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Strong and precisely controlled interactions between quan-
tum objects are essential for quantum information process-
ing"?, simulation® and sensing*>, and for the formation of
exotic quantum matter®. A well-established paradigm for cou-
pling otherwise weakly interacting quantum objects is to use
auxiliary bosonic quantum excitations to mediate the interac-
tions. Important examples include photon-mediated interac-
tions between atoms’, superconducting qubitsé, and colour
centres in diamond®, and phonon-mediated interactions
between trapped ions'>'? and between optical and microwave
photons™. Boson-mediated interactions can, in principle, be
amplified through parametric driving of the boson channel;
the drive need not couple directly to the interacting quan-
tum objects. This technique has been proposed for a variety
of quantum platforms'-?%, but has not, so far, been realized
in the laboratory. Here we experimentally demonstrate the
amplification of a boson-mediated interaction between two
trapped-ion qubits by parametric modulation of the trap-
ping potential?’. The amplification provides up to a 3.25-fold
increase in the interaction strength, validated by measuring
the speed-up of two-qubit entangling gates. This amplification
technique can be used in any quantum platform where para-
metric modulation of the boson channel is possible, enabling
exploration of new parameter regimes and enhanced quantum
information processing.

In many experimental platforms for quantum science, inter-
actions between quantum objects are generated by coupling the
objects via a shared auxiliary harmonic oscillator degree of free-
dom. The excitations of the harmonic oscillator are bosons (typi-
cally photons or phonons), which mediate interactions between the
quantum objects. Such interactions have been used to demonstrate
high-fidelity quantum logic gates*-”’, spin-squeezed states of atoms
and ions**~*', and the formation of novel phases of matter*>*.

Ach1ev1ng high fidelity generally requires that the effectlve inter-
action strength must dominate the characteristic rates of decoher-
ence in the system. Recent theoretical proposals'** offer a way to
increase the boson-mediated interaction strength through para-
metric modulation. When decoherence of the quantum objects to
be coupled—including decoherence due to control fields used to
implement the coupling®—is the primary source of infidelity, this
technique can reduce that infidelity by decreasing the required
interaction duration. Stronger interactions could also increase
speed and reduce control signal power requirements in large-scale
quantum processors.

The physics of amplified boson-mediated interactions can be
modelled by considering a set of quantum objects with associated
operators §;and a collective degree of freedom S = 3, 4,5;, with suit-
able coefficients f,. This collective degree of freedom is coupled to a
harmonic oscillator mode with annihilation and creation operators
d and a' and frequency w, which can be parametrically modulated
with characteristic strength g at 2w +26 ( is a system-dependent
frequency offset). In a suitable interaction picture, the correspond-
ing Hamiltonian takes the form* (see Methods):

Hy = "2(S'a+ Sa') — hoa'a o

+hg(a e aTZe—zé),

where the first two terms describe the unamplified boson-mediated
interactions, with coupling strength €, and detuning &, and the
third term describes the parametric modulation of the boson chan-
nel. Here 6 is the relative phase between the parametric drive and
the coupling interaction in the first term. This general Hamiltonian
can be realized in many physical systems including trapped ions*"*,
cavity optomechanics'” and superconducting circuit quantum elec—
trodynamics or atom-cavity systems'”'*.

For interactions between trapped-ion qubits, the d and 4" opera-
tors typically correspond to a normal mode of ion motion in the
trap (whose excitations are phonons) and §; = [r]’:, where 6}: is a Pauli
operator for the ith ion with j € {x, y, z}''>*>*. Here § is the detuning
of the spin-motion coupling drive from the frequency w of the pho-
non mode used to implement the interaction, and f; describes the
participation of the ith ion in the phonon mode. As another exam-
ple, one could also use equation (1) to describe atoms or supercon-
ducting qubits coupled to a single electromagnetic field mode in a
cavity. There @ and a' are the cavity mode operators, while §; = 6',,
where &', is the effective spin-1/2 raising operator for the ith atom
in the cavity. The f; then describes the relative atom-cavity cou-
pling strengths, and & is the atom-cavity detuning. When g=0, Hy
is equivalent to the Tavis—-Cummings Hamiltonian®.

