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Abstract—Efficiently, robustly, and accurately solving
systems of nonlinear differential algebraic equations (DAE) for
dynamic building system simulation is becoming more
important due to the increasing demand to simulate large-scale
problems including the integration of multiple buildings.
However, in some building system simulations, the formulation
of DAEs can include discontinuous variables and equations, and
thus, derivatives. Even if these occurrences are infrequent, the
presence of a discontinuity in a building system simulation can
result in loss of efficiency and robustness in calculating
solutions. This issue becomes more burdensome as problem sizes
grow. In this paper, a smoothing technique that attempts to
remove function discontinuity in dynamic building system
simulation, enabling desirable numerical behaviour while
preserving physical accuracy, is investigated. The impact of the
smoothing technique on the numerical simulation is
demonstrated in an example employing the HVACSIM+
environment: smoothing of a discontinuous coil component
model. This example shows that the smoothing technique can
greatly improve the efficiency and robustness of the numerical
simulation with similar solution accuracy to the original,
discontinuous model, while it is argued that the method does not
deviate far from physical reality.

Keywords—HVAC simulation, function discontinuity, cooling
coil

I. INTRODUCTION

The building sector (including residential and commercial
buildings) represents the largest energy-consuming sector in
the United States; in 2019 it was responsible for 39 % of the
country’s energy consumption, in comparison to 28 % for the
transportation sector and 33 % for the industrial sector [1].
Moreover, buildings consume 74 % of the electricity in the
United States [1], which makes the building sector significant
to the overall smart grid infrastructure. Given the rapid
development of the smart grid and the potential of buildings
to store and generate electricity [2] through demand shifting
and transactive control, there is a need to improve the dynamic
interactions between buildings and the smart grid, which
further calls for robust, efficient, and accurate dynamic
building energy system modelling and simulation.

Functions employed by these simulations, which give rise
to function discontinuities, can negatively affect the efficiency
and robustness of the simulation. Function discontinuity is
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commonly observed in building system component models,
such as coils [3][4][5][6], damper/valve control, and flow
resistance models [5], and is known to be a cause of numerical
difficulty [4][5]. These component models also generate
discontinuous outputs [4] that introduce oscillation to the
simultaneous solution when integrated with a global heating,
ventilating, and air conditioning (HVAC) system, increasing
the difficulty for control parameter tuning. One way to remove
discontinuities is to replace the discontinuous model with a
more detailed, continuous model. However, such a model
usually requires more inputs, geometrical details, or
computational effort [4][7][8][9][10]. In addition, developing
a new component model to replace the discontinuous
component model may require considerable knowledge about
the component (such as the complicated heat transfer
processes of a coil model) that many modelers do not possess.
Therefore, we adopt a customizable, simple smoothing
technique [11] that requires limited knowledge of the
component model equations by modelers at all levels. This
technique is similar to the one documented in the Modelica
buildings library [12]. Similar smoothing techniques have also
been seen in other fields, such as phase-field models in the
solidification of alloys [13] where discontinuities arise across
solid/liquid phases, optimal control of systems in the presence
of non-smooth dry or Coulomb friction [14][15], and
hydrological models in environmental processes [16] where
discontinuities arise from threshold-type behavior.

The purpose of this study is to demonstrate the impact of
the smoothing technique on the overall performance of the
dynamic building system simulation. In the following
sections, the smoothing technique investigated in this study is
introduced and its implementation is shown in a practical
example. The improvement in robustness and efficiency of the
simulation when using the smoothing technique is discussed.

II. METHODOLOGY

The primary mathematical problem at the heart of HVAC
system simulations is the approximation to the solution of a
collection of nonlinear equations [17]. Thus, a method that
robustly and efficiently approximates the solution to Equation
(1) is sought,

F(x) =0, F:R" > R", (1)
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where: x is the state vector containing n variables/unknowns;
F is a set of n functions that depend exclusively on x and is
assumed to be continuously differentiable everywhere in n-
dimensional space R".

