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Abstract
In this work, a broadly-applicable and simple
approach for building high accuracy viscosity
correlations is demonstrated for propane. The
approach is based on the combination of a num-
ber of recent insights related to the use of resid-
ual entropy scaling, especially a new way of
scaling the viscosity for consistency with the
dilute-gas limit.

With three adjustable parameters in the
dense phase, the primary viscosity data for
propane are predicted with a mean absolute rel-
ative deviation of 1.38%, and 95% of the pri-
mary data are predicted within a relative error
band of less than 5%. The dimensionality of the
dense-phase contribution is reduced from the
conventional two dimensional approach (tem-
perature and density) to a one-dimensional cor-
relation with residual entropy as the indepen-
dent variable. The simplicity of the model for-
mulation ensures smooth extrapolation behav-
ior (barring errors in the equation of state it-
self). The approach proposed here should be
applicable to a wide range of chemical species.
The supporting information includes the rele-
vant data in tabular form and a Python imple-
mentation of the model.

1 Introduction
1.1 Background
The state-of-the-art for reference viscosity mod-
els (e.g., those of carbon dioxide,1 n-butane,2

ammonia3 to name but three recent exam-
ples) is based upon a very wide range of func-
tional forms and a greater or lesser basis in
theory. Having personally implemented nearly
all the reference correlations from the last few
decades,4 it became painfully clear that a new
approach was needed with a strong theoreti-
cal basis and broadly applicable (but flexible
enough) functional form. This works demon-
strates that entropy scaling can move us in that
direction, though perhaps not all the way.

There have been many attempts to express
the transport properties of fluids in terms of
thermodynamic properties, with more or less
theoretical rigor. Some of them have at their
heart a direct connection to the hard sphere,5–10

and others consider some sort of free volume
as their independent variable.11 It is argued
here that these historical approaches can all be
reconciled through the residual entropy. The
“available volume” (sometimes called the free
volume) is directly related to residual proper-
ties, particularly the residual entropy. The la-
cunarity of the fluid (the amount of available
volume) is directly related to the residual en-
tropy,12,13 and Mayer cluster theory also ex-
presses a direct link between residual properties
and the logarithm of the “available” volume.14
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The first steps in the direction of entropy scal-
ing came from the use of density scaling.1,15–19

In density scaling, the supposition is that all
properties can be expressed in terms of the in-
dependent variable ργ/T , where the coefficient
γ is a constant over the entire phase diagram.
The parameter γ can be evaluated from either
an equation of state or from fluctuations of
the potential energy and the virial energy in
a molecular simulation (e.g., see Eq. 9 of Ref.
20). Either route for its evaluation shows that
γ is not a constant, but has both temperature
and density dependence, and goes to zero at the
critical point. Density scaling can therefore be
thought of as a weak form of entropy scaling,
though it has the clear benefit compared with
entropy scaling that no equation of state is in-
voked to calculate the residual entropy (though
the equation of state is still used to calculate the
densities for a particular temperature, pressure
measurement).

1.2 Entropy scaling and iso-
morph theory

Isomorph theory is an approximate theory de-
scribing that when the Pearson correlation be-
tween the time histories of the potential en-
ergy U of the ensemble and the virial energy
W (W/V = p−NkBT/V ) are strong, there are
isomorphs in the phase diagram. Isomorphs are
lines of constant reduced structure (iso: same,
morph: morphology (structure)) along which
certain properties are constant, among which
are residual entropy and macroscopically-scaled
viscosity η̃. According to the present under-
standing, the only pair potential for which
isomorph theory holds exactly is the inverse-
power-law potential V = ε(σ/r)n in which ε
is the energy scale, σ is the length scale, and
r is the distance between particles. This po-
tential has the independent variable ρn/3/T ,
which describes the link to density scaling – if
a fluid were to have a constant γ = n/3 (but it
does not), then the expectation would be that
η/(ρ

2/3
N

√
mkBT ) is a monovariate function of

ργ/T over the entire phase diagram.
The macroscopically-scaled viscosity21 is

given by

η̃ ≡ η

ρ
2/3
N

√
mkBT

(1)

where η is the shear viscosity, ρN is the number
density in particles per volume, m is the mass
of one particle, kB is Boltzmann’s constant, and
T is the absolute temperature. The number
density is obtained by multiplying the molar
density (in mol/m3) by Avogadro’s number.22

The residual entropy is defined by

sr(T, ρN) ≡ s(T, ρN)− s(0)(T, ρN) (2)

where sr is the residual entropy, s is the total
entropy, and s(0) is the ideal-gas entropy.

The variable

s+ ≡ −sr/kB, (3)

in which sr is per particle, is defined, for con-
ceptual understanding and brevity. The resid-
ual entropy can be conceptually understood as
a measure of the structure of the fluid; the
more positive s+ is (or negative sr is), the more
“structured” the fluid is. The residual entropy
measures the change in the number of accessible
microstates compared with the ideal-gas at the
same temperature and density, and is therefore
always negative.

In 1999, Rosenfeld23 noted that for dilute
gases of finite density, the macroscopically re-
duced transport properties are proportional to
the residual entropy to the power of −2/3,
based on a study of inverse power law po-
tentials. An empirical scaling approach that
satisfies the necessary behavior in the liquid
phase24 and the gas phase23 is to multiply
the macroscopically-reduced transport proper-
ties by the residual entropy to the power of
2/3, and use this scaling throughout the entire
fluid domain, including the zero-density limit.
This approach was first proposed in Ref. 25,
and subsequently investigated in detail for the
Lennard-Jones 12-6 fluid.26 Thus the +-scaled
viscosity is given by

η+ ≡ η̃ × (s+)2/3 (4)
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1.3 Residual Entropy
The residual entropy is defined by Eq. (2), and
can be evaluated by a number of means. When
an equation of state can be written in the form
of the Helmholtz energy as a function of the
temperature and density, the residual entropy
can be obtained as a derivative of the residual
Helmholtz energy. The residual energy term s+

can therefore alternatively be defined by

s+ =
1

kB

(
∂ar

∂T

)
ρ

= T

(
∂αr

∂T

)
ρN

+ αr (5)

in which ar is the residual Helmholtz energy
per particle and αr = ar/(kBT ) is the reduced
residual Helmholtz energy.

