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Pendellösung interferometry probes the neutron
charge radius, lattice dynamics, and fifth forces
Benjamin Heacock1,2,3*, Takuhiro Fujiie4,5, Robert W. Haun6,7, Albert Henins1, Katsuya Hirota4,8,
Takuya Hosobata5, Michael G. Huber1, Masaaki Kitaguchi4,9, Dmitry A. Pushin10,11, Hirohiko Shimizu4,
Masahiro Takeda5, Robert Valdillez2,3, Yutaka Yamagata5, Albert R. Young2,3

Structure factors describe how incident radiation is scattered from materials such as silicon and
germanium and characterize the physical interaction between the material and scattered particles. We
used neutron Pendellösung interferometry to make precision measurements of the (220) and (400)
neutron-silicon structure factors and achieved a factor-of-four improvement in the (111) structure factor
uncertainty. These data provide measurements of the silicon Debye-Waller factor at room temperature
and the mean square neutron charge radius r2n

� � ¼ �0:1101T0:0089 square femtometers. Combined
with existing measurements of the Debye-Waller factor and charge radius, the measured structure
factors also improve constraints on the strength of a Yukawa modification to gravity by an order of
magnitude over the 20 picometer–to–10 nanometer length scale range.

N
eutrons, electrons, and x-rays all exhibit
Pendellösung interference upon Bragg
diffraction in the Laue geometry, where
the Bragg planes are perpendicular to
the entrance and exit faces of the crystal

(Fig. 1A). The phenomenon—characterized by
oscillations of diffracted intensity as a function
of probe wavelength, crystal thickness, and
lattice potential—was predicted by Ewald (1)
and first observed in electron diffraction from
MgO (2); it was later demonstrated by using
x-rays (3) andneutrons (4, 5).X-rayPendellösung
studies in particular (3, 6–9) have proved an
invaluable tool for measuring the electron den-
sity in silicon (10–13) and provide data that can
be compared with ab initio lattice dynamical
models (14). Neutron Pendellösung measure-
ments yield information complementary to
that obtained with other probes; however,
achievinghighprecisionhasproven challenging.
A neutron wave propagating along the sym-

metry planes of a Bragg-diffracting crystal
forms standing waves with integer periodicity
to the Bragg planes. The neutron’s kinematic
momentum then depends on the incident
neutron energy and the overlap of the stand-
ing wave with the crystalline potential. The
detuning of the incident neutron wave into

energetically degenerate “fast” and “slow”
modes creates a spatial beating period along
the Bragg planes between the diffracted and
transmitted intensities thatmay be resolved as
Pendellösung oscillations. The absolute phase
shift of the Pendellösung interference fringes
is determined by the material’s structure fac-
tor, which is specific to the radiation species
and Miller indices (hkl) of the Bragg planes.
For the neutron case, structure factors can
be described in terms of the thermally aver-
aged single-atom coherent elastic scattering
amplitudes b Qð Þ ¼ 2me�W ~V Qð Þ=ℏ2, where ℏ
is the reduced Planck constant,m is the neu-
tronmass, and ~V Qð Þ is the Fourier transform
of the neutron-atomic potential. The Debye-
Waller factor (DWF; e–W) accounts for the
thermal motion of the atoms in the lattice,
where W = BQ2/(16p2) and B is determined
by the mean-square thermal atomic displace-
ment u2h i ¼ B= 8p2ð Þ. The momentum trans-
fer magnitude isQhkl ¼ 2p=að Þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

h2 þ l2 þ k2
p

,
where a is the lattice constant for a material
with a cubic unit cell.
The main contribution to b(Q) is the cohe-

rent nuclear scattering length, which is Q-
independent. The leading-order Q-dependent
contribution to b(Q) (Fig. 1F) is the DWF, ex-
hibiting a relative impact of a few percent. A
determination of B can provide a benchmark
for lattice dynamical models. The next-to-
leading-order contribution to theQ-dependence
of b(Q) arises from the neutron’s spherically
symmetric charge distribution (which is a re-
sult of its three-quark composite structure) in-
teracting with the very large interatomic electric
fields of ~108 V cm–1 (15). This interaction is
described by the mean square neutron charge
radius r2n

� �
, where� r2n

� �
=6 is the slope of the

neutron electric form factor Gn
E Q2ð Þ with re-

spect toQ2 at zero momentum transfer. Deter-
minations of r2n

� �
along with electron scattering

data can be used to study the neutron’s internal

charge distribution (16–18) or as a parameter in
chiral effective field theory (EFT) studies of light
nuclei (19). As proposed by (20), a Pendellösung
inteferometry determination of r2n