A challenge in solving Equation (1), in the case of building
dynamic system simulations, is the assumption of a
continuously differentiable equation system, which may not
always be valid. These discontinuities can prevent
convergence and/or lead to excessive iteration that causes long
simulation times. A function smoothing technique is one
alternative to remove the discontinuity in the system of
equations and avoid these pitfalls.

To illustrate the smoothing technique, we simplify the
discontinuity in an equation system to a univariate
nondifferentiable piecewise function as follows:

f1(x); x<xp
f2(x); x=x,"

flx) = { 2)

where: x;, is a point of discontinuity when f; (x3) # f5(xp).
The system of equations presented in Equation (1) may
contain functions of this type.

One can employ a function that varies smoothly, for
example, from 0 to 1, to generate a smooth transition of f(x)
between the regions defined by f;(x) and f,(x) around x,,,
such that f(x) is differentiable everywhere in x. Here, a
sigmoid function [11], as shown in Equation (3), is employed.
In Equation (3), z determines the midpoint of @, i.e., @ = 0.5
when x = z, and w determines the width of the transition
region (i.e., the region between 0 and 1).

a=1/ (1 + e_(’\:Z)) 3)

The smoothed version of Equation (2) can then be
expressed as a convex combination [11] of f; (x) and £, (x),
such that:

fG) = A -a)fi(x) + af(x). “4)

In practice, z is typically taken to be z = x;,, so that the
transition region between the two discontinuous sections
expands symmetrically about x;,. If f; (x) is preferred over
f2(x), z > x;,, can be used. On the other hand, if f,(x) is
preferred over f; (x), z < x; can be used.

Fig. 1 shows the application of smoothing to a simple
example in Equation (5) using various choices of z and w. As
shown in the first plot of Fig. 1, by setting z = 0, all smoothed
versions of the original function intersect at x = 0 (i.e., the
midpoint of the transition region). A larger w results in a
wider transition region, and a smaller w results in a stiffer
transition region. As shown in the second plot of Fig. 1, z
determines the midpoint of the transition region. The
transition region shifts from left to right by increasing z.

—-x—-1;, x<0

=33 I e

vary w

f(x)

~——smoothedw =0.1,z=0
smoothed w=0.2,z2=0
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Fig. 1. Smoothing technique example.

III. NUMERICAL EXPERIMENTS

In this section, the testbed used in the example will be
introduced, followed by detailed simulation results and
discussion.

A. Introduction of the Testbed

The testbed used in this study was developed in the
HVACSIM+ environment. Developed by the U.S. National
Institute of Standards and Technology (NIST), HVACSIM+
is a dynamic component-based simulation tool and
computational environment [ 18] that includes a collection of
subroutines in three categories: pre-processing, simulation,
and post-processing. During the pre-processing stage, a
simulation work file is created by use of the interactive front-
end program of HVACSIM+. The simulation work file is then
converted to a model definition file to make the model
information readable by the main simulation program,
MODSIM.

HVACSIM+ employs a hierarchical structure, illustrated
in Fig. 2.

| BSimulation |
Superblock 1 ' Superblock 2
Block1 Block 2 Block 3 Block 4
Unit1 |Unit2 | Unit3 | Unit4 | Unit5|  |Unité Unit7

Unit 8

Fig. 2. Hierarchical simulation setup.
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In this structure, a UNIT is an individual instance of a generic
component model representing a specific component in the
system. Each UNIT is assigned with a TYPE that contains
equations for a component (e.g., a component that calculates
the inlet pressure for a fluid resistance given the outlet
pressure and the inlet mass flow rate). Users link UNITs
together through their inputs and outputs to represent their
relationships in the real physical system. Closely coupled
UNITs are grouped by the user into blocks for simultaneous
solution. Blocks are then grouped into a superblock for
simultaneous solution. State variables in different superblocks
are weakly coupled, and each superblock is treated as an
independent subsystem of the overall simulation [18]. The
simultaneous equation system resulting from input/output
connections and discretization of differential equations in each
subsystem, as presented in Equation (1), is solved using
Powell’s Hybrid method [19]. Other solution methods, such
as Levenberg-Marquardt [20][21] and Newton-Krylov
methods [22][23], can also be used for solving the equation
system.

