
Entropy Scaling of Viscosity – II: Predictive
Scheme for Normal Alkanes †

Ian H. Bell∗

Applied Chemicals and Materials Division, National Institute of Standards and Technology,
Boulder, CO 80305

E-mail: ian.bell@nist.gov

Abstract
In this work, a residual entropy value 6/10 of
the way between the critical point and a value of
−2/3 of Boltzmann’s constant is shown to col-
lapse the scaled viscosity for the family of nor-
mal alkanes. Based on this approach, a nearly
universal correlation is proposed that can re-
produce 95% of the experimental data for nor-
mal alkanes within ±18% (without removal of
clearly erroneous data). This universal corre-
lation has no new fluid-specific empirical pa-
rameters and is based on experimentally ac-
cessible values. This collapse is shown to be
valid to a residual entropy half way between
the critical point and the triple point, beyond
which the macroscopically-scaled viscosity has
a super-exponential dependence on residual en-
tropy, terminating at the triple point.

A key outcome of this study is a better un-
derstanding of entropy scaling for fluids with
intramolecular degrees of freedom. A study of
the transport and thermodynamic properties at
the triple point rounds out the analysis.

1 Introduction
The viscosity of hydrocarbons have been inten-
sively studied over the years due to their impor-
tance to the petroleum industry and other al-
lied fields. Hydrocarbons range between gases,
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liquids, and even solids at room temperature
depending on their carbon number and branch-
ing. In this work the focus is on the homolo-
gous series of normal alkanes, and in particu-
lar the focus rests on the viscosity in the liq-
uid phase; the analysis connects to the gaseous
phase. This family is sufficiently well-studied
by high-quality measurements that the physics
can be investigated in some detail.

Empirical models for the viscosity of normal
alkanes have been developed over the years, and
the Properties of Gases and Liquids1 provides a
summary of the modeling efforts up to the year
2000, including the TRAPP method, the Chung
method, etc. A more modern review is that
of Ref. 2. The previous paper in this series3

highlights that many of the previously consid-
ered approaches for empirical viscosity model
development have strong links to the residual
entropy.

An important question that this work investi-
gates empirically is how the dynamics of molec-
ular fluids change as a function of residual en-
tropy, and in particular the chain length de-
pendence. A conclusive answer to this question
will hopefully open the door to a new genera-
tion of empirical models with a strong link to
equilibrium thermodynamics.

1.1 Entropy Scaling
The work of Rosenfeld4 ambitiously posited,
based on the minimal molecular dynamics data
available at the time, a universal relationship
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between the macroscopically scaled viscosity (a
transport property) and the residual entropy
(an equilibrium thermodynamic property) for
atomic liquids; this universal relationship does
not hold for molecular fluids.5 The macroscop-
ically reduced viscosity is defined by

η̃ ≡ η

ρ
2/3
N

√
mkBT

(1)

in which η is the shear viscosity, ρN is the num-
ber density (the number of particles per unit
volume), m is the mass of one particle, kB is
Boltzmann’s constant, and T is the tempera-
ture. In the case of atomic fluids (Rosenfeld’s
focus), the dimensional scales are those of the
liquid phase (length: ρ

−1/3
N , energy: kBT , time:

ρ
−1/3
N

√
m/(kBT )),6 yielding a scaling term of

ρ
2/3
N

√
mkBT for viscosity (with dimensions of

mass/(length×time)). The “correct” dimen-
sional scales for polyatomic molecules are not
as straightforwardly defined, but it is common
practice7 to use m as the mass of one molecule,
and ρN the number of molecules per volume, as
will be done here.

The independent variable of entropy scaling
is the residual entropy, which is defined as the
entropy minus that of the ideal gas at the same
temperature and density

sr ≡ s(T, ρN)− s(ig)(T, ρN) (2)

where s is the entropy per molecule, and s(ig) is
the ideal-gas entropy per molecule. The ideal
gas entropy has both temperature and density
dependence; see for instance Eq. 6 of Ref. 8. In
the physics community, sr is referred to as the
excess entropy, but “excess” properties have a
particular meaning in chemical thermodynam-
ics.9 In order to avoid circumlocutions like “the
negative of the residual entropy is increasing”,
to simplify the conceptual model, and to sim-
plify the nomenclature, the scaled residual en-
tropy term is therefore defined by

s+ ≡ −sr/kB (3)

The recent years have seen a groundswell of
interest in entropy scaling, as indicated by a re-
cent review on the topic.10 The research group

of Jeppe Dyre has built a theoretical basis to en-
tropy scaling from their isomorph theory,11–15

which makes a link between reduced structure
in the fluid, residual entropy, and scaled trans-
port properties.