As a representative case, we examine the dynamics in a
trapped-ion system without parametric modulation (g=0). We
consider two trapped-ion qubits (with single-qubit 6. eigen-
states |1) and [J.)) coupled through a shared out-of-phase mode
of motion such that § = 61 — 62 (note $ = §'). Applying Hy will
result in spin-dependent displacements in the phase space of the
motional mode'>**. The two-qubit spin states |++) and |——),
where |+) = %(m +|J)), are not displaced, whereas states |+—)
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and |—+) will traverse circular trajectories in phase space (Fig. 1a),
each acquiring a state-dependent geometric phase @ equal to the
area enclosed by its trajectory'>*. Applying Hy for a duration
7=2m/6 returns the harmonic oscillator to its initial state after a sin-
gle phase-space loop and disentangles it from the spin states. This
results in the propagator™

U= exp (i%gz) s (2)

which generates an effective spin-spin interaction, where
& = 21(20/8)>. When 6=20, and @ =m/2 this results in the maxi-
mally entangled state: U ||.|) = (|¢¢> + i |[t1)). If weinclude para-
metric modulation (g#0), the dynamlcs canbe elucidated by makmg

the normal mode transformation® b = gcoshr— a'e® sinhr,
where r = 1In [(§ + g)/(6 — g)]. When 6=0, this gives
Ay = hGQ" B30 (85 + 8b"y — no'b' b, (3)

where G = [(6 + g)/(6 — g)}”‘* =¢ and § = /5 — g, with the
requirement that |5| > |g]. The values of § and 7 depend on £2,and g,
and are determined by numerically solving a system of nonlinear
equations (see Methods). The transformed Hamiltonian has the
mathematical form of a boson-mediated interaction without para-
metric driving, but the interaction strength has been increased by a
factor of G. Similarly, we can derive the propagator as in equation (2),
with the duration to acquire a given geometric phase @ reduced
by the same factor of G. The choice of #=0 gives the maximum
amplification of the interaction strength; other values of 6 provide
less amplification, or even de-amplification (see Methods). The
parametric modulation causes the |+—) and |—+) states to traverse
elliptical, rather than circular, trajectories in phase space (Fig. 1b).
Physically, the parametric modulation alternately squeezes and
anti-squeezes the oscillator wave packets as they follow their ellip-
tical trajectories, resulting in amplification, of the spin-dependent
displacements®*’. For the case where S # S , the result of paramet-
ric modulation depends on the details of S. For example, in cav-
ity or circuit quantum electrodynamics, the increase in interaction
strength is given by cosh(r), and the amplification is independent
of 6, as shown in ref. .

In our experiment, we amplify boson-mediated interactions
between two trapped *Mg* ion hyperfine qubits. The ions are held
~30pum above a linear surface-electrode radio-frequency trap**-*
operated at 15K. The harmonic oscillator mode is an out-of-phase
radial motional mode with frequency w~2rx59MHz. We use
qubit states |[|)=|F=3mpr=1) and |1)=|F=2,mp=1)
within the 2§,,, electronic ground state hyperfine manifold, where
F is the total angular momentum and m;, is its projection along
the quantization axis defined by a 21.3 mT magnetic field. At this
field strength, the qubit transition frequency w,~2nx1.686 GHz is
insensitive to magnetic field fluctuations to first order, resulting in a
qubit coherence time longer than 200 ms. Global qubit rotations and
coherent population transfer between hyperfine states as required
for state preparation and readout are performed by applying reso-
nant microwave pulses to trap electrodes.

In each experiment, the ions are initialized in the electronic
ground state |]]), and close to the motional ground state (mean
occuption # ~ 0.3 in the phonon mode used to mediate interac-
tions), with optical pumping, resolved-sideband laser cooling®
and microwave pulses. Qubit readout is accomplished by transfer-
ring the population in ||) to 28y, |F = 3, mr = 3), applying a laser
resonant with the 281, |F =3, mp = 3) < 2Psp |[F =4, mp = 4)
cycling transition, and detecting state-dependent ion fluorescence.
Coupling between qubits and phonons associated with the shared
motional mode is implemented using the Mglmer-Sgrensen (MS)
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Fig. 1| Phase-space illustration of boson-mediated interactions. We
show the dimensionless complex harmonic oscillator amplitude a and
corresponding schematic quasi-probability distributions’ (shown in dark
blue, with past positions outlined in grey) for two qubits (S= &l — &f)
assumed to be initialized at the origin of phase space. In both panels,

the interaction duration is the same. a, Without parametric modulation
(g=0), the wave packets associated with the |[+—) and |—+) spin states
follow circular trajectories in a frame rotating at w + 8. The enclosed area
(shown in light blue) is equal to the acquired geometric phase @. b, With
parametric modulation of the trap potential at 2w + 26, the trajectories
(again viewed in a frame rotating at w + &) become elliptical and the
motional wave packets are alternately squeezed and anti-squeezed. The
parametric modulation results in increased geometric phase being acquired
per unit time.

interaction'"**. We implement the MS interaction using oscillat-
ing near-field magnetic field gradients at w,=+(w+5), generated
by currents in the trap electrodes (see Methods)*"*>. We measure
£,/2n=1.46(1) kHz, corresponding to a nominal single-loop MS
gate duration (z=m/£2,) of 342(3) ps. Generating the MS interaction
in this way enables straightforward phase synchronization with the
parametric modulation at 2 + 26, which is implemented by apply-
ing an oscillating potential directly to the radio-frequency trapping
electrodes as described in ref. *.