The testbed used for the example study is based on a small
commercial building simulation model developed as part of
the ASHRAE 1312 project [24]. This model simulates a single
duct, dual fan variable air volume (VAV) system serving four
building zones: west-facing, south-facing, east-facing, and
internal spaces. Each superblock in the testbed is constituted
by one block in which equations are solved simultaneously.

In the testbed, components are grouped into five
superblocks as follows: control, actuator, airflow (i.e.,
equations related to mass flow and pressure), thermal (i.e.,
equations related to heat and moisture transfer), and sensor.
This testbed imposes a weak coupling among equations from
different subsystems. At each time step, equations within each
superblock (or block) are solved simultaneously. The solution
of each superblock is provided to the superblocks that
numerically follow the solved superblock (e.g., the actuator
superblock is solved after the control superblock). The sensor
superblock is computed last in a time step t, and captures the
values of time step t, such as the temperatures, which are
computed earlier in the same time step by the thermal
superblock. These values will be passed to the control
superblock at the next time step, t + 1, to determine whether

valves. In the same time step t + 1, mass-pressure equations
in the airflow superblock and then energy balance equations
in the thermal superblock are solved simultaneously for a new
solution based on the new damper and valve positions. Among
these superblocks, the three superblocks that contain variables
that require simultaneous solution are the: control superblock,
airflow superblock, and thermal superblock. The simple coil
component model is simulated simultaneously in the thermal
superblock, therefore only the solver performance for that
superblock will be discussed in this example.

B. Smoothing of the discontinuous simple coil component
model

In the testbed, a set of simple coil functions is used to
simulate the dynamic behaviour of both the heating coil and
the cooling coil. This set of functions assumes a coil is either
completely dry or completely wet, based on whichever one
predicts a greater heat transfer rate, even if the coil is partially
wet. The solution process of a simple coil model can be found
in Fig. 3.a. The advantage of this model is an increase in
computational speed. However, oscillations in the outputs will
be found at the transition between completely dry and
completely wet (i.e., partially wet). Moreover, while coupling
the simple coil model into the HVAC system, as two sets of
distinct functions are being evaluated during a single time
step, drastic changes to the Jacobian/derivative occur between
iterations when ery = (),,0¢, making numerical convergence
difficult.

Employing a detailed coil model can remove the
convergence difficulties caused by the coil component, and its
solution is more accurate. However, more time is consumed
in solving such a detailed model. For example, the
computational time of the simple coil model is about 0.00017
seconds per function evaluation on a personal laptop, while a
detailed model [7] with six control volumes requires 10 fold
more computational time. Thus, instead of solving a detailed
model, the function smoothing technique presented in Section
I is employed to make the simple coil model more stable and
more compatible with nonlinear equation solution techniques,
while maintaining its efficiency.

Equation (3) can be rewritten to Equation (6) as follows:

