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[bookmark: _Hlk20494032]ABSTRACT

A semi-analytical expression is presented for the effective thermal/electrical conductivity of two-dimensional anisotropic host solids, such as phosphorene, containing a metallic inclusion of arbitrary shape and size. The expression is derived by using a new, computationally efficient representation of the Green's function for the steady-state Laplace/Poisson equation. The representation is based upon a semi-discrete model of the solid, which yields an analytical formula for the Green's function in terms of its partial Fourier transform. The method is tested by comparing the results with the known exact results for effective conductivity in the limit of an isotropic host and low concentration of elliptic inclusions of different eccentricities and orientations and a square shaped inclusion. The calculated values are found to be in excellent agreement with the exact values. Numerical results are presented for an isotropic host containing an elliptic inclusion, and phosphorene and another anisotropic host containing inclusions of square shape. The effective conductivity should be useful as a single parameter for design and characterization of two-dimensional composites.

1. Introduction
[bookmark: _Hlk39498235]Phosphorene is a recently discovered two-dimensional (2D) material with unusual physical properties and a strong potential for industrial applications [1-6].  One interesting application of these kind of materials is in the design of composite materials with prescribed conductivities. These consist of a 2D graphene-like host material and an array of inclusions  [7-9]. By ‘graphene-like materials’, we refer to atomistically thin 2D materials (graphene and beyond) that contain only a few atomic layers. The host material may be, for example, phosphorene, silicene, or graphene, and the inclusions can be materials of different conductivities. At the two extremes, the inclusions can be metallic of infinite conductivity relative to the host, or antidots (voids) of zero conductivity  [3, 10-14]. Such composite materials have potential applications in thermoelectric energy conversion and heat management devices [4, 8, 15, 16]. 
[bookmark: _Hlk31813092][bookmark: _Hlk20662540]It would, therefore, be useful to have a robust, reliable, and computationally efficient mathematical model for calculation of the effective conductivity of a 2D composite material in terms of the conductivities of the host solid and shape and size of the inclusions. Such computations using many other techniques have existed for decades [17-19]. Results in the dilute limit can be obtained analytically for regular geometries (e.g. ellipses, ellipsoids), and numerically for general geometries.  For non-dilute concentrations, and inclusions of general shape, one can use a numerical discretization scheme (e.g., finite elements or differences, boundary elements) for all spatial dimensions. These results, in principle, would reduce to exact results in the limit of infinitely small discretization. 
Alternative approaches include some kind of multi-pole-like expansion in inclusions or in concentration. In the present 2D case, we define the concentration as the fractional area of the host occupied by the inclusions.  These approaches are interesting as they bring out useful physical features of the material systems. They will, of course, give exact results in the limit of infinite-order expansion. Examples of such approaches include the Rayleigh method [20, 21], analytical but approximate effective medium equations such as Mori-Tanaka, composite cylinder assemblage, differential, and self-consistent, or finally analytical but approximate upper and lower bounds, which can be made tighter and tighter by systematically expanding in higher-order microstructural correlations [17-19]. 
A characteristic feature of phosphorene is that its thermal conductivity is highly anisotropic [1, 2, 4, 5, 15, 22, 23]. It is estimated [23] to be 110 W/m-K and 36 W/m-K along the armchair and the zigzag directions, respectively. The electrical conductivity may also be anisotropic. Other 2D materials may also be slightly anisotropic because of the difference in their edge structures (zigzag or armchair). Hence, a mathematical model of the conductivity must account for anisotropy of the host and the shape, size, and the orientation of the inclusions. The objective of this paper is to present such a model, which can be used for thermal/electrostatic characterization of the phosphorene-based composites as well as those based upon other 2D materials. The new method presented here is based on an anisotropic Green’s function approach. It is partly numerical, partly analytical, and readily bridges the dilute and concentrated regimes. 
Many papers have been published on calculation of the effective conductivity (see, for example, [9, 17-19, 24-26]). Our mathematical model is based upon the static Green’s function (GF) for the anisotropic 2D Laplace/ Poisson’s equation [17, 27, 28] for a phosphorene/metal composite. In an earlier paper [29], we derived a semi-analytic expression for the GF by using a partial Fourier transform (PFT) technique and a semi-discrete model of a 2D solid.  The PFT makes the calculation of the GF computationally very efficient. The Fourier integral for one of the two coordinates can be obtained analytically. It has been shown [29] to improve the numerical convergence by at least an order of magnitude, as compared to the techniques based upon the conventional full Fourier transform or discrete element-type numerical techniques [19-21].  
The use of the Laplace/Poisson equation implies that we have assumed a continuum model of the solid, which is a fairly common assumption in thermal and electrostatic problems [30, 31].  It allows us to neglect the atomistic zig-zag structure of the edges and any ripples or unevenness on the plane, which are smoothed out in the continuum model. Hence, the calculations are valid at length scales a few times larger than atomistic dimensions.  At these length scales, the thickness of the graphene-like materials can be assumed to be zero, even though they consist of a few atomic layers.  Of course, the continuum model retains the effects of the atomic structure on the bulk physical properties of the solid such as the anisotropic conductivity.  One advantage of the GF method is that it is useful for multiscale modeling as it provides a seamless link between the continuum and the discrete lattice models [32]. The GFs are particularly useful for use in boundary element analysis (see, for example, [28, 33]). 
An interesting feature of the GF is the possibility of its direct experimental measurement. It has been suggested  [34] that the GF is a physically observable entity, which can be measured by using SPM (scanning probe microscopy) type techniques for 2D materials. The GF calculation of thermal conductivity will be directly useful for interpretation of thermal microscopy measurements. This will provide a direct link between GF-based mathematical models and SPM-based measurements. In independent work, Chen et. al. [35] have discussed mapping of an inhomogeneous system with species diffusion in semiconductors, which is also modeled by using the Laplace equation. The GF developed in this paper should also be relevant to those measurements. 
The GF formulation is valid for the electrical as well as the thermal conductivity of a 2D composite, in which the host is anisotropic, and the inclusion has isotropic metallic conductivity and is of arbitrary shape. However, for the sake of definiteness, we specialize to the case of the electrical conductivity. The conductivity of the metallic inclusions is assumed to be infinite, relative to the host. The formulation is, of course, applicable to isotropic 2D hosts like graphene or silicene as special cases.  
We derive a semi-analytical expression for the effective conductivity of a composite, using the GF derived earlier [29]. Sec. 2 gives the governing equations and the GF solution.  In Sec. 3, we apply our formulation to a limiting case of an isotropic host containing inclusions of elliptic shapes with different eccentricities, orientations and concentrations, which of course result in the composite or effective conductivity to be anisotropic. Analytical results for these cases are available in the literature in the limit of low concentration, which are used to validate the GR results by their close agreement with the analytical results. Our results, even for isotropic hosts, go beyond the published results because they are based upon a computationally efficient, semi-analytic model, which gives valid results even at relatively high concentrations. 
In Sec. 4, we apply the GF technique to a square shaped inclusion [Fig. 1(iii)]. In these calculations, we consider two anisotropic hosts and one isotropic host.  The components of the conductivity tensor for one anisotropic host have been selected to correspond to phosphorene. In case of the isotropic host, our result agrees closely with the known analytical result in the low concentration limit. This agreement shows applicability of the PFT technique to a wider class of inclusions containing sharp corners. 
The results of all these scenarios are presented and discussed in Sec. 5, and the conclusions of this paper are summarized in Sec. 6.
2. Governing equations and solution
The model solid geometry is shown schematically in Figs. 1 (i)-(iii), along with the chosen Cartesian frame of reference.  The plane of the solid is assumed to be the XZ plane. The X and Z coordinates will be denoted by x and z, respectively, and a vector on the XZ plane will be denoted by 
[bookmark: ZEqnNum793591]r = (x, z)				
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Fig. 1 (i)-(iii): Two-dimensional composite in the X-Z plane (see text) containing metallic inclusions.  (i) Elliptical inclusion with its major axis along the X-axis, (ii) tilted ellipse with its major axis inclined at angle θ from the X-axis, and (iii) tilted square inclined symmetrically. The inclusions are labelled I and the rectangular graphene-like host solid is labelled H. The PQST denotes the interface between H and I. The potential in the solid is denoted by V(x,z).  The point M shows the location of a virtual source, just inside PQST. 

