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Optimal strategies for optical quantum memories using long-lived noble-gas spins

Or Katz®,"*>% Eran Reches

,234%% Roy Shaham ®,%>° Eilon Poem,’

Alexey V. Gorshkov ®,” and Ofer Firstenberg ©2
1School of Applied and Engineering Physics, Cornell University, Ithaca, New York 14853, USA
2Department of Physics of Complex Systems, Weizmann Institute of Science, Rehovot 76100, Israel

3Max-Planck-Institut fiir Quantenoptik, 85748 Garching, Germany

4 Fakultdt fiir Physik, Ludwig-Maximilians-Universitit Miinchen, 80799 Miinchen, Germany

SHarvard-MIT Center for Ultracold Atoms, Cambridge, Massachusetts 02138, USA
®Department of Physics and Department of Chemistry and Chemical Biology,
Harvard University, Cambridge, Massachusetts 02138, USA

7 Joint Quantum Institute and Joint Center for Quantum Information and Computer Science,

NIST/University of Maryland, College Park, Maryland 20742, USA

® (Received 7 November 2024; accepted 17 November 2025; published 29 December 2025)

Nuclear spins of noble gases exhibit exceptionally long coherence times and can potentially serve as a long-
lived storage medium for quantum information. We analyze and compare the performance of two mechanisms
for mapping the quantum state of light onto the collective spin state of noble gases. The first mechanism utilizes
collisional exchange with the electronic spin state of metastable noble-gas atoms, while the second relies on
spin-exchange collisions with ground-state alkali-metal atoms. We describe the operation of an optical quantum
memory relying on these two mechanisms using a compact model and study strategies that optimize the memory
storage efficiency. Through numerical simulations, we identify optimal sequences for storing optical signals with
different signal bandwidths and electronic spin relaxation rates. This work highlights the qualitative difference
between the two approaches for using noble gases as long-lived quantum memories at noncryogenic conditions
and outlines the regimes in which they are expected to be efficient.
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I. INTRODUCTION

Optical quantum memories enable the storage and retrieval
of nonclassical photonic signals. High-performance memories
are vital for various quantum-optics applications, includ-
ing quantum communication, entanglement distribution, and
universal quantum computation [1-5]. The memory storage
duration is ultimately limited by the coherence time of the
material state utilized by the memory.

Nuclear spins in the cores of noble gases are enclosed
by complete electronic shells, which isolate them from the
environment [6—10]. They can maintain their quantum state
for many hours and thus serve as a robust storage medium.
However, their optical transparency and the absence of strong
dipole transitions hinder their suitability for light-storage
applications. Electronic spins in atoms, however, can act
as mediators, efficiently coupling to photons via the dipole
interaction and enabling access to nuclear spins through
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magnetic-like interaction. Nuclear spins in noble gases can
couple to the electronic spins of another optically accessible
atomic ensemble through random collisions. The latter en-
semble can be either a noble gas in an electronically excited
metastable state, where the coupling occurs via metastability-
exchange collisions governed by the Coulomb interaction
[11], or an alkali-metal vapor in its electronic ground state,
where the Fermi-contact interaction mediates the coupling
[12,13]. Both collisional mechanisms have been proposed as
interfaces for utilizing noble-gas spins as long-lived optical
quantum memories [11,14], primarily focusing on ultralow-
bandwidth signals or configurations where the mediator’s
relaxation is negligible.

The memory performance depends on a set of input control
fields, which shape the response of the spins and determine
their efficiency to store or retrieve photons. For optically
accessible memories in a standard A configuration, optimal
control analysis reveals an optimal mapping that enables stor-
age of finite bandwidth optical signals via temporal shaping
of an optical control field [15,16], with recent extensions
for high-bandwidth pulses [17] or single photon-generation
schemes [18,19]. In the absence of spin relaxation, this map-
ping features a universal memory efficiency, which depends
exclusively on the degree of optical coupling (e.g., optical
depth or cooperativity). However, in quantum memories based
on nuclear spins, the magnetic-like coupling strength between
nuclear and electronic spins is fixed, and can be further ac-

Published by the American Physical Society
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FIG. 1. Optical quantum memory using nuclear spins of noble gases. (a) An input optical signal (green) is coherently mapped, via electronic
spins, onto the state of noble-gas spins. € denotes the annihilation operator of the optical field in the cavity. &y, () is the annihilation operator
for the input (output) optical field. The input pulse has a bandwidth 2B, where &, is the Fourier transform of the input pulse. Our simple model
qualitatively describes platforms where the electronic spins are either (b) of noble gases in a metastable state, e.g., *He, or (c) of alkali-metal
atoms in their electronic ground state. €2(7) is the Rabi frequency of the optical control field. J is the fixed, magnetic-like coupling between the
nuclear and electronic spins; it originates from metastability-exchange collisions in panel (b), and from spin-exchange collisions in panel (c).

companied by non-negligible relaxation of the electron spins.
Consequently, the standard optimal storage protocols, which,
e.g., rely on temporal shaping of the coupling strengths, are
no longer applicable.

Here, we study the storage of light onto the collective
nuclear spin of an ensemble of noble-gas atoms. We nu-
merically analyze optimal strategies and compare the two
main approaches for such a memory, which are based on ei-
ther metastability-exchange or spin-exchange collisions with
excited-state noble gases or alkali-metal atoms, respectively.
For both approaches, we study numerically optimized so-
lutions for variable optical bandwidth of the signal and
nonzero relaxation of the mediator, extending previous anal-
yses. We observe that the metastability-exchange approach
demonstrates highly efficient storage only for low-bandwidth
signals, where the signal is protected via mapping onto a
decoherence-free subspace, whereas at higher bandwidths,
optimal pulses can achieve moderate efficiencies via nona-
diabatic solutions. For the case of spin-exchange collisions,
our analysis extends previous analytical protocols and shows
that efficient memory operation can be realized for a large
range of bandwidths and magneticlike coupling strengths. Our
study delineates the necessary conditions for implementing
efficient, hours-long quantum memories under noncryogenic
conditions.

The paper is organized as follows: In Sec. II, we present
the model studied in this work, consisting of an ensemble
of noble-gas spins coupled via collisions to an ensemble of
electron spins, which in turn interact with a single mode of
an optical cavity. We provide the full equations of motion,
describe the adiabatic elimination of the optical coherence,
and define the storage efficiency as a key metric for eval-
uating memory performance. In Sec. III, we look in detail
into the structure of this efficiency and reveal it’s gen-
eral form, mapping the relevant parameters. In Sec. IV, we
study analytically storage of light based on metastability-
exchange collisions with an electronically excited noble
gas. In Sec. V, we present the main analytical results of
Ref. [14] for storage of light based on spin-exchange colli-
sions with alkali-metal vapor. In Sec. VI, we extend these

analyses through numerical optimization of the storage se-
quences for both memory configurations and compare their
performance. We discuss the implications of these results in
Sec. VIL

II. MODEL

In this section, we present the model studied in this work:
an ensemble of noble-gas spins coupled through collisions to
an ensemble of electron spins, which in turn interacts with a
single optical cavity mode.