To quantify the enhancement in the interaction strength due to
parametric amplification, we find, for a given parametric coupling
strength g, the optimum interaction duration for preparing the Bell
state |wy) = —=(]44) +i|11)) from the initial state |])). In the
absence of dec Zherence this corresponds to acquiring a geometric
phase of @ =n/2, using a single phase-space loop. To determine the
optimal interaction duration we perform measurements for differ-
ent values of the interaction duration ¢ and detuning & at each g,
and use the fidelity F(g, #1, 8") = (yp| p(g 11, 8') |wy) of the prepared
state as a success metric, where p is the density matrix of the pre-
pared state*. For each g, we perform a two-dimensional (2D) qua-
dratic fit to the measured fidelity values versus ; and &’ and use the
t; value of the fit function maximum as the estimated optimal inter-
action duration f1 e (see Methods and Extended Data Fig. 1). With
to = test(g = 0) = 331(1) ps denoting the estimated optimal inter-
action duration without parametric amplification, we plot the mea-
sured gate speed-up to/Hest versus ginFig. 2a. The values of Trest tend
to be shorter than predicted by analytical theory without decoher-
ence. This effect arises from a trade-off between fidelity reductions
from amplified motional decoherence (which penalize longer t)
and fidelity reductions from incorrect geometric phase acquisition
or failure to close the phase-space loop (which penalize t; either
shorter or longer than the optimal duration without decoherence).
The measured f; ¢ values agree quantitatively with numerical simu-
lations incorporating motional heating and dephasing mechanisms.
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Fig. 2 | Bell-state fidelities and speed-up. a, Speed-up to/ﬁest asa
function of g. The dashed line is the prediction from analytical theory
without motional decoherence. The small points are the results of
numerical simulations including motional decoherence, with the coloured
bands representing the corresponding 68% confidence intervals, linearly
interpolated between simulated points?. b, Bell-state fidelities with and
without added qubit dephasing. We plot I?exp, the maximum measured
fidelity for each value of g, determined by scanning over a 2D grid of
interaction times t, and detunings &’. Red circles (blue circles) indicate data
taken with (without) added qubit dephasing noise (see text and Methods).
Small points show numerical simulations of the maximum fidelity (varying
t and &") as a function of g, including motional decoherence, and either
with (red) or without (blue) added qubit decoherence. The coloured bands
represent 68% confidence intervals on the numerically simulated values,
linearly interpolated between simulated points. In a and b, experimental
error bars indicate 68% confidence intervals.

For the strongest parametric coupling of g=2mnx49.7(6) kHz, we
experimentally measure a speed-up factor of 3.747016. With this
g and the independently calibrated €2, we calculate a theoreti-
cal enhancement in the phonon-mediated interaction strength of
G=3.25(1) (see Methods).

The amplified motional decoherence also causes the interac-
tion fidelity to diminish as g is increased. We define the maximum
experimentally measured fidelity Fex(g) for a given g (scanning
over &’ and t;, see Methods) and plot Feyp for each g in Fig. 2b. For
a parametric coupling strength of g=21x49.7(6) kHz, we measure
Fexp = 0.860(8) for ;=90 s, compared with Fey, = 0.974(4) with-
out parametric amplification at ;=350 ps.

In our experiment, decoherence of the shared boson mode (ion
motion) is the dominant source of gate infidelity. However, deco-
herence mechanisms not arising from the shared boson mode
(for example, off-resonant photon scattering from laser control
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Fig. 3 | Phase dependence of amplification. a, Interaction duration ﬂyest

as a function of the parametric drive phase 6 for g=2nx12.4(2) kHz. The
dotted red line indicates the duration t, without parametric amplification.

The dashed black line is from analytical theory, without considering

decoherence. b, Fidelity as a function of @ for fixed g, t, and 6, with t, and 6
chosen to maximize fidelity at =0 for g=2nx12.4(2) kHz. The dashed

black line is from numerical simulation, without considering decoherence.
Inaand b, the small points are the result of numerical simulations

including motional decoherence (see Methods), with the coloured bands
representing the 68% confidence intervals, linearly interpolated between

simulated points, and the error bars on experimental data indicate 68%

confidence intervals.

fields***) are not amplified; in cases where these are the domi-
nant source of infidelity, parametric amplification may improve
the interaction fidelity by reducing the interaction duration®'. As
a proof-of-principle demonstration of operation in this regime,
we introduce excess qubit dephasing by applying a current oscil-
lating near w, to one of the trap electrodes. The detuned current
gives rise to an ac Zeeman shift of the qubit frequency. The ampli-
tude of the current is randomly changed every millisecond to give
a Gaussian distribution (standard deviation of 2xx0.47(2) kHz,
see Methods) of qubit frequency shifts in time. In the presence of
this dephasing, the maximum Fey, without parametric modula-
tion is 0.777(6), at t; =310 ps, whereas with parametric modulation
(g=2mx12.1(1)kHz) we measure a maximum Fexp of 0.912(7) at
t,=160ps (Fig. 2b red points). Further increases in g reduce the

fidelity, due to amplified motional decoherence.