The van der Waals27,28 (vdW) equation of
state (EOS) is given by

p =
RT

v − b
− a

v2
, (6)

where R is the universal molar gas constant,
v is the molar volume, b is the covolume, and
a accounts for attraction. The first term on
the right-hand-side (RT/(v−b)) is the repulsive
term and the second term (a/v2) is the attrac-
tive term. For this EOS, the residual entropy
is simply (see section 1 of the SI)

s+vdW = − ln

(
1− 1

8

kBTcrit,i

pcrit,i
ρN

)
. (7)

In the case of the vdW EOS, only the repul-
sive part of the EOS contributes to the residual
entropy because a has no temperature depen-
dence. Although the vdW EOS does not yield
quantitatively correct thermodynamic proper-
ties, the vdW EOS provides a simple under-
standing of the residual entropy: the residual
entropy is controlled by repulsion. This link
was also probed by Brańka and Heyes29 for
inverse-power-law potentials. Modification of
the vdW equation of state to add more compli-
cated (and accurate) temperature dependence
to the attraction (Peng-Robinson, SRK, etc.)
can also be used in this framework, as these
modified EOS can be transformed to a form
similar to that of the fundamental equation of

state.30 Their residual entropies have a very
simple functional dependency on temperature
and density (see the SI, Section 1).

In general, any EOS that can be written in
Helmholtz-energy-explicit form could be used
to calculate the residual entropy from Eq. (5).
A particularly popular family of these models
is the panoply of SAFT models; these EOS
have been successfully used to develop gen-
eralized empirical models for transport prop-
erties from entropy scaling by the group of
Joachim Gross.31–34 Similarly, the cubic-plus-
association (CPA) model has been used in con-
cert with entropy scaling to model the viscos-
ity of hydrofluoroolefin (HFO) refrigerants and
their mixtures.35

The most accurate representation of the resid-
ual entropy is provided by multiparameter ref-
erence equations of state. The fundamental
equations of state implemented in libraries such
as REFPROP,36 CoolProp4 and TREND37 are
of the form αr = f(τ, δ), where τ = Tred/T and
δ = ρ/ρred, and Tred and ρred are the reducing
temperature and reducing density, respectively.
The reducing temperature and density are, with
only a few historical exceptions, equal to the re-
spective values at the critical point. In order to
orient the reader, contour plots of s+ in the T v.
ρ and ln(p) v. T coordinates for the reference
equation of state of propane from Lemmon et
al.38 are provided in Fig. 1.

1.4 Summary
In short, many of the existing theoretical ap-
proaches for modeling transport properties have
at their heart a direct link to the residual
entropy, which is perhaps not surprising, be-
cause isomorph theory defines a rigorous (al-
beit approximate) relationship between trans-
port properties, when appropriately scaled, and
the residual entropy.

The primary thrust of this paper is to in-
vestigate in detail the residual entropy scaling
of propane and identify limitations in this ap-
proach.

The paper is structured as follows: Section 2
provides a description of the overall approach
for correlation development, Section 3 discusses
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Figure 1: Contours of s+ for propane according to the EOS of Lemmon et al.38 in the T -ρ and
log(p)-T planes

the zero-density limit, Section 4 describes the
initial density contribution, Section 5 presents
a detailed discussion of the scaling steps, and
Section 6 provides a future outlook.

2 Correlation
Propane has long been considered as a refer-
ence fluid for various scaling approaches, es-
pecially extended corresponding states39–42 due
to its anomalous thermophysical properties, es-
pecially its triple point temperature, which is
lower than any other member of the linear
alkane family as a fraction of its critical tem-
perature. The reduced triple point tempera-
tures (divided by the critical point tempera-
ture), according to the default multiparameter
equations of state in NIST REFPROP 10,36 for
the first five normal alkanes (methane: 0.48,
ethane: 0.30, propane: 0.23, n-butane: 0.32,
n-pentane: 0.31) show a clear minimum for
propane.

In order to explain the thought process that
has resulted in the model formulation proposed
in this work, the fluid propane and its scaling of
viscosity is discussed at some length. This fluid
is characterized by an accurate reference fun-
damental equation of state38 and a significant
body of experimental measurements of viscos-

ity.

2.1 Functional Form
In the conventional construction of empirical
model formulations for the viscosity, the corre-
lation is often written in the form

η = ηρN→0(T )+ηinit(T, ρ)+ηr(T, ρ)+∆ηcrit(T, ρ)
(8)

in which ηρN→0 is the dilute-gas contribution
in the limit of zero density, ηinit is the initial
density contribution, ηr is the residual contri-
bution, ∆ηcrit is the critical enhancement, T
is the temperature, and ρ is the density (one
of the molar density, mass density, or number
density).

The critical enhancement term ∆ηcrit is rele-
vant only in a very tiny region of the T, ρ plane
around the critical point, and for all intents and
purposes can be neglected for nearly all practi-
cal applications, as will be done here. Even
when trying to extract the critical enhance-
ment from measurements along near-critical
isotherms, this exercise proves challenging.43

In this work, the same basic functional form
is considered, but all terms are transformed
into the modified residual entropy scaled ana-
log. These transformations result in terms that
are related to their conventional counterparts,
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but are fundamentally different in their behav-
ior. The functional form is then equal to

η+ = η+ρN→0(T ) + η+init(T, ρ) + η+r (T, ρ) (9)

2.2 Data
A sufficient amount of experimental viscosity
data is available such that a reference viscosity
correlation has been constructed,43 and a num-
ber of previous correlations can be found in the
literature for this fluid (see the description in
section 1.1 of Ref. 43). In their work, Vogel and
Herrmann43 divided the experimental data into
primary data (measurements that are believed
to be reliable, highly accurate, and for which
uncertainty estimates are available) and sec-
ondary data (not meeting the criteria to be pri-
mary data) and the same approach is followed
in this work. The primary experimental data
curated in the work of Vogel and Herrmann
are provided in the supporting information in
the units of the original publications for repro-
ducibility. Other authors are recommended to
follow the same protocol in order to avoid am-
biguity about precisely which data were consid-
ered, what typographical errors were fixed (or
introduced) and all the steps that were invoked
to pre-process the experimental data.