The most clear precursor of the present study
is the Novak scaling approach16–19 in which the
viscosity was divided by the dilute gas viscosity,
and this quantity then expressed as a function
of the residual entropy. In the same lineage,
this approach was further extended by the wide-
ranging group-contribution methods developed
by the group of Joachim Gross using as their ba-
sis the PCP-SAFT equation of state, and also
then considering self-diffusion and thermal con-
ductivity in a similar empirical framework.20–25

The divergence of the scaled viscosity as the
density approaches zero in Eq. (1) is a nuisance
for practical applications.20,22,26 The most pop-
ular solution to the divergence problem is to
divide by the dilute-gas viscosity rather than
ρ
2/3
N

√
mkBT . This approach cannot be recom-

mended because it does not employ the correct
dimensional scales; the transport properties
should be divided by the appropriate length, en-
ergy, and time scales of the liquid phase. Oth-
erwise, significant non-monovariability is found
in the liquid phase for small molecules (e.g., see
Fig. S5 from the SI of Ref. 5).

1.2 Modified Entropy scaling
Later work of Rosenfeld27 provided the path
to follow. He noted that η̃ is proportional to
(s+)−2/3 for dilute gases of finite density mod-
eled by inverse-power-law potentials (some-
times called the soft sphere model). This theme
has been further explored in detail for other
“simple” potentials.28 In order to reconcile the
results with the liquid phase, the term

η+ ≡ η̃ × (s+)2/3 (4)

is therefore defined5,26 with the characteristic
that it a) retains the correct scaling in the
liquid phase for small molecules and b) does
not diverge at zero density. This scaling ap-
proach was explored in detail in Ref. 26 for
the Lennard-Jones fluid, and first used with-
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out further study in Ref. 5. While the modified
entropy scaling approach does not have a the-
oretical basis in the liquid phase, when η̃ is a
monovariate function of s+, η+ should also be.

The dilute gas limit of this scaling is26,28

η+ρN→0 ≡
η√

mkBT

[
B2 +

(
dB2

d ln(T )

)]2/3
(5)

in which B2 is the second virial coefficient of the
virial expansion for the compressibility factor as
a function of number density.

In order to ensure the formulation matches
the ideal gas limit, η+ρN→0 is subtracted from
η+, rather than dividing the viscosity by the
dilute-gas viscosity. While this approach will
subtly shift the liquid phase scaled viscosities,
and therefore no longer strictly follows the re-
quirements of isomorph theory,11–15 the effect is
very small,3 likely smaller than the liquid-phase
uncertainties.

There is now a growing body of work that
has utilized this modified entropy scaling frame-
work for building empirical viscosity mod-
els3,26,29 and successfully applied it to mix-
tures.29,30

2 Data & Thermodynamic
Models

The experimental data utilized in this study
were obtained from the SOURCE database of
NIST, and made available through an inter-
nal version of the ThermoDataEngine. The
Thermodynamics Research Center of NIST has
agreed to make the viscosity data for this study
available in tabular form. The complete dataset
considered in this work includes more than 16
thousand unique data points (including bibli-
ographic information for each dataset) and is
contained in comma-separated-value format at
https://doi.org/10.18434/mds2-2289

Like the previous paper in this series3 for
propane, the present paper focuses on the nor-
mal alkanes n-CNH2N+2 in the set of “REF-
PROP compounds”, that is, fluids that are in-
cluded in the NIST REFPROP library.31 These
represent well-measured fluids with accurate

multiparameter equations of state. We can
generally assume that the residual entropy ob-
tained from these models is a faithful repre-
sentation of the residual entropy of the actual
species, aside from some issues identified be-
low. The residual entropy is not a directly mea-
sureable quantity, but a means of assessing the
residual entropy reliability at the triple point is
proposed below.

2.1 Data Screening
Large collections of experimental data for trans-
port properties are frequently riddled with data
capture errors, not the least because of the
plethora of units that have been historically
used for dynamic viscosity and the ease with
which unit conversion errors can be made. For
dynamic viscosity, the SI unit is the Pascal-
second, but many others have been used when
the range is expanded to kinematic viscosity
and fluidity (the reciprocal of viscosity): poise,
centipoise, reyn, stokes, to name only a few.
A method that can quickly screen data to flag
outliers polluting the database (likely caused by
unit conversion) is very useful.