In the experiments described above, the phase 6 of the paramet-
ric drive with respect to the MS fields was set to give maximum
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amplification (f=0). We can also vary 6 to study the phase sensi-
tivity of the amplification protocol. In Fig. 3a, we determine st
for different 6 values and a fixed g=2nx12.4(2) kHz by scanning
over multiple (1, ) pairs for each data point, as described above.
Theoretically, the parametric amplification process is third-order
insensitive to small errors in the parametric drive phase*, and we
measure no substantial increase in f1eq up to at least 6/2n~0.14.
Increasing @ further results in a longer fieq, in accordance with
theoretical predictions. The increased fest is accompanied by a
reduction in the maximum value of Fexp over ¢, for each phase value,
going from 0.945(6) to 0.738(8) as /2 changes from 0 to 0.39.
Simulations show that this fidelity loss is due to parametric ampli-
fication of motional decoherence. In Fig. 3b, we show the effect of
varying 6 for the same fixed g, this time without reoptimizing the
gate parameters &' and ¢, for each 6. Although in our system the con-
trol fields used to induce boson-mediated interactions are at micro-
wave frequencies and can therefore be readily phase-stabilized with
respect to the parametric drive, applications with laser-based con-
trol fields may require stabilization of the laser optical phase at the
ion positions relative to the parametric drive phase. The fact that the
interaction duration and fidelity are not first-order sensitive to this
phase difference eases the requirements for the laser phase stability.

In summary, we have demonstrated parametric amplification of
boson-mediated interactions between two trapped-ion qubits. Our
method should increase entangling-gate fidelities in systems where
the dominant sources of error result from qubit decoherence or from
qubit errors induced by control fields, rather than decoherence of the
bosonic degree of freedom that couples the qubits. The loss of fidel-
ity due to amplified decoherence of the boson mode could poten-
tially be mitigated by using multiple phase-space loops*, or using
multi-tone or amplitude-modulated schemes*—. Furthermore, the
enhanced interaction strength afforded by parametric amplification
could enable a reduction in the amount of laser or microwave power
required in larger-scale quantum information processors.
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Methods

Derivation of equation (1) for combined MS interaction and parametric
modulation. Here we show explicitly that the combined MS and parametric
interactions can be described by equation (1). We consider two co-trapped atomic
ions with internal qubit states | |) and | 1) with energy separation Aw,. Interactions
between the qubits are mediated by a shared out-of-phase motional mode with
frequency w. Without driving fields, the lab-frame Hamiltonian for the system is
given by™

Hy = hwa'a + — (61 + 62), (4)

where 67 = |1) (1] — |4) ({|is a Pauli operator for ion i and a (4") is the
annihilation (creation) operator for the phonon mode. The MS interaction is
implemented by simultaneously applying red sideband (RSB) and blue sideband
(BSB) interactions'!

Hys = Huss + Hrsp
= hno(ﬁh_ — 61)&“ COS(&)BSBf) (5)
+h90(&1'_ — [ﬂ_)& cos(wrspt) + h.c.,

where h.c. is the Hermitian conjugate, £2, characterizes the qubit-motion coupling
strength, and wyg, and wyg; are the frequencies of the sideband drives. If the
sideband drives are symmetrically detuned from w, such that wpg, =@, + @+, and
Wrsp =W, — ® — 5, we can transform into an interaction picture with respect to H,
to obtain''

HMSI _ eil:lot/h HMS e—iHut/ﬁ
o s (6)
= b (a4 gTe ) (5] — &2),
where we have made a rotating wave approximation and dropped terms oscillating
near 2w,. The minus sign between the Pauli operators arises because the shared
motional mode is an out-of-phase mode (#, = —p, =1, recalling the definition
S = 3,5, where here § = ).
We now consider the parametric drive. In the lab frame, modulation of the
confining potential of a trapped-ion mechanical oscillator at frequency w, results
in the Hamiltonian®®

Hp = hg(a + df)z cos(wpt + 6), (7)

where g is the parametric coupling strength and € is the phase of the parametric
drive relative to the MS interaction fields. If w, =2® + 25, then the parametric
drive Hamiltonian, in the interaction picture with respect to Hy and after making a
rotating wave approximation, becomes

N h L o
iy, = Yg(&zezﬁtﬁ—x()+aw‘25—215t—x()). )

Applying the MS fields and parametric drive simultaneously yields:
H = HMs, + HP,
= 19 (@ +ale")(5) — 6}) ©)

Fo a2 2isti oy st
+7g(a2e21§t+19+a1‘26 2ist 19).