� �
can weigh

in on the slight tension between individual
neutron scattering experiments making up the
Particle DataGroup (PDG)–recommended value
of r2n

� �
PDG

¼ �0:1161 22ð Þ fm2 (21).
Aside from the expected B and r2n

� �
contrib-

utions, b(Q) is sensitive to interactions beyond
the standard model of particle physics, often
referred to as BSM interactions. BSM interac-
tions on the atomic length scale would result
in a distinctive Q-dependence (22). Yet-to-be-
detected “fifth” forces arise from several BSM
theories seeking to explain mysteries of mod-
ern physics, including the incompatibility of
general relativity and quantum mechanics
(23–25), darkmatter and/or dark energy (26–30),
and the smallness of neutrinomasses (31). The
large variety of BSM theories has motivated a
multidisciplinary experimental effort to con-
strain the yet-undiscovered physics over the
entirety of physical observation scales (35 orders
of magnitude in length scale) from collider ex-
periments at the shortest length scales and
highest energies to astrophysical observa-
tions at the largest length scales and lowest
energies (32).
We tabulated the measured b(Qhkl) for silicon

and used these data to (i) make a high-precision
determination of B for silicon at 295.5 K, (ii)
measure the neutron charge radius, and (iii)
place constraints on the strength of a BSM
Yukawamodification of gravity over the 20 pm–
to–10 nm length scale range.
Pendellösung interference may be resolved

in either the diffracted or forward-diffracted
beams (Fig. 1A, KQ and K, respectively) by
rotating a crystal slab precisely about the
axis perpendicular to thediffractionplane [wave-
length method (5)] or perpendicular to the
Bragg planes [crystal thickness method (33),
used here], creating an interferogram (Fig. 1E).
The interferogram is then fit to a functional
form (eq. S1) to determine the phase of the
oscillations, which is proportional to b(Q), the
neutron wavelength l, and the thickness of
the crystal slab D. We also made forward-
scattering (Q = 0) measurements for each sam-
ple orientation using a perfect-crystal neutron
interferometer, a device in which a monolithic
crystal connects Bragg-diffracting “blades” that
protrude from a common base (Fig. 1B) (34).
The phase shift between the two interferom-
eter paths is modulated by rotating a fused sil-
ica phase flag, creating an interferogram (Fig. 1D).
The phase flag interferograms are likewise fit
to a functional form (eq. S4), and the phase is
extracted (34). The forward-scattering phase
shift from the sample is then the difference in
the fitted phase between the sample-in and
sample-out of the beam (Fig. 1D) and is pro-
portional to b(0), l, and D.
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The extraction of b(Q)D from the measured
phase shift was enabled by an in situ determi-
nation of l in which Pendellösung interfero-
grams were obtained with the crystal rotated
by both positive and negative Bragg angles
±qB (Fig. 1A). The average phase shift is then
quadratic in the slight difference in wavelength
between the two interferograms and small
enough to be neglected. The average wave-
length was computed by using l = 4psinqB/
Qhkl, the silicon lattice constant, and 2qB as
given by an angular encoder embedded in
the crystal’s rotational positioning stage. A
similar approach for measuring wavelength
was used for the forward scattering measure-
ments, with the interferometer and accompa-
nying optics rotated by±qBof the interferometer.
Prior measurements of b(Q111) were subject

to strain fields in the crystal slab, observed as
a one-directional phase shift with distinct
wavelength dependence (35). However, the
reported strain gradients were much larger
than what is observed in neutron interfero-
meters generally (36, 37) and specifically in a
neutron interferometer that used a very sim-
ilar machining and post-fabrication process
(38) to the Pendellösung sample used here.
Reducing strain gradients invariably comes

at the cost of increased variation in D, but a
strain-relieving acid etch now typical for neu-
tron interferometers was not performed in the
prior measurement of b(Q111) (35). To separate
b(Q) from D, we normalized the Pendellösung
phase shift with the forward scattering phase
shift measured over the same relevant crystal
volume for each Bragg reflection. To this end,
flats were cut on the Pendellösung sample so
that it could fit between the interferometer
optical components, with the neutron beam
still illuminating the required sample area.
The ratio of the two measurements forms b
(Q)/b(0), naturally isolating the Q-dependence
of the scattering amplitude while also elimi-
nating the need to measure D by other means.
This normalization relaxes the requisite crystal
flatness, enabling measurements of b(Q)/b(0)
using an acid-etched, strain-free crystal.
Both Pendellösung and forward scattering