Where densities were provided in the original
dataset,54 they were used directly, and other-
wise, the equation of state was used to calcu-
late the density from the given temperature and
pressure pair, or temperature and vapor qual-
ity. Table 1 summarizes the primary data.

The datasets from Starling44 and Carmichael46

represent data for which multiple measure-
ments were carried out at each nominal state
point. While Vogel and Herrmann averaged the
replicate state points together,57 all the data
points were retained in this work. In addition,
the low-density data of Vogel58 re-evaluated in
Ref. 43 were included as primary data. Tem-
peratures reported on temperature scales prior
to ITS-90 were converted to the ITS-90 tem-
perature according to the supplement to the
ITS-90 temperature scale,59 and the scripts for
these conversions are included in the support-
ing information.

3 Limit of Zero Density
In the limit of zero density, the interactions in
the ensemble are reduced to pair-wise interac-
tions. The interactions between gases are in-
frequent (compared with the liquid phase) and
the motion is primarily ballistic.

The viscosity can be obtained from

ηρN→0 =
5

16

(
mkBT

π

)1/2
1

σ2Ω(2,2)∗ (10)

where Ω(2,2)∗ is the reduced collision integral
obtained by integrating the possible approach
trajectories of the particles, and σ is the length
scale.

In practice, it is not possible to carry out
experiments at zero density, and as a result,
measurements at low density are extrapolated
to zero density in order to provide experimen-
tal data for the dilute-gas contribution. Low-
density measurements are usually carried out
along nominal isotherms, potentially corrected
back to the nominal temperature, and then ex-
trapolated to zero density.

In recent years, very accurate ab initio cal-
culations have been used to obtain dilute gas
viscosity values for small rigid molecules.60–73

The study of Hellmann et al.71 provides calcu-
lations for the dilute-gas transport properties of
propane; this is one of the molecules with the
largest number of atoms that has been studied
to date. In addition, there are extrapolated val-
ues for the dilute-gas limit for propane available
in the literature.43

In the framework of modified residual entropy
scaling,26,74 it was shown that the zero-density
limit of η+ from Eq. (4) takes the form

η+ρN→0 =
ηρN→0√
mkBT

B
2/3
2 . (11)

The term

B2 ≡
(
d(TB2)

dT

)
=

(
T

(
dB2

dT

)
+B2

)
(12)

is the zero-density limit of s+/ρN; B2 is the
second virial coefficient in a density expansion
of the compressibility factor (i.e., p/(ρNkBT ) =
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Table 1: The primary data for propane as screened by Vogel and Herrmann.43 For Ndata, the ratio
is that of the primary data points to the total number of data points in the dataset. The relative
standard uncertainties ∆ηs/η× 100 are as given in Vogel and Herrmann.43 The values of s+ are as
calculated from the EOS of Lemmon et al.38 The complete set of data is in the SI in tabular form.

Year Author Ndata ∆ηs/η × 100 T / K p / MPa s+

1959 Starling44 433/433 2.5 298.14 - 410.91 0.7 - 62.1 0.057 - 3.977
1960 Swift45 13/14 2.5 243.17 - 363.12 0.3 - 4.1 1.731 - 4.075
1964 Carmichael46 50/50 2.5 277.59 - 477.60 0.1 - 34.7 0.009 - 3.917
1966 Giddings47 73/78 2.5 277.59 - 377.57 0.7 - 55.2 0.065 - 4.045
1966 Huang48 30/30 2.5 173.19 - 273.15 6.9 - 34.5 3.609 - 6.210
1974 Strumpf49 5/5 2.5 310.92 - 310.92 3.2 - 7.2 2.848 - 2.963
1977 Kestin50 5/5 1.0 299.47 - 478.14 0.1 - 0.1 0.005 - 0.018
1978 Abe51 5/5 1.0 298.14 - 468.11 0.1 - 0.1 0.005 - 0.019
1979 Abe52 6/6 1.0 298.14 - 468.11 0.1 - 0.1 0.005 - 0.019
1982 Diller53 83/84 2.5 90.01 - 299.99 1.7 - 31.5 2.982 - 9.909
2011 Seibt54 181/212 0.5 273.18 - 423.10 0.1 - 29.8 0.010 - 2.633
2011 Wilhelm55 589/614 0.7 298.18 - 423.26 0.1 - 20.7 0.010 - 2.422
2016 Vogel56 70/70 0.3 297.24 - 625.80 0.002 - 0.023

1+
∑∞

m=2Bmρ
m−1
N ), and is given in terms of vol-

ume per molecule for dimensional consistency
(i.e., not per mole). Please see Ref. 26 for a
derivation of this result.

Thus, a model for η+ρ→0 is formed of two
parts: one for the dilute-gas viscosity contri-
bution ηρN→0, and another for B2. Combining
the parts together, Fig. 2 presents the scaled
dilute gas viscosity for propane. The following
sections describe the contributions individually.