A. Equations of motion

The system we consider, illustrated in Fig. 1, consists
of nuclear spins of noble gases and an ensemble of elec-
tronic spins. In Fig. 1(b), the electronic spins correspond to
metastable noble-gas atoms, while in Fig. 1(c), they repre-
sent alkali-metal atoms. The electronic spins interact with
an optical signal field & through the electric-dipole inter-
action. Each electron spin is modeled as a A-system with
two spin levels (]} ) and |1)) in the electronic ground state
and one electronically excited state |p), an approximation
valid when the excitation bandwidth and the generalized Rabi
frequency (including detuning) are both much smaller than
the excited-state energy-level separation, and also under cer-
tain conditions in the far-off-resonant regime as discussed in
Sec. VII. To simplify the model, we work with a single-mode
cavity described by the annihilation operator £ and coupled
to the symmetric, collective, and optical dipole described by
annihilation operator P = \/;Ni. >, 1 Lalpla (e, driving the
|[{) — |p) transition), where N, 3> 1 is the number of elec-
tronic spins. A classical control field with Rabi frequency 2(z)
drives the |p)— | 1) transition, thereby coupling the signal field
to the collective electron spin coherence with the annihilation
operatorS = \/LNT > o | {)a({1la [16]. This two-photon process

circumvents the rapid decoherence of the optical dipole P
(e.g., due to spontaneous emission, pressure broadening, or in-
homogeneous broadening) and, by modulation of €2(¢), allows
for the storage of the optical signal on and its retrieval from the
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spin S. At this point, S may serve as a quantum memory for
N < N, photons, whose lifetime is limited by the relaxation
rate y; of the electron spins [20-26].

We consider N, spin-1/2 nuclei with down and up spin
states | ), | ), as shown in Figs. 1(b) and 1(c). These spins,
which we use as our quantum memory, weakly interact with
their surroundings. As a result, their collective spin anni-
hilation operator K= ﬁ > L 4)s {1 |, has extremely low

decoherence rate y < ys [13].

When the optical input signal with temporal bandwidth 2B
enters the cavity, it interacts with the optical dipole and, in the
fast-cavity limit, gives rise to the output field [16]

Eou = &+ iy/21,CP. (1)
C is the cooperativity, which characterizes the atom-photon
interaction strength and is proportional to the product of the
cavity finesse and the optical depth of the atomic medium
[27,28]. ¥, denotes the dephasing rate of the atomic opti-
cal dipole and y,C corresponds to its stimulated emission
rate [14].

The two systems differ in terms of the nature of the
electronic spins and the coupling mechanism between the
electronic and nuclear spins. However, for spin-polarized en-
sembles, we can describe the dynamics of both approaches
using the Bloch-Heisenberg-Langevin model in a concise
manner [29,30]. While the complete equations, which include
quantum noise terms, are stochastic, the memory efficiency
and bandwidth are governed by the deterministic part, which
is described by!

AP = —((C+ 1) +iNP +iQ8 + iy/21,Cén, ()
S = — (s +i8)S +iQ*P — iJK, 3

3K = —(n + i8OK — ieJS. 4)

Here, A denotes the (single-photon) detuning of the atomic
optical transition from the cavity resonance, §; is the Ra-
man (two-photon) detuning, and 8 is the detuning of the
entire three-step process. J denotes the collective magneti-
clike coupling rate between the electronic and nuclear spin
ensembles. The parameter £ = F1 differentiates between the
two experimental configurations we study: & = —1 describes
metastability-exchange dynamics for collisions with noble-
gas atoms in a metastable state (see Appendix A for derivation
based on Ref. [11]), whereas & = +1 describes the spin-
exchange dynamics for collisions with alkali-metal atoms, as
derived in Ref. [13].

We aim to find and characterize a controllable and
reversible process that efficiently transfers the quantum exci-
tations from fin to the nuclear spins K and then back from
K to éoul. In the following, it is important to note that the
parameter y; is not negligible, and the coupling J between S
and K remains constant, which limits the applicability of the
temporal control typically utilized in A-type memories [16].

The stochastic part is mainly responsible for the preservation of
commutation relations through the introduction of vacuum noise
[5,13,16]. Specific noise terms for this model are provided in
Refs. [14,31].

B. Adiabatic elimination of the optical coherence

In this work, we focus on the regime where |y,C +
iA| > B, |92],10,2/2|, J, ensuring that the dynamics of the
electronically excited level |p), and therefore the optical
dipole P, are much faster than the ground-state coherences
associated with S and K [11,14,16]. In this regime,2 the
optical dipole operator in Eq. (3) is in a quasisteady state,
approximately satisfying 9,7 = 0 in Eq. (2). This leads to

5 iQS +iy/2y,Cén )
o pCH D) +iA
which, when substituted into Eq. (3), yields the simplified
dynamics of the alkali-metal spins:

98 = —(ys + To +i6)8 —iJK — 0" (6)

Note that the excitation (P"P) « 1 remains small in this
regime, further ensuring that P adiabatically follows the
ground-state spin coherence and the slowly varying input
field. Following Ref. [14], we define the quantities

2

e A @
V2%C
0=V ®)

Yp(C+ 1) +iA

Intuitively, ', represents the rate at which photons are re-
trieved via the alkali-metal spins during retrieval, while QQ*
characterizes the rate at which the input field couples to the
alkali-metal spins during storage. Equations (4) and (6) thus
describe the evolution of ground-state spin coherence during
both storage and retrieval.

C. Storage efficiency

To characterize memory performance, we focus on storage
efficiency as the primary metric. It is defined as the ratio of
collective spin excitations stored in the long-lived collective
spin mode to the number of input optical excitations (signal
photons) [16]. The storage efficiency is given by [14]

__(RiKu(m)
ST EOE )t

where T; denotes the time at which the storage process be-
tween photons and spins is complete. The operator K, =
axK + asS represents a bosonic annihilation operator’ as-
sociated with the longest-lived collective spin coherence of
the electronic and noble-gas spins, satisfying [K,. I@;] =1
As discussed below, for spin-exchange collisions with alkali-
metal atoms, we have ag =0 and ag = 1, so that I@a =
K. For metastable-exchange collisions, we have ag < ox,
meaning that in both cases, K, is either entirely or nearly a
collective noble-gas spin excitation.

€))

2Gorshkov, et al. [16] demonstrate that for three-level systems, the
condition |y,C + iA| > B is sufficient to ensure adiabatic following
under optimal storage and retrieval.

3The collective spin operators for large atomic ensembles are
treated as bosonic operators within the Holstein-Primakoff approx-
imation (see, e.g., [5,13]).
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III. MATHEMATICAL STRUCTURE
OF THE STORAGE EFFICIENCY

In this section, we analyze the mathematical structure of
the storage efficiency and identify its dependencies on system
parameters.

Equations (1)—(4) are linear in the spin and photonic
operators, meaning that the results for storage efficiency
are independent of the number of photons in the signal
(N). Therefore, for all efficiency calculations, we set N =
f_Too |Ein(t)|?dt = 1 corresponding to a single incoming pho-
ton. This simplifies the efficiency expression in Eq. (9) ton =
(ICL(T/)I@O,(T’)). However, we emphasize that these mem-
ories are not limited to single-photon storage and can, in
principle, store any distribution of photonic excitations asso-
ciated with the input field.

To identify how the storage efficiency depends on system
parameters, we rewrite the equations of motion in normalized
units. We start by defining yo = Re(I'g) and g = Im(I'g) as
the real and imaginary parts of the power broadening rate I'q,
from Eq. (7). We then rewrite the term

w_ [To [ — [ C
o8 = r:V e 2vey 10

in Eq. (6) [see also Eq. (8)], noting that the first two factors
are complex numbers with unit modulus. We define the phase

notation e'%2 = | /Tq/T%/Q*/Q and rewrite Eq. (6) as
S = —(ys + va +i( + 8))S — iJK
— €%/2y0,/ 5. (11)

To eliminate the phase factor, we apply the transformation
S — 28 and K — ¢/*2 K, which does not affect the storage
efficiency in Eq. (9). This transformation modifies Eqs. (4)
and (11) into

8 = —(vs + va + 88 — iIK — V2ya/icén,  (12)

WK = —(n + 8K — igJ 8, (13)

where the detunings are shifted as 8 = 8 + g + 3,0 and
0k = Ok + 0;¢Pq, and the partial efficiency

- (14)

T CE
denotes the maximal storage efficiency in three-level systems,
determined by the cooperativity C [16]. Finally, we introduce
dimensionless variables by defining the dimensionless time

T = y4t, leading to
g 2y &
VSIC ‘/—ys Eins (15)

atléz_(&_i_@)]&—iéié. (16)

Vs Vs

A_ i;s A
98 =—(1+224+2)5 —

The normalized field éi’n(t) = ﬁéin(t) /+/¥s NOW contains
nc = C/(C + 1) excitations, depending only on the cavity
cooperativity with the electron-spin ensemble, and has a
dimensionless bandwidth 2B/y;. From Egs. (15)-(16), we

deduce that the storage efficiency takes the form

w J B
W(C’VkaVs’JyB):UCnoo 75_1_7€: ) (17)

S S Vs
with control fields yq(t)/vs, 8s(t)/ s, and 8i(t)/ys that can be
optimized to maximize efficiency.