measurements were performed at the neutron
interferometer and optics facility auxiliary
beamline (NIOFa) at the National Institute
of Standards and Technology (NIST) Center
for Neutron Research (NCNR). The NIOFa
provides both 2.2 and 4.4 Å monochromatic
(Dl/l ~ 0.5%) neutrons (39). The (220) and
(400) Pendellösung interferogramsweremeas-

ured by using 2.2 Å, and the (111) Pendellösung
interferograms and interferometer forward
scattering measurements used 4.4 Å. The re-
sulting ratios b(Q)/b(0) for the (111), (220), and
(400) Bragg reflections are reported in Table 1.
The theoretical shape versus Q of the con-

tributions to b(Q)/b(0) from theDWF and r2n
� �

are shown in Fig. 1F. To extract these two
parameters, the three measured values of b(Q)/
b(0) were fit to

b Qð Þ=b 0ð Þ ¼ e�W 1� Z
bne
b 0ð Þ

� �

þ fe hklð Þ bne
b 0ð Þ ð1Þ

by minimizing the c2 sum of weighted resid-
uals, where Z is the crystal’s atomic number
and B and bne are treated as fit parameters.
The room-temperature x-ray silicon form fac-
tors fe(hkl) in units of elementary charge are
given by x-ray scattering measurements (13).
The neutron-electron scattering length bne is
related to the charge radius by bne ¼ r2n

� �
mn=

3mea0ð Þ ¼ r2n
� �

= 86:34 fmð Þ, with the electron
massme and Bohr radius a0. The fit function’s
sensitivity to the forward scattering length b(0)
(40) and fe(hkl) (13) is small compared with ex-
perimental uncertainties.
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Fig. 1. Pendellösung interference in silicon. (A) Bragg diffraction Laue
geometry can be measured when the crystal is rotated by ±qB relative to the
incoming monochromatic beam. Here, Q is the momentum transfer, and K
and KQ are the forward-diffracted and diffracted wave vectors, respectively.
(B) The quantity b(0)D is measured with an interferometer. (C) b(Q)D is
measured by using Pendellösung oscillations in the forward-diffracted beam.
The (400) arrow points in the (004) direction; we indicate Miller indices with

the largest value first to emphasize that b(Q) depends on the magnitude of
Q. (D and E) Typical interferograms with lines of best fit for the interferometer
and pendellösung setups, respectively. Error bars are from Poisson counting
statistics. (F) The theoretical relative contributions of each Q-dependent
term in b(Q). The Debye-Waller term is negative, whereas the other two terms
are positive. The data are sensitive (68% level) to features larger than the
dashed line.
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If B and r2n
� �

are treated as free parameters,
then our results are B = 0.4761(17) Å2 and
r2n
� � ¼ �0:1101 89ð Þ fm2 with a correlation
coefficient of –0.94; the c2-surface of B and
r2n
� �

versus prior determinations of both pa-
rameters is shown in Fig. 2. Detailed compari-
sons are made in (41), but of particular interest
is the lattice dynamical result from fitting neu-
tron inelastic scattering data to a Born–von
Kármán (BvK)modelBBvK = 0.4725(17) Å2when
scaled to 295.5 K (42) and the world average
r2n
� �

avg ¼ �0:1137 13ð Þ fm2 from prior neutron
scattering experiments, the computation of
which is described in (41). The confidence
region formed byBBvK and r2n

� �
avg

shows slight
tension with our results.
In regard to r2n

� �
, most prior determinations

come from epithermal neutron total transmis-
sion through lead or bismuth, with potentially
correlated systematic uncertainties from solid-
state and nuclear resonance effects (43). The
only other type of experiment contributing

to r2n
� �

PDG
and r2n

� �
avg

are scattering asym-
metry measurements in noble gasses (44, 45).
Pendellösung interferometry constitutes the
only determination of r2n

� �
that uses cold neu-

trons and contains entirely different system-
atic uncertainties compared with these previous
methods (20, 46). Furthermore, a recent deter-
mination of r2n

� �
EFT ¼ �0:106þ0:007

�0:005 fm
2 from

chiral EFT combined with measurements of
the hydrogen-deuterium isotope shift (47) is
consistent with our results and shifted in the
same direction relative to r2n

� �
PDG, with r2n

� �
EFT

showing a 1.8s difference with r2n
� �

PDG and a
less-concerning 1.4s difference with r2n

� �
avg.