102 103 104

T / K

10 1

100

101

+ N
0

Figure 2: Values of η+ρ→0 for propane from
Eq. (11), combining Eq. (12) and the dilute-gas
viscosity of Vogel and Herrmann.43 The dashed
line corresponds to the “universal” high tem-
perature limit of 0.27 (see Ref. 74)

3.1 Viscosity contribution
For ηρ→0/

√
mkBT of propane, the correlation of

Vogel and Herrmann43 was used, in spite of its
erroneous low- and high-temperature extrapola-
tion behavior.71 A sensitive test for the proper
behavior of the correlation is to consider the ef-
fective collisional cross-sectional area, propor-
tional to

√
T/ηρ→0. The current understand-

ing is that this area should be infinite at zero
temperature and smoothly approach zero at in-
finite temperature with no inflection points (al-
ways positive curvature), and be uniquely pos-
itive (never cross zero). In Fig. 3 are shown
these areas calculated from the correlation of
Vogel and Herrmann.43 The correlation has an
inflection point in the vicinity of 1250 K, al-
though the propane molecule has already begun
to thermally decompose at this temperature.
Further constraints on the functional form can
be obtained from the recent work on effective
repulsive exponents of dilute gas thermophysi-
cal properties.75
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3.2 Virial coefficient contribution
For a thermodynamic equation of state, the def-
inition of B2 comes from

B2 = lim
ρN→0

(
∂αr

∂ρN

)
T

, (13)

and B2 and its temperature derivative can be
obtained from the equation of state (see the
supporting information of Ref. 26). For the
equation of state of Lemmon et al.,38 the EOS
provides the virial coefficients as the terms of
the equation of state with a density exponent
of 1. Please see the SI for the details (section
4).

4 Initial Density
While ab initio calculations can provide zero-
density-limit values for the viscosity, the low-
density gas of finite density is less accessible to
theory. It is accepted practice to consider a
virial expansion of viscosity for very low densi-
ties in terms of the number density as (note the
next term is not simply ηρ→0Bη2ρ

2
N; see Eq. 5.1

in Ref. 76 )

η = ηρ→0 + ηρ→0Bη1ρN + . . . (14)

where the second term on the right-hand-side
is the initial density contribution of Eq. (8).

Rainwater-Friend theory77,78 (originally de-
veloped based on the results for the Lennard-
Jones fluid) gives a way to obtain an empiri-
cal correction at low densities. The term Bη1

can be obtained from a fit to the modified
Rainwater-Friend theory.43

B∗
η1 ≡

Bη1

σ3
=

6∑
i=0

bi(T
∗)−i/4+b7(T

∗)−2.5+b8(T
∗)−5.5

(15)
with the coefficients in Table 2 and T ∗ defined
by T ∗ = T/(ε/kB). The parameters σ and ε/kB
are empirical coefficients used to shift the initial
density curve for the fluid to align with that of
Lennard-Jones.

Table 2: Coefficients for fit of Rainwater-Friend
theory for the Lennard-Jones fluid from Vogel
et al.79

i bi i bi

0 -19.572881 5 2491.6597
1 219.73999 6 -787.26086
2 -1015.3226 7 14.085455
3 2471.01251 8 -0.34664158
4 -3375.1717

If low-density experimental viscosity data are
available along nominal isotherms, a quadratic
function of the form

η = a+ bρN + cρ2N (16)

can be fit to the viscosity data along it in terms
of the number density ρN. The initial viscosity
exponent Bη1 is then obtained from b/a as a
consequence of the definition of Bη1

Bη1 =
1

ηρ→0

×
(

lim
ρN→0

(
∂η

∂ρN

)
T

)
(17)

Figure 4 shows the initial density terms cal-
culated from Rainwater-Friend theory and the
experimental data. In the case of Vogel,58

the data were taken from the re-evaluated
data,43 and then mapped back onto the nominal
isotherms identified in Vogel and Herrmann43

following the same approach in Vogel and Her-
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rmann;43 the data mapped onto isotherms are
in the SI (Section 3.1). The data for Wilhelm
and Vogel80 and Seibt et al.54 were processed
in a simple fashion: Eq. (16) was fit to the data
for s+ < 0.1 along nominal isotherms in order
to extract Bη1.
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Figure 4: The first viscosity virial coefficient
(upper) and the equivalent term for the resid-
ual entropy formulation of the virial expansion
(lower) for propane. The solid curve is ob-
tained from Rainwater-Friend theory with the
Lennard-Jones coefficients from Ref.58 and the
values of ε/kB = 260 K and σ = 0.49154×10−9

m. The markers correspond to the considered
datasets from Wilhelm,80 Seibt54 and the re-
evaluated data from Vogel58 in Ref. 43.

If instead of an expansion in number density,
an expansion in s+ is constructed, a similar
form is obtained:

η+ = η+ρ→0 + η+ρ→0B
+
η1s

+ + . . . (18)

After some mathematics (see the SI, Section
3.3), it can be shown that the viscosity virial
coefficient in a s+ expansion is related to that
of the density expansion by

B+
η1 ≡ lim

ρN→0

1

η+ρ→0

(
∂η+

∂s+

)
T

=
1

B2

[
1

3

B3

B2

+Bη1

]
(19)

in which

B3 ≡ B3 + T

(
dB3

dT

)
. (20)

and B3 is the third virial coefficient. The values
of B3 are rarely known very accurately, aside
for a few special cases (e.g., the Lennard-Jones
fluid,81 helium-4,82 nitrogen,65 argon,83 kryp-
ton,84 CO2,85 two-center Lennard-Jones dimer
with embedded quadrupole86); many of the
multiparameter equations of state yield erro-
neous virial coefficients above B2. But even the
second virial coefficient B2 causes trouble: for
many fluids the paucity of data in the gas phase
means that the EOS values for B2 are guided
by intuition rather than data.