As a consistency check, we numerically examined the
dependence of the storage efficiency on C for the adiabatic
and sequential strategies in Secs. V B and V C. These results,
presented in Appendix B, show excellent agreement with
Eq. (17).

IV. MEMORIES BASED ON METASTABILITY-
EXCHANGE COLLISIONS

In this section, we analytically study the storage of light
based on metastability-exchange collisions with an electron-
ically excited noble gas. We identify the decoherence-free
subspace associated with the metastability-exchange coupling
that is suitable for the memory operation and estimate the
storage efficiency in the adiabatic regime.

A. Physical mechanism

The nuclear spin of noble-gas atoms in the electronic
ground state can be coupled with the spins of atoms in
a metastable electronically excited state through collisions.
The ensemble of metastable atoms is typically generated and
maintained using pulses of electrical discharge. While the
study of various noble-gas atoms has been conducted [32,33],
in this work, we focus on an ensemble of *He atoms, which is
commonly considered in practical applications [7,10,34]. We
refer to the electronic ground-state manifold as 1'Sy and the
electronic metastable manifold as 23S;. The excited electronic
manifold is 2°Py. The excited- and metastable-state manifolds
can be controlled through optical transitions at 1083 nm,
whereas the ground- and metastable-state manifolds exchange
electronic configurations due to the exchange interaction in
the so-called metastability- exchange collisions.

We adopt the assumptions presented in Ref. [11], which
analyzed storage and retrieval of squeezed light, and assume
that the dominant relaxation mechanism for helium atoms
is the metastability-exchange process, neglecting all other
relaxation mechanisms. Under these assumptions, the relax-
ation rates are given by y; for the metastable population and
Yk = ry; for the ground-state population, where r denotes the
fraction of helium atoms in the metastable state relative to the
ground-state population. The magnetic-like coupling rate is
given by J = \/ys = ¥s+/7- While these equations remain
valid for any ratio of metastable to ground-state noble-gas
atoms (r > 0), in practical applications [7], the fraction of
helium atoms in the metastable state is typically much smaller
than the ground-state population, such that r < 1. Conse-
quently, the relations yx < J < ys are ensured and directly
determined by the small fraction of metastable-state atoms.

These assumptions are consistent with experimentally
achievable parameters. At low helium pressures, the
metastability-exchange collision rate for the metastable state
ys 1s proportional to the gas pressure, with a coefficient
of 3.8 x 10%s~! /mbar, while the metastable-state fraction is
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approximately r &~ 1076 [35]. Excited-state collisions involv-
ing the |p) level occur at rates on the order of a few
107 s~! /mbar [36,37]. Other relaxation mechanisms affecting
the metastable state, such as atomic de-excitation followed by
re-excitation in the plasma or through wall collisions, typ-
ically occur at rates of approximately 10°s~! [7,34]. Thus,
for helium pressures on the order of 1 mbar or higher, these
additional relaxation mechanisms are negligible compared to
the metastability-exchange rate.

B. Coupled-spin dynamics in the dark

To highlight the memory mechanism, particularly the
emergence of a decoherence-free subspace, we first examine
the interplay between S and K in the absence of external fields
(2 =0 and (éilfin) = 0). We also assume on-resonance op-
eration, setting §; = &k = 0. Taking £ = —1 and substituting
into Eqgs. (12) and (13) yields the coupled-spin dynamics

S _ Vs _i\/Vst S
()= (e )R o

We now define the operators

S, =S+ ivrK)/V1+r, (19)
K, =K +iv/rS)/V1+r, (20)

dressed by the metastability-exchange interaction, which form
an alternative set of bosonic operators and are eigenmodes
of the matrix in Eq. (18). These operators satisfy (S, SZ 1=
[K,,Ki1=1 and [S,,K,]1 =[S, K1 =0 and preserve the
total number of excitations S}LS} + I@;I@, =38'S + I@Tl@ but,
through Eq. (18), decay at different rates

Sr _ Vs + 0 Sr
o(f)=-(0" D)) e

such that S, relaxes quickly at a rate ys + % = (1 + r)ys,
while K, does not decay. Therefore, the Fock space spanned
by K, can be considered as a decoherence-free subspace suit-
able for a long-lived quantum memory.

C. Memory dynamics

Using the dressed operators, we can express Eqs. (12) and
(13) in the presence of light as

8,8, = —[ys(1 + 1) + 7o + i, + irdi 1S,
+ VG =8+ i7)K, — V27 /IcEn. (22)
WK, = —(rjq + i + ird)K, — /1 — & + i72)S,
— i1 27 /1cén, (23)

where again yo = Re(I'q) represents the power broaden-
ing of the optical line by the control field. All variables
with a tilde are rescaled by (1 4+ r), i.e., Yo = yo/(1 + 1),
8 = 6,/(1 +r)and & = & /(1 +r).

In the presence of light, collective spin excitations of
alkali-metal or noble-gas spins can be coherently exchanged
with photons of the input and output signal fields, while the
total number of excitations decays through atomic relaxation.

Following a derivation similar to Ref. [14], 4 we find that the
loss of excitations is governed by

HUPPY +(SIS,) + (KIK,)) + (Eulout) — (€ En)
= =29,(P"P) — 2(ys + n(S'S)), (24)

demonstrating that memory relaxation can be mitigated by
maintaining (P7P), (57S,) < 1 small during the memory
operation.

D. Adiabatic mapping

The above analysis motivates consideration of a direct
adiabatic mapping between &, and K, for storage, and be-
tween I@r and é’om for retrieval, maintaining (75+75) < 1 and
(Sf S,) <« 1 for high memory efficiency. We can construct
such a mapping by considering the regime in which the elec-
tronic spin dynamics is much faster than that of the noble-gas
nuclear spin, where we focus on the limit yo > B, y;. Under
these conditions, 5, reaches a quasisteady state and adiabat-
ically follows the external fields. This is derived by setting

A

9,5, = 0 in Eq. (22), which yields
A 1 A A
Sy = ——————— (i — V2nciaéin)- 25
ys(1+r)+)7ﬂ(x/_m V2ncvalin). - (25)

Here, for simplicity, we set the detunings to zero: §; = & = 0.
For these conditions and the slowly varying input field, the
excitation of the electron spin is small (S7S,) < 1. Substitut-

ing the expression for S, into Eq. (23), we obtain the dynamics
of the collective nuclear spins during the memory operation:

. 2C R
+i|———&n|. (26
Y e+ 1) (26)

To solve Eq. (26), we note that the solution for a general linear
equation of the form

atICr = _M’Cr + Xgin (27)

3,’&, __ r(1 +V)Vs)7?
vs(1+71)+ e

is given by
0

K, (0) — K, (—o0) = / X HHO%E ydr. (28)

—00
Equation (28) establishes a mapping between & and K, dur-
ing the storage of the incoming signal. Absent any initial spin
excitations, we can assume (I@f(—oo)l@,(—oo)) = 0. Com-
parison of Eq. (26) to Eq. (27) shows that u and x depend
on yg, whose time-dependent profile can be shaped to achieve
different mappings that could maximize storage efficiency.
To provide intuition for this solution, we consider first
a specific example where the input signal has an exponen-
tially shaped profile with bandwidth 2B. Following similar
derivations in Refs. [14,16], after substituting Eq. (28) into
Eq. (9), we find that the storage efficiency is maximized for a
time-independent control profile with amplitude

_ Bys(1 +7r)
T &

“That is, assuming 8,(OTO) = ((5,0MH)O) + (O79,0) for
O e (P, S,, K.} combined with Eqgs. (1)—(4), (19), and (20).
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For this constant control field, the storage efficiency is

given by
e — (30)
1=\ T pa+n )

which approaches unity for C > 1 and B < J?/ys. In Sec. VI,
we extend this analysis to higher-bandwidth signals that oper-
ate beyond the adiabatic regime, where 3,8, =0 no longer
holds.