It may be possible to decrease uncertainties
in the extracted r2n

� �
by constraining B. How-

ever, the tendency for x-ray structure factor
determinations of B to increasingly deviate
from theory for higher-order structure factors
(14, 48), as well as the disagreement between
B as determined with x-rays versus neutrons,
suggests a breakdown in the rigid atom ap-

proximation (41). On the other hand, neutron
inelastic scattering data, as well as fully an-
harmonic lattice dynamical models, have shown
that harmonic approximations used by the
BvK and other models are insufficient for
silicon’s strong anharmonicity (49–51). Fur-
thermore, the BvK model was unable to pre-
dict the measured frequencies on the phonon
dispersion curves for relative uncertainties less
than 0.5% (42), suggesting an inadequacy of
the BvK model at this level of precision, in
which case the quoted relative uncertainty for
BBvK of 0.34% may be too small. Whether
semi-empirically fitting the interatomic force
constants from other lattice dynamical models
would produce better fits to neutron inelastic
scattering data, and whether the resulting de-
termination of B in turn agrees with our re-
sults, could provide a means for evaluating
different thermodynamic lattice models. Be-
cause the reduced c2 for the BvK model fit
was c2red ¼ 33:5 (193 – 21 degrees of freedom)
before the expansion of any experimental un-
certainties (42), a particularly successful lat-
tice model may be able to reduce uncertainties
in B by up to a factor of

ffiffiffiffiffiffiffiffi
c2red

p ¼ 5:8 relative
to BBvK. If the resulting 0.06% measurement of
B were applied as a constraint to our eval-
uation of r2n

� �
, then the uncertainty thereof

would be reduced to ≲0:004 fm2.
A future test of lattice dynamical models

by using Pendellösung interferometry may be
achieved from the sensitivity of odd structure
factors to three-phonon terms by means of
the anharmonic DWF (aDWF). Of the reflec-
tions in Table 1, only the (111) reflection is
affected by the aDWF and only at the 3 × 10–5

level (41). However, the contribution grows
like h × k × l (42), and a measurement of the
(333) structure factor with a relative preci-
sion similar to Table 1 is capable of providing
a determination of the average cubic displace-
ment along the silicon bond direction u3

111

� �
at the 5% level. The near-room-temperature
(288 K) u3

111

� �
has only been measured with

10% relative uncertainty through the “for-
bidden” (222) structure factor, which itself
deviated from the expected T2 temperature
dependence extrapolated from higher tem-
peratures (>650 K) by a factor of two (52),
suggesting that quantum zero-point anhar-
monic vibrations may contribute meaningfully
to u3

111

� �
at room temperature. Pendellösung

interferometry is distinctive in its capability
to be extended to cryogenic temperatures to
measure u3

111

� �
in the regime at which the an-

harmonic zero-point vibrations are the most
relevant. This is of particular interest for
silicon, given how the anharmonic force con-
stants determine silicon’s electrical prop-
erties and anomalous thermal expansion at
low temperatures (51), providing motiva-
tion to measure higher-order odd b(Qhkl) at a
variety of temperatures.
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Fig. 2. Confidence regions over r2n
� �

and B. Data have been rescaled to 295.5 K and compared with
previous work. Our data are consistent with the previous (111) silicon measurement Shull et al. 1972 (35) but
have four times the precision. The Erba et al. 2013 (14) determination of B is a theoretically computed value
that does not have an estimated uncertainty. Other previous work includes that of Flensburg and Stewart
1998 (42), Krohn and Ringo 1973 (45), Koester et al. 1995 (58), Kopecky et al. 1997 (43), Aleksandrov et al.
1986 (59), as well as chiral EFT (19), e– scattering (18), PDG (21), and world average (World Avg.) (41). A
detailed discussion is provided in (41).

Table 1. Measured structure factors and uncertainties (68% confidence intervals). All results
are scaled to 295.5 K.

hkl b(Q)/b(0) – 1 Uncertainty statistical Uncertainty systematic Uncertainty total

(111) –0.011075 3.5 × 10−5 3.8 × 10−5 5.1 × 10−5
.. .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. .

(220) –0.030203 5.9 × 10−5 3.6 × 10−5 6.9 × 10−5
.. .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. .