One of the few cases in which values of B+
η1

can be calculated directly is the Lennard-Jones
fluid. In this case, all contributions to Eq. (19)
can be reliably calculated, providing guidance
on the correct shape of the curve for other fluids
that can be treated in analogy to the Lennard-
Jones fluid. In Fig. 5 are shown the values of
B+

η1 calculated from Eq. (19), B∗
η1 obtained from

Eq. (15), and B∗
η1/B

∗
2. The values of B∗

2 are al-
ways positive,74 and therefore, the zeros of B∗

η1

will also be zeros of B∗
η1/B

∗
2. The most im-

portant conclusion of Fig. 5 is that B+
η is ap-

proximately equal to B∗
η1/B

∗
2. The contribution

B∗
η1/B

∗
2 dominates that from B∗

3/(B
∗
2)

2, there-
fore, the accuracy of the third virial coefficients
does not pose a major problem for evaluation
of B+

η1. While Fig. 4 suggests that there is a
linear relationship between Bη1 and T , Fig. 5
shows that for at least the Lennard-Jones fluid,
that linear relationship only holds for part of
the temperature range.

The contribution from the initial density term
is relatively small. Figure 6 shows the rela-
tive contributions to η+ from the initial den-
sity term η+1 = η+ρN→0B

+
η1s

+ and the dilute-gas
term (Eq. (10)). The maximum absolute rela-
tive contribution from the initial density term
is approximately 8%. In the liquid phase, the
contribution is approximately the same relative
amount in the opposite direction, a consequence
of temperatures for which Eq. (15) is negative.
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5 Scaling Analysis
The primary experimental data for propane are
plotted in Fig. 7 as a function of temperature
and molar density. The data provide a good
coverage of the T -√ρ plane, and η varies over
approximately three orders of magnitude.
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Figure 7: Overview of the primary viscosity
data for propane identified by Vogel and Her-
rmann.43 The data points, shown in the T, ρ
plane, are colored by the base 10 logarithm of
the viscosity

The introduction of residual entropy scaling
transforms the data entirely. To begin, macro-
scopic scaling is applied to the experimental
data according to Eq. (1) and η̃ is plotted
as a function of s+. This scaling, shown in
Fig. 8, demonstrates a behavior that is to be
expected for most fluids: the scaling approach
turns the viscosity data (formerly a function
of temperature and density; see Fig. 7) into
a nearly-monovariate function of s+. The lo-
cation of the minima of η̃ represents, accord-
ing to our work,90 the crossover between gas-
like and liquid-like behavior. Furthermore, the
value (s+crit + s+trip)/2 appears to represent the
changeover between two different regimes in the
dynamics; for s+crit < s+ < (s+crit + s+trip)/2 the
relationship between log(η̃) and s+ is nearly lin-
ear, a similar result also seen for the Lennard-
Jones fluid.26
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Figure 8: Overview of the macroscopically-
scaled primary viscosity data for propane iden-
tified by Vogel and Herrmann.43 A detailed
view of the critical region (indicated by the box)
is in Fig. 9

While not readily visible in Fig. 8, there re-
mains a small departure from monovariate scal-
ing in the extended region around the critical
point and can be seen in Fig. 9, characterized
by its proximity to the critical point. This devi-
ation is not a critical enhancement, rather it is a
reduction in η̃ relative to the high-temperature
limit caused by breakdown of isomorph the-
ory. High-temperature physics are dominated
by repulsion, and as temperatures increase, iso-
morph theory becomes a better and better ap-
proximation to the actual physics.
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Figure 9: The macroscopically-scaled primary
viscosity data44–47,54,80 in the critical region.

One of the unfortunate “features” of macro-
scopic scaling is the divergence of η̃ at zero
density caused by the term 1/ρ

2/3
N . It is de-

cidedly inconvenient to develop correlations of
divergent data, so alternative approaches that
empirically “fix” this divergence have been pro-
posed,31–34,91,92 but these corrections (the No-
vak scaling approach) introduce a new prob-
lem. A necessary condition for the applica-
tion of isomorph theory is that the viscosity be
non-dimensionalized by the appropriate dimen-
sional scales (length: ρ

−1/3
N , energy: kBT , time:

ρ
−1/3
N

√
m/(kBT )),21 yielding a scaling term of

ρ
2/3
N

√
mkBT for viscosity (base SI units of vis-

cosity are kg m−1 s−1). The zero-density-limit
viscosity has no density dependence and has
the length scale of σ. The use of the result-
ing viscosity scaling parameter σ2

√
mkBT in

place of ρ
2/3
N

√
mkBT results in a destruction

of the monovariate scaling in the liquid phase
for small molecules (e.g., argon25). For larger
molecules, use of the microscopic length scale
σ in place of ρ−1/3

N has a relatively modest im-
pact and quite accurate transport models can
be developed.

An approach which a) repairs the divergence
at zero density b) uses the correct length scale
and c) retains the nearly monovariate scaling
in the liquid phase is modified residual entropy
scaling. This approach was first investigated
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in detail for the Lennard-Jones model fluid,26

though it had been introduced without investi-
gation in Ref. 25. This scaling approach has a
well-formed dilute-gas limit without any diver-
gence and does not impact the residual entropy
scaling in the liquid phase. Therefore, Fig. 10
shows the primary data according to residual
entropy scaling.
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Figure 10: Overview of the +-scaled primary
viscosity data for propane identified by Vogel
and Herrmann.43 A detailed view of the gas
phase is in Fig. 11.

In the low (but finite) density gas, the values
of η+ are no longer a monovariate function of
s+, but they have a well-characterized limit at
zero density (see Section 3). Figure 11 shows
the scaled viscosity data at relatively low den-
sities.
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Figure 11: Scaled data at low density. The lines
(colored with the same scale) have slopes ob-
tained from the initial density term in Eq. (19),
and are shown to highlight that the initial den-
sity term is coherent with the low-density data.

Combining all these approaches, Fig. 12
shows the residual contribution to viscosity (in
+-scaled coordinates), obtained by subtracting
off the dilute-gas contribution η+ρ→0. The off-
set value of 1 is added to ensure that the data
can still be plotted in semilog coordinates. The
offset factor could be set to any desired value
greater than zero. The deviation from mono-
variability in the gaseous region is still present.

