigorous way of selecting the most accurate and lowest
uncertainty refractive index value when multiple values are determined, either by different samples or different
methods. Further, better approximations for Cα(ω) and Cβ(ω) should be investigated. Finally, the best algorithm
for numerically computing β(ω) should be determined to improve accuracy and uncertainty.

APPENDIX A. UNCERTAINTY ANALYSIS

A.1 Nichelatti’s Method

Starting from the measurement equations

κ =
λ

4πh
ln

(
R12T123

R123 −R12

)
(1 revisited)

n =
1 +R12

1−R12
+
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)2

− 1− κ2 , (2 revisited)
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123 − (1−R123)2 −
√
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2(2−R123)
, (3 revisited)

we can write the Taylor approximation for uncorrelated parameters as
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where u (x) is the standard uncertainty of any variable x. Evaluating the partial derivatives in Eqs. (14)-(16),
we get

1
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A.2 Kramers-Kronig Analysis

The uncertainty of δ is dependent on the integration algorithm and the form of the integral used. i.e. using Eq.
(6), Eq. (7), or some other equivalent integral. Here we will examine the propagation of the uncertainty of δ
into values of n and κ.

Starting from the measurement equations

n =
1−R12

1 +R12 − 2
√
R12 cos δ

(27)

κ =
2
√
R12 sin δ
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√
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we can write the Taylor approximation for uncorrelated parameters as
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Evaluating the partial derivatives in Eqs. (29) and (30), we get
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√
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The explicit uncertainty formulas for n and κ reveal a weakness of the Kramers-Kronig approach: it can
amplify uncertainty of the measurands. For weakly absorbing materials (small κ which implies small δ), the
relative standard uncertainty of κ, u(κ)/κ, grows to infinity. For the same case, the relative standard uncertainty
of n can actually reduce that of R12. For δ → 0, u(n)/n = [

√
R12/(1−R12)][u(R12)/R12]. Therefore the relative

standard error of n will be less than that of R12 for all values of R12 less than 3/2 −
√

5/2 ≈ 0.38. That
corresponds to highly transparent materials with refractive indices less than approximately 4.24.
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