The Cartesian components will be labelled by the indices i, j (=1 or 3), with no reference to the Y-coordinate in this 2D paper. Summation over repeated Roman indices will be assumed unless stated otherwise.  
We consider a thought experiment in which a potential is applied at the two ends z=d and z=-d of a sample of rectangular shape as shown in Figs. 1 (i)-(iii). We then calculate the potential distribution in the solid using the GF method and the total current flowing in the Z-direction across the solid. A measurement of this current will then give the effective conductivity of the material. 
The electrical potential V(r) in an anisotropic medium in the absence of sources is the solution of the Laplace equation, which is our primary equation
[bookmark: _Hlk520731282][bookmark: ZEqnNum800457]0,				 
where the operator  is defined as    
[bookmark: ZEqnNum689166],				
where
				
is the 2D gradient operator on the XZ plane and C is the second rank electrical conductivity tensor of the material.   
In terms of the Cartesian indices, Eq.  can be expressed as 
[bookmark: ZEqnNum448683] .				
For an isotropic solid, the conductivity is scalar, and the tensor C is of the form C0 ẟij, where C0 is a scalar. In this case, the operator  reduces to: 
	.				
In the present case, we make a reasonable assumption that the host phosphorene is anisotropic, but the metallic inclusion is isotropic. For mathematical convenience, we choose a Cartesian frame of reference in which C is diagonal with elements C11 and C33.  This is always possible because C is a symmetric 2 x 2 tensor. 
In our semi-discrete model [29], we treat x in Eq.  as a discrete variable and z as a continuous variable. We apply a potential +V0 across the top and – V0 at the bottom edge of the solid and calculate Jz , the current flowing through the solid in the Z direction, assuming each supercell contains only one inclusion.  Accordingly, we prescribe the following boundary conditions on V(r):
i. Cyclic boundary conditions along the X-axis:
[bookmark: ZEqnNum591219] (x+2Ln, z) =   (x, z),				
[bookmark: ZEqnNum801456]where 2L is the length of the supercell or the periodicity in the X direction [see Figs. 1 (i)-(iii)], n is any integer, and -L ≤ x ≤ L. Cyclic boundary conditions along the X-axis means that we are really solving the problem of a regular linear array of inclusions.				
ii. Potential at the top and the bottom edges:
[bookmark: ZEqnNum823473]	,				
[bookmark: ZEqnNum183324] 		.					
iii. The potential inside the metallic inclusion, and, therefore, at the interface PQST in Figs. 1 (i)-(iii), must be constant because there cannot be a potential gradient inside a metal of zero resistance. Without loss of generality, we can assume this constant to be 0 because the quantity of physical interest is the potential difference and not the actual value. Thus, we can write the following continuity condition at the interface:
[bookmark: ZEqnNum902822]
V(at PQST) = 0 				