adjustments of damper and valve positions are needed. Then, -[(0ary-0wet)-7]
at time step t + 1, based on the determination of the control a=1/l1+e w . (6)
superblock, command signals are passed to the actuator
superblock within the same time step to move dampers and
INPUTS:
Tair Wi My, Twi, Ts Simulated as INPUTS: Simulated as
dry coil Tair Wi, My, Toyis Ts wet coil
¥
Toi = Tap?
. Conl)pll{e
Qary 4 Quyet OUTPUTS:
Tao = @Tagary + (1= @) Taguer) Wo = @Wo,ary + (1= @) Wouer
Two = @Tywoary + (1 — @) T, iTs = aTsary + (1= @) Toper
Q=Qary + (1~ ) Quet. -
a. Original Process b. Smoothed Process
Variable Definition:
oy, Al inlet . Air inlet . . Water mass onp. Water inlet oy, Coil surface o1, Dewpoint
Tai [°C: temperature wilkg/kg): humidity ratio iy kg /s): flow rate Twil*Cl: temperature Ts°Cl: temperature Tap [°C: temperature
o7, Ailr outlet . Air outlet oy, Water outlet . Heat transfer
Tao[*CI: temperature Wolkg/kg): humidity ratio Two["Cl: temperature QUiew]: rate
Fig. 3. Solution process of a simple coil model (a. Original; b. Smoothed).
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Typically, we set z = 0, such that the completely dry and wet
coil equations have an equivalent contribution to the final
solution when ery = Quet - The heat transfer rate of the
smoothed simple coil model can then be expressed as,

Q = aQary + (1 — @)Qyer - (7)

By applying this technique, the diagram for the solution
process of a simple coil model is transformed as shown in Fig.
3.b. Instead of calculating either dry coil functions or wet coil
functions, the smoothed coil model requires calculations for
both sets of functions, which increases the computational
effort compared to the original coil model. However, it is still
more efficient than detailed models. Moreover, the smoothed
coil model will converge more quickly and accurately than the
original coil model, and hence improve the robustness and
efficiency of the overall simulation.

Numerical experiments are performed to evaluate the
smoothing technique. Multiple choices (w: 0.05, 0.1, 0.3, 0.5,
0.8) for the transition region’s width with z = 0 are tested.
The simulation time step is 2.5 seconds. For all cases, each
time step of the simulation terminates when either one of the
criteria summarized in TABLE 1. is satisfied. Among the two
converged conditions, it is preferred that the residual test, i.e.,
[|F|l, < ftol, is satisfied. If only the stalling test, i.c.,
[[x*¥*1 — x¥||, < xtol , is satisfied, the solution may be
trapped at a local minimum with large residual, resulting in a
lower degree of success in convergence. If neither of the two
convergence conditions is satisfied, the time step is terminated
when the maximum number of function evaluations is reached
to prevent unnecessary computational effort. For the 4Z5B
testbed, the number of simultaneous variables to be solved in
the superblock, n, is 7, 37, and 48 for the control, airflow, and
thermal superblocks, respectively. The 4Z5B testbed
employing the original discontinuous simple coil component
model is set as the baseline. Only the results for the thermal
superblock during the operating period (6:00-18:00) on a
summer day (09/02/2007) in Ankeny, TA are shown because
the smoothing technique only takes effect when the cooling
coil is operating. The performance of each case is evaluated
by the termination condition, the average norm of the final
residual, and the number of function evaluations.

The number of time steps when the final residual did not
reach the residual tolerance (either failed to converge or
considered converged with a lower degree of success) are
summarized in TABLE II. ; a smaller number indicates better
convergence. The results indicate that when w is greater than
or equal to 0.3, the number of time steps with the final residual
not reaching the residual tolerance drastically decreased
compared to the baseline. This suggests that a smoothed
simple coil model with w > 0.3 delivers satisfactory
convergence properties. A smaller w would approximate the
original discontinuous model more closely but would result in
a transition region that is still too “steep” so that the model
would not perform as well as with larger w.

TABLE III. shows the average norm of the final residual.
Even though there are still a significant number of time steps
where the residuals do not reach the tolerance in the cases with
w = 0.05 and w = 0.1, the residuals in these cases are
significantly smaller than the residuals in the baseline case.

TABLE L TERMINATION CRITERIA

Condition Criteria Specified Value
Converged ||IF|l, < ftol ftol=5x%x107°
Converged (less | kev1 _ v < xeol xtol =1 x 10~*
success)
Not Converged NFE = NFE .« NFE ,.x = 200(n + 1)
Definition:

(1) x¥+1: solution of the (k + 1)-th iteration; (2) x*: solution of the k-
th iteration; (3) ||F||,: Euclidean norm of the residual; (4) NFE:
Number of Function Evaluations; (5) n: the number of simultaneous
variables to be solved in a superblock.