The efficiency [Eq. (30)] and Eq. (26) exhibit interest-
ing scaling with the parameter r for the adiabatic mapping.
Defining new variables 7 = rys(1 + r)t, EA& = Ain/[rys(l +
r)], and p5 = Po/lys(1 4 r)] renders Eq. (26) dimensionless:

. o [~ ] 20 4
3K =——2A\K +i|—-E) @1
1+y{z< 7o(C+ 1) > Gh

The resulting dimensionless parameter is Bys/[J?(1 + r)] =
B/[rys(1 + r)], which maintains the form of Eq. (30). In the
limit r < 1, expanding to lowest order in r shows that the
efficiency approximately retains its form under a rescaling of
the pulse bandwidth B/y; — rB/y;s. This indicates that the
memory can maintain high efficiency for small values of r, but
with a reduced operational bandwidth that is approximately
linear in .

For completeness, we also present the expression for the
output field, which describes the retrieval stage. Under the
conditions in which Eq. (26) holds, the output field can be
obtained by substituting Egs. (5)—(25) into Eq. (1), along with
the transformation in Egs. (19) and (20), yielding

R (1 R
5out=<1_2 VA( +r) ) in

TR+ + 70
i |2 Tt nvre @ (32)

rve vs(l+r)+ v
Equations (26) and (32) describe the adiabatic storage and
retrieval processes between the signal and the dressed noble-
gas operator. During the storage stage, (éi:]éin> is nonzero
and the signal acts as a source, mapping the signal onto
the collective spin for storage. During retrieval, the decay
of the dressed noble-gas operator corresponds to the con-
version of collective spin excitations into retrieved photons
(in the adiabatic limit and in the absence of other relaxation
mechanisms) as shown by Eq. (32). The rate for this retrieval
process, as captured by Egs. (26) and (32) absent an input
signal, is proportional to A = r(1 + r)ysya/(vs(1 + 1) + 7o),
satisfying A < (r + r?)y,. This slow retrieval rate for r < 1
highlights the inherently slow bandwidth of the retrieved sig-

nal in the adiabatic mapping.

V. MEMORIES BASED ON SPIN-EXCHANGE COLLISIONS

In this section, we briefly review key results of our recent
analytical study on light storage in noble-gas spins via spin-
exchange collisions [14], focusing on ultralow bandwidth and
strong coupling configurations. This section provides back-
ground for the extensions presented in Sec. VI and facilitates
comparison with memories based on metastability-exchange
collisions.

A. Physical mechanism

Nuclear spins of noble-gas atoms can couple efficiently
to spins of alkali-metal atoms via the Fermi contact interac-
tion during spin-exchange collisions [12,13]. Since the spin
precession angle during a single collision is small for many
alkali-noble-gas pairs, the total precession of the collective
spin accumulates coherently over many collisions, while noise
and decoherence arising from the stochastic nature of the
collisions remain minimal [13].

Unlike metastability-exchange collisions, where y, J, and
y; are interdependent through the parameter r, thereby limit-
ing J and making yx non-negligible for practical applications,
spin-exchange collisions with alkali-metal atoms allow J to
exceed ys, enabling strong coherent coupling between the
two species, as recently demonstrated [38]. Notably, for this
configuration, y; accounts for all relaxation mechanisms of the
alkali-metal atoms.’ Furthermore, due to the weak collisional
interactions between certain alkali-metal atoms and noble-gas
spins (e.g., *He-K), the fundamental relaxation rate y; due to
spin-exchange interactions can be exceptionally small (e.g.,
< 1/h) and, importantly, largely independent of J and .
This opens possibilities for efficiently mapping much of the
input signal onto the electron spin operator S, followed by
efficient exchange with the noble-gas spins while dominating
over electron-spin relaxation. Under ideal mapping condi-
tions, excitations at the end of the process are stored solely
in the noble-gas spins, allowing us to set K, = K in Eq. (9).

In Ref. [14], we derived Eqgs. (2)—(4) for this system
with £ = 41 and analyzed two strategies that are efficient in
two key limiting cases: low-bandwidth optical signals (B <
J?/ys) and high-bandwidth signals (B > y; and B 2> J). We
now review the main results of Ref. [14], and in Sec. VI,
study their optimality and extend to intermediate bandwidth
regimes.

B. Adiabatic mapping

For low-bandwidth signals, under the conditions that S
evolves rapidly (compared with K) and the optical fields are
slow (B < J?/(vs + va)), one can set 3,8 =0in Eq. (6). This
yields the evolution of the collective noble-gas spin operator
in Eq. (4):

WK = =+ Ty + 80K + aséin, 33)
where
J2
Ya(t) + ys + id(t)
and a; = i,/nc/2yal’y/J. Equation (33) has the same form
as Eq. (27), thereby leading to a solution with the same func-
tional form as Eq. (28).

To provide an analytical estimate, we consider the case
of an exponentially shaped input pulse, where the optimal

r@) = (34)

In the metastability-exchange configuration in Sec. IV, y; in-
stead includes only the high relaxation rate associated with the
metastability-exchange process, providing a lower bound for the
actual relaxation of the optically accessible ensemble.
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control field is given by a constant function with amplitude
Re(T";) = B. In the limit y = 0, the efficiency is given by

C By
=—(1- =2, 35
C—l—l( 12> (33)

which resembles the form of Eq. (30).

TNadiabatic

C. Sequential mapping

For high-bandwidth signals, efficient storage is feasible
when strong coupling is achieved. In the limit J > ys, a se-
quential storage scheme can be implemented, where light is
first stored in the alkali-metal collective spin coherence and
then transferred to the nuclear spins, following the sequence
En — S(0) > K(T). During the first stage, the electronic
spins are excited resonantly (A =38, =0) at a rate yo =
Re(I'q) [see Eq. (7)], similar to standard A-type memories
[16]). Simultaneously, the noble-gas spins are decoupled from
the dynamics by setting 8 >> J. For fast pulses, this stage
can be approximately described by setting K = 0 in Eq. (6),
resulting in the linear mapping between S and the input light
field:

S = —(s +va +i8)S — Ve 2veén,  (36)

whose solution has a similar form to Eq. (28).

During the second stage, the alkali and noble-gas spins are
brought into resonance (8; = &, = 0), while the control field
Q is turned off, allowing the two spin species to efficiently
exchange their quantum state after time 7’ ~ 7 /(2J), akin to
a m-pulse of the beamsplitter Hamiltonian [5]. As an example,
for an exponentially shaped input pulse, the optimal control
field during the first stage is a constant profile with amplitude
yo = B.Inthe limit J > ys, the storage efficiency is given by

C B TYs
—_— exp (— ),
C+1B+ vy 2J

where the exponential decay term accounts for the loss of

excitations in the alkali-metal ensemble during the finite ex-
change time.