The results below show that the experimen-
tal transport property data for all fluids demon-
strate a qualitatively similar behavior when the
s+ is divided by the appropriate value.What
readily-calculated value of s+ should be used to
scale the residual entropy? There are a num-
ber of options: the triple point, critical point, a
point along the vapor-liquid equilibrium curve,
etc. For rough screening, Fig. 1 shows an
overview of the data with their entropies scaled
by the value Fscreen = (6s+PR,crit + 8/3)/10; the
motivation for this choice will be made clear
later on. The quantity s+PR,crit is the critical
residual entropy term evaluated from the Peng-
Robinson equation of state (EOS). The deriva-
tions in the SI of Ref. 3 show that this quantity
is a linear function of the acentric factor. The
scaled viscosities in the ordinate contain the
term (s+)2/3 (see Eq. (4)), therefore the scaled
viscosity terms need to be divided by F

2/3
screen in

order to scale both axes appropriately. The di-
lute contribution η+ρ→0 comes from the model
of Chung.32 All thermodynamic properties are
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calculated from the Peng-Robinson EOS33 with
the Twu alpha function34 as implemented in
CoolProp version 6.4.1.35 Although the Peng-
Robinson EoS is known to provide erroneous
values for a variety of thermodynamic proper-
ties (especially so for associating fluids and flu-
ids with strong quantum effects), it is at least
consistently erroneous, allowing for a reliable
screening method.

Many of the erroneously captured (or re-
ported) data are visually straightforward to
pick out because they do not match the bulk
of the data. Measurement errors on the order
of 20% are not uncommon, but errors of 1000%
are almost certainly a unit conversion problem,
and an erroneous multiplicative factor of 10 is
common with the conversion between Poise and
Pa·s. Screening curves were sketched onto the
data coordinates, indicated by the solid curves,
that were used to determine whether a point
seemed reliable or not; the curves are conserva-
tive. Data points within the band were deemed
to be at least reasonable, but that determina-
tion still represents no guarantee that the data
points are correct, only that they are not very
erroneous.

Figure 1: Experimental data from the
SOURCE database for the fluids listed in Ta-
ble 1, scaled by the values of Fscreen, evaluated
from the Peng-Robinson equation of state. An
x marker is rejected according to the coarse
screening, and a + marker is retained. The
thick blue curves are the screening curves. The
values of s+ at the critical points (according
to the Peng-Robinson EOS) are shown as thin
vertical lines

2.2 Models
The Peng-Robinson EOS is suitable for screen-
ing experimental data as a consequence of the
minimal information needed for the fluid (crit-
ical temperature, critical pressure, and acen-
tric factor, parameters that are frequently tab-
ulated) and its generally reasonable (if not ac-
curate) qualitative behavior. However, it is
not suitable for accurate entropy scaling ap-
proaches. Figure 2 shows a histogram of the de-
viations between three thermodynamic models
for n-octane: the EOS as implemented in REF-
PROP 10.0, the PC-SAFT model from Gross
and Sadowski36 as implemented in CoolProp
6.4.1 and the Peng-Robinson EOS, as imple-
mented in CoolProp 6.4.1. From these results it
is clear that PC-SAFT and the reference model
from REFPROP 10.0 yield similar residual en-
tropy values, deviating by less than 4% in most

4



cases, while those of the Peng-Robinson EOS
are significantly different.

20 15 10 5 0 5 10
s + = 100 × (s +

model/s +
REFPROP 1)

0

100

200

300

400

500

co
un

t

P-R; 68%: (-10.0,-0.8)
PC-SAFT; 68%: (-1.5,0.2)

Figure 2: Histograms of deviations between
the calculated values for s+ for n-octane for
each available experimental data point with
Peng-Robinson (P-R) and PC-SAFT models,
with the REFPROP 10.0 model as the baseline.
The central 68 percentiles of the deviations are
shown in the legend entries

A full accounting of the uncertainty in resid-
ual entropy values from equations of state is
an important topic for future research. A rudi-
mentary means of assessing the residual entropy
uncertainty is to consider vapor-liquid equilib-
rium at very low pressure. Here, the residual
entropy of the gas phase is very close to zero.
For instance, for propane at its triple point, the
vapor phase s+ is on the order of 10−9. The
change in residual entropy between the vapor
(v) and liquid (l) phases can be related to the
latent heat of vaporization and the logarithm of
the density ratio via

s+l,3φ ≈ −srl
R

(6)

=
hv − hl

RT
+ ln

(
ρv
ρl

)
(7)

where h is the molar enthalpy, and R is the
universal gas constant. If the uncertainties in
densities and latent heat are known, the uncer-
tainty in the residual entropy can be straight-
forwardly calculated. The derivation of this re-
sult is in the supporting information (See Sec-
tion ??)

2.3 Phenomena
As was described in the first paper in this se-
ries,3 the “liquid” region roughly defined by
s+ > s+crit is approximately characterized by
an “Arrhenius” region with a linear depen-
dence of the logarithm of the “residual viscos-
ity” on s+, followed, at larger values of s+, by
a super-exponential dependence. For the nor-
mal alkanes, these trends are shown in Fig. 3,
where these results demonstrate that this gen-
eral trend also holds for the normal alkanes.