In this figure, the phase diagram is roughly
divided into three portions. In the gaseous re-
gion, here containing the dilute-gas limit to the
extended critical region, the physics is compli-
cated. In this region the motion is neither bal-
listic (as in the case of the dilute gas) nor cor-
relating (in the isomorph theory sense). For
larger values of s+ (but not too large), an “Ar-
rhenius” region can be identified in which the
ordinate demonstrates an exponential depen-
dence on s+ (linear in semilog coordinates). At
even higher values of s+, a super-Arrhenius re-
gion can be identified in which the ordinate in-
creases much faster than exponential as s+ in-
creases. It is true that there is not a one-to-
one relationship between the present definition
of Arrhenius and super-Arrhenius behavior and
the conventional ones; the conventional defini-
tions of these terms are based on the pressure as
the independent variable.93,94 The present use
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of the term Arrhenius is simply a convenient
lexicon, and useful for mapping the behavior of
real fluids onto one another.
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Figure 12: Overview of the +-scaled primary
viscosity data for propane identified by Vogel
and Herrmann.43 The solid line is the Arrhenius
curve, the dashed curve is the gas curve, and
the dashed-dotted curve is the super-Arrhenius
curve.

One of the primary goals of this work is to
demonstrate that entropy scaling can be used
to construct correlations approaching reference
quality with minimal empiricism. Therefore,
the empirical model developed here is not the
most accurate model possible (a target for fu-
ture work), rather it demonstrates the power
of this scaling approach in general. The heart
of the correlation is the linear Arrhenius region,
upon which all the other parts build. The scaled
residual viscosity is defined by

Υ = η+ − η+ρ→0 + 1 (21)

The variable Υ is defined to make the mathe-
matics more concise.

To begin, a curve fit to the data in s+1 < s+ <
s+2 results in the line

ln(ΥAr) = mArs
+ + bAr. (22)

with the coefficients mAr = 0.63392108, bAr =
−0.5339991, and the Arrhenius “window” de-
fined by the values of s+1 = 2 and s+2 = 5.4.

The gas region is obtained by the cubic curve

ln(Υg) =
3∑

i=0

ai(s
+)i (23)

for the domain 0 < s+ < s+1 , with four con-
straints:

1. the value of Υg is 1 at s+ = 0

2. the initial slope d lnΥg/ds
+ at s+ = 0 is

determined by the initial density term in
Section 4

3. at s+ = s+1 , the value is mArs
+
1 + bAr

4. the slope d lnΥg/ds
+ at s+ = s+1 equals

mAr.

The gas portion is therefore modeled with
no additional adjustable parameters, simply
a smooth transition from the Arrhenius re-
gion to the zero-density limit. The first con-
straint yields a0 = 0. The second constraint
yields a1 = η+ρN→0B

+
η1, and the remaining

(temperature-dependent) coefficients are ob-
tained by solving the 2x2 linear system with
the use of Cramer’s rule for a2 and a3 to obtain

a2(T ) =
s+1 (2mAr − 2a1(T )) + 3bAr

(s+1 )
2

(24)

a3(T ) =
s+1 (a1(T )−mAr)− 2bAr

(s+1 )
3

(25)

In the super-Arrhenius region (s+ > s+2 ), the
approach is similar, but the functional relation-
ship employed is somewhat different. Inspired
by noting that ln(ln(ΥSA)) is approximately a
linear function of ln(s+) in the approach to the
melting line, the “Super-Arrhenius” region was
correlated as

ln(ln(ΥSA)) =
2∑

i=0

ci(ln(s
+))i. (26)

Two constraints come from the Arrhenius re-
gion:

1. At s+2 , the value of ln(ΥSA) is equal to
mArs

+
2 + bAr
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2. At s+2 , the slope d lnΥSA/ds
+ is that of

the Arrhenius region (mAr), with the re-
lationship(

d ln(ln(ΥSA))

d ln(s+)

)
=

(
d ln(ΥSA)

ds+

)
s+

ln(ΥSA)
(27)

One adjustable parameter remains and a sin-
gle datapoint at (s+3 ,Υ3) is the third value
constraint on the super-Arrhenius curve, fully
defining the quadratic. The 3x3 system of equa-
tions to be solved for the coefficients ci is there-
fore: 1 ln(s+2 ) ln2(s+2 )

0 1 2 ln(s+2 )
1 ln(s+3 ) ln2(s+3 )

 c0
c1
c2

 =


ln(mArs

+
2 + bAr)

mArs
+
2

mArs
+
2 + bAr

ln(ln(Υ3))


(28)

for which the coefficients c0 = 0.316991, c1 =
−0.302498, c2 = 0.440977 are obtained, of
which only one should be considered an ad-
justable parameter.

In summary, the correlation is defined piece-
wise, with continuous values and derivative en-
sured between sections so that no smoothing
across segment boundaries is required. The full
implementation of the correlation is defined by

ln(Υ) =


Υg s+ < s+1
ΥAr s+1 ≤ s+ ≤ s+2
ΥSA s+ > s+2

(29)

with the contributions from Eq. (23), Eq. (22),
and Eq. (26), respectively. A complete Python
implementation of the correlation is in Fig. 14.
The extrapolation behavior of the correlation
is shown in Fig. 13, demonstrating a smoothly
varying behavior up to non-physical densities
far beyond the melting line. This smooth ex-
trapolation behavior is partially ensured by the
smooth function in Eq. (26), and partially by
the well-behaved EOS.
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Figure 13: Extrapolation test of the correlation,
showing smooth extrapolation up to 1000 K and
a density approximately three times the den-
sity of the liquid at the triple-point. The solid
white lines indicate interpolated contours of iso-
viscosity up to 1010 Pa s. The thick red line in-
dicates the melting line from Ref. 95, valid up
to 1.1× 109 Pa, and extrapolated to 1010 Pa.