37

Tsequential =

VI. NUMERICAL ANALYSIS

To extend the analytical results, we numerically opti-
mized the storage protocols to maximize efficiency using an
optimal-control approach following Ref. [39]. The optimiza-
tion treated the temporal control field y(f) and the detunings
8s(¢) and &k(¢) as free parameters, aiming to maximize the
storage efficiency 7o for given J/ys; and B/y;. The equa-
tions of motion for the collective spin and field amplitudes
were solved iteratively using a gradient-ascent algorithm with
momentum until convergence. A full description of the cost
functional, Lagrange multipliers, and numerical update proce-
dure is provided in Appendix C. A similar approach, though
beyond the scope of this work, could also be applied to opti-
mize retrieval efficiency into a specific target mode.

In Fig. 2, we present the reduced efficiency parameter 7
for the numerically optimized control fields across differ-
ent values of B/y, and J/y;. Figure 2(a) shows the results
for metastability-exchange collisions (§ = —1). While we
present the model results for J < y; (i.e., r < 1) to focus

on higher-bandwidth signals, we emphasize that, in practi-
cal experimental conditions, this configuration often requires
r < 1, which consequently enforces J < y;. Figure 2(b) dis-
plays the storage efficiency for the case of spin-exchange
collisions (¢ = +1).

The optimization shows that efficient storage of light is
obtained for low-bandwidth signals B < yq, J? /Vs, as ex-
pected from the adiabatic mapping. For storage based on
spin-exchange collisions, we find that efficient storage can be
realized for any J > y; as expected in the strong-coupling
regime. We find numerically that the optimal value of & is
near zero. We discuss the optimal value of §; and its depen-
dence on the signal phase in Appendix E.

We compare the numerically optimized efficiency with the
one associated with the simple analytical schemes in Secs. IV
and V, whose efficiencies are given in Egs. (30), (35), and
(37). In Fig. 2(c), we present the positive values of the storage
efficiency in Eq. (30) for storage based on metastability-
exchange collisions, and in Fig. 2(d), the maximal storage
efficiency of Egs. (35) and (37) for storage based on spin-
exchange collisions. Interestingly, the analytic expressions for
the spin-exchange configuration provide a good approxima-
tion to the numerically optimized efficiency even away from
their validity limits, especially for the spin-exchange case.
For metastability-exchange collisions, on the other hand, the
numerical solution is similar to the analytic solution at low
pulse bandwidths, but displays remarkably higher efficiencies
at large bandwidth far from the adiabatic regime, owing to a
better performance of optimal nonadiabatic solutions. Similar
behavior has been observed in Ref. [39], where numerically
optimized solutions were shown to dramatically increase the
memory bandwidth.

The similarity between the analytical and numerical effi-
ciency maps suggests that the numerically optimized solutions
may resemble the analytical ones. To explore this, in Fig. 3(a),
we present the maximal excitation of the electronic spin at in-
termediate times during the storage process, max, (S*(t)S(¢))
for spin-exchange collisions (§ = +1). Strikingly, we find
that, in most of the parameter space, the collective electron
spin is either nearly unexcited or temporarily holds a signif-
icant portion of the input excitations from the signal field,
which are mapped directly onto the electrons. Dashed white
lines indicate the 10% and 90% excitation values, respectively.
In Figs. 3(b) and 3(c), we plot two of the numerically opti-
mized solutions, representing the blue diamond and red circle
symbols in Fig. 3(a), respectively. In Fig. 3(b), we find that
the numerically optimized solution is nearly identical to the
sequential scheme, where the excitation is first mapped onto
the alkali-metal spins, and only later mapped to the noble-gas
spins in the absence of a control field. In Fig. 3(c), the numer-
ically optimized solution is similar to the adiabatic scheme,
where the control field is constantly on, and the electron spins
are nearly unexcited. The solutions between the two dashed
lines in Fig. 3(a) belong to neither of these schemes, yet could
attain high efficiency. Examples of these solutions are plotted
in Fig. 6.

We repeat the preceding analysis for the & = —1 case, as
shown in Figs. 3(d)-3(f). For low-bandwidth signals, we find
that numerically optimized solutions attain the form of the
adiabatic scheme. For high-bandwidth signals, we find that
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FIG. 2. Numerically optimized storage efficiency. We present the attained efficiency of the storage sequences for (a) metastability-exchange
collisions (§ = —1) and (b) spin-exchange collisions (¢ = +1). The color scale shows the storage efficiency 7, in the large-cooperativity limit.
Here, J is the fixed, magnetic-like coupling rate. The limited range of J/y; in panel (a) compared with panel (b) originates from the different
nature of the exchange processes. See text and Sec. C 2 for details of the numerical optimization protocol. Maximal efficiency of the analytical
sequences presented in Secs. IV and V, corresponding to Eq. (30) in panel (c) and Eqgs. (35)—(37) in panel (d). Dashed line in panel (d) indicates
the boundary at which the storage sequence changes from adiabatic to sequential. Despite the similarity in form between metastability exchange
and spin exchange, achieving high efficiency requires relatively large values of r. At r < 1, where most metastability-exchange experiments
operate, the bandwidth must be rescaled approximately linearly with r to maintain efficiency [see text and Eq. (31)].

the solutions are nonadiabatic and involve increased electronic
spin population, yet show moderate efficiency owing to the
restrictive ratio of J/y; that can be physically realized using
the metastability-exchange mechanism.

VII. DISCUSSION

The storage efficiencies of noble-gas spins based on
metastability-exchange collisions or spin-exchange collisions
can theoretically approach unity for large cooperativity
(C > 1) and sufficiently low pulse bandwidth B < y5. In the
limit of zero bandwidth (B < J?/ys), the storage efficiency
of the adiabatic scheme approaches C/(C + 1), which is the
maximal efficiency of optically accessible A-type memories.
For these scenarios, we find that the numerically optimal
sequences follow adiabatic-like protocols, where the electron
spins remain nearly unexcited, and the optical control field
is kept high throughout the pulse.

For higher pulse bandwidth (B 2, y;), it is optimal to trans-
fer a significant part or even most of the excitation to the

electronic spins first, and then reduce the power of the optical
control field during the transfer of excitation from the elec-
tronic spins to noble-gas spins. While configurations based
on spin-exchange collisions can remain efficient if the ex-
change coupling is sufficiently large (J 2 ys), the efficiency
of metastability-exchange configurations is more limited ow-
ing to the physical limitation on the exchange-rate strength
relative to the accompanying relaxation.

Both configurations examined in this work are experimen-
tally feasible. Control of Rabi frequency €2 and detuning 4 is
implemented by tuning the control laser power and frequency,
respectively, whereas the difference & — §; can be controlled
by an external magnetic field owing to the different mag-
netic dipole moments (gyromagnetic ratios) of the electron
and nuclear spins [11,14]. For the metastability-exchange-
based configuration, using the parameters from Ref. [11] and
taking = 1079, storage of low-bandwidth signals can be
implemented efficiently. We estimate a typical bandwidth for
this scheme to be limited by B < (27) 1 Hz, e.g., with ef-
ficiency 1y &~ 0.76 for a bandwidth of (27)0.1 Hz, where
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FIG. 3. Optimal storage sequences. Maximal excitation (STS) of the electron spins during the storage sequence for the numerically

optimized solutions for spin-exchange collisions (a) and metastability-exchange collisions (d). Two distinct regimes of nearly complete
excitation (blue) or nearly no excitation (red) are observed for the optimal solutions as a function of the bandwidth B and coupling strength J.
Dashed lines denote the condition(s) max((S'T‘SA')) = 0.9 and max((STS')) = 0.1 in panel (a) and max((S'T‘SA')) = 0.5 in panel (d), marking the
approximate boundaries of these two regimes, qualitatively showing where the optimal solutions follow the adiabatic or sequential strategies.
(b), (c¢) Particular numerically optimized solutions, corresponding to the blue diamond and red circle in panel (a), indicating sequential-like
and adiabatic-like storage strategies, respectively. (e), (f) Particular numerically optimized solutions corresponding to the blue diamond and
red circle in panel (d), indicating solutions with different bandwidth and different electron excitation, where panel (f) follows an adiabatic
solution (see Appendix IV). The optimization parameters used in panels (a) and (d) are identical to the ones presented in Figs. 2(a) and 2(b),
respectively. We find that 6,(¢) (not shown) is near zero throughout the storage sequence, a result of the constant phase of the input pulse,
as we discuss in Appendix E. The increase in €2 toward the end of the storage sequence in panel (b) is merely an artifact of the optimizer
trying to decouple the alkali and noble-gas spins more efficiently, as there is no constraint on the control field amplitude in the optimization.