The breakpoint between the “Arrhenius” be-
havior and the super-Arrhenius behavior must
still be defined. An empirical observation, tan-
talizing in its simplicity, is that for normal alka-
nes containing at least two carbons, the dynam-
ics seems to changeover at the residual entropy
half way between the value of s+ at the criti-
cal point and that of the liquid at the crystal-
liquid-vapor triple point. The physical expla-
nation for this changeover in dynamics appears
to be within grasp, given its uniformity, but is
left to further study. The breakpoint residual
entropy value is therefore defined by

s+b ≡
s+crit + s+liq,3φ

2
(8)

Among the normal alkanes, the change in the
sign of the curvature given by d2 ln(η+)/d(s+)2

seems to consistently occur in the vicinity of s+b ,
but it does not occur at precisely this value, as
shown graphically in Fig. 4. The changeover in
dynamics is indicated by a change in curvature
in Fig. 4, or in Fig. 3, by a change in slope. For
small molecules and atomic fluids (see also Ref.
26 for Lennard-Jones), there does not appear
to be any inflection point, indicating that the
location of s+b must be somehow related to the
internal degrees of freedom.

A potentially useful application of this obser-
vation about the breakpoint entropy is that if
viscosity data are available, but the triple point
is unknown, the triple-point temperature could
be estimated from the viscosity data.
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Figure 3: Residual scaled viscosities of the nor-
mal alkanes n-CNH2N+2 as a function of s+ and
their breakpoint residual entropies calculated
from Eq. (8), indicated by the line labeled s+b .
Data points have been scaled by increasing fac-
tors of 10 to avoid overlap.
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Figure 4: Normal alkanes n-CNH2N+2 and their
breakpoint residual entropies calculated from
Eq. (8), indicated by the line labeled s+b . Data
points have been scaled by increasing factors of
10 to avoid overlap.
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3 Three-Phase Equilibria
In order to pin the high-density limit of the
correlations of scaled transport properties, it
was desirable to develop an understanding of
the scaled viscosity at the crystal-liquid-vapor
(CLV) triple point. Taking inspiration from the
work of Fragiadakis and Roland,37 with origins
in da Andrade’s work38 from the 1930s, it was
hypothesized that η̃ should be roughly constant
at the CLV triple point. While that proposed
relationship does not hold in general, a slight
rethinking of the question provides a potential
path forwards. The CLV triple point appears
to play an important role in understanding the
dynamics in the liquid phase. This notion was
explored in the work of Laesecke and Muzny,39

in which they used estimated values of the liq-
uid at the CLV triple point as a scaling param-
eter of the viscosity.

It has been known since the 19th century40,41

that the triple point temperatures of nor-
mal alkanes above methane demonstrate an
even-odd oscillating behavior, with the rela-
tive magnitude of the oscillation decaying as
the molecules increase in mass. Phase equi-
librium between liquid and gas phases above
the triple-point temperature are associated with
equal Gibbs energy in each of the co-existing
phases. When the Gibbs energy of the liquid
phase (which is the same as the gas phase) be-
comes the same as the solid phase at the given
temperature and saturation pressure, the incip-
ient solid phase appears, and the CLV triple
point is reached. Ergo, the crystal Gibbs energy
controls the triple point, and explains why the
triple point temperatures demonstrate oscilla-
tions not present in the normal boiling point
temperature or critical point, for which clas-
sical corresponding states applies (at least ap-
proximately), see Fig. 5. The long-chain limit
of critical temperatures has also been the sub-
ject of study.42

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
T/Tcrit

0.0

0.5

1.0

1.5

2.0

g/
g c

ri
t

n-dodecane

methane

Figure 5: Saturated liquid Gibbs energy for
all the normal alkanes from methane to n-
dodecane (first and last members of the set are
labeled). Reference state for the equation of
state for all fluids has been set to yield entropy
and enthalpy of saturated liquid equal to zero
at a pressure of one atmosphere
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Figure 6: Values of temperature (upper) and s+

(lower) of the liquid phase at the crystal-liquid-
vapor triple point (liq, 3φ), the normal boiling
point (NBP), and the critical point (crit). Val-
ues are according to the default thermophysi-
cal property models in NIST REFPROP 10.0.31

Open hexagons are values calculated from the
PC-SAFT EOS as implemented in CoolProp
6.4.1 with the triple point temperatures esti-
mated from TDE.43 Solid curve is the long-
chain limit from Eq. (9).