We write the solution of Eq.  in terms of its PFT over the variable x. We define q, the variable conjugate to x, in terms of the following orthogonal relations: 
[bookmark: ZEqnNum432754],						
and 
[bookmark: ZEqnNum777888], 			
where  is the discrete form of Dirac’s delta function and N is defined in Eq.  below.  
The summations in Eqs.  and  are over the allowed discrete values of q and x given below 
[bookmark: ZEqnNum664745]xn  = n L/N and qn = n π/L,  					
where N is a positive integer, and n is any integer with the constraint: 
[bookmark: ZEqnNum324790]-N    n   N. 						
In what follows, we will omit the index n from x and q and just treat them as discrete variables that can assume the values given by Eq. .  We write the solution of Eq.  in terms of its PFT as follows:
[bookmark: ZEqnNum676855]  					
where 
[bookmark: ZEqnNum379059]=  ,  						
[bookmark: ZEqnNum683339]			
In Eq. ,  is the applied potential, which is independent of x and , the correction due to the inclusion, is yet undetermined.   is the PFT of  , in the sense that it is the Fourier transform of a function of r over only one Cartesian component of r in Eq. . As can be verified directly [36], any function represented by Eq. , with q’s given by Eq. , will satisfy the periodicity condition of Eq. . This solution, therefore, represents an array of identical inclusions with a single inclusion in a supercell. This is analogous to the Born Von Karman model of the lattice theory (see, for example, [37]).  
The function V(r) is a solution of the homogeneous Eq. . We construct a homogeneous solution in the GF method by using the method of virtual sources [38]. The virtual sources are applied just outside the solution space. In the present case, the solution space is the region H [Figs. 1 (i)-(iii)]. The virtual sources are, therefore, applied just inside the region I, as shown by a typical point M in the same figures. The strength of each virtual source is determined by applying Eq. . The number of the virtual sources is equal to the number of discrete points on the interface PQST at which Eq.  is enforced. 
Finally, by using the GF derived in [29] for V(r) in the region H:			
[bookmark: ZEqnNum726148]	 +  ] ,	
where
[bookmark: ZEqnNum512239]    		
,			
 ,			
[bookmark: ZEqnNum296047] ,			
[bookmark: ZEqnNum409536]c2  = C11 /C33 ,  								
and (xI, zI) is the location of the virtual charge of strength  just inside the region I. The anisotropy constant c is a measure of the anisotropy and is equal to 1 for an isotropic solid. It can be verified by direct substitution that Eq.  satisfies Eq  and Eqs.   - , for arbitrary . Eqs.  -  are the basic equations of our model. Note that these are valid for arbitrary values of z, hence, for inclusions of arbitrary shape. 
We determine  by imposing the interface conditions given by Eq.  for (r) at the NI values of r =rI . This gives the following NI equations for I’, I =1, 2 … NI , in NI  unknown parameters  (I=1,2 ..NI ):
[bookmark: ZEqnNum383726] =  ,				
where
[bookmark: ZEqnNum249973] =  ,  	
The solution of Eq.  is, in matrix notation,
[bookmark: ZEqnNum139863]							
where  and  are vectors (column matrices) and  is a square matrix. Their matrix elements are given below: 
QIʹ =  ,						
and 
 =   .						

With , given by Eq. , the potential will satisfy the interface condition given by Eq.  at NI  points selected in Eq. . It is, therefore, important to include enough points on the interface to ensure the reliability of the solution with respect to the interface condition. This provides a good check of the convergence of the calculation. 
Finally, we derive an expression for the effective conductivity of the composite using the approach given in [24]. The total current or flux flow in the Z direction in the solid in Figs. 1 (i)-(iii), passing through a line at z = h, is given by 

[bookmark: ZEqnNum927088]Jz  = σ Ez =   C33 ,  		

where the summation is over all values of x in the unit cell, Ez is the local field at z=h in the Z-direction.  In the absence of sources and sinks inside H, the current Jz must be independent of h. We calculate Jz near the top edge for z well above the inclusion.  
 
We define the effective conductivity of the composite in the direction of Jz as follows

[bookmark: ZEqnNum196533]Jz  = σeff (v) E0 , 					

and, using Eq. ,
[bookmark: ZEqnNum160984]E0 = V0/d, 						

where E0 is the applied field in the Z direction and v is the area fraction of the inclusion. The dependence of σeff (v) on v arises from the boundary condition in Eq. .  


Now we use Eq.   for V(x,z) and Eq.  for E0. We see from Eq.  that, due to the presence of ẟ(q), the sum over x is given exactly by the q=0 limit of the derivative in Eq. . This limit is obtained analytically.  Equating the two expressions for Jz given by Eqs.   and , after some algebraic manipulation,  we write the result in the following form:

[bookmark: ZEqnNum687284]  σeff (v)/C33  = 1 + K(v) v, 			

[bookmark: _GoBack]where K(v) is a function of v that characterizes the effective conductivity, which can be measured.  It depends upon the shape, size, the ratio c defined in Eq. , and the  orientation of the inclusions.  The dimensionless function K(v) is referred to herein as the enhancement factor. In the dilute limit, v →0, it is often called the intrinsic conductivity [26]. It is the coefficient of the linear term in the expansion of the effective conductivity in powers of v. For general values of v, Eq.  shows that K(v)v is the  variation of conductivity relative to the host conductivity, as a function of v. The enhancement factor is useful as a single parameter for the over-all thermal/electrostatic characterization of the composite.
Equation  is the main result of this paper. Recall that this equation has been derived in a frame of reference in which the conductivity tensor C is diagonal. The effective conductivity σeff is, therefore, the conductivity of the composite along the Z-axis of this frame of reference. The Cartesian axes and the values of the components of the conductivity tensor will be different for different orientations [21], and also for different values of C. Hence, in order to compare K(v) for two different materials, it would be necessary to inverse transform the result to a common Cartesian frame of reference.
[bookmark: _Hlk40337968]To compute K(v) for phosphorene, we need the value of the anisotropy constant, c, in Eq. .  Measured values of the conductivity C for phosphorene or for any 2D material are not yet available in the literature. For phosphorene, the thermal conductivity has been estimated [23] to be 110 W/m-K and 36 W/m-K along the armchair and the zigzag directions, respectively. In our calculations, we assume that the ratio of these values gives c2 ≈ 36/110 ≈ 0.3. This is a source of error in our results because the armchair and the zigzag directions may not be parallel to the principal axes of the conductivity tensor. Hence, the off-diagonal element of C may not be zero and the value of c2 may be incorrect. Moreover, the measured or theoretical values of the electrical conductivity of phosphorene are not yet available. It is difficult to estimate the consequent error but, in general, the off-diagonal elements of C are expected to be much smaller than the diagonal elements. We expect that the numerical values of K(v) reported here, will, at least qualitatively, correspond to a real phosphorene composite when using this value of C.      
3. Application to elliptic inclusions
In this section, we describe the modeling of inclined elliptic inclusions shown in Figs. 1 (i) and (ii), embedded in an isotropic host.  The size of the discrete elements on the x-axis is chosen such that the ends of the ellipses are included exactly in the model. This avoids numerical errors in the evaluation of the discrete inverse Fourier transform, because the ends of the ellipses may make significant numerical contribution to the Fourier integral. Since an ellipse is not isotropic, the effective conductivity of this 2D composite will be anisotropic. 
The equation for the inclined ellipse is given by	
[bookmark: ZEqnNum631336] Aθ x2 + Bθ z2 + Cθ xz    = 1, 			
where
	Aθ = (cos2 θ )/a2 + (sin2 θ )/b2 ,		
	Bθ = (sin2 θ )/a2 + (cos2 θ )/b2 ,		
	Cθ = -  sin 2θ ( 1/a2 - 1/b2), 		