Intermediate bandwidth solutions corresponding to the green triangle and the magenta square in panel (a) are shown in Fig. 6.

Nt & n* is the approximate combined memory efficiency
of the storage and retrieval stages [14,16]. Because the typ-
ical B for efficient solutions with » <« 1 is very low for
most memory applications, our numerical analysis focuses
on higher values of r, with scaling to lower values of r
determined using Eq. (31). Therefore, experimental realiza-
tions may need to operate at higher r to achieve efficient,
high-bandwidth memories. For the spin-exchange-based con-
figuration, we consider a mixture of potassium and helium-3.
For high-bandwidth pulses, we estimate B > (27) 1 MHz
and efficiency of n ~ 0.89 using the sequential strategy,
whereas, for very low-bandwidth pulses (B < (27)10Hz),
even higher efficiencies 7y & 0.94 can be realized with the
adiabatic scheme. We summarize these results in Table I. We
assume that, during the long memory time, the relaxation
of the noble-gas spins by coupling to the electronic spins
is suppressed. In metastability-exchange collisions, this can
be implemented by turning off the discharge, which leaves

the entire noble-gas population in the electronic ground-state
manifold (with the optical signal mapped onto the spin states).
For spin-exchange collisions, turning off can be realized by
first turning off the optical pumping beam, which leaves
only spin-rotation coupling. The latter can then be suppressed
by cooling the cell and reducing the alkali-atom vapor den-
sity through condensation. Owing to the large separation of
scales between yx and y;, we set the former to zero in all the
calculations performed in this work involving spin-exchange
collisions.

Multiple excited and ground sublevels in both metastable
helium and alkali-metal atoms can modify memory dynamics
and generate noise photons through competing processes such
as four-wave mixing [3,42-45]. In this work, we adopt a
simplified description in which the alkali-metal atoms and
metastable helium are treated as effective A-type systems, and
couplings to additional levels are neglected. This reduction is
valid when the excitation bandwidth and the generalized Rabi
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TABLE 1. Estimation of feasible experimental parameters. The parameters are adapted from the provided references, and the efficiencies
are computed from Egs. (30)—(37), for the second configuration taking the maximal values of the parameter range and estimating the total
memory efficiency using 1, & 1°. T, * denote configurations in which the exchange interaction is turned on or off, respectively. It is assumed
that, during the memory time, following the storage, the exchange interaction is turned off (see text).

Time-bandwidth

Platform ys [(2)Hz] J [(27)Hz] J/vs C 1/v¢ product, B/y  Efficiency, 1o
Metastable and Sx 10°[11] 5% 10%[11] 1073 500 [11] 0.27s[11] ~10° 76% | adiabatic |
ground-state helium-3 100* h [40] B~ 0.1 27)Hz
Alkali-noble-gas 6—15[14,41] 490—690 33—-115 37 [14] 27h [38] >10'° 94% | adiabatic |
mixture [14,38] 100* h [40] B <10 (2n)Hz

89% | sequential

B2
1 (27)MHz

frequency (including detuning) are both much smaller than the
excited-state energy-level separation, a regime that supports
electromagnetically induced transparency (EIT)- and Raman-
based memories [3,21] for either metastability-exchange or
spin-exchange operation, provided the buffer gas pressure is
kept low to avoid pressure broadening. Coupling to other
levels can still impact performance; several strategies have
been developed to suppress such channels in related settings
[46—49]. In the far-off-resonant limit, where the detuning ex-
ceeds the hyperfine splittings and the optical linewidth, the
light couples predominantly to the electron spin and the level
structure is well captured by an effective four-level (double-
A) configuration with two ground and two excited spin states
[5,50]. The multipass schemes of Refs. [51,52] suppress one
of the two A pathways as well as four-wave mixing, thereby
isolating a single-A memory consistent with the model used
here. These schemes are anticipated to remain effective in the
presence of buffer gas, although this has not yet been verified
experimentally. For noble-gas nuclei with spin-1/2, whose
coupling to alkali spins is predominantly isotropic via the
Fermi contact interaction [7], the dominant noise originates
from the alkali-metal ensemble. In Ref. [14], we analyzed
additional noise sources, including imperfect spin polarization
and fluorescence, and identified conditions under which their
contributions are negligible; those conclusions are expected to
apply in the present configuration as well.

It is interesting to compare our results with the opti-
mal storage strategy for electron spins in a A-type system
[16]. The latter exhibits adiabatic-like optimal solutions,
achieved by shaping the control fields over time to sup-
port high-bandwidth pulses. Since the exchange interaction
strength is fixed and cannot be modulated over time to match
the input pulse shape, the optimal strategy deviates from
the adiabatic scheme for higher pulse bandwidths. In this
case, the excitations are temporarily stored—either fully or
partially—on the electronic spins, in contrast to the adia-
batic strategy, where the electronic spins remain only weakly
excited. The strong coupling regime is particularly promis-
ing from an application perspective, offering an avenue to
realize high-time-bandwidth-product memories. The time-
bandwidth product is one of the main figures of merit for
optical quantum memories [1], defined as the product of

the pulse bandwidth and the memory coherence time. For
noble-gas spins, the coherence time can be exceptionally long
(1/% 2z 1 h), underscoring the remarkable potential of this
technology.
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APPENDIX A: METASTABILITY-EXCHANGE
EQUATIONS OF MOTION

In this Appendix, we describe the correspondence between
the notation used for the dynamics of collective operators in
Ref. [11] and the notation used in Egs. (2)-(4).

In Ref. [11], the dynamics of the proposed metastability-
exchage-based memory is described in Egs. (2)—(5) therein.
We can relate the notation in Ref. [11] to our notation as
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FIG. 4. Numerical verification of the scaling with C. The fac-
torization 1 = 1C/(C 4+ 1) (black line) is verified numerically
(light blue diamond and light red circle) for two configurations: (a)
B/y, = 10° [corresponding to the blue diamond in Fig. 3(a)] and (b)
B/y, ~ 5.62 x 1072 [corresponding to the red circle in Fig. 3(a)],
both taken at J/y; = 100.

follows: the field éin = A,, and coherences P = —85 //n,
S= Szl/ﬁ, K= iloo /«/IV . Additionally, the rates map as
YW=Vs Vs =Vm ¥k =¥, & = =4, and & = —J;, where n
and N denote the number densities in the metastable and
ground state, respectively, using the notation from Ref. [11]
(not to be confused with N representing the number of pho-
tons in the pulse in the rest of this work). We also define
J = /¥s¥k and assume (2 is real. Notably, unlike the model in
Sec. V, which includes, and is limited by, relaxation processes
whose mechanism is unrelated to the underlying exchange
interaction; here, the metastability-exchange interaction itself
generates nonzero relaxation. Adopting the assumptions in
Ref. [11], we consider only these relaxation rates in this model
and neglect all other spin relaxation mechanisms that are not
associated with the metastability-exchange interaction.