If we transform equation (9) into the interaction picture with respect to
H, = hoa'a, the time dependence can be eliminated, giving
Mt M Ry s Atyal _ a2
e m Hie'm = 22 (a+a") (6, —67)
2 x x (10)
+¥(d26i0 4 dﬁ‘Zefiﬁ) _ h&dfd,

which is equivalent to equation (1) with § = 6! — &2, using the fact that § = s by
this definition.

Phase dependence of parametric amplification. Applying the normal mode
(Bogoliubov) transformation® b=dcoshr— a'e? sinhrto equation (1) gives the
expression

Hy = @ <§T [l; coshr+ b e sinh r]
+3 [5* coshr + be " sinh r]) —15'b'h, )

where r = 1In [(§ + g)/(8 — g)]and &’ = /8% — &2, with the requirement that
|6] > |g| and 6,g> 0. For cases where S = §', we have

Ay = @s (0f.0) + 87 (1.0)) - 16’8, (12)
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where f(r,0) = coshr + e sinh r. The interaction strength £, is modified
by a factor |f(r,0)| (the phase of f can be absorbed into the b operator), which is
given by

|f(r, 0)| = +/cosh2r 4 cos @ sinh 2r.

Maximum amplification occurs when #=0, when |f(r,0)| =" and the
interaction strength becomes £¢". If §=m, the interaction strength is maximally
suppressed, with |f(r,t)| =e™" and 2, — 2,e™". Equation (13) can be reparameterized
in terms of 6 and g to give:

(13)

12
d + gcos(0)

Vi

for 5> 0. The above analysis also holds if § < 0 (we always presume g > 0), provided
that a phase shift of  is added to 6 as well.

(6,4 0)] = (14)

Calculation of the gate time and detuning for parametrically amplified gates
without decoherence. The preparation of the Bell state |y,) = % (L) +i111))
from the initial state ||]) requires the closure of an integer number of phase-space
loops and the accumulation of a geometric phase of @ =m/2. The closure of a single
loop occurs when 7 is given by:

_2n 2n

== 527—g2 . (15)
The geometric phase acquired in that loop, @, is:
2
2lf(g6.0)\* (g8,
&= on 2V&EDIN_, (22601 (16)
&' N

Given g, 6 and £2,, we can determine the correct values of 7 and 6 by
numerically solving equations (15) and (16) simultaneously. All values of 7 from
analytical theory shown in the text are calculated in this manner.

Calibration of the parametric drive strength g. The electronics used to generate
the parametric drive are described in detail in ref. ** and consist of a direct digital
synthesizer driving a resonant tank circuit coupled to the trap radio-frequency
electrodes. Since a resonant circuit is used to couple the parametric drive to

the trap electrodes, the parametric drive strength g depends on the frequency

, During entangling-gate experiments there are both slow drifts of the ion
mode frequency w and deliberate changes to the detuning 6. These result in
small changes in g, since @, =2® + 26. Since we measured o at the beginning of
every gate experiment, we can infer the value of g for that experiment using an
independently measured calibration function.

For given settings of the mode frequency w and parametric drive amplitude,
we measured g using a similar method to that described in ref. *°. First, we
prepared the two-ion state |11), with the motion cooled near the ground state
(1 = 0.3). Next, we squeezed the motional state by applying the parametric drive
on-resonance (with @, =2w) for a duration . Parametric modulation ideally
implements a squeezing operation’>*>*, and transforms the motional density
matrix p; according to

b= QO2Q' @), (17)
where p, is the squeezed motional density matrix and
Q(&) = exp (1 (£*@* — £a'™)) s the squeezing operator with complex
squeezing parameter £ = gte”. The initial density matrix p, is assumed to
be in a thermal mixed state characterized by the mean thermal occupation 7.
The oscillator number state populations of the shared two-ion motional
state can be inferred from the ions” qubit populations after applying a
motion-adding sideband pulse of a variable duration and detecting the two-ion
qubit populations. We can extract the value of |£, and hence g, by fitting a
numerical model to the measured two-ion populations as a function of the
duration of the sideband pulse, with only |£| as a free parameter. Additional
parameters used in the model are the sideband Rabi frequency for each ion,
the ac Zeeman shift on each ion due to off-resonant magnetic fields associated
with the sideband drive, and 7, which are calibrated by fitting the model to data
from a control experiment with the parametric drive amplitude set to zero. We
repeated this experiment for various values of w and fit a quadratic polynomial
to the resulting data, obtaining a calibration function for g as a function of @. All
reported uncertainty values for g are 68% functional prediction intervals™ based
on this calibration function fit. The prediction interval reflects our uncertainty in
determining the underlying value of g, but not fluctuations of g in time for a given
®, which are substantially smaller.