TABLE II. TERMINATION CONDITIONS
(THERMAL SUPERBLOCK, 6:00-18:00, SUMMER DAY 09/02/2007 AT
ANKENY, [A)
Baseline
0.05 0.1 0.3 0.5 0.8
Number of
Time Steps with 2463 1506 679 13 9 26
IF|l; > ftol
TABLE IIL. AVERAGE NORM OF THE FINAL RESIDUAL
(THERMAL SUPERBLOCK, 6:00-18:00, SUMMER DAY 09/02/2007 AT
ANKENY, [A)
w
Baseline
0.05 0.1 0.3 0.5 0.8
IF| 1.3 2.3 1.6 1.5 19 1.8
2 x1072 | x107%| x107%| x107%| x107%| x 1075

Under the partially wet condition, the use of a
discontinuous coil model causes the computation to iterate
back and forth between the completely dry and completely
wet conditions, significantly increasing the number of
function evaluations. By adding a smooth transition between
the two conditions, the computation quickly determines
function values between the two conditions, thus reducing the
number of function evaluations. According to TABLE IV. ,
simulations employing the smoothed coil model require 20 %
fewer function evaluations than the simulation employing the
original coil model.

As a consequence of introducing a smooth transition
region to the coil model, it is expected that the output
discontinuity/oscillation issues can be resolved. The solution
of the cooling coil outlet air temperature and humidity ratio,
which are the two most important outputs of the cooling coil,
are presented in Fig. 4. These figures only capture the solution
from 8:00 to 11:00, during which the cooling coil is dominated
by the partially wet condition. The baseline model has large
oscillations, which is consistent with the statement in [5]. The
solutions are much more stable for the smoothed coil
simulations. There is no clear relationship between the
smoothing level and the oscillation magnitude.

TABLE IV. NUMBER OF FUNCTION EVALUATIONS “NFE”
(THERMAL SUPERBLOCK, 6:00-18:00, SUMMER DAY 09/02/2007 AT
ANKENY, [A)

Baseline
0.05 0.1 0.3 0.5 0.8

Avg.

NFE 64.9 50.2 50.2 50.1 50.0 50.0
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9
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o0
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7.5 w=0.05

\ —w=0.1

F —w=0.3

—w=0.5

e w=().8
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08:00 08:30 09:00 09:30 10:00 10:30 11:00

Time (Hours:Minutes)

Fig. 4. Solution of Cooling Coil Outlet Air Temperature and Humidity
Ratio — Time Domain (Thermal Superblock, 8:00-11:00, Summer Day
09/02/2007 Ankeny, IA).

The values of the smooth function a during 8:00 to 11:00,
which indicates the proportion of dry coil in the solution
during this period, are presented in Fig. 5. The smoothed coil
model with smaller transition width (e.g., w = 0.05 and w =
0.1) switches faster between completely dry (i.e., « = 1) and
completely wet (i.e., @« = 0) conditions. This explains the
large discrepancies among the solutions observed in Fig. 4
around 9:00.

The cooling coil is a key component in an air handling
unit. The accuracy of the cooling coil model has a strong
impact on the accuracy of the simulation model. The accuracy
of the smoothed simple coil model scheme presented above
can be evaluated by comparing the solution of the smoothed
simple coil model with the solution of the original simple coil
model and the solution of a detailed model that provides more
accurate predictions. The Purdue cooling coil model (with
dynamic forward modelling) [7] was developed using the
control volume method, serves as the detailed model in this
comparison. This model agrees well with the experimental
data for all coil conditions under varying coil inputs. The coil
parameters required by the original and the smoothed simple
coil models, and the Purdue cooling coil model are
summarized in Table 3-8 and Table 3-7 from [23],
respectively. The smoothed coil model used for this
comparison employs w = 0.3 and z = 0.