APPENDIX B: SCALING LAW OF STORAGE EFFICIENCY

We numerically verify the dependence of the numerically
optimized efficiency on the cooperativity for two distinc-
tively different points of the spin-exchange configuration. In
Fig. 4, we present the numerically attained efficiency for each
value of C compared with the scaled efficiency calculated at
C = 100, showing excellent agreement.

APPENDIX C: NUMERICAL OPTIMIZATION
FRAMEWORK AND ROUTINE

This Appendix provides the full description of the optimal-
control method used to maximize the storage efficiency
presented in Sec. VI.

1. Optimization framework

Focusing on memory efficiency, we follow the approach in
Refs. [16,28], replacing the quantum operators with complex
time-dependent functions S§—>8 K- K, and &, — &
We assume the spin ensembles are initially in a vacuum state,

with no initial excitations. For spins, these functions represent
the tilt (displacement) of the coherent spin state, while for
light, they describe the field displacement for coherent states
and define the temporal pulse shape. Although this method
does not fully characterize the quantum state of the stored and
retrieved photons, it enables the assessment of storage effi-
ciency for general photonic signals by evaluating the output
energy or number of stored excitations.

We adopt the optimal-control framework of Ref. [39]
and numerically solve Egs. (4) and (6). We set A =0 and
real € (such that ¢ = 0), as these parameters do not in-
dependently affect the memory efficiency in Eq. (17). For
the spin-exchange configuration, we further set yx = 0 and
& = +1, while for the metastability-exchange configuration,
we take £ = —1 and yi/ys = r, where r is determined by the
relation J/ys = /7. Thus, the parameter space of the normal-
ized storage efficiency 1. = 1n/nc¢ that we study in this work
is spanned by two independent dimensionless parameters J/
and B/y; [see Eq. (17)].

The input pulse &,(¢) spans from t =1, <0 to t =0.
We use the gradient ascent method to optimize the tempo-
ral profiles of Qn(7) = /ya) = Q@)/,/vp(1+C) (N for
normalized) as well as §s(t) and & (¢) given the parameters
B/ys and J/y, to maximize the storage efficiency. For storage
based on metastability-exchange collisions, we compute the
normalized efficiency as 1. = maxs((ler(s)fﬁr(s)))/ ne for
s <T’, where T' = 4/(ys + %) and K, is given in Eq. (20).
For storage based on spin-exchange collisions, we compute
oo = max;((K(s)TK(5)))/nc. We take s < T', where T’ =
7 /[2max(y/J? — y2/4, )] 2, 0, to enable operation in the
sequential scheme, which requires this duration [14]. Since
the input signal starts at t = t, and ends at t = 0, choosing
T’ > 0 allows for additional interaction between the spin op-
erators S and K after the optical signal has ended.

2. Optimization routine

We numerically vary the control functions between dif-
ferent iterations following Ref. [39], aiming to maximize the
functional

n

17
b= 3 5/ de[K*(8,K + (y + i8)K + iEJS)

+55(3:S + (ys + QF +i8)S +iJK

+v2ncQnEin) + He ],

where k(¢) and s(¢) are the Lagrange multipliers, which ensure
that Egs. (4) and (6) for K and S are satisfied. For solution
satisfying the equation of motion, the integrand in Eq. (C1)
vanishes. Variational calculus yields the equations of motion
for the Lagrange multipliers:

0rs = (Vs + Yo — i8s)s — iEJk,

(ChH

(€2

0k = (Y — id)k — iJs. (C3)
The conditions at ¢ = T’ are given by s(T') = 0 and k(T') =
K(T') for &€ =41, and by s(T') = —i /ﬁK,(T’) and

k(T = \/%IC,(T’) for & = —1 based on the transformation
in Egs. (19) and (20).
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We are interested in computing the multipliers s(z)
and k(¢t) for + < T’, and therefore we numerically solve
Egs. (C2)—(C3) backwards in time from ¢z = 7’. In every iter-
ation, we first solve Eqgs. (4) and (6), compute X(7"), and then
solve Egs. (C2)—(C3). We use these solutions to calculate the
functional derivatives of the control functions Qn(z), &s(¢),
and 8y (¢):

Jd
Son = T2ONRe(s"S) — V2ncRe()En,  (C4)
N
dd
1 *
33, m(s*S), (C5)
3D
— = Imk*K). c6
35 m(k*KC) (Co6)

This set of equations is used to update the control functions for
the next iteration. The control functions in the nth iteration are
determined using the gradient ascent method with momentum
[53,54]:

1 a0

Q(n): 1 . Q('l—l)_ nQ('l—z) _— C7

N (1 + a2y a2y +/\QN39N (C7
13

8 =(1 80 — 0,80 + ——, C8

&= 1+ o) @b T, (C8)
- e 1 99

8 =1+ )8 " — a8 + ——. (C9)
s, 08y

Here, we choose «,, = 0.9 for n > 3 and o = 0 otherwise, and
use X to denote the inverse step size between iterations.

We found the following numerical procedure to be effi-
cient. For each optimization run, we first set §5(¢) = 6x(t) = 0
and optimize solely with respect to Qn(#). The step size A
is chosen within the range [1072, 10%], with smaller B corre-
sponding to smaller values of Aq,. The initial guess for Qn(¢)
in the run with the maximal value of J = J,,x for each B is
a constant (square) pulse for t+ < 7’. For smaller values of
J < Jmax, We attempt two independent optimization proce-
dures using different initial guesses based on the optimal
solution 2y jier,1(¢) previously computed for the same B and
nearest J. One guess iS Qn icer,1(f) up to the time at which K
is maximal, with additional padding of zeros at the end of the
pulse to account for the increase of 7’ due to the decrease of J.
The other guess is a square pulse taking the average value of
QNiter,1 (1) over the time range ¢, /2 < ¢t < 0, where the simu-
lation starts at 7, < 0. We note that the efficiency is generally
insensitive to the early shape of the control field, assuming
that at z,, the signal begins near zero and contains a negligible
fraction of the control excitation. For each value of J and
B, we record the initial guess QN jer.2(f) as the solution that
realizes the higher storage efficiency of the two optimization
attempts. It is worth mentioning that when Q% = yq > J, the
alkali and nuclear spins are effectively decoupled, meaning
that Q3 = yq can fulfill the role of & in the initial optimiza-
tion step. After this, in the spin-exchange case, we allow the
solver to vary &s(¢) and Sk (¢) in addition to Qn(¢). The step
sizes are chosen adaptively: A{" = mean(yg)~' and A{" =
mean(y;)~!, where Q2(t) = yo(t) and y,(t) = Re(I';) cor-
respond to the values obtained from the previous optimization
iteration for Qg’_l) ).

We typically observe convergence in the computed 7.,
after approximately 5000 iterations at J = Jy,x, whereas for

J < Jmax convergence is generally faster since the initial con-
dition is already close to the optimum. We also test different
initial conditions, including high values of &y for the duration
of the input field. The shapes of & and & have only a minor in-
fluence on the efficiency, except at the point when the control
field QIZ\](I) = yq(t) is turned off, where complete decoupling
between the spin ensembles is necessary, such as after storage.
In such cases, a large 8y enables effective suppression of the
coupling to the electronic spins.

We run the simulations for three input pulse profiles: expo-
nentially shaped, Lorentzian, and Gaussian. In this section, we
present the results for the exponentially shaped pulse profile
and compare it with the other two profiles at similar band-
widths in Appendix D. For the exponentially shaped pulse,
we consider the temporal profile

2
&in(t) = Ay ?et/T, r, <t <0,

and zero otherwise, setting T = B~'. For A-type memories
operating in the adiabatic regime, optimal storage of an ex-
ponentially shaped signal (with ¢z, = —o00) is achieved using
a square control pulse [16]. This choice allows for a direct
comparison with analytical expressions for storage efficien-
cies given in Secs. IV and V. To reduce numerical complexity,
we truncate the pulse at t, = —37T, ensuring that the integral
fi)n |En(t)|?dt =1 is satisfied by setting A = €3 /+/e® — 1.
The overlap fidelity between the truncated pulse and its ideal
form is F = | [°__dt E*(t,6)E(t, 1, = —00)|* = A2, which
exceeds 99%, ensuring that the numerical truncation intro-
duces a negligible error.