Determination of # . For a given setting of the parametric drive amplitude g,
we estimated the interaction duration required to maximize the two-qubit gate
fidelity by fitting a 2D quadratic polynomial to the data. Specifically, we fit to a
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grid of experimentally measured fidelities at various (¢,6) values to determine the
quadratic constants a; in the function

F(xy) = a0+ ai(x — 1)’ + az(y — as)’ a8
+as3(x — aq)(y — as),

with x=#, and y = §'. This requires converting the experimentally measured &
values into &’ values, which requires knowledge of g. Any calibration uncertainty
in g will propagate to the values of &’. The fitted value of the coefficient a, gives
t1est- Data and slices of the 2D fit for the point at g= 21 x 49.7(6) kHz in Fig. 2a are
shown in Extended Data Fig. 1. From the fit, 7o = 881} ps.

To determine the effect of the calibration uncertainty in g on f;e (arising from
the propagation of this uncertainty into the & values), as well as the uncertainty in
the estimated fidelities, we used bootstrapping. For each setting of the parametric
coupling strength, we generated 5,000 synthetic data sets, each with the same
number of (#, §") data points as in the original data set. Each point in a new set
has the original duration #, but has a detuning given by 5’ = /8> — (g + Ag)?,
where Ag is randomly selected from a zero-mean Gaussian distribution with
standard deviation given by the calibration uncertainty in g (~2xx 600 Hz for the
data shown in Extended Data Fig. 1). Similarly, the fidelity values F are given by
F+ AF, where AF is randomly selected from a zero-mean Gaussian distribution
with standard deviation given by the standard deviation of estimated fidelities from
non-parametric bootstrapping of the raw gate data®. For each synthetic data set
we fit F(x,y) to the data to determine T1est» and used the central 68% interval of the
distribution of fitted values to determine the uncertainty in e

Excess qubit dephasing noise. The ||) <+ |1) transition frequency is first-order
insensitive to magnetic field fluctuations (a so-called clock transition). We
therefore induced excess qubit frequency fluctuations, and thus dephasing, by
applying a time-varying ac Zeeman shift §,.. We generated the ac Zeeman shift
by applying a current oscillating near @, to generate an off-resonant oscillating
magnetic field at the ion. The magnitude of §,. is proportional to the square of
the applied current amplitude I,., which we verified experimentally by measuring
the qubit frequency for different I, values. We changed I,. between different
randomly chosen amplitude values once every millisecond with a switching

time of ~1 ps. The time of this change was not synchronized with the rest of the
experiment, such that over many experimental trials, the changes will occur at
uniformly distributed random times with respect to the start of each trial. The
random current amplitudes were chosen to give qubit frequency fluctuations
(which cause qubit dephasing) according to a Gaussian distribution with mean
value §,c = 21 x 4.59(1) kHz and standard deviation 6,. =21 X 0.47(2) kHz. The
random currents were only applied during the entangling gate.

We characterized the effect of the applied qubit dephasing noise by performing
Ramsey experiments as follows. First, the qubits were initialized in the state | |]).
A global carrier n/2 pulse was then applied to the qubits. Next, the fluctuating ac
Zeeman shift was applied for duration t,. A second carrier 71/2 pulse completed
the Ramsey sequence and the two-ion populations were measured. For a given
distribution of applied ac Zeeman shift fluctuations, we measured the populations
for various values of t,. We fit these data to a numerical model of the expected
populations, computed from an ensemble of simulated trials with random static
qubit frequency shifts drawn from a Gaussian distribution. This fit enabled us to
determine the mean and standard deviation of the qubit frequency shifts due to the
applied ac Zeeman shift noise. We cross-calibrated by measuring 6, as a function
of I and calculating the mean and standard deviation of §,. based on the known
distribution of I, values applied. These two calibrations agreed quantitatively.