2a and 2b are, respectively, lengths of the major and the minor axes of the ellipse, and θ is the angle of inclination from the x-axis . They are related to the eccentricity Ꜫ of the ellipse as      
[bookmark: ZEqnNum937961]b2 = a2 (1- Ꜫ 2), 					
where Ꜫ = 0 corresponds to a circle. The area fraction of the ellipse is given by
[bookmark: ZEqnNum832166]v = πab/4Ld . 				 	
In our model, L and d can be varied independently. In actual calculations, we choose d=L so the host domain is a square but this assumption is not necessary. In the symmetric case shown in Fig. 1 (i), θ=0 and Eq.  reduces to the standard form:  
x2/a2 + z2/b2 = 1.					
Our model is semi-discrete, in the sense that only one Fourier coordinate needs to be discretized for the purpose of evaluation of the Fourier transform. The x-coordinate is discretized as prescribed by Eq. . The GF and all other functions including the Z-coordinate of each point in the Cartesian space are defined only at the discrete values of x. It is therefore important to ensure that the discrete values of x are chosen such that they span the entire perimeter of the ellipse. The Fourier sum over the X-coordinate and its corresponding inverse transform is calculated numerically whereas the corresponding terms for the Z-coordinate are obtained analytically [29].
In our discretization scheme, we first identify the two end points of the ellipse along the X-axis. The characteristic of the two end points is that the tangent at each point will be perpendicular to the X-axis. For the symmetric case, shown in Fig. 1 (i), these end points coincide with the two vertices on the major axis. The coordinates of the end points can be calculated from the quadratic equation  in Z under the condition that the two roots of Z will be equal, or, by imposing the condition that the discriminant of the quadratic equation is zero. The two values of x for which this condition is satisfied are the two end points. The difference between the two values of x gives the width of the ellipse in the X-direction, which we denote by 2w. 
[bookmark: _Hlk33608058]Compared to L and w, a more important parameter [26] in our model is v, given by Eq. .  In actual calculations, we change v by fixing w and changing L. We divide w into Ne intervals, where Ne is usually small (5-50). Note that NI = 4 Ne  in Eq.  because the total width of the ellipse is 2w and there are two points on the ellipse for each x value.  The step size along the x-axis is h = w/Ne. We divide the length of the solid using the same step size. We change L by changing N (see Eq. ) and choose it such that that N/Ne is an integer. This gives L=Nh, which determines the length of the solid in the X-direction as 2Nh.  It is N which needs to be large (200 – 1000), which determines the convergence of the Fourier sums. We found that N = 200 gives very good convergence in the values of GF.  The convergence of the Fourier sums for the GF has been  discussed in more detail in [29].
For calculation of the effective conductivity, we only need the q=0 limit of the Fourier sum.  This results in a considerable economy of the computational time in the calculation of the total conductivity. The computational cost can be further reduced by exploiting the symmetry of the solid, if any. For example, in the case of the symmetric ellipse in Fig. 1 (i), the dimensionality of the matrix to be inverted is only NI/4.  
4. Application to square-shaped inclusions
We further illustrate our technique by applying it to a composite containing a non-smooth inclusion having corners and straight lines in contrast to that described in Sec. 3.  We choose the particularly simple shape of a square-shaped inclusion. One advantage of this choice is that analytical results are available  [39]  for the enhancement factor in the dilute limit [v →0, in Eq. ] and for the case of an isotropic host.   These are used to validate our technique for non-smooth inclusions. The model geometry is shown in Fig. 1 (iii). The model for this case is identical to that described in Sec. 3 except for the shape of the inclusion. 
All the equations given in Sec. 2 are applicable to this case. For example, the boundary conditions are given by Eqs. - and the potential is given by Eq. . The matrices corresponding to the isotropic host remain unchanged. Only the matrices pertaining to the inclusion need to be recalculated. This shows another computational advantage of the GF technique. For composites in which the host is same and only the inclusions are different, part of the computation does not need to be repeated. In the present case, the virtual sources are formally given by Eq.  but their values are of course different. Finally, following the same steps as in Sec. 2, we obtain Eq. , where, K(v) is now the characteristic of the composite shown in Fig. 1 (iii). 
5. Results and discussion
The enhancement factors are shown in Figs. 2 (a-e) for various angles of orientation (θ = 0, π/8, π/4, 3π/8, π/2) and eccentricity (Ꜫ = 0, 0.2, 0.4, 0.6, and 0.8) of the elliptical inclusion. The orientation of the inclusion for each figure is shown in each figure. The Cartesian axes of reference are fixed parallel to the principal axes of the conductivity tensor of the host, and are same for each value of θ. The figures show how the effective conductivity of the composite depends upon the fractional area of the inclusion, its shape, size, and orientation. 