(400) –0.060596 8.0 × 10−5 4.9 × 10−5 9.4 × 10−5
.. .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... .. ... ... .. ... ... .. ... ... .. .

RESEARCH | REPORT
D

ow
nloaded from

 https://w
w

w
.science.org at N

ational Institute Standards and T
echnology on Septem

ber 14, 2021



A BSM “fifth” fundamental force or other
BSM physics adds an additional term

d
b Qð Þ
b 0ð Þ

� �
¼ e�W b5 Qð Þ � b5 0ð Þ

b 0ð Þ ð2Þ

to Eq. 1, given a BSM contribution to the
neutron-atomic potentialb5 Qð Þ ¼ 2m~V 5 Qð Þ=ℏ2.
The method for using neutron structure fac-
tors to constrain BSM physics is general: A c2

sum of weighted residuals for the measured
structure factors—as well as B, the aDWF,
and r2n

� �
—is minimized with respect to BSM

model parameters, given a functional form
of b5(Q). The weights and values assigned to
the B, r2n

� �
, and the aDWF residuals are to be

based on an estimation of how the BSM
physics would bias the experiments from which
the residuals are derived. The tabulated struc-
ture factors can thus continue to constrain
future BSM theories as they are developed,
with improved constraints as the number of
measured structure factors increases.
A common parameterization for constrain-

ing BSM physics is a Yukawa modification
to gravity (24), leading to d b Qð Þ=b 0ð Þ½ �eW ¼
aG 3:9� 10�27 Å�2 l25

� �
Q2l25= 1þ Q2l25

� �
for

the case of silicon in Eq. 2 (22); this expres-
sion depends on an interaction strength rela-
tive to gravity aG and length scale l5. The
coupling to nucleon number gS of an undis-
covered massive scalar with particle mass m5 =
ℏ/(cl5), where c is the speed of light, proposed
by a number of BSM theories is constrained
by the same limits (24, 25, 53). The constraints

on the strength of an undiscovered Yukawa
potential over the relevant range of l5 from
this work compared with previous experiments
is shown in Fig. 3. Our results constitute an
order-of-magnitude improvement over nearly
three decades in l5. Previous limits constrain
r2n
� �

according to the PDG value and uncer-
tainty (54, 55), except for a higher-energy ex-
periment that uses an expanded uncertainty
(56), in which a systematic shift in the meas-
ured r2n

� �
from an unaccounted-for Yukawa

modification to gravity could be relevant for
l5 ≲ 10 pm. In keeping with other previously
published constraints, we likewise set the r2n

� �
residual according to the PDG value and un-
certainty when computing the limits in Fig. 3.
In addition to measuring b(Q) for higher-order
reflections in silicon, measuring multiple b(Q)
from germanium, for which precision meas-
urements only exist for the (111) reflection (57),
is expected to improve constraints on aG by a
factor of five, regardless of whether r2n

� �
is

constrained because of the differingM/Z for
germanium and silicon. Germanium measure-
ments would also reduce the uncertainty in
our measured r2n

� �
to ~0.005 fm2 with B from

both atomic species unconstrained, in which
case Pendellösung interferometry could weigh
in more strongly on the r2n

� �
landscape. If de-

terminations of B for silicon and germanium
can be achieved at the 0.1% level by using
neutron inelastic scattering and lattice dynam-
ical models, then an achievable uncertainty
for r2n

� �
from Pendellösung interferometry

of 0.002 fm2 would be comparable with the

uncertainty of r2n
� �

PDG
. Ultimately, whereas

x-ray structure factors in silicon as large as
(12120) and (880) have been measured at room
and liquid-nitrogen temperatures, respective-
ly (12, 13), an expanding set of tabulated
neutron structure factors for silicon, germa-
nium, and other crystals at multiple temper-
aures would provide increasingly sensitive
measures of material-specific thermal displace-
ment parameters and the neutron charge
radius while continuing to improve BSM
constraints.
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Pendellösung interferometry probes the neutron charge radius, lattice dynamics,
and fifth forces
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Setting bounds on a fifth force
Some extensions to the Standard Model of particle physics posit the existence of a fifth force to complement the
existing four fundamental forces. To set bounds on the strength of such an interaction, experiments on vastly different
length scales have been performed. Heacock et al. used an unusual method called Pendellösung interferometry to
measure the neutron structure factors of silicon. The momentum dependence of the structure factors enabled the
researchers to put more stringent bounds on the strength of a type of fifth force called the Yukawa force, as well as
measure the charge radius of the neutron. —JS
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