The trend in residual entropy of the liquid
phase at the CLV triple point mirrors that
of the temperature, showing strong oscillatory
behavior diminishing in magnitude for carbon
numbers greater than 10. Figure 6 shows the
values calculated from the reference EOS for the
liquid at the triple point, and also shown are the
values from the PC-SAFT EOS evaluated at the
triple-point temperature. The asymptotic long
chain limit in residual entropy is approximately
a linear relationship between residual entropy of
the liquid at the CLV triple point and carbon
number

s+N→∞ = 0.53N + 7.0 (9)
Experimental measurements of the liquid

phase viscosity at precisely the triple point
are essentially non-existent, though they are
in principle possible to measure directly. One

must therefore presently resort to interpolation
(or possibly extrapolation) of empirical mod-
els to obtain estimated values at the triple
point. Where fluid-specific correlations of wide-
ranging applicability exist, the values should be
considered as a suitable reference. Figure 7
shows estimated values of the liquid viscosity
at the triple-point. Like the residual entropy,
the viscosity shows a strongly oscillatory behav-
ior as a function of carbon number, in which
the magnitude of the oscillations decay for car-
bon numbers greater than 10, and are governed
more or less by a linear relationship for longer
chain lengths. Propane seems very anomalous
at first glance, given that its residual entropy
at the triple point is not so much above the
s+N→∞ curve in Fig. 6. The derivative dη̃/ds+ is
very large in magnitude approaching the melt-
ing curve, so a modest increase in s+ corre-
sponds to a large increase in η̃.
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N of n-CNH2N + 2

0.000
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0.008

0.010
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 / 
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 s

Figure 7: Values of η of the liquid phase at
the CLV triple point according to the default
thermophysical property models in NIST REF-
PROP 10.031 (filled circles) and from the empir-
ical models of NIST ThermoDataEngine (open
squares) where no model is available in REF-
PROP 10.0.

The estimated values of η̃ and η+ at the triple
point are shown in Figure 8 as a function of car-
bon number, for which the trend mirrors that of
the shear viscosity. The similarity in long-chain
behavior is a consequence of the long-chain scal-
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ing, in which both s+ and ρN show linear de-
pendence on N at the CLV triple point. The
scaled thermal conductivity (see Fig. ?? in the
SI) also shows an even-odd oscillatory behav-
ior for smaller alkanes, decaying to a long-chain
asymptotic behavior.
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Figure 8: Values of η̃ (upper) and η+ (lower)
of the liquid phase at the crystal-liquid-vapor
triple point according to the default thermo-
physical property models in NIST REFPROP
10.0.31

4 Model Development
The key insight of this work is that when
the appropriate scaling parameter is selected,
the “Arrhenius” portions of the curves overlay
very closely, which represents a significant por-
tion of the liquid phase behavior. The super-
exponential increase in the dense liquid phase
is handled as a separate power-law correction
term after the scaling has been applied.

4.1 Arrhenius Region
Taking inspiration from Ref. 44, a value of s+
equal to that of the critical point intuitively
feels like it might be the right choice for scal-
ing s+ as it seems to generally correspond to

the minima of the kinematic viscosity and the
thermal diffusivity.44 On the other hand, the
minima of η̃ for simple fluids all occur around
s+ = 2/3.5,44 Perhaps a scaling value in between
these two values would be best?

In order to test that hypothesis, the scaling
parameter F was defined by

F = χs+crit + (1− χ)
2

3
(10)

linearly weighting s+crit and the value of 2/3 by
the weighting parameter χ.

The experimental data for each fluid were
downselected to the Arrhenius region defined
by (s+1 , s+b ), with s+1 = 3s+crit/2. The value of
s+1 was selected to ensure that the fluid was well
into its Arrhenius region. The values of F from
Eq. (10) were used to scale both s+ and Υ for
the given value of χ. The value of Υ is defined
by

Υ ≡ (η+ − η+ρ→0)/F
2/3 + 1 (11)

For each point cloud given by a value of χ, a
linear function of ln(Υ) as a function of s+/F
was obtained, and the average absolute rela-
tive deviation (AAD) for the Arrhenius portion
is plotted against χ in Fig. 9. The minimum
occurs at a value of 0.5875, or approximately
6/10, and clearly neither s+crit (for χ = 1) or 2/3
(for χ = 0) are superior scaling schemes. The
fully predictive scaling value for F is therefore
defined by

Fpred ≡ 6

10
s+crit +

(
1− 6

10

)
2

3
(12)
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Figure 9: AAD in Υ for the Arrhenius portion
of the phase diagram for all the data for the
normal alkanes given in Table 1.

The best-fit correlation associated with all
the Arrhenius data scaled by the value from
Eq. (12) is then given by

ln (Υ) = mAr

(
s+

Fpred

)
+ bAr (13)

with mAr = 0.64639504 and bAr = −0.5318307.
The numerical coefficients are not so differ-
ent than those for propane,3 largely because
by pure happenstance, the value of Fpred for
propane (1.045) calculated from Eq. (12) is very
close to 1.0. A very similar empirical approach
was used by Ref. 29.

4.2 Super-Arrhenius Region
Paralleling the approach for propane,3 the
super-Arrhenius term is defined by

ln(ln(Υ)) =
2∑

i=0

ci

(
ln

(
s+

Fpred

))i

, (14)

motivated by a consideration of the behavior
near the melting line.