Note that the assumption of low concentration has not been made in the derivation of Eq. . The model is, therefore, mathematically valid, even when the size of the inclusion is comparable to, but less than, the size of the unit cell in the X-direction. Based upon the assumption of periodic boundary conditions, the inclusion will interact with its periodic reflections in the X-direction, giving, in the non-dilute case, the conductivity of a linear array of inclusions.
There are two broad factors that affect the anisotropy of K(v), as evident in Eq.   and Fig. 2(a-e): (i) anisotropy in the conductivity of the host solid and (ii) the orientation of the inclusion even though the inclusion itself is isotropic. Regarding the factor (i),  we see from Eq.  that if we make the measurements along a principal axis of the conductivity tensor, like the Z-axis in our model, σeff will be simply proportional to C33 for fixed v, Ꜫ and θ. In non-principal directions, C will not be diagonal and σeff will depend upon the diagonal as well as the off-diagonal elements of C. The effect of the off-diagonal terms is outside the scope of this paper. We intend to discuss this and other effects of anisotropy in a later paper. 
It is apparent from Eq.  that if σeff  is equal to the area-fraction-weighted average of the  conductivities of the host and the inclusion, as in the rule of mixtures, or if the composite is in the dilute limit, then K(v) would be independent of v. The variation of K(v) with respect to v can, therefore, be attributed to the interaction between the outer boundaries and the interface, along with any interactions with periodic reflections, which are negligible in the dilute limit. This is consistent with the fact that the variation of K(v) with respect to v is slower for lower values of v, and zero in the dilute limit. The lower values of v imply that the outer boundaries are further away from the interface and therefore less effective.  This suggests that K(v) can indeed be used for characterization of the composite.
Figures 2(a-e) show that for larger values of v, when the boundary effects are more influential, K(v) increases at a faster rate with respect to v. This shows a stronger interaction between the outer boundaries and the interface. The interaction can be physically understood as follows. Consider the variation of the potential for z > 0. In the absence of the inclusion, dv/dz = V0/d (constant) from Eq. .  The interface condition in Eq.  requires the potential to be zero at the interface, whereas it is prescribed  to be V0 at z = d by Eq. . These two conditions together increase the gradient of the potential in the composite. The net effect is to increase the current and hence the effective conductivity of the composite. The increase in the gradient is obviously more for smaller distances between the top edge and the interface, which is consistent with the rapid increase in K(v) for larger v in the figures. 
We notice from Figs 2 (a-e) that K(v) is higher for smaller values of Ꜫ for θ < π/4 and lower for larger values of Ꜫ.  The curve Ꜫ = 0 corresponds to a circle (no orientation dependence), whereas Ꜫ = 1 corresponds to the other extreme when the ellipse collapses into a single straight line segment (strong orientation dependence).  The orientation dependence of K(v) is, therefore, weaker for low values of Ꜫ when inclusion is closer to the circular shape and vice versa for the other extreme Ꜫ ≈ 1. The orientations of the major and the minor axes get interchanged at θ= π/2, which has a strong effect on K (v) for larger values of Ꜫ, as is evident in Fig. 2e. In this case, the ends of the ellipse are closer to the top and bottom boundaries, thus enhancing the boundary-inclusion interaction. At θ= π/4, the curves for low values of Ꜫ (0.2 and 0.4) almost overlap, which is consistent with the almost circular shape of the inclusion. 
We now compare our results with the analytical result in the low concentration limit [24]. For the symmetric case shown in Fig 1 (i),  (θ =0), the enhancement factor is given by [24] 
[bookmark: ZEqnNum782247]K(v→0) = (1+b/a). 				 
The limiting values of K(v→0) for non-zero orientations are obtained by using the tensor transformation law for conductivity. These values are shown as symbols in Figs. 2 (a-e) at the v=0 end of each curve. The curves of K(v), calculated from Eq. , have been extrapolated to v=0 for comparison with the analytical values.  Note the excellent agreement between our calculated values and the analytical results. For exact numerical comparison, the limiting values of K(v→0) as predicted by Eq.  are 2, 1.98, 1.92, 1.8, and 1.6, respectively, for Ꜫ = 0 (circle), 0.2, 0.4, 0.6, and 0.8.  The corresponding values predicted by our formulation are 2.01, 1.99, 1.93, 1.81, and 1.61.  We see that they are in excellent agreement, with a difference of less than 1 %. The slight difference between the two may be attributed to the presence of boundaries, which are assumed to be at infinity for the dilute limit calculation, and the degree of discreteness in our model, which was not optimized for agreement with the analytical dilute limit result.  