(C10)

APPENDIX D: ROBUSTNESS TO DIFFERENT
TEMPORAL SIGNALS

In this Appendix, we verify, for & = +1, the robustness
and applicability of our results to different pulse shapes. For
that purpose, we have numerically tested optimal storage of
light for different pulse shapes at several different system
parameters. In Fig. 5, we present the control fields and ef-
ficiencies for two cases corresponding to the parameters of
the red circle and blue diamond in Fig. 3(a). We compare
the exponential pulse with Gaussian and Lorentzian pulses of
similar bandwidth, given by the following expressions:

1 (t —1,/2)° V22,
— —exp|——ZE ), T= B!,
QrT?)* 47172 2

gin(t) =A

D)

En(t) = A,/ 2 r =251 D2
N AT T2 4+ (0 =1, )2) ) ’

where 7, <t < 0 and A is a normalization constant that de-
pends on the specific pulse shape (the value in the main text is
for an exponentially shaped pulse). Both pulses are truncated
symmetrically [see top row in Figs. 5(a) and 5(b)], and we
choose 7, such that the pulses have a 99% overlap with the
ideal (nontruncated) pulse shape, similar to the exponential
pulse shape presented in Eq. (C10). For this test, we have opti-
mized over yq, without the additional step of optimizing over
s and Jx as done for the exponential pulse, setting the latter to
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FIG. 5. Numerical optimization for storage of exponential, Gaussian, and Lorentzian pulse shapes with bandwidth 2B for the spin-
exchange configuration (£ = +1). (a) J/y, ~ 100 and B/y, ~ 103, corresponding to the blue diamond in Fig. 3(a). (b) J/y, ~ 100 and
B/y, ~ 5.62 x 1072, corresponding to the red circle in Fig. 3(a). Top: optical signal. Middle: optical control field (a parameter proportional to
its intensity). Bottom: The efficiencies differ between different pulse shapes by no more than 1%.

zero. This step can be justified by the observation that yo > J using Eqgs. (30) and (37), Nsequentiat = 97% and nNagiabatic =
decouples alkali and nuclear spins similarly to 8, as apparent 99%, respectively, are within 1% of the values obtained from
in all numerical solutions in this Appendix. We furthermore optimization.
truncate the solution at time 7 where the storage efficiency is
maximal [resulting, e.g., in the asymmetry of the Lorentzian
curve in Fig. 5(b)]. Except for different temporal shaping of
the control fields, we find similar performance for different In this Appendix, we analyze the dependence of the
pulses. The predicated values for the efficiencies, calculated  sequential and adiabatic storage schemes on & for the spin-

APPENDIX E: OPTIMAL 4§,
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FIG. 6. Intermediate solutions in spin-exchange-based memories. We show the dynamics of the alkali-metal (S'S) (red) and noble-gas
(KTK) (blue) collective spin excitations in the strong-coupling regime, for the spin-exchange based configuration. The spins are driven by
the numerically optimized control fields for an exponentially shaped input pulse, as one traces a line in parameter space, from adiabatic to
sequential regime. The different graphs correspond to the markers in Fig. 3(d).

exchange configuration to highlight its role in the storage
process. We show analytically that 6, =0 is optimal for
both the sequential and adiabatic schemes, consistent with
our numerical finding that §; = 0 remains optimal across the
explored parameter space. In the sequential scheme, under
the assumption that the noble-gas spins are decoupled (|5x —
85| > J) in the first stage of the storage (£, — S), the spin
coherence is given by [14,16]

0
S(O):/ ho(t)En(t)de. (ED)

—0oQ
Here, the transfer function is  hgq(t) = —QQ*

e~ [ ATa@+i80d5 with To and O defined in Egs. (7)—(8).
Since the efficiency has the form of an inner product between
the function hg and &£ (¢), the maximal overlap appears for
ho(t) oc & (t) [16]. When both &, (¢) [Eq. (C10)] and €2 are
real functions and A = 0, we obtain the condition

Im(hga(r)) =0, (E2)

which is satisfied at all time for §g = 0. Note that, in principle,
nonzero §s can counter nonzero A by setting at all times
Im(T'q) + §s = 0, because then I'q + ids = yo + i[Im(T'g) +
8s] = yq is real. However, since yq < [I'q| (with equality
if-and-only-if A = 0), one has to increase €2 to compensate
for this reduction. It is therefore always preferable to set
A = 0, maximizing the dynamic range of yq. This is es-
pecially important if [Q(¢)] < Qmax 1S bounded (due to
experimental constraints, for example).

In the second stage of the storage (S — K), the ex-
change evolution depends on the exchange rate J(§) =
VJ? + (8 + iys)? /4, which in turn depends only on § = § —
85 [14] and is optimal for § = 0. Therefore, fixing §; = dx = 0
attains that optimum. We therefore conclude that the choice of
ds = 0 maximizes the efficiency of sequential storage. In the
adiabatic scheme, after adiabatic elimination of the electron
spin coherence in the low-bandwidth limit, the nuclear spin
coherence is given by [14]

0
K(0) = / T ()En()dL, (E3)

o0

with 7y (t) = Eaye= i IAHETIO+BIG  where Ty = J2/[Tq +
¥s + i8] and a; = iQQ2*T";/J. Maximal storage efficiency is

obtained when this integral is maximized. Considering this
integral as an inner product, the maximum is now attained for
hy(t) oc & (t). Forreal & (1), 22 and for A = 0, the condition
is now

Im(hy(t)) = 0. (E4)

Here, & takes the role of A in a standard A-system storage
[16]. However, in contrast to a standard A-system, J is a
constant making Re(I";) < % bounded. To exploit its full
range, one must set 8, = 0, saturating the inequality. Con-
sequently I'; is real (and a; has a constant phase), making
the choice §x = 0 optimal. The results in this Appendix are
consistent with our numerical results.

APPENDIX F: INTERMEDIATE SOLUTIONS IN
SPIN-EXCHANGE-BASED MEMORIES

It is also interesting to consider the numerical solu-
tion when crossing from the ultralow bandwidth to high
bandwidth, when the optimal solutions change from the
adiabatic regime to the sequential regime, respectively. In
this Appendix, we specifically focus on spin-exchange-based
memories in the strong-coupling regime (J 3> y;) because
they can maintain high storage efficiency for such variable
bandwidth. In Fig. 6, we show the temporal shape of the elec-
tronic (S18) and nuclear (K K) collective spin excitations for
the different pulse bandwidths B corresponding to the sym-
bols in Fig. 3(d). The leftmost plot shows a purely adiabatic
solution where the low-bandwidth input field is slowly stored
directly onto the noble-gas spins. Conversely, the rightmost
plot shows the dynamics in the sequential regime, where the
high-bandwidth input field is stored first on the alkali spin,
and only later transferred onto the noble-gas spins via a reso-
nant spin-exchange process. These two solutions were already
shown in Figs. 3(e)-3(f). The two middle plots, on the other
hand, show intermediate, mixed solutions that are neither
purely adiabatic nor purely sequential. In this intermediate
regime, the input field is stored first on a state that has both
S and K characters. Later on, this state is rotated fully into K
via the spin-exchange coupling. Our numerical optimization
shows, therefore, that efficient solutions can be engineered for
intermediate bandwidth.
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