For this “quadratic” equation, three con-
straints are needed, the first two being the
value and derivative constraints at s+b . One
adjustable parameter remains for the super-
Arrhenius curve to fully define the quadratic.

The 3x3 system of equations to be solved for
the coefficients ci is therefore:

A

 c0
c1
c2

 = b (15)

with

A =


1 ln

(
s+b
F

)
ln2

(
s+b
F

)
0 1 2 ln

(
s+b
F

)
1 ln

(
s+liq,3φ
F

)
ln2

(
s+liq,3φ
F

)


(16)

b =



ln

(
mAr

s+b
F

+ bAr

)
mAr

s+b
F

mAr
s+b
F

+ bAr

ln(ln(Υliq,3φ))


(17)

The values of s+liq,3φ and Υliq,3φ are taken from
the triple point analysis shown above. This sys-
tem of equations is particular to the given fluid,
and has no statepoint dependence, so may be
pre-calculated and cached.

4.3 Gas Region
The Chung approach32,45 models molecular flu-
ids as though they were spherically symmetric
Lennard-Jones 12-6 particles, plus an empiri-
cal correction term. Length and energy scales
are obtained from the critical point. This ap-
proach is detailed, along with some further re-
marks, in the supporting information (see Sec-
tion ??). More accurate collision integrals are
now available for the Lennard-Jones 12-6 po-
tential,46 but for consistency with existing lit-
erature, the Chung model has been used. The
overall value for η+ρ→0 from Eq. (5) also invokes
the second virial coefficients.

Unlike propane, in which case the initial den-
sity term was considered3 in the gaseous re-
gion, this work takes a simpler approach for the
crossover from dilute-gas to Arrhenius regions
due to a more limited amount of low-density ex-
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perimental data for other normal alkanes. The
gas portion is therefore modeled with no addi-
tional adjustable parameters, simply a smooth
transition from the Arrhenius region to the
zero-density limit with the function constrained
to match the dilute-gas limit, and smoothly
transition into the Arrhenius curve. The value
of Υ in this region is defined by

ln(Υ) =
3∑

i=0

ai(s
+/F )i (18)

The first value constraint at the dilute-gas limit
(ln(Υ) = 0, Υ = 1, for s+ = 0) yields a0 = 0.
The second constraint of a negligible initial den-
sity contribution yields a1 = 0, and the remain-
ing coefficients a2 and a3 are obtained by solv-
ing the 2x2 linear system for a2 and a3, yielding

a2 =

−mAr

(
s+1
F

)
+ 3 ln(Υ1)(

s+1
F

)2 (19)

a3 =

mAr

(
s+1
F

)
− 2 ln(Υ1)(

s+1
F

)3 (20)

with
ln(Υ1) = mAr(s

+
1 /F ) + bAr (21)

Therefore all the coefficients of Eq. (18) are
constants for a given fluid, and can be pre-
calculated and cached.

4.4 Overall
The model for a particular fluid is defined,
piecewise, in terms of s+. For s+ < s+1 the con-
tribution of Eq. (18) is used, for s+1 ≤ s+ ≤ s+b ,
the Arrhenius model of Eq. (13) is used, and
for s+ > s+b , the super Arrhenius contribution
of Eq. (14) is used.

4.5 Implementation
In order to avoid any confusion about the pro-
posed model, an implementation in the Python

programming language is provided in the sup-
porting information. This implementation in-
cludes the described models as well as some
calculated values from the implementation. Ta-
ble 1 summarizes the fixed points according to
the pure fluid models in REFPROP 10.0.31

5 Model Results
In this section the fully predictive approach is
used, in which case the scaling parameter F is
given by Eq. (12). To begin, all of the experi-
mental results are scaled with the appropriate
predictive value of F , as shown in Fig. 10. The
results in the super-Arrhenius region begin to
fan out in order to reach the correct triple point
values (which do not follow the same scaling),
but the Arrhenius region is well-modeled by a
linear curve in these coordinates. In short, this
scaling approach successfully collapses (even if
not perfectly) more than 15,000 data points for
viscosity for some of the most important chem-
ical species.

Recalling the results for the liquid phase at
the triple point, propane stood out for having
an anomalously large value of viscosity relative
to the other normal alkanes. Figure 10 shows
that propane stands atop the scaled data in the
liquid phase too. In other words, the molecular
interactions resulting in anomalous solid phase
behavior result in anomalous liquid phase be-
havior.