Numerical simulations. For numerical simulations of the data obtained in the
experiment, we included three types of motional decoherence process: (1) motional
dephasing due to the coupling to a phase-damping reservoir™, (2) shot-to-shot
fluctuations of the trap frequency, and (3) motional heating”. Dephasing (type 1)
can be modelled by the master equation for the system density matrix written as™

. 2 2
b= g {zﬁ*ﬁpam - (a*a) p— p(a*a) ]

where y is the dephasing rate. In our simulations, we took y to be a free parameter
to fit the experimental data. The motional dephasing terms can be converted into a
quantum stochastic equation using the Ito calculus® for d given by

(19)

&= %a — iy, (0)
where () describes white noise with the correlation (5(t + t')5(t) =)p(t'). Here
6p is the Dirac delta function. Shot-to-shot motional frequency fluctuations (type

2) are included by running the simulation many times, each time with a randomly
chosen motional frequency. The motional frequency values were chosen from a
Gaussian distribution with standard deviation of 6;=2x X 100 Hz, consistent with
the shot-to-shot variation in motional frequency observed experimentally. As

we used an out-of-phase motional mode, motional heating (type 3) was strongly
suppressed. We measured a heating rate of #i &~ 1 quanta per second on this
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mode, which has a relatively small effect on the gate fidelity. Heating is included
phenomenologically using a method similar to the treatment of photon scattering™.

Quadratic Hamiltonian interaction picture. We performed the numerical
simulations for the data in Figs. 2 and 3 in the interaction picture of the quadratic
Hamiltonian I:IQ(t) = Hp — H,, where Hp is the parametric drive Hamiltonian
without the rotating wave approximation in equation (7) and H, = héa'a.
Since Hq(t) is quadratic in d and ', the interaction-picture creation operator 4}
is given by

al = Uh(a'Uq(1) = u(t)a" +v*(n)a, 1)
where Uq(t) = T exp (—i [} Hq(r)dr) and 7T is the time-ordering operator. The
equations to determine u(t) and v(t) are given by

i =[5 —i (04 )] utig (e’ +e )y,

) ) ) (22)
v = [,% + i (5 + ﬂri(t))] v—ig (e—z() + etZarpt+l()) ”
In the interaction picture of Hq(t), the boson-mediated interaction term of
equation (1) becomes
V() = Ug(n1 (8'a+ Sa") Uqg (1)
(23)

.
Q
=h (S*h*(t)a + Sh(t)a*) ,

where h(t) = u(t) + v(£) and § = (”7)1( — ?fﬁ. For example, without the parametric
drive and the motional dephasing, h(t) =e~. As the interaction Hamiltonian V(¢)
is only linear in d and 4", the qubit-motion system can be written as

() = cor () 144 lasr ()
+ o (0 ]4=) lag— ()
(24)
+e i (O ]—4) lams ()
+ e () |—=) la—— (1),

where ¢, (t) are time-dependent coefficients for the qubit states |+-=4) and the
|+ (£)) are coherent states of motion defined by |a+ + (£)) = D(ax+(£)) |0),
where D(a) = exp (ad’ — a” ) is the displacement operator’. In the eigenbasis
of S, wefinda,, ()=a__(t)=0and a4 _(t) = —a_4(t) = —i fg Q0h(t)dr.
With the initial qubit state ||.|) and the target state |y) = \% (J4d) +i|11)), the
fidelity at the gate time 7 can be evaluated as

2
F(z) = % —icy_ (1) exp (—\a+_(r)\2/2>‘ . (25)

We can then find the optimal fidelity with respect to the gate time 7 for fixed &
and g. In the simulations of Figs. 2 and 3, we averaged the optimal fidelity over 600
simulations for each value of g. In each simulation, we drew a random motional
frequency shift from a zero-mean Gaussian distribution with the standard
deviation ;=21 X 100 Hz. Every simulation had the same value of the motional
dephasing rate y. We determined y = 2 x 5.2 Hz by fitting the fidelity simulations
to the data.

Amplified motional dephasing. Parametric modulation amplifies decoherence of
the bosonic mode resulting in the loss of fidelity of boson-mediated interactions.
Here we derive expressions for the impact on the fidelity of amplified motional
dephasing due to coupling to a phase-damping reservoir.
In the absence of parametric amplification, the contribution to the system
Hamiltonian from dephasing is given by
Hy = hy/yn(t)d'a (26)
where (7(t + t')n(t) =)&p(t'). For a dephasing rate of y =27 5.2 Hz, and a gate
duration of 342 ps without parametric amplification, the variance of the phase
fluctuation is (A¢?) =yt=0.0112rad? or \/(A¢?) = 6.06 degrees. Thus, the loss
in fidelity for a MS gate using our experimental parameters is determined through
the phase fluctuation variance to be ~0.7%°". To estimate the effect on the fidelity
of a two-qubit gate in the presence of parametric amplification, we applied the
Bogoliubov transformation @ = bcoshr + b’ sinh r at @=0 so that
Hy — hy/7n(t) {cosh(Zr)l;Tl; + cosh rsinh r(l;z + l;n)] s (27)
dropping a constant term. The term proportional to (52 + l;)rz) produces a random
squeezing that is neglibibly weak in the regime 6’ >> y where we operate, and can
be ignored. The remaining term shows that the dephasing rate is amplified by a
factor of [cosh(2r)]* = (G + G~2)*/4, which is approximately G'/4 for large G.
The variance of the dephasing angle is amplified by G*/4 X G = G*/4, where the
factor of G™! results from the reduction in gate time. Since the loss of fidelity is
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proportional to the phase fluctuation variance®', for G=3.25 at g=2nx 50kHz,
the fidelity loss is estimated to be ~6%, a factor of G*/4~ 8.6 higher than without
amplification.