The variation of K(v) with v for a square inclusion, for an isotropic host (c2 = 1), and two anisotropic hosts (c2 = 0.8, 0.3) (Sec. 4) is shown in Fig. 3.  For the host where c2 = 1, the GF value of 2.187 agrees to 1 part in 2000 with the analytical limit K(v→0) = 2.1884 [39] .  This shows that the general applicability of the PFT technique to non-smooth surfaces containing corners. The two anisotropic host cases (c2 = 0.3 is essentially phosphorene) give qualitatively similar variation of K(v) with v as does the isotropic case, but have reduced values of K(v) at all values of v. In the dilute limit, there does not  appear to be any simple arithmetical relation between the three cases involving the value of c2, which is not surprising, since the disruption of the current caused by the presence of the inclusion causes current to flow in both directions, sampling the anisotropic host conductivity in non-simple ways. For all three hosts, the variation of K(v) with v is similar to that for the elliptical inclusions: slower for lower values of v and faster for larger v values. This behavior is consistent with the understanding suggested earlier for the elliptical inclusions that the boundary and interface conditions affect the potential gradient and, hence, the current and the effective conductivity. A more detailed analysis of the effect of the shape of the inclusion on the components of the effective conductivity tensor will be presented in a later paper.  
Finally, we discuss the computational cost of our method. The primary computational cost of a numerical solution is due to matrix inversion and numerical integration, required for computing individual matrix elements.  This is true in general for all numerical techniques, like the finite element/difference and the boundary element methods and the calculation of the GF in the GF method. Our present method involves calculation of the homogeneous GF and then the composite GF containing the inclusion. The main computational cost of the homogenous GF arises from numerical integration. An important advantage of the PFT is that only one of the two space variables needs to be discretized. This results into a significant reduction in the cost of the numerical integration in the calculation of the homogenous GF. The computational advantage of the PFT for homogeneous GF calculation has been discussed in our previous paper [29]. Here we only consider the additional computational cost of the composite GF that arises mainly from matrix inversion. 
The calculation of the composite GF requires inversion of the T matrix in Eq. , which is NI x NI. The value of NI depends upon the perimeter of the inclusion. If the whole solid is to be discretized and NF denotes the number of discrete points in the whole solid, such as in the FE method, then the matrix that needs to be inverted will be NF x NF. In the BE method, the matrix to be inverted is NB x NB, where NB is the number of discrete points at the boundary of the whole solid.  The computational cost of inversion of an η x η matrix varies as O(η3). Hence even a small reduction in η can result into a significant cost advantage. What makes the GF method very attractive is that, as apparent from Fig. 1 (i-iii), NI is always less than NF as well as NB. Hence the cost of matrix inversion will be much less in the GF method as compared to the purely numerical methods. Of course, the actual computational cost will also depend upon other factors, such as the sparseness of the matrix to be inverted, as in the FE method, and the cost of calculating individual matrix elements. These factors need to be considered in estimating the computational cost in specific applications. 
6. Conclusions 
A GF based model has been used for the calculation of the effective conductivity (thermal or electrostatic) of isotropic or anisotropic 2D materials, including phosphorene, containing a metallic elliptic or square inclusion. The GF is calculated using a recently proposed semi-discrete model  [29] of the solid and using an analytical PFT representation. The model is computationally very efficient as the PFT of the GF and its inverse transform over one coordinate are obtained analytically. Only one coordinate needs to be discretized for which the inverse transform is evaluated numerically. The change in the effective conductivity is expressed in terms of an enhancement factor, which is sensitive to the shape, size, and concentration of the inclusion. It also depends upon the anisotropy of the composite and the orientation of the inclusion and may be useful as a single parameter for a qualitative characterization of phosphorene-based composites. The calculated values of the enhancement factor are in excellent agreement with the exact analytical values in the low concentration or the dilute limit, for an isotropic host. The method is applicable to composites of arbitrary anisotropy and inclusions of arbitrary shape and size.
Caption for figures 