Deviations between the correlation and the
experimental data are shown in Fig. 15. The
deviations are colored by the values of crv/kB
because crv/kB (to first order) should be con-
stant along the curve of constant s+ when iso-
morph theory should apply.96 The error bands
indicated in the figure are the central 68% and
95% percentiles of the error histogram. The
expanded uncertainty (k=2) of this correlation
could be defined to be -4.81% to 4.61%, or more
conservatively, ±4.9%. The average absolute
relative error is 1.38%, a factor of more than
three smaller than a previous entropy scaling
approach34 (the included datasets differ, and
are not documented in Ref. 34). In the vicinity
of s+crit, the deviations are large, but are strongly
correlated with the value of crv, suggesting that
isomorph theory is no longer applicable in this
part of the phase diagram.26 Aside from the
measurements54,55 with ascribed standard un-
certainties less than 1%, the measurements are
otherwise mostly reproduced within twice the
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Figure 14: A Python 3.x implementation of the proposed correlation. The thermo module is in
the supporting information and includes the complete evaluation of s+, B2, and B3 for a given
temperature and density.

import numpy as np
import thermo
from thermo import R, N_A, k_B, M, m, Tc

def get_eta0_Pas(T):
""" From Vogel and Herrmann; output in Pa*s """
n = [9.9301297115406, 7.2658798096248e-1,

-7.4692506744427e-1, 1.0156334572774e-1]
e = [-1, -2 ,-3, -4]
o = 0.0
for n_i, t_i in zip(n, e):

o += n_i*(Tc/T)**t_i
return o/1e6

def get_etapluszero(T):
fB2 = thermo.get_frakB2(T)
return get_eta0_Pas(T)/np.sqrt(m*k_B*T)*fB2**(2/3)

def get_Beta1_m3(T):
""" From Vogel, output in m^3/molecule """
sigma = 0.49154e-9 # [m]
Tstar = T/260.0 # Fitted in this work
b = [-19.572881,219.73999,-1015.3226,

2471.01251, -3375.1717,2491.6597,
-787.26086,14.085455,-0.34664158]

p = [-0.25*i for i in range(7)] + [-2.5, -5.5]
assert(len(b) == len(p))
Bstar = sum(b_i*Tstar**p_i for b_i,p_i in zip(b,p))
return Bstar*sigma**3

def get_Beta1plus(T):
frakB2 = thermo.get_frakB2(T)
frakB3 = thermo.get_frakB3(T)
Beta1 = get_Beta1_m3(T)
return 1/frakB2*(1/3*frakB3/frakB2 + Beta1)

def get_lnUpsilon(T, splus):
splus1 = 2.0; splus2 = 5.4
mAr = 0.63392108; bAr = -0.5339991
# N.B.: The coefficients in polyval are required to
# be in *decreasing* order

if splus > splus2:

coeffSA = [0.316991, -0.302498, 0.440977]
x = np.log(splus)
return np.exp(np.polyval(coeffSA[::-1], x))

elif splus < splus1:
a_1 = get_Beta1plus(T)*get_etapluszero(T)
a_2 = (splus1*(2*mAr-2*a_1)+3*bAr)/splus1**2
a_3 = (splus1*(a_1-mAr)-2*bAr)/splus1**3
return np.polyval([a_3, a_2, a_1, 0], splus)

else:
return np.polyval([mAr, bAr], splus)

def get_eta(T_K, rho_kgm3):
splus = thermo.get_splus(T_K, rho_kgm3)
etaplus0 = get_etapluszero(T_K)
Upsilon = np.exp(get_lnUpsilon(T_K, splus))
etaplus = Upsilon - 1.0 + etaplus0
rhoN = rho_kgm3/M*N_A
sqmkT = np.sqrt(m*k_B*T_K)
if splus == 0:

fB2 = thermo.get_frakB2(T_K)
fac = etaplus*sqmkT/fB2

else:
fac = (rhoN**(2/3)*sqmkT)/splus**(2/3)

return etaplus*fac

if __name__ == '__main__':
for T_K, p_kPa, eta_Pas, rho_kgm3 in [

(373.146, 917.29, 1.03E-05, 14.099),
(373.067, 13797, 6.34E-05, 421.333),
(373.115, 28928, 8.54E-05, 470.686)
]:
splus = thermo.get_splus(T_K, rho_kgm3)
rhoN = rho_kgm3/M*N_A
etacorr_Pas = get_eta(T_K, rho_kgm3)
dev = 100*(etacorr_Pas/eta_Pas-1)
print(splus, eta_Pas, dev, '% diff')

""" Output when running script:
0.09103197599375595 1.03e-05 -0.582927211467299 % diff
2.2292038040427418 6.34e-05 -0.6335279651862757 % diff
2.6159165059318132 8.54e-05 -0.8954020852048772 % diff
"""

1
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ascribed standard uncertainty with three ad-
justable parameters.
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Figure 15: Deviations between the model pre-
dictions of this work and the experimental val-
ues. The dashed-dotted horizontal lines indi-
cate the central 68% percentiles and the hori-
zontal dashed lines the central 95% percentiles.

The functional form selected is intention-
ally simplistic for demonstration purposes, the
“wiggles” in the deviations (but with less sig-
nificant scatter orthogonal to the wiggles) indi-
cate that a functional form with more flexibility
would offer a better fit to the data, while still
being a monovariate function of s+. A variety
of functional forms (e.g., rational polynomials,
Chebyshev expansions97) have been used to ob-
tain a more flexible function to fit ln(Υ(s+))
and they are able to tighten the 95% confidence
interval by approximately 1% in deviation at
each end, and fit all the data for s+ > 4 within
2.5%, but the critical region bump remains.