ac Zeeman shift fluctuations. To show the robustness of the parametric
amplification against fluctuations of the qubit frequency as shown in Fig. 2b
(red data points and shaded band), we introduced artificial qubit frequency
fluctuations by applying a detuned oscillating current to one of the trap
electrodes, as described above. The detuned current induces an ac Zeeman shift,
whose magnitude is randomly varied by changing the current amplitude every
millisecond to give a Gaussian dlstrlbution of qubit frequencies. Effectively, we
add an additional term H, = h%: i< (61 + 62) to the system Hamiltonian, where 5,
is drawn from a Gaussian dlstrlbutlon with mean &,c = 2n x 4.59(1) kHz and
standard deviation o, =27 0.47 kHz. In this case, the state cannot be wrltten in
the form of equation (24) due to the fact that [EHZ, ] # 0 for S= 0 — a Instead,
we write the state of the whole system as

3 s
2@0) = 3237 Cul) w16, (28)
j=1 k=0
where |k) is the kth Fock state ofmotion, ly) = \[ (J++) + 1—=))
\ll/2>f (|+ YA I=E ) = o5 (=) = |—+ +)) and
12(0)) 222 (1) — ) 0)- The offier eigenstate yy) = = (|4 — |—=)

of the two qu 2b1t system is not involved because it is a dark state of the operators H,
and § and it is orthogonal to the initial state | |.|). The set of equations is truncated
at a certain motional Fock state |s) depending on the maximum displacement of the
motional state |@max| = rf 72 o (t’ )dtI According to the Schrédinger equation
under the Hamiltonian F, + V(£), the differential equations of the coefficients are
obtained as

Cl,k = —ifac Cz,k:

8, Cry — i (cm]h* VEFI+ cs,k_lhﬁ) ,

(29)
Cyx = —if2 (Cz,k+1h* VE+1+ Cz,k_lh\/l;> .
The fidelity at the gate time is then given by
F&) = 51C10(0) = iCao (I 60)

For example, at the maximum g~ 27 x 50 kHz, the maximum displacement is
|amax| & 3, and we verified that the truncation number s=23 is sufficient. For Fig.
2b, we averaged the optimal fidelity over 600 runs of simulations for each value
of g, where both the motional frequency and the ac Zeeman shift were randomly
chosen in each simulation.

The above analysis can be extended to an initial thermal state of the mechanical
mode, where p, (0) = >_°°  p,|n) (n]and p, = A"/(7i + 1)"*1. The density
matrix of the whole system is written as

pE) =" pu (1) (T (D), (31)
n=0
where
3 s
() = 37 3 G ) 10 (32)
j=1 k=0

and the coefficients C;;, follow the same differential equations as C;; in equation
(29) with the initial conditions C, ,(0) =—C,,,(0) = . Here 6, is the Kronecker
delta. The fidelity for the target state after tracing over the motional mode is then
generalized to

F(z) = (33)

anme — iCon(D)].
n=0

The role of thermal excitation in affecting the fidelity in this case can be
understood in the following way. First, without ac Zeeman shift fluctuations, the
thermal excitation does not affect the fidelity at the ideal gate time. This is also true
with parametric amplification thanks to the mapped Hamiltonian equation (3).
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Second, in the presence of an ac Zeeman shift (J,. #0), there can be residual
spin-motion entanglement due to the coupling between spin states |y, ) and |y, ),
even at the ideal gate time. With parametric amplification, this coupling rate

d,. is effectively suppressed since the value of |} is increased from 1 to a value
greater than 1 in equation (29). This suppression works for any motional state

in the thermal excitation according to our analysis. Therefore, the parametric
amplification would help reduce the effects of qubit dephasing on fidelity even
with an initial thermal state of the motional mode. This was demonstrated in our
experiments (Fig. 2b).

Data availability
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Extended Data Fig. 1| Data and fitting to determine i,,est. Fidelity as a function of §'/2x for various values of t, for a calibrated value of the parametric
coupling strength of g/27=49.7(6) kHz. Data points are fidelities obtained using the method described in ref.“¢. Vertical error bars indicate 68%
confidence intervals for the fidelity. Horizontal error bars indicate 68% confidence intervals for §’/2x calculated from error propagation of the measured
uncertainties in § and g within a given experiment. Red curves are slices of the 2D quadratic fitting function at the corresponding interaction times.
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