Fig. 1 (i, ii, and iii): Two-dimensional composite in the X-Z plane (see text) containing metallic inclusions.  (i) Elliptical inclusion with its major axis along the X-axis, (ii) tilted ellipse with its major axis inclined at angle θ from the X-axis, and (iii) tilted square. The inclusions are labelled I and the rectangular graphene-like host solid is labelled H. The curve PQST denotes the interface between H and I. The potential in the solid is denoted by V(x,z).  The point M shows the location of a virtual source, just inside PQST. 

Fig. 2 (a, b, c, d, e): Plots of the enhancement factor K(v), as defined in Eq , vs v, the area fraction of the inclusion, for eccentricity: Ꜫ = 0 (circle), 0.2, 0.4, 0.6, and 0.8, and for angles of orientation θ = 0, π/8, π/4, 3π/8, and π/2. For all these curves the anisotropy parameter c2 = 1, as defined in Eq. . This value corresponds to isotropic hosts such as graphene, silicene, and germanine.  The angle θ is the angle made by the major axis of the elliptic inclusion from the X-axis (see Fig. 1). The orientation of the inclusion is notionally indicated by the ellipse in the inset in each figure. The diamonds at the lower ends of each curve show its analytical limit at v=0. In each case the calculated limiting value of K(v) agrees almost exactly with the analytical value. 

Fig. 3: Plots of the enhancement factor K(v), as defined in Eq , vs. v,  the area fraction of the square inclusion in different hosts for the anisotropy parameter c2 =1 (isotropic), 0.8, and 0.3, as defined in Eq. . The value c2 = 0.3 corresponds to phosphorene. For the isotropic host, the filled circle symbol indicates the analytical limit in the limit v  0. The calculated limiting value of K(v) agrees almost exactly with the analytical value. 
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