The present reference viscosity model for
propane is that of Vogel and Herrmann,43 and
Fig. 16 shows the deviations between the pri-
mary datasets and the implementation of this
model from NIST REFPROP 10.36 The over-
all statistics are undeniably superior with the
model of Vogel and Herrmann43 as compared
to the present model, but the number of ad-
justable parameters is reduced by roughly 30
compared with Vogel and Herrmann. This ac-
counting includes coefficients and exponents;
there is no unambiguous definition of what

should be considered an “adjustable” param-
eter. The reduction in the number of parame-
ters significantly reduces the likelihood of over-
fitting of the model.
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Figure 16: Deviations between the correlation
of Vogel and Herrmann43 and the experimen-
tal primary data values. See Fig. 15 for other
formatting notes.

Invocation of the equation of state to evalu-
ate s+ introduces a new source of uncertainty in
the viscosity formulation. As a demonstration
of the stability of this method to changes in the
thermodynamic model, the equation of state
was switched from Lemmon et al.38 to Bücker
et al.,98 an equation of state that was developed
based on n-butane and isobutane, and then pa-
rameters were optimized for propane. The de-
viation plot for the correlation, which was oth-
erwise unchanged, is shown in Fig. 17. Except
for at very high densities (large s+), the differ-
ences are difficult to see in the deviation plot,
and the statistics for goodness-of-fit are similar.
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Figure 17: Deviations between the model pre-
dictions from this work and the experimen-
tal values with the thermodynamic model from
Bücker et al.98 See Fig. 15 for other formatting
notes.

6 Outlook
Propane was studied in this work because it is
well measured, has a high-quality equation of
state, and represents intermediate behavior in
the framework of entropy scaling.

In order to set the table for further studies,
scaling results for other fluids are presented here
in order to cover the range of behaviors to be
expected. Here the data for propane are over-
laid with the similarly scaled data for water and
the Lennard-Jones fluid. Between these three
fluids, they capture most of the qualitative be-
havior to be expected for real fluids.

For the Lennard-Jones fluid, a value of η+ρ→0

of 0.27 was assumed for all temperatures, and
the correlation for the residual viscosity from
Ref. 26 was used. This yields the correlation

η+ = exp

(
4∑

i=1

ci(s
+)i

)
+ 0.27− 1 (30)

with c1 = 0.125364, c2 = 0.220795, c3 =
−0.0313726, and c4 = 0.00313907. For ordinary
water, the data collection described in Ref. 25
was used, along with the equation of state of
Wagner and Pruß99 for s+.

Figure 18 shows the data overlaid. There
are some important qualitative differences be-
tween the fluids. The first salient difference

has to do with the convexity of the relation-
ship between η+ and s+. In the case of
the Lennard-Jones fluid, the curvature (that
given by d2 log(η+)/d(s+)2) is always positive,
whereas in the case of propane, the curvature is
positive at low and high values of s+, and has
negative curvature otherwise.

Water has a radically different behavior.
Overall, the scaling tends to be much less mono-
variate, especially in the gaseous region and at
very compressed states, where the presence of
transitory hydrogen-bonding-networks destroys
the correlating nature of the fluid. In spite of
this, in a very qualitative sense, water is char-
acterized by values of η+ that increase much
slower with s+ than the other two fluids at rel-
atively low values of s+, but increase much more
rapidly in the liquid phase. These confounding
features of water make it currently inaccessible
to high-accuracy transport property modeling
with entropy scaling, though this current state
of affairs may not persist with future theoretical
advances.

7 Conclusion
In this work it is shown that with the appro-
priate variable transformations it is possible to
develop a very accurate viscosity correlation for
propane from entropy scaling. This formula-
tion is much simpler than existing approaches,
has a solid theoretical basis, and very reliable
extrapolation. At the dilute-gas limit, the ap-
propriate behavior is guaranteed by the highly
accurate ab initio calculations, and the higher-
order terms in the liquid region are handled as
a standard polynomial fitting problem.

In summary, this approach for developing
transport property correlations has the advan-
tages that it:

• Has only one independent variable (the
residual entropy) in the dense phase as
opposed to the temperature and density
in conventional approaches.

• Has a theoretical basis coming from iso-
morph theory, which provides informa-
tion about when this approach should be
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Figure 18: Scaled viscosity for the Lennard-Jones fluid, propane, and ordinary water

expected to work (or not).

• Requires no advanced fitting techniques
to develop the model. Standard numer-
ical tools can be used, and simple func-
tional forms can be used.

• The simplicity of the functional form al-
lows for straightforward analysis of the
extrapolation behavior of the transport
correlation (e.g, location of local extrema,
roots, etc.). Potential issues in the ex-
trapolation behavior of the equation of
state remains a problem, as they do for
conventional approaches.

On the other hand, some challenges of this
new approach are that

• The equation of state itself is now in-
voked directly in the transport property
model. As a result, changes to the equa-
tion of state might require a refitting of
the transport property correlation, but
this is also true for conventional correla-
tions, where density is usually obtained
from the equation of state rather than
from the measurement itself.

• In the intermediate region in s+ isomorph
theory breaks down, and an empirical cor-
rection term is needed. More detailed
study of this region is needed in order to
hopefully arrive at a theoretically sound
approach for the isomorph theory correc-
tion.

• Equations of state that provide poor esti-
mations of residual entropy are not suit-
able for development of transport prop-
erty models from entropy scaling. Fur-
thermore, novel analysis techniques need
to be developed to better ascertain the
uncertainty in residual properties in gen-
eral because they are not measureable
quantities. Some progress has been made
in this direction from the quantification
of equation of state statistical uncer-
tainty.100,101
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Supporting Information Avail-
able
In order to ensure reproducibility of the results,
the supporting information includes:

• The complete set of experimental data
considered from the original publications
and the unit conversion script.

• The Python modules thermo and
implementation as text files.

• Additional analysis and figures not suit-
able for inclusion in the main manuscript.
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