The last question then is how well the model
represents the experimental data. Figure 11
shows the deviations between the model and
the experiments. The model implementation
file described above is used directly to calcu-
late the viscosity. It should be noted that the
work of carefully screening data to remove out-
liers has not been carried out, and with addi-
tional effort, further improvements in the statis-
tics would be possible. For the fluids ethane to
n-nonane, 94% of the data are predicted within
10%, and with outliers removed the deviations
should be far smaller. For the longer alkanes,
there is more variability, with systematic offsets
present. It seems likely that much of the vari-
ability can be attributed to erroneous behavior

11



Table 1: Characteristic values as obtained from the default thermodynamic models in NIST REF-
PROP 10.0.31 Quantities with subscript 3φ correspond to the saturated liquid phase at the triple
point. The value N is the carbon number of normal alkane n-CNH2N+2

N Name Tcrit/K ρcrit/mol dm−3 s+crit T3φ/K ρ3φ/mol dm−3 s+3φ η3φ/mPa s Fpred

1 methane47 190.564 10.139128 1.03 90.69 28.14 4.09 0.194 0.89
2 ethane48 305.322 6.856887 1.20 90.37 21.67 7.33 1.292 0.99
3 propane49 369.890 5.000000 1.30 85.53 16.63 9.95 10.960 1.05
4 n-butane50 425.125 3.922770 1.40 134.90 12.65 8.83 2.360 1.10
5 n-pentane 469.700 3.210000 1.49 143.47 10.58 9.98 3.546 1.16
6 n-hexane 507.820 2.706000 1.59 177.83 8.80 9.88 2.110 1.22
7 n-heptane 540.200 2.330000 1.74 182.55 7.74 11.15 3.911 1.31
8 n-octane 568.740 2.031000 1.77 216.37 6.68 10.67 2.252 1.33
9 n-nonane51 594.550 1.810000 1.87 219.70 6.05 11.78 4.037 1.39
10 n-decane51 617.700 1.640000 2.08 243.50 5.41 11.73 2.434 1.51
11 n-undecane52 638.800 1.514900 2.03 247.54 4.96 12.83 3.256 1.48
12 n-dodecane53 658.100 1.330000 2.01 263.60 4.53 13.13 2.893 1.47
16 n-hexadecane 722.100 1.000000 2.43 291.33 3.42 15.41 3.628 1.72
22 n-docosane 792.200 0.723000 2.84 317.04 2.51 18.93 4.858 1.97

in the equation of state.
The values of residual entropy at the respec-

tive critical points provide insight to some of
the deviations seen in the Arrhenius region.
The scaling approach in this work is based on
the assumption that the EOS provides a faith-
ful representation of the residual entropy at the
critical point. Figure 12 shows in more detail
than in Fig. 6 the values of residual entropy at
the critical points. The fluids showing strong
deviations from the best-fit curve are strongly
correlated with the fluids demonstrating an off-
set in the scaling in the Arrhenius region: n-
heptane, n-decane, and n-dodecane. For n-
decane, the values of η are consistently under-
predicted, while those for n-dodecane are con-
sistently overpredicted. Thus the defects in the
representation of the residual entropy seem to
infect the outputs of the model as well. Think-
ing about the problem from the other direction,
high quality transport property data seem to be
helpful in ensuring the correct behavior of the
equation of state.

0 5 10 15 20 25
N of n-CNH2N + 2

1.0

1.5

2.0

2.5

3.0

3.5
s+ cr

it

Figure 12: Values of the residual entropy s+

at the critical points according to the default
thermophysical property models in NIST REF-
PROP 10.0.31 The deviating fluids from the
curve s+crit = 0.9881N2 + 0.1067N − 0.0010 are
shown with open markers.
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Figure 10: Scaled values of η+ with the fully predictive scheme from Eq. (12). The outliers were
retained to highlight how easily they can be identified. The label for each fluid gives the number
of data points in parentheses.

13



0 2 4 6 8 10 12
30
20
10
0

10
20
30 methane

AAD: 6.94%; 95%: (-17.2%, 8.5%)

0 2 4 6 8 10 12
30
20
10
0

10
20
30 ethane

AAD: 3.30%; 95%: (-12.5%, 7.2%)

0 2 4 6 8 10 12
30
20
10
0

10
20
30 propane

AAD: 3.25%; 95%: (-11.7%, 4.8%)

0 2 4 6 8 10 12
30
20
10
0

10
20
30 n-butane

AAD: 2.38%; 95%: (-6.1%, 6.5%)

0 2 4 6 8 10 12
30
20
10
0

10
20
30 n-pentane

AAD: 5.06%; 95%: (-23.6%, 7.7%)

0 2 4 6 8 10 12
30
20
10
0

10
20
30 n-hexane

AAD: 3.93%; 95%: (-13.5%, 7.9%)

0 2 4 6 8 10 12
30
20
10
0

10
20
30 n-heptane

AAD: 3.78%; 95%: (-10.9%, 5.8%)

0 2 4 6 8 10 12
30
20
10
0

10
20
30 n-octane

AAD: 4.34%; 95%: (-6.6%, 8.1%)

