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A B S T R A C T   

Amorphous polymers exhibit a viscoplastic strain hardening behavior at large strains. To describe 
this hardening behavior, we have developed an effective temperature model for the nonequi
librium behavior of amorphous polymers that incorporate the effects of network orientation and 
relaxation at large plastic deformation. The development of network orientation is introduced as a 
backstress that produces kinematic hardening in the stress response, while network relaxation 
describes the effects of temperature and strain rate on the hardening response. The model was 
applied to simulate the thermomechanical behavior of polycarbonate (PC) to determine the 
model parameters from standard dynamic frequency sweep and differential scanning calorimetry 
tests. The simulation results showed that the model can quantitatively capture the dependence of 
the hardening modulus on strain, strain rate, and temperature, as well as the unloading and 
reloading behavior measured in uniaxial compression tests. We applied the model to investigate 
the effect of plastic dissipation on the peeling of a polymer filament from a rigid substrate to guide 
the design of peel tests to measure the intrinsic fracture toughness of polymers fabricated by melt 
extrusion additive manufacturing processes.   

1. Introduction 

The post-yield behavior of glassy polymers is characterized by strain-softening followed by strain-hardening that can produce a 
dramatic upswing in the stress-strain curve at large strains. The degree of hardening varies between different polymers and can 
determine whether the material fails by brittle or ductile mechanisms. The initial strain-softening response can be attributed to a 
decrease in the resistance to local rearrangements of polymer chain segments caused by the disordering effects of plastic deformation. 
The yield stress and the post-yield stress drop increase at lower temperatures, higher strain rates and longer annealing times. Likewise, 
the strain-hardening modulus increases with lower temperatures and higher strain rates (Arruda, 1992; Arruda et al., 1995; Boyce and 
Haward, 1997; Govaert and Tervoort, 2004; Hoy and Robbins, 2006; Tervoort, 1996; Van Melick et al., 2003). 

The temperature- and rate-dependence of the yield stress has been captured by the Eyring model (Eyring, 1936; Ree and Eyring, 
1955) for stress-activated viscous flow (Govaert and Tervoort, 2004) and various microstructurally motivated models, such as the 
double kink model of Argon (1973) and the shear transformation zone model of Hasan and Boyce (1995). The post-yield stress drop is 
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commonly described by the evolution of the Eyring activation stress, or an analogous microstructural variable, with the plastic strain 
rate, while physical aging is similarly described by the static recovery of the activation stress and analogous microstructural variables 
(Klompen et al., 2005; Meijer and Govaert, 2005; Xiao and Nguyen, 2016). An alternative approach, developed by Buckley et al. 
(2004), Li and Buckley (2010) and Choi et al. (2012), Xiao et al. (2013), Xiao and Nguyen (2015), Xiao and Tian (2019), Xiao et al. 
(2017), applies the effective temperature thermodynamic theory to connect the post-yield stress drop and physical aging to the 
evolution of a nonequilibrium configurational structure. The effective temperature theory splits the degrees of freedom of amorphous 
polymers into a kinetic subsystem that equilibrates instantaneously with the temperature and a slowly-evolving configurational 
subsystem characterized by an effective temperature. Heat transfer between the kinetic and configurational subsystems drives the 
effective temperatures towards equilibrium over time, while plastic deformation disorders the structure, driving it away from equi
librium. In Xiao and Nguyen (2015), this process was coupled to viscoplastic deformation using the nonlinear Adam and Gibbs (1965), 
Scherer (1984) theory to describe the effect of the nonequilibrium configurational structure on the viscous resistance to plastic 
deformation. This allowed the model to explain a wide range of temperature-dependent and time-dependent phenomena, including 
physical aging and mechanical rejuvenation, on the stress response through post-yield softening (Xiao and Nguyen, 2015; 2016). 

The goal of this work was to extend the Xiao and Nguyen (2015) model to describe the strain-hardening behavior of glassy polymers 
at large strains. The hardening behavior of glassy polymers is attributed to the stretching and development of long-range orientation of 
the entangled polymer network. Haward and Thackray (1968) first modeled strain hardening as an entropy-elasticity mechanism and 
developed a nonlinear rheological model consisting of a spring for the initial linear elastic response in series with a Voigt element for 
the viscoplastic response. The Voigt element includes an Eyring dashpot for the intermolecular resistance to yield and viscous flow in 
parallel with a spring for the entropy change of the entangled network with deformation. For uniaxial tension, the entropic hardening 

stress can be derived as, σH = − λT
(

∂η
∂λ

)

T
, where λ is the axial stretch, η is the entropy per unit volume, σH is the true stress and T is the 

temperature. Assuming that the chains obey Gaussian statistics yields the Gaussian hardening model, 

σH(λ) = GR
(
λ2 − 1

/
λ
)
, (1)  

where GR is defined as the hardening modulus (Tervoort and Govaert, 2000). Haward and Thackray used a Langevin statistical model 
for an oriented polymer chain instead of the Gaussian approximation to describe the dramatic increase in the hardening modulus near 
the limit of chain extensibility (Arruda and Boyce, 1993b; Wang and Guth, 1952). Molecular dynamics simulations have shown that 
the transition between Gaussian hardening and Langevin hardening strongly depends on the entanglement density (Hoy and Robbins, 
2006). The model has been generalized to three-dimensions by replacing the Langevin spring with rubber elasticity models (Boyce and 
Arruda, 1990; Boyce et al., 1988; James and Guth, 1943; Lee and Luken, 1986; Mooney, 1940; Rivlin and Rideal, 1948) including the 
8-chain network model (Arruda and Boyce, 1993b) and the full-chain model (Wu and Van Der Giessen, 1993). 

In the Voigt arrangement (Fig. 1a), the entropic spring functions as a nonlinear backstress that produces a strong Bauschinger effect 
upon unloading (Boyce et al., 1988) and an anisotropic yield and post-yield stress response in cold-worked polymers (Arruda and 
Boyce, 1993a). Subsequent constitutive developments replaced the backstress with an equilibrium stress (Fig. 1b) (Bergström and 
Boyce, 1998; Buckley and Jones, 1995; Govaert et al., 1999). The two formulations can reproduce the same features of the stress-strain 
curves during loading, but elastic hardening cannot capture the Bauschinger effect at large strains and can erroneously produce 
yielding during unloading (Senden et al., 2010). Experiments and molecular dynamics studies have also revealed significant in
consistencies in the entropic model for strain hardening. Entropic elastic hardening models produce the opposite temperature trend 
than observed experimentally. Moreover, the hardening modulus is orders of magnitude larger than the modulus calculated from the 
entanglement density (Haward and Thackray, 1968; Tervoort and Govaert, 2000; Van Melick et al., 2003). 

To produce the negative temperature dependence of the hardening modulus, various studies have modified the temperature 
dependence of network models to account for the loss of entanglements at higher temperatures (Arruda et al., 1995; Raha and Bowden, 
1972). However, this approach can lead to unphysical stress response in a constrained cooling and heating cycle (Hempel, 2016). More 

Fig. 1. One dimensional rheological representations of constitutive models for the large deformation viscoplastic behavior of amorphous polymers 
developed by (a) Haward and Thackray (1968), (b) Bergström and Boyce (1998), Govaert et al. (1999), and Buckley and Jones (1995). (c) Dupaix 
and Boyce (2007) (d) Hempel (2016) and the present work. 
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recent studies have incorporated a molecular relaxation mechanism for the network chains to describe the temperature dependence 
and rate-dependence of the hardening modulus (Boyce et al., 2000; Dooling et al., 2002; Dupaix and Boyce, 2007). Boyce and co
workers replaced the entropic elastic hardening model with the Bergström and Boyce (1998) model, developed for the nonlinear 
viscoelastic behavior of elastomers, to describe the effects of network deformation relaxation in glassy and semicrystalline polymers. 
Hempel incorporated the network relaxation into the original formulation of Haward and Thackray by replacing the entropic spring 
with a Maxwell fluid element (Fig. 1c). An evolution law inspired by the work of Bergstrom-Boyce was proposed for the network 
relaxation to capture the effects of temperature, strain, and strain rate on the hardening response. The authors showed that the viscous 
backstress model produced a more physical stress response than the athermal backstress and temperature-dependent backstress 
(Arruda et al., 1995; Raha and Bowden, 1972), models to a complex thermomechanical history. Hempel (2016) 

In this paper, we developed a model for the large deformation viscoplastic behavior of amorphous polymers by incorporating the 
rate-dependent backstress formulation for network orientation and relaxation (Fig. 1d) into the Xiao and Nguyen (2015) effective 
temperature model, to capture the temperature-dependent and strain-rate dependent post-yield strain-hardening behavior and the 
Bauschinger effect under reversed loading. A relaxation spectrum is applied to more accurately describe the post-yield rate-dependent 
response over a wide range of temperatures below the glass transition temperature. The constitutive model was applied to simulate the 
uniaxial compression response of a polycarbonate (PC) material used for fused filament fabrication (FFF), a widely used polymer melt 
extrusion process for 3D printing. Results showed that the model was able to accurately capture the strain hardening behavior, 
unloading and reloading behavior over a wide range of strain rates and temperatures. The model was then applied to simulate the 
peeling of PC fibers to investigate the effects of the post-yield softening and hardening response on the peel energy and intrinsic plastic 
dissipation. The findings provide insights for the design of peel tests to measure the weld strength of FFF printed fibers. 

2. Methods 

2.1. Experimental methods 

2.1.1. Materials and specimen preparation 
Polycarbonate (PC) fibers with a molecular mass of Mn = 1.671 × 104 g/mol and a fiber diameter of (2.85 ± 0.05) mm were 

purchased from Ultimaker1 (Watermolenweg 2, 4191PN, Geldermalsen, The Netherlands). The fibers were cut into cylindrical 
specimens with an average length of 4 mm for uniaxial compression tests. The cut surfaces were polished with sandpaper. Thin film 
specimens were processed by melting the PC fibers at 200 ∘C and injecting the melt into a square steel mold of lengths 50.0 mm and 
thickness 2.0 mm then cooling to room temperature on the counter. The film was cut into 20.0 mm × 5.0 mm × 2.0 mm strips 
specimens with a band saw for dynamic mechanical testing. 

2.1.2. Dynamic frequency sweep tests 
We used a previously developed method (Nguyen et al., 2010; Xiao et al., 2013; Xiao and Nguyen, 2015) to characterize the stress 

relaxation spectrum of the PC material. Dynamic frequency sweep tests were performed using a TA Q800 Dynamic Mechanical 
Analyzer (DMA), whose manufacturer rated resolution is 0.0001 N and 1 nm. Thin film specimens, described in Section 2.1.1, were 
mounted between the tensile grips with a gauge length of 10 mm. The specimens were subjected to stepwise temperature increases 
from 35 ∘C to 143 ∘C in 2 ∘C increments in air. At each temperature, a dynamic strain of 0.2% amplitude was applied at 0.32 Hz, 1.0 Hz, 
3.2 Hz, 10.0 Hz, and 31.6 Hz to measure the storage modulus G(ω, T). Applying the time-temperature superposition (TTS) principle for 
thermorheologically simple materials, the storage modulus at different temperatures were shifted to the reference temperature T0 =

143 ∘C to obtain the master curve of the frequency response (Ferry, 1980). The resulting temperature dependent shift factor a(T) in the 
glass transition temperature range was used to determine the parameters of the Williams-Landel-Ferry (WLF) equation, 

logaT(T) =
− C0

1(T − T0)

C0
2 + T − T0

, (2)  

where C0
1 and C0

2 are the WLF constants at the reference temperature T0. The WLF constants can be shifted to Tg as Cg
2 = C0

2 +Tg and 
Cg

1Cg
2 = C0

1C0
2 (Ferry, 1980). 

2.1.3. Differential scanning calorimetry 
Differential scanning calorimetry (DSC) measurements were performed to determine the heat capacity of polycarbonate below and 

above glass transition temperature as well as the structural relaxation spectrum. Specimens weighing 8.9 mg were cut from the PC fiber 
and put in a TA Q20 DSC. The manufacturer rated precision for TA Q20 was ±0.1 ∘C. The specimens were equilibrated at 150 ∘C for 30 
mins to remove the thermal history then cooled to 88 ∘C at 3 ∘C/min and annealed for 24 h. The annealed specimens were cooled to 20 
∘C at 3 ∘C/min and then heated to 250 ∘C at 5 ∘C/min to measure the heat flow rate. 

1 Certain commercial equipment, instruments, or materials are identified in this paper in order to specify the experimental procedure adequately. 
Such identification is not intended to imply recommendation or endorsement by the National Institute of Standards and Technology, nor is it 
intended to imply that the materials or equipment identified are necessarily the best available for the purpose. 
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2.1.4. Uniaxial compression 
Uniaxial compression tests at constant temperatures were performed to measure the strain hardening behavior of the poly

carbonate. Cylindrical specimens with dimensions specified in Section 2.1.1 were equilibrated at 143 ∘C and annealed 30 mins to erase 
the thermal history. The specimens were cooled at 3 ∘C/min to the test temperatures, 95 ∘C, 37 ∘C, 27 ∘C or 15 ∘C and annealed at the test 
temperature for 30 mins in an incubator (Ecotherm, Hartkirchen, Austria). The annealed specimens were placed in an MTS Insight 5 
electromechanical testing system (Eden Prairie, MN, USA) equipped with an environmental temperature chamber (Thermcraft, Inc. 
Winston Salem, NC, USA), set at the test temperature, and subjected to compressive loading to 100% true strain at true strain rates 
10− 3/s, 10− 4/s, and 10− 5/s. Three tests were performed at each strain rate and temperature to ensure repeatability. To measure the 
material response to unloading and reloading, another set of specimens were first compressed at room temperature (27 ∘C) to 60% true 
strain at an engineering strain rate of 10− 3/s or 10− 4/s, unloaded to zero force at the same strain rate and reloaded to 100% true strain 
at the same strain rate. 

2.2. Constitutive model 

2.2.1. Kinematics 
Consider a deformation x = φ(X) that maps points X in the reference configuration Ω0 to points x in the spatial configuration Ω. The 

deformation gradient is defined as F =
∂φ
∂X and maps material lines dX ∈ Ω0 to spatial lines dx ∈ Ω. To model the rate-dependent yield 

and viscous flow response, we assumed a multiplicative split of the deformation gradient into elastic and and viscous parts, 

F = FeFv (3)  

The viscous part Fv represents the local rearrangements of polymer segments that give rise to the rate-dependent yield and viscoplastic 
deformation. The elastic and viscous deformation gradients can be decomposed further into a stretch and rotation by polar decom
position, Fe = ReUe = VeRe and Fv = RvUv = VvRv. This allows the deformation gradient to be expressed as F = VeRUv, where R =
ReRv is the rotation (Boyce et al., 1988). We choose to assign all of the rotation to the viscous deformation, Rv = R and Re = I, which 
results in a symmetric elastic deformation gradient Fe = Ve(Arruda and Boyce, 1993b). 

To model strain hardening and relaxation, the viscous deformation gradient is further decomposed multiplicatively into two 
components, 

Fv = FneFnv. (4)  

The elastic network deformation Fne is the recoverable part of Fv arising from the resistance to the stretching of network chains and Fnv 

is the unrecoverable part caused by the relaxation of the network chains. The sequence of deformation maps generated by the suc
cessive decompositions of the deformation gradient is illustrated in Fig. 2(a). The viscous deformation gradient Fv describes an in
termediate configuration Ω̂ resulting from the instantaneous unloading from the current configuration, while Fnv describes an 
intermediate configuration Ω̃ obtained by instantaneous unloading by the total elastic deformation gradient F̃

e
= FeFne. Applying the 

polar decomposition, the viscous deformation gradient can be expressed as Fv = VneRvUnv, where Rv = RneRnv. We choose to assign all 
of the rotation to the network viscous tensor, Rnv = Rv = R, which causes Rne = I and Fne = Vne. Furthermore, we can show that the 
total elastic deformation gradient F̃

e
= FeFne is symmetric and Fe is coaxial with Fne. The total deformation gradient can be expressed 

as, F = ṼeR̃
e
RnvUnv. However, R̃

e
= I, because Rnv = R, thus FeFne = Ṽ

e
. Then, FeFne = (FeFne)

T
= FneT FeT

= FneFe, which shows that 
Fe is coaxial with Fne. These assumptions will significantly simplify the constitutive formulation for the rate of the viscous deformations 

Fig. 2. Decomposition scheme for the deformation gradient.  
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in the following developments. Boyce et al. (1988) compared three constitutive assumptions for the internal rotation, including the Rv 

= R applied here, and showed that they had no effect on the elastic kinematic hardening model developed by Boyce et al. for glassy 
polymers. 

The right and left Cauchy-Green deformation tensors for F, Fe and Fn,e are defined as, 

C = FT F, Ce = FeT Fe, Cne = FneT Fne

b = FFT , be = FeFeT
, bne = FneFneT

.
(5)  

The spatial velocity gradient and inelastic counterparts in the intermediate configurations Ω̂ and Ω̃ are defined respectively as, 

L = ḞF− 1, Lv = ḞvFv− 1
, Lnv = ḞnvFnv− 1

. (6)  

2.2.2. Effective temperature thermodynamic theory 
In the effective temperature thermodynamic theory, the internal energy and entropy of an amorphous material can be decomposed 

into contributions from two weakly interacting subsystems. Kamrin and Bouchbinder (2014), Nieuwenhuizen (1998), Coleman and 
Gurtin (1967), Xiao and Nguyen (2015) The kinetic subsystem contains fast processes, such as vibrational motion, that equilibrate 
instantaneously with the thermal reservoir at a temperature T. The configurational subsystem contains slow processes, such as 
configurational arrangements, that are in quasi-equilibrium at an effective temperature Te. Each thermodynamic subsystem is char
acterized by an internal energy density, entropy density, heat flux and entropy flux, and these sum to provide the total internal energy 
density e = ek + ec, entropy density η = ηk + ηc, heat flux Q = Qk + Qc and entropy flux H = Hk + Hc of the system. The entropy flux of 
the kinetic and configurational subsystems are defined using the characteristic temperature of the system, Hk = Qk/T and Hc = Qc /Te 
(Kamrin and Bouchbinder, 2014). It follows that the Helmholtz free energy density can be additively decomposed into kinetic and 
configurational contributions (Nieuwenhuizen, 1998), 

Ψ = Ψk + Ψc =
(
ek − Tηk)+

(
ec

i − Teηc), (7)  

In general, the free energy density Ψ(T, Te, C, Ce, Cne) depends on the temperature, effective temperature, deformation, and internal 
variables for inelastic deformations. Formulating the Ψ in terms of the Lagrangian deformation tensors C, Ce and Cne ensures objectivity 
in the current and intermediate configurations. 

The first law of thermodynamics in the reference configuration can be written as, 

ė = S :
1
2

C. − ∇X ⋅ Q, (8)  

where S is the second Piola-Kirchhoff stress tensor, e is the internal energy density and Q is the heat flux. The second law of ther
modynamics can be written in the reference configuration as, 

η̇ +∇X ⋅ H ≥ 0, (9)  

where η is the entropy density and H is the entropy flux. The decomposition of the Helmholtz free energy density Eq. (7) can be applied 
to Eqs. (8) and (9) to rewrite the first and second laws in terms of Ψ̇ as, 

ėk + ėc = S :
1
2
Ċ − ∇X ⋅ Qk − ∇X ⋅ Qc, (10)  

(T − Te)η̇c
+ (T − Te)

∇X ⋅ Qc

Te
−

1
T

Qk ⋅ ∇XT −
T
T2

e
Qc ⋅ ∇XTe + S :

1
2

Ċ − Ṫηk − Ṫeηc − Ψ̇ ≥ 0. (11)  

Expanding Ψ̇ gives, 

Ψ̇ =
∂Ψ
∂T

Ṫ +
∂Ψ
∂Te

Ṫe + 2
∂Ψ
∂C

:
1
2
Ċ +

∂Ψ
∂Ce : Ċe +

∂Ψ
∂Cne : Ċne

, (12)  

The rate of the elastic deformation tensors can be written as, Ċe
= Fv− T ĊFv− 1

− 2sym[CeLv] and Ċne
= FneT sym[Lv]Fne − 2sym[CneLnv]. 

Applying these relations to Eq. (12) and rearranging terms give, 

Ψ̇ =
∂Ψ
∂T

Ṫ +
∂Ψ
∂Te

Ṫe +

(

2
∂Ψ
∂C

+Fv− 12
∂Ψ
∂CeFv− T

)

:
1
2
Ċ − 2

∂Ψ
∂Ce : CeLv + Fne2

∂Ψ
∂CneFneT

: Lv − 2
∂Ψ

∂Cne : CneLne. (13)  

Substituting the above expression into Eq. (11) for the entropy inequality gives, 
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(T − Te)η̇c
+ (T − Te)

∇X ⋅ Qc

Te
−

1
T

Qk ⋅ ∇XT −
T
T2

e
Qc ⋅ ∇XTe

+

(

S −

(

2
∂Ψ
∂C

+ Fv− 12
∂Ψ
∂CeFv− T

))

:
1
2
Ċ −

(

ηk +
∂Ψ
∂T

)

Ṫ −

(

ηc +
∂Ψ
∂Te

)

Ṫe

+2
(

Ce ∂Ψ
∂Ce

)

: Lv

⏟̅̅̅̅̅̅̅̅̅̅̅̅ ⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅ ⏟
WI

− Fne2
∂Ψ

∂CneFneT
: Lv + 2Cne ∂Ψ

∂Cne : Lnv

⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅ ⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅ ⏟
WN

≥ 0,

(14)  

where WI and WN represent the internal dissipation from local segmental motions and network deformation, respectively. Considering 
an arbitrary approach to equilibrium, where Ṫe, Ṫ and Ċ vary independently, we arrive at the following definitions for the second Piola- 
Kirchhoff stress tensor and entropy densities, 

S = 2
∂Ψ
∂C

+ Fv− 12
∂Ψ
∂CeFv− T , ηk = −

∂Ψ
∂T

, ηc = −
∂Ψ
∂Te

. (15)  

The Cauchy stress can be evaluated from S as, σ = J− 1FSFT = J− 1
(

2F ∂Ψ
∂CFT + Fe2 ∂Ψ

∂CeFeT
)

. 

To develop constitutive relations for the remaining internal variables, Eqs. (15) and (13) are applied to simplify the first law in Eq. 
(10), 

ėk + ėc = 2
∂Ψ
∂C

:
1
2

Ċ + 2
∂Ψ
∂Ce :

1
2

Ċe
+ 2

∂Ψ
∂Cne :

1
2
Ċne

+ WI,k + WI,c + WN − ∇X ⋅ Qk − ∇X ⋅ Qc, (16)  

where the additive split of the internal dissipation from segmental rearrangements, WI = WI,k + WI,c, follows from the split of the free 
energy density into kinetic and configurational contributions in Eq. (7). The dissipation from network deformation can also be split 
into kinetic and configurational contributions. As shown in Appendix A the hardening stress response is insensitive to the split in WN 

between the two material subsystems. Thus, we chose to assign the network dissipation to the kinetic subsystem to simplify the 
formulation. 

A fundamental assumption of the effective temperature theory is that the kinetic and configurational subsystems are only weakly 
coupled by an internal heat transfer. Consequently the first law in Eq. (16) can be decomposed into energy balances for each subsystem 
as Kamrin and Bouchbinder (2014), 

ėk = − ∇X ⋅ Qk − Qkc + WI,k + WN
⏟̅̅̅̅̅̅̅ ⏞⏞̅̅̅̅̅̅̅ ⏟

dissipation

+ 2
∂Ψk

∂C
:

1
2

Ċ + 2
∂Ψk

∂Ce :
1
2

Ċe
+ 2

∂Ψk

∂Cne :
1
2
Ċne

⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏟

Elastic Power,Ψ̇k
m

,

ėc = − ∇X ⋅ Qc + Qkc + WI,c
⏟̅⏞⏞̅⏟

Dissipation

+ 2
∂Ψc

∂C
:

1
2
Ċ + 2

∂Ψc

∂Ce :
1
2

Ċe
+ 2

∂Ψc

∂Cne :
1
2
Ċne

⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏟
Elastic Power,Ψ̇c

m

,

(17)  

where Qkc is the heat transfer between the kinetic and configurational subsystems..We can further apply the decomposition of 
Helmholtz free energy density Eq. (7) and its expansion Eq. (13) to simplify above equations, 

Tη̇k
= − ∇X ⋅ Qk − Qkc + WI,k + WN ,

Teη̇c
= − ∇X ⋅ Qc + Qkc + WI,c,

(18)  

The above equations can be applied to eliminate the configurational heat flux in the second law Eq. (14) to give the reduced dissipation 
inequality: 

− (Te − T)
Qkc

Te
−

1
T

Qk ⋅ ∇XT −
T
T2

e
Qc ⋅ ∇XTe +

(

2Ce∂Ψk

∂Ce + 2
T
Te

Ce∂Ψc

∂Ce − 2Fne ∂Ψk

∂CneFneT
)

: Lv + 2Cne ∂Ψk

∂Cne : Lnv ≥ 0, (19)  

The last two terms in the above equation can be rewritten as, 
(

2Ce∂Ψk

∂Ce + 2
T
Te

Ce∂Ψc

∂Ce − 2Fne ∂Ψk

∂CneFneT
)

: Lv =
(

τNEQbe− 1
− Fe− T τBFe− 1

)
: FeLvFeT

2Cne ∂Ψk

∂Cne : Lnv = τBbne− 1
: FneLnvFneT

,

(20)  

where the Kirchhoff nonequilibrium (flow) stress τNEQ and backstress τB are given by. 
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τNEQ = 2Fe
(

∂Ψk

∂Ce +
T
Te

∂Ψc

∂Ce

)

FeT
,

τB = 2Fne ∂Ψk

∂CneFneT
.

(21)  

We now assume that the material is initially isotropic, such that Ψ is an isotropic tensor function that can be equivalently expressed in 
terms of Ψ(T, Te, b, be, bne). Then τNEQ is coaxial with be and τB is coaxial with bne, which causes τNEQbe− 1 and τBbne− 1 to be symmetric. 
Furthermore, we showed in Section 2.2.1 that the constitutive assumptions for the viscous rotations resulted in Fe = Ve and Fne = Vne 

being symmetric and coaxial with each other. As a result Fe =
̅̅̅
b

√ e is coaxial with τN and Fe− T τBFe− 1
= τBbe− 1 and symmetric. The rate of 

viscous deformation FeLvFeT can be expanded into symmetric and skew parts, where the symmetric part is the Lie derivative of the 

elastic left deformation tensor, sym[FeLvFeT
] = − 1

2 F ˙Cv− 1 FT = − 1
2ℒvbe. Likewise, sym[FneLnvFneT

] = − 1
2Fv ˙Cnv− 1 FvT

= − 1
2ℒvbne. With 

these results, we can rewrite the reduced dissipation inequality in Eq. (19) as, 

− (Te − T)
Qkc

Te
−

1
T

Qk ⋅ ∇XT −
T
T2

e
Qc ⋅ ∇XTe −

(
τNEQ − τB) :

1
2
ℒvbebe− 1

− τB :
1
2
ℒvbnebne− 1

≥ 0. (22)  

The backstress τB is coaxial with τNEQ because be is coaxial with bne. 
To satisfy the positive dissipation criteria, each term of Eq. (22) must be positive. Positive thermal dissipation can be satisfied by 

specifying a Fourier-type linear conduction law for heat transfer in the kinetic and configurational subsystems and for the inter- 
subsystem heat transfer 

qk = − kk∇xT, qc = − kc∇xTe, Qkc = − K(Te − T), (23)  

where qk = 1/det(F)FQk and qc = 1/det(F)FQc are the spatial heat fluxes of the kinetic and configurational subsystems, kk ≥ 0 and kc 

≥ 0 are the thermal conductivity of each subsystem, and K > 0 is the inter-subsystem thermal conductivity. To satisfy the positive 
dissipation criteria for the viscous dissipation, we assumed the following linear relationships, 

−
1
2
ℒvbebe− 1

=
1

2νI ζ, ζ = τNEQ − τB

−
1
2
ℒvbnebne− 1

=
1

2νNτB,

(24)  

where νI > 0 and νN > 0 are the viscous resistances to local segmental rearrangements and network deformation respectively. 
We can obtain the evolution equations for T and Te by substituting the constitutive relations in Eq. (15) for the entropy densities and 

Eq. (23) for the heat conduction into the energy balance for the kinetic and configurational susbystems Eq. (18) and rearranging terms, 

cgṪ = K(Te − T) −
(

2Fe∂Ψk

∂CeFeT
− τB

)

:
1
2
ℒvbebe− 1

− τB :
1
2
ℒvbnebne− 1

− 2T
∂ηk

∂C
:

1
2
Ċ + TCe ∂ηk

∂Ce : Dv + kk∇X ⋅
(
C− 1∇XT

)
, (25)  

ΔcṪe = − K(Te − T) − Fe∂Ψc

∂CeFeT
:

1
2
ℒvbebe− 1

− 2Te
∂ηc

∂C
:

1
2
Ċ + TeCe ∂ηc

∂Ce : Dv + kc∇X ⋅
(
C− 1∇XTe

)
, (26)  

where cg = − T ∂2Ψk

∂T2 is the heat capacity of the kinetic subsystem and Δc = − Te
∂2Ψc

∂T2
e 

is the heat capacity of the configurational subsystem. 

Dividing the governing equation for Te by Δc and defining the structural relaxation times as τR = K
Δc gives the familiar expression for the 

evolution of the effective temperature, 

Ṫe = −
1
τR

(Te − T) −
1

Δc
Fe∂Ψc

∂CeFeT
:

1
2
ℒvbebe− 1

−
2Te

Δc
∂ηc

∂C
:

1
2
Ċ +

Te

Δc
Ce ∂ηc

∂Ce : Dv +
kc

Δc
∇X ⋅

(
C− 1∇XTe

)
. (27)  

Eq. (27) is identical to the evolution equation for Te in the Xiao and Nguyen model (Xiao and Nguyen, 2015) because of the assumption 
that the stored energy of network deformation is part of the kinetic subsystem and not the configurational subsystem. The conse
quences of this assumption are discussed in Appendix A. Xiao and Nguyen (2015) discussed the physical significance of Eq. (27) in 
detail. The first term on the right hand side describes structural relaxation which drives the configurational subsystems equilibrium. 
Conversely, the second term represents the mechanical rejuvenation that drives configurational subsystems away from equilibrium. 
The third and fourth term are thermomechanical coupling terms while the last term represents the diffusion of the effective 
temperatures. 

2.2.3. Incorporating a relaxation spectrum 
Amorphous polymers typically exhibit a broad stress and structural relaxation spectrums, which must be represented to accurately 

capture the kinetics of physical aging, post-yield softening response, and temperature dependence of the stress response for tem
peratures near the glass transition. Xiao and Nguyen (2015) incorporated a discrete spectrum of stress relaxation processes into the 
effective temperature theory by applying parallel multiplicative decompositions of deformation gradient into elastic and viscous parts, 
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F = Fe
j F

v
j , j = 1…N (28)  

To incorporate kinematic hardening from network deformation and relaxation, we assume that the viscous deformation of each 
process can be further decomposed into elastic and viscous network components, 

Fv
j = Fne

j Fnv
j , j = 1…N. (29)  

This decouples the kinematics of network deformation and relaxation of each process, which significantly simplifies the theoretical 
developments. We apply the same constitutive assumption assigning all of the rotation to the viscous deformations for each process Rnv

k 
= Rv

k = R, such that Fe
k and Fne

k are symmetric and coaxial with each other. 
Following Xiao and Nguyen (2015), we assume a discrete distribution of configurational subsystems and their associated effective 

temperatures Tei for i = 1…P to incorporate a spectrum of structural relaxation times. Then the Helmholtz free energy density can be 
decomposed additively into the respective contributions from the kinetic and configurational subsystems as, 

Ψ = Ψk +
∑P

i
Ψc

i =
(
ek − Tηk)+

∑P

i

(
ec

i − Tei ηc
i

)
(30)  

For simplicity, we assume that the configurational subsystems do not interact with each other, and they only interact with the kinetic 
subsystem through a inter-subsystem heat transfer. This results in the following decomposition of the first law into energy balances for 
each subsystem, 

ėk = − ∇X ⋅ Qk −
∑P

i
Qkc

i + WI,k + WN + Ψ̇
k
m

ėc
i = − ∇X ⋅ Qc

i + Qkc + WI,c + Ψ̇
c
m,

(31)  

where Qkc
i is the heat transfer between the kinetic subsystem and the configurational subsystem i. The thermodynamic interactions 

between each subsystems and contributions to the internal energy are illustrated in Fig. 3. 
Applying these assumptions to effective temperature thermodynamic theory in Section 2.2.2, we can arrive at the following def

initions for the stress and entropy densities, 

S = 2
∂Ψ
∂C

+
∑N

j
Fv− 1

j 2
∂Ψ
∂Ce

j
Fv− T

j , ηk = −
∂Ψ
∂T

, ηc
i = −

∂Ψ
∂Tei

, (32) 

Fig. 3. Diagram of the energy transfer between the kinetic and configurational subsystems and contributions to the internal energy. The diagram 
shows the contribution of the stress power and spatial heat transfer to the total internal energy, as well as the configurational heat transfer between 
the subsystems. The term WI,k and WI,c

i are the internal dissipation rates from local segmental motions in the kinetic subsystem and ith configu

rational subsystem, WN is the dissipation rate from network deformation, Ψ̇k
m and Ψ̇c

i,m are the elastic power flowing into the kinetic subsystem and 
ith configurational subsystem. 
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and obtain the following reduced dissipation inequality, 

−
∑P

i
(Tei − T)

Qkc
i

Tei

−
1
T

Qk ⋅ ∇XT −
∑P

i

T
T2

ei

Qc
i ⋅ ∇XTei −

∑N

j

(
τNEQ

j − τB
j

)
:

1
2
ℒvbe

j b
e− 1

j −
∑N

j
τB

j :
1
2
ℒvbne

j bne− 1

j ≥ 0. (33)  

The Kirchhoff nonequilibrium stresses and backstresses for stress relaxation processes are defined as, 

τNEQ
j = 2Fe

j
∂Ψk

∂Ce
j
FeT

j +
∑P

i
2

T
Tei

Fe
j
∂Ψc

i

∂Ce
j
FeT

j , τB
j = 2Fne

j
∂Ψk

∂Cne
j

FneT

j , for j = 1…N. (34)  

To satisfy the second law for an arbitrary thermal and deformation history, we can define the following Fourier-type heat conduction 
laws 

qk = − kk∇xT, qc
i = − kc

i ∇xTei , Qkc
i = − Ki(Tei − T), (35)  

and evolution equations for the viscous deformations 

−
1
2
ℒvbe

j b
e− 1

j =
1

2νI
j
ζ j, ζ j = τNEQ

j − τB
j

−
1
2
ℒvbne

j bne− 1

j =
1

2νN
j

τB
j .

(36)  

Substituting the constitutive relations into the energy balances in Eq. (31) gives the following evolution equations for the temperature 
and effective temperatures, 

cgṪ =
∑P

i
Ki(Tei − T) −

∑N

j

(

2Fe
j
∂Ψk

∂Ce
j
FeT

j − τB
j

)

:
1
2
ℒvbe

j b
e− 1

j −
∑N

j
τB

j :
1
2
ℒvbne

j bne− 1

j

− 2T
∂ηk

∂C
:

1
2

Ċ +
∑N

j
TCe

j
∂ηk

∂Ce
j
: Dv

j + kk∇X ⋅
(
C− 1∇XT

)
,

(37)  

Ṫei = −
1

τRi

(Tei − T) −
∑N

j

2
Δci

Fe
j
∂Ψc

∂Ce
j
FeT

j :
1
2
ℒvbe

j b
e− 1

j − 2
Tei

Δci

∂ηc
i

∂C
:

1
2

Ċ

+
∑N

j

Tei

Δci
Ce

j
∂ηc

i

∂Ce
j
: Dv

j +
kc

i

Δci
∇X ⋅

(
C− 1∇XTe

)
,

(38)  

where cg = − T ∂2Ψk

∂T2 is the heat capacity of the kinetic subsystem, Δci = − Tei
∂2Ψc

∂T2
ei 

is the heat capacity and τRi =
Ki

Δci 
is the structural 

relaxation time of the subsystem i, 

2.2.4. Constitutive model for polycarbonate 
In the following subsection, we apply the multiprocess effective temperature theory in Section 2.2.3 to develop a constitutive model 

for polycarbonate, which is a common amorphous thermoplastic. For the free energy density in Eq. (30), the compressible Neo- 
Hookean model is applied to describe the internal energy and entropy densities associated with local segmental motion in the ki
netic and configurational subsystems, 

Ψk =
∑P

j

(1 − a)μneq
j

2

(

tr
(

Ce
j

)

− 3
)

+
κ
4
(
J2 − 2logJ − 1

)
+cg0

(

T − T0 − Tln
T
T0

)

−
cg1

2
(T − T0)

2
+
∑P

j
ξ
(

Cne
j

)

,

Ψc
i =

∑P

j

aiμneq
j

2

(

tr
(

Ce
j

)

− 3
)

+ Δc0i

(

Tei − T0 − Tei ln
Tei

T2

)

−
Δc1i

2
(Tei − T2)

2
,

(39)  

The Arruda-Boyce eight-chain model (Arruda and Boyce, 1993b) is applied to describe the internal energy associated with network 
deformation to account for the limiting stretch of the network structure: 

ξ
(

Cne
j

)

= μback
j λ2

L

[
λeffj

λL
xj + ln

xj

sinhxj

]

, λeffj =

̅̅̅̅̅̅̅̅̅̅̅̅̅
1
3

trCne
j

√

, xj = ℒ− 1

(
λeffj

λL

)

(40)  

where J = detF is the volumetric deformation, Je
j = detFe

j is the elastic part of J and JN,e
j = detFN,e

j is the elastic network volumetric 
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deformation. The Ce
j = Je− 2/3

j Ce
j and Cne

j = Je− 2/3

j Cne
j are the isochoric parts of the elastic and elastic network right deformation tensors 

respectively. The parameter κ is the bulk modulus, T2 is the Kauzmann temperature, λL is the limiting stretch in the eight-chain model. 
The μneq

j for j = 1…N forms the spectrum of non-equilibrium shear moduli for the stored energy of local segmental rearrangements and 
the μback

j describes the spectrum of shear moduli for the stored energy of network deformation. The parameters cg0 and cg1 are the 
coefficients of the heat capacity of the kinetic subsystem, where cg = cg0 + cg1T; Δc0i and Δc1i are the coefficients of the heat capacity of 
the configurational subsystems, where Δci = Δc0i + Δc1i Tei . We split the inelastic internal energy into contributions for the kinetic and 
configurational subsystems using a fractional parameter 0 ≤ a ≤ 1, where 

∑P
i ai = a is the total configurational contributions to the 

internal inelastic energy, and 1 − a is the kinetic contribution. For simplicity, we assume that the physical properties share the same 
distribution function over the P configurational subsystems. Thus we can write the properties as, μi

eq = ϕiμeq, ai = ϕia, Δc0i = ϕiΔc0,

Δc1i = ϕiΔc1, where 0 < ϕi < 1 and 
∑P

i ϕi = 1. The Δc0 and Δc1 represent the difference between the rubbery and glassy heat capacity, 
cr = (cg0 + Δc0)+ (cg1 + Δc1)T. Note for thermosets, the configurational Ψ can be augmented with an entropic rubber elasticity model 
to describe the high temperature elastic response (Xiao and Nguyen, 2015). 

The second Piola-Kirchhoff stress can be evaluated as defined in Eq. (32) and the Cauchy stress can be evaluated as σ = 1
J FSFT,

σ =
1
J
∑P

j
μneq

j

(

bne
j −

1
3

tr
(

be
j

)

I
)

⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏟
σneq

j

+
1
2J

κ
(
J2 − 1

)

⏟̅̅̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅̅̅⏟
p

I, (41)  

where I is the second-order identity tensor, be
j = Je− 2/3

j be
j and bne

j = Je− 2/3

j bne
j . The Kirchhoff nonequilibrium flow stress and backstress 

can be evaluated as, 

τNEQ
j =

∑P

i
ϕi

(

1 + a
(

T
Tei

− 1
))

μneq
j

(

be
j −

1
3

tr
(

be
j

)

I
)

τB
j = μback

j
λL

λeffj
ℒ− 1

(
λeffj

λL

)(

bne
j −

1
3

tr
(

bne
j

)

I
)

,

(42)  

From Eq. (24), the inelastic rate of deformation tensor is related to the flow stress ζ j = τNEQ
j − τB

j through the viscous resistance to local 
segmental rearrangements νI

j while the rate of deformation tensor for network relaxation is related to the backstress τB
j through the 

viscous resistance to network deformation νN
j . We applied the model proposed by Xiao and Nguyen (2015) for νI

j that used the 
Adam-Gibbs model (Adam and Gibbs, 1965) and the Eyring model (Eyring, 1936) to describe the temperature and deformation 
dependence of viscosity: 

−
1
2
ℒvbe

j b
e− 1

j =
1

2νI
j
ζ j, νI

j = νI,ref
j exp

(
B

Tηc

)
VZZ
RT

[

sinh
(

VZZ
RT

)]− 1

. (43)  

The ηc =
∑P

i ηc
i is the aggregate configurational entropy of the subsystem, ζ =

∑N
j ζi is the total driving stress, Z =

̅̅̅̅̅̅̅̅̅̅̅̅
1
2 ζ : ζ

√

is the 
magnitude of the driving stress, B is the thermal activation energy, and VZ is the activation volume for local segmental rearrangements. 

The Eyring model was applied to describe the temperature-dependence and strain rate-dependence of the viscous resistance to 
network deformation: 

−
1
2
ℒvbne

j bne− 1

j =
1

2νN j
τB

j , νN
j = νN,ref

j exp
(

A
T

)(
α0 − αc

α − αc
α− m
)

VSSB

RT

[

sinh
VSSB

RT

]− 1

, (44)  

where τB =
∑N

j τB
j is the total backstress, SB =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1
2τB : τB

√

is the magnitude of the total back stress, A is the thermal activation parameter, 

and VS is the activation volume for network relaxation. Various studies have proposed a dependence of νN
j on the network deformation, 

e.g., bne, to capture the dramatic hardening at large strains (Adams et al., 2000; Boyce et al., 2000; Hempel, 2016). Dupaix and Boyce 
(2007) showed that specifying a dependence on the network orientation parameter α of the 8-chain network model produced a more 
accurate dependence of the stress response on the strain state, i.e. uniaxial tension vs. plane strain. The orientation parameter is 
defined as, α = π/2 − max{α1, α2, α3}, where (α1, α2, α3) are the angles between the end-to-end vector of a polymer chain of the 8-chain 
network model and each of the three principal axes. The polymer chains rotate and stretch to align in the direction of deformation and 
α describes the extent of chain alignment with a principle axis. The parameter m is a power-law exponent for α and α0 = 0.616 rad for a 
unit cube in the eight-chain model. The parameter αc is the orientation level where the relaxation cutoff occurs, which was introduced 
to avoid underestimating strain hardening at very large strains (Dupaix and Boyce, 2007). Dupaix and Boyce (2007) showed that the 
uniaxial tension and plane strain hardening stress response reached the limiting stretch at the same value of α. Note that the νN

j does not 
depend on the configurational entropy η or the effective temperatures Te

i . Appendix A compares the effects on the hardening stress 
response of applying the Arrhenius model versus the Adam-Gibbs model, which imposes a dependence on ηc as well as T. The 

Z. Wang et al.                                                                                                                                                                                                          



Journal of the Mechanics and Physics of Solids 146 (2021) 104175

11

Adam-Gibbs model resulted in a decrease in the hardening modulus with increasing strain rate, which is opposite of what is observed in 
experiments for polycarbonate. 

For the applications in this model, we will neglect the effects of the diffusion of Tei in Eq. (27) to simplify the numerical imple
mentation and evaluation. For the free energy density shown in Eq. (39), the evolution equation for effective temperatures Eq. (27) 
reduces to, 

Ṫe
i = −

1
τRi

(Tei − T) +
a

Δc0 + Δc1Tei

∑P

i

1
2τSj

(

be
j −

1
3

tr
(

be
j

)

I
)

: ζ j

τRi = τref
Ri

exp
(

B
Tηc

)

, τSj =
νI,ref

j

μneq
j

exp
(

B
Tηc

)
VZZ
RT

[

sinh
(

VZZ
RT

)]− 1
(45) 

Table 1 
Summary of the effective temperature model incorporating kinematic hardening.  

Kinematics 
F = FeFv, Fv = FneFnv  

Free Energy Density 
Ψ = Ψk + Ψc  

Ψk =
∑P

j
(1 − a)μneq

j

2
(tr(Ce

j ) − 3)+
κ
4
(J2 − 2lnJ − 1)+cg0

(

T − T0 − Tln
T
T0

)

−
cg1

2
(T − T0)

2
+
∑P

j ξ(Cne
j )

Ψc
i =

∑P
j
aiμneq

j

2
(tr(Ce

j ) − 3)+ Δc0i

(

Tei − T0 − Tei ln
Tei

T2

)

−
Δc1i

2
(Tei − T2)

2  

ξ(Cne
j ) = μback

j λ2
L

[
λeffj

λL
xj + ln

xj

sinhxj

]

, λeffj =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1
3

trCne
j

√

, xj = ℒ− 1

(
λeffj

λL

)

Stress Response 

σ =
1
J
∑P

j
μneq

j

(

bne
j −

1
3

tr(be
j )I
)

⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏟
σneq

j

+
1
2J

κ(J2 − 1)
⏟̅̅̅̅̅̅̅̅̅ ⏞⏞̅̅̅̅̅̅̅̅̅ ⏟

p

I  

Evolution Laws 

−
1
2
ℒvbe

j be− 1

j =
1

2νI
j
ζj , νI

j = νI,ref
j exp

(
B

Tηc

)
VZZ
RT

[

sinh
(

VZZ
RT

)]− 1  

−
1
2
ℒvbne

j bne− 1

j =
1

2νNj
τB

j , νN
j = νN,ref

j exp
(

A
T

)(
α0 − αc

α − αc
α− m

)
VSSB

RT

[

sinh
VSSB

RT

]− 1  

Governing Equations 

Ṫe
i = −

1
τRi

(Tei − T) +
a

Δc0 + Δc1Tei

∑P
i

1
2τSj

(

be
j −

1
3

tr(be
j )I
)

: ζj  

τRi = τref
Ri

exp
(

B
Tηc

)

, τSj =
νI,ref

j

μneq
j

exp
(

B
Tηc

)
VZZ
RT

[

sinh
(

VZZ
RT

)]− 1   

Fig. 4. Finite element model of an axisymmetric cylindrical specimen..  
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where we have substituted the evolution Eq. (43) for the Lie derivate be. We applied the Adam-Gibbs model (Adam and Gibbs, 1965) to 
describe the temperature dependence and structure dependence of the structural relaxation time. In previous work, we showed that 
these assumptions provided accurate predictions of the effects of physical aging and mechanical rejuvenation on the stress response 
and the temperature-dependent enthalpy change. The proposed constitutive model was summarized in Table 1. 

2.2.5. DSC simulations 
We developed a finite element model of the DSC experiments in Section 2.1.3 to fit the spectrum of structural relaxation times (ϕi,

τRi ). Fig. 4 shows a schematic of an axisymmetric finite element model, with height 3.2 mm and radius 1.35 mm, of the specimen used 
in the DSC experiments. The geometry was discretized using 10  × 10 bilinear quadrilateral elements. The coupled thermomechanical 
problem was solved using a staggered scheme. The thermal diffusion Eq. (37) was solved for the temperature field, and used to solve 
the mechanical equilibrium equations for the displacements, stress response (Eqs. (41)–(44)) and effective temperatures (Eq. (45)). 
The displacement boundary conditions were applied to fix the horizontal displacement of the axis of symmetry, ux(AB) = 0, and to fix 
the vertical displacement of the bottom of the specimen, uy(AC) = 0. The remaining surfaces were traction free. To simulate the heat 
transfer to the specimen, convection boundary conditions were applied on surfaces BD and DC and AC. Surfaces AC and BD were 
assumed to be in contact with the DSC aluminum pan and lid, and the heat flux between the specimen and metal can be described by q 
= h1(T − TDSC)n, where n is the direction of the surface normal, TDSC is the temperature history of DSC experiments, and h1 

= 7500W /(m2K) is the heat transfer coefficient between polymer and metal obtained from Dawson et al. (2008). Surface CD was 
assumed to be in contact with air, and the heat flux between the specimen and air was described by q = h2(T − TDSC)n, where h2 

= 10W /(m2K) is the heat transfer coefficient for air. The macroscopic specific heat flux can be calculated from Eqs. (37) and (38) as, 

Q =
1

ρV

∫ (
(
cg0 + cg1T

)
Ṫ +

∑P

i
ϕi(Δc0 +Δc1Tei )Ṫei +

∑N

j
ζ j : ℒvbe

j be− 1

j +
∑N

j
τB

j : ℒvbne
j bne− 1

j

)

dV, (46)  

where ρ = 1.2g /cm3 is the density of the polymer and V is the volume of the specimen. 

2.2.6. Uniaxial compression simulations 
The thermomechanical model (Eqs. (41)–(45)) were applied to simulate the stress response in the uniaxial compression experi

ments under constant strain rate and temperature (Section 2.1.4). We assumed that the heat generation is negligible for the low strain 
rates of 10− 5 to 10− 3 in the experiments, such that the temperature change Ṫ experienced by the specimen is negligible. We also 
assumed for the slow cooling rate and long annealing time of the experiment that specimen is under thermal equilibrium and the 
temperature field, effective temperature field, and stress field are homogenous. This reduced the simulations to a material point 
simulation for the stress response for an applied true strain rate. To calculate the initial nonequilibrium structure (Tei ), the temperature 
was cooled from 143 ∘C to the test temperature at 3 ∘C/min and held for 30 min. The rate-dependent experiments at 37 ∘C were used to 
calibrate the model parameters for the evolution Eqs. (43)-(44) for be and bne, as described in Section 3. The model was then applied to 
simulate the compression test at 95 ∘C and load-reload tests at 27 ∘C without additional fitting parameters. 

2.2.7. Peel simulations 
The thermomechanical model was applied to simulate peeling of a thin polymer fiber from a rigid substrate and evaluate the effect 

of the post-yield stress drop and strain hardening modulus on the peel energy and intrinsic viscoplastic dissipation rate. Fig. 5 shows a 
schematic of a plane-strain finite element model for a typical 90o peel test. The model described a polycarbonate fiber of length 20 mm 
and thickness 0.4 mm adhered to a rigid substrate with a pre-crack of length 7.5 mm. The fiber was discretized using a structured mesh 
of 337 × 14 bilinear quadrilateral elements. The surface AF was discretized using bilinear cohesive surface elements, which prescribed 
a traction-separation law between two initially unseparated surfaces. The displacements of the bottom surface of cohesive elements 
were fixed uX = uY = 0 to simulate a rigid substrate. The remaining surfaces were assumed to be traction free. Peeling was achieved by 
applying displacement uY at a constant speed v = 0.01 mm/s at point E, which was the midpoint of the fiber thickness. 

The Xu-Needleman model (Xu and Needleman, 1999) was used to describe the traction-separation constitutive relations for the 
cohesive surface elements. The model prescribes a potential function for the cohesive energy Φ(Δn, Δt) that depends on the normal 
separation Δn and tangential separation Δt. The normal and tangential tractions are defined as the partial derivates of the Φ relative to 
the normal and tangential separations, respectively. The reader is referred to the work by Xu and Needleman (1999) for a detailed 
derivation of the traction-separation law. The Xu-Needleman model is characterized by 5 parameters, the normal cohesive energy Φn, 
characteristic normal separation δn and characteristic tangential separation δt, ratio of tangential cohesive energy to normal cohesive 

Fig. 5. Finite element model of a thin fiber adhered to a rigid substate used for the simulation of 90o peel.  
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energy q, normal opening after pure shear separation r. For simplicity, we set q = 1 and r = 0. We assumed Φn = 0.4 kJ/m2 for the 
cohesive energy based on the measurements of Fraser and Ward (1978) for Lexan, a commercial polycarbonate, with a similar mo
lecular mass (Mw=17000) as the Ultimaker fiber (Mw=24000). Both the maximum normal and tangential tractions of the cohesive 
zone were assumed to be 50 MPa, which was approximately the draw stress exhibited in uniaxial compression stress-strain curves, after 
post-yield softening and before hardening, measured at 37∘ and strain rate 10− 3s− 1. The maximum tractions was used to calculate 
characteristic separation parameters δn and δt. 

The stress response of a glassy polymer at a given temperature, strain rate, and strain state can be described by 5 material prop
erties: the Young’s modulus E, Poisson’s ratio ν, peak stress σp and draw stress σd under uniaxial compression, and hardening modulus 
H. Previous studies have shown that the ν and the ratio of the Young’s modulus to the yield stress do not significantly affect the Mode I 
fracture energy. Here, we focused the investigation on the effects of the hardening modulus and the peak stress relative to the draw 
stress. A brief survey of uniaxial compression tests of different glassy polymers showed that the ratio H

σd 
for uniaxial tension can vary 

from 0.15 to 1.21 (Dupaix and Boyce, 2005; van Melick et al., 2003; Wendlandt et al., 2010). Klompen et al. showed that the ratio of 
the peak to draw stress for uniaxial tension of PC can vary from 1.0 to 2.0 depending on the thermal history (Klompen et al., 2005). 

The baseline case of the parameter study is given by the model parameters in Table 2 determined for Ultimaker polycarbonate fiber. 
The uniaxial compression response of the baseline case at 37 ∘C and strain rate 10− 3s− 1 was characterized by σd = 50MPa, H /σd =

0.39, and σp/σd = 1.45. The hardening modulus was calculated from the slope of true stress versus Gaussian hardening function at 
range of 1.4 to 1.7 (true strain 55.1% to 67.4%) and the draw stress was determined as the lowest stress after yield. The draw stress 
σd was maintained constant while changing either the peak stress σp or hardening modulus H, while keeping the other constant 
(Table 2) by tuning the parameters a, VZ, and the hardening modulus scaling factor d2 (Section 3). For case 1, 2, 4 and 5, the material 
was cooled at rate of 3 ∘C/min from 418K to 37 ∘C and annealed for 1800 s. For case 3, the material was cooled at 0.36 ∘C/min from 418 
K to 37 ∘C and annealed for 2000 s. 

The peel force was evaluated from the reaction force at node E. It can be shown, using the well-known energy balance (Breslauer 
and Troczynski, 2001; Kim and Kim, 1988; Kinloch et al., 1994) that the peel force is equivalent to the energy release rate for 
steady-state 90∘ peeling. For a viscoplastic material, the peel force includes the cohesive energy, the intrinsic viscoplastic dissipation 
rate caused by the propagation of the peel tip, the viscoplastic dissipation rate from bending the peel arm, and the stored energy of the 
peel arm. To derive and expression for the viscoplastic dissipation rate under constant temperature conditions, consider the balance of 
mechanical power of the fiber. 

∫

Ω

1
2

S : ĊdV
⏟̅̅̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅̅̅⏟

Pint

=

∫

∂Ω
t ⋅ vds

⏟̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅⏟
Pext

(47)  

The surface of the fiber is subjected to the cohesive traction and the peel force F, and the external power can be written as, 

Pext = F
dy
dt

− Φ
da
dt

(48)  

where F is the peel force, dy/dt is the peel velocity and da/dt is the crack speed. The internal stress power can be written in terms of the 
free energy density and viscoplastic dissipation using Eq. (13) as, 

Pint =

∫

Ω
S :

1
2
ĊdV

=

∫

Ω

(
Ψ̇m + WI + WN

)
dV,

(49)  

where Ψ̇m = Ψ̇ − ∂Ψ
∂TṪ −

∑
i

∂Ψ
∂Tei

Ṫei is the mechanical part of the rate of the free-energy density and WN and WI are respectively the 

viscoplastic dissipation from segmental relaxation and network relaxation defined in Eq. (14). The viscoplastic dissipation can be 

written as, WI =
∑

j2Ce
j

∂Ψ
∂Ce

j
: Lv

j and WN =
∑

j

(

− Fne
j 2 ∂Ψ

∂Cne
j

FneT

j : Lv
j + 2Cne

j
∂Ψ

∂Cne
j
: Lnv

j

)

. Substituting these expressions for the internal and 

external power in the mechanical energy balance in Eq. (47), dividing both sides by the crack speed da/dt, and assuming elongation of 

Table 2 
Parameter study of the effect of the post-yield stress drop and strain hardening modulus on the peel energy. The variables σp, σd and H denote the peak 
stress, draw stress, and hardening modulus respectively at 37 ∘C and strain rate of 10− 3/s.  

Case σp

σd  

H
σd  

VS a d2 

1 1.37 0.37 103.5 0.35 0.007 
2 1 0.37 180 0 0.00446 
3 1.89 0.37 65.33 1 0.00573 
4 1.37 0.57 102.38 0.4289 0.01 
5 1.37 0.13 109.3 0.2063 0.003  
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the peel arm is negligible such that dy/da = 1 at steady-state gives, 

F = Φ +
1

dy/dt

∫

Ω
Ψ̇mdV

⏟̅̅̅̅̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅̅̅̅̅⏟
Ψ′

m,tot

+
1

dy/dt

∫

Ω
WI + WNdV

⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏟
D

. (50)  

The peel force F is the energy release rate for peeling that includes the cohesive energy, rate of stored mechanical energy and vis
coplastic dissipation D. Plastic deformation during peeling can occur from the stress concentration at the crack tip and large bending 
stresses in the peel arm. The intrinsic dissipation from crack growth Dintr was approximated by integrating the viscoplastic dissipation 
rate WI + WN in a rectangular domain bounded by the midline of the peel arm and the bottom surface of the peel arm where the 
cohesive tractions were non-zero. The dissipation from bending Dbend was approximated by integrating WI + WN over the remaining 
area of the peel geometry. Bending stresses may also cause plastic deformation around the crack tip, in the domain used to evaluate 
Dintr 

3. Model parameters 

Table 3 lists the parameters, their physical significance and values determined for the polycarbonate material. We used the DMA, 
DSC, and specific aspects of the uniaxial compression stress-strain response at 37 ∘C and 95 ∘C to determine the model parameters as 
described below. The parameters were applied to predict the uniaxial compression response at 27 ∘C and 15 ∘C for model validation. 

The nonequilibrium Young’s modulus Eneq = 1876.8MPa was approximated by the maximum storage modulus of the master curve 

Table 3 
Parameters of the constitutive model for polycarbonate.  

Parameter Physical significance Values 

Tg(K)  Glass transition temperature 383 
κ (MPa) Bulk modulus 2085.3 
VI

S(cm3 /mol) Activation volume for