The original simple coil model, the smoothed simple coil
model, and the Purdue cooling coil model are compared under
eighteen steady-state conditions using the coil inputs
summarized in TABLE V. . By varying the air inlet relative
humidity among different steady state inputs, all completely
dry, completely wet, and partially wet conditions are
investigated.

Ir ‘ ‘ ‘ ‘ 1
w=0.05
—w=0.1
0.8 ¢ —w=03
w=0.5

061 ‘\‘ w=0.8
S ‘ \
0.4 |
02
0

08:00 08:30 09:00 09:30 10:00 10:30 11:00
Time (Hours:Minutes)

Fig. 5. Values of the Smooth Function a (Thermal Superblock, 8:00-11:00,
Summer Day 09/02/2007 at Ankeny, IA).

TABLE V. STEADY COIL INPUTS
Air inlet Air u}let Air inlet Water inlet | . Water
relative mass inlet mass
temperature . e temperature
T humidity flow rate T flow rate
* RH; LU " m,,;
18 choices
26.67°C | (every 5 % 0'(4110155/ s 4.44°C 0.25 kg/s
(80 °F) from 10 % CFM) (40 °F) (4 GPM)
to 95 %)

Three outputs (air outlet temperature - T,,, air outlet
humidity ratio - w,, and heat transfer rate Q) of the three coil
models are presented in Fig. 6. The obvious difference
between the outputs of the smoothed and the original simple
coil models can be seen at 40 % and 45 % relative humidity.
The differences are due to the application of the smoothing
technique for the partially wet coil condition. Compared to the
original simple coil model, the smoothed simple coil model
results in more accurate T, at 40 % relative humidity, less
accurate T, at 45 % relative humidity, more accurate w, at
both 40 % and 45 % relative humidity, and similar accuracy
for other humidity ratios and other outputs. The two simple
coil models also tend to underestimate the total heat transfer
rate, especially when the coil moves toward the completely
wet condition (i.e., high relative humidity). This error between
the simple model and the detailed model is inevitable due to
the lack of detail in the simple coil model.

Next, the models are compared under the same dynamic
conditions. The dynamic inputs to the coil that result in a
partially wet condition can be found in Fig. 3-10 of [23]. The
same three outputs as in the steady-state comparisons are
presented in Fig. 7. The smoothed simple coil model results
are more accurate (fewer errors compared to the results of the
detailed model) and have fewer oscillations for all outputs
compared to the original coil model. The normalized root
mean square errors (NRMSE) of the original and the
smoothed simple coil models’ outputs are summarized in
TABLE VI. . The NRMSE is calculated as,

[ST_1(0s = 0,) /@, x 100%. ®)

where: Oy is an output of either the original or the smoothed
simple coil model at time step t, and O, is an output of the
Purdue coil model at time step t, T is the final time step, and
Qp is the mean value of a Purdue coil’s output.
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Fig. 6. Comparisons of the steady coil outputs.
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Fig. 7. Comparisons of the dynamic coil outputs.

TABLE VI. NORMALIZED ROOT MEAN SQUARE ERRORS OF THE
SIMPLE COIL MODELS WITH RESPECT TO THE PURDUE MODEL

TllD wD Qll
82 % 8.8 % 30.8 %
7.4 % 73 % 273 %

Original
Smoothed

IV. CONCLUSION

Removing discontinuities and smoothing spatially and
time dependent parameters that are often approximated in
large-scale dynamic building system simulation can improve
solution efficiency and robustness, as a small number of
discontinuous functions in the numerical model can
significantly jeopardize the convergence. In this study, an
application of a generic smoothing technique in dynamic
building system simulation was presented. It was shown in the
example that the smoothing technique can improve the
efficiency and robustness of the simulation while maintaining
similar accuracy of the solution. In practice, tackling every
discontinuous function in a numerical simulation model can
be very time consuming. Future study may focus on a

computational process that locates the sources of
discontinuities and applies a smoothing technique
automatically.
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