0 2 4 6 8 10 12
30
20
10
0

10
20
30 n-nonane

AAD: 4.85%; 95%: (-3.5%, 11.6%)

0 2 4 6 8 10 12
30
20
10
0

10
20
30 n-decane

AAD: 7.71%; 95%: (-16.1%, 6.6%)

0 2 4 6 8 10 12
30
20
10
0

10
20
30 n-undecane

AAD: 6.42%; 95%: (-3.2%, 11.0%)

0 2 4 6 8 10 12
30
20
10
0

10
20
30 n-dodecane

AAD: 15.38%; 95%: (-1.1%, 21.9%)

0 2 4 6 8 10 12
s + /Fpred

30
20
10
0

10
20
30 n-hexadecane

AAD: 4.75%; 95%: (-3.4%, 12.3%)

0 2 4 6 8 10 12
s + /Fpred

30
20
10
0

10
20
30

cr
it 1

br
ea

k

3

n-docosane

AAD: 6.10%; 95%: (4.0%, 7.9%)

Figure 11: Deviations in η (∆η = 100 × (ηmodel/ηexp − 1)) for the normal alkanes. The markers
represent the deviations for each data point, the four vertical lines represent the critical, onset of
Arrhenius, break, and CLV triple point values, respectively (as labeled in bottom right axes) and
the histogram in each figure shows a graphical representation of the deviations, useful for fluids with
many overlapping points. The AAD (average absolute relative deviation) and central 95 percentiles
of the error distribution are shown in each panel.14



6 Concluding Remarks
At first glance the scaling in this paper might
appear to not be very successful. The statistics
of the correlations are similar to existing models
from entropy scaling,22 and much worse than
reference correlations for which only the best
data were considered.54–61 On the other hand,
extremely accurate correlations are not the goal
of this work, which is to introduce new notions
about entropy scaling. The target is to remove
as much empiricism as possible in order to be
able to investigate more deeply the relationship
between transport properties and residual en-
tropy for fluids with intramolecular degrees of
freedom. Only a very cursory data screening
was carried out. The scaling approach proposed
here has zero (or, one might argue, one) empir-
ical parameters per fluid. Certainly one could
do much better with even a little bit more flex-
ibility, as was the case for propane3 when only
the best data were considered.

One key outcome of this work is that the value

Fpred from Eq. (12) appears, even if not exactly,
to represent the value of residual entropy that
controls the crossover from gas-like behavior to
liquid-like behavior for normal alkanes. This
conclusion represents an important modifica-
tion of crossover proposed for model fluids in
a recent study.44

The consistency of the relative location of the
breakpoint s+b changes the conceptual model for
liquid-phase viscosity. It shows that the resid-
ual entropy, and in particular s+b , is largely con-
trolling the transition between two different be-
haviors, which seem to be roughly cage-rattling
and cooperative dynamics.10,62 In the case of
Lennard-Jones, the same change in slope, even
if subtle, can be seen,26 though the transi-
tion occurs nearer the triple point than the
breakpoint coming from Eq. (8). While the
idea of a liquid having also solid-like behav-
ior is perhaps an unpopular concept, it is at
the heart of two-phase approaches to thermo-
dynamics,63,64 and has also recently been inves-
tigated for some simple systems.65 In confined
liquids under shear, solid-like structures can be
seen in simulations.66–69

Considering the viscosity at the triple point
(or its scaled counterparts) represents a new
way of thinking about transport properties
in deeply compressed states, and adds more
physics to the entropy scaling approach for real
fluids. This approach connects the solid phase
with the discussion of fluid phase behavior,
which might feel uncomfortable, but the solid
phase is also shown to obey isomorph theory
under the right conditions, and some scaling
approaches appear to also work for solid-liquid
phase equilibria.37

This paper also highlights that an EOS which
faithfully represents the most accurate thermo-
dynamic experimental data for density, vapor
pressure, speed of sound, etc., does not nec-
essarily guarantee an accurate representation
of the residual entropy. It is for that rea-
son recommended that EOS developers care-
fully consider the representation of the resid-
ual entropy at key points (triple point, criti-
cal point) and compare it with similar fluids.
Furthermore, the PC-SAFT equation of state
is shown to yield consistent values of s+ with
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those of the multiparameter EOS, perhaps clar-
ifying the success of the PC-SAFT approach
more generally.

Supporting Information Avail-
able
In order to ensure reproducibility of the re-
sults, all of the considered experimental data
are deposited at data.nist.gov: https://doi.
org/10.18434/mds2-2289. The supporting in-
formation further includes:

• The Python implementation of the pro-
posed model in the file implementation.py

• Additional derivations and discussion not
appropriate for inclusion in the main
manuscript.

Readers are invited to contact the author for
clarification of any aspect of the paper, or if any
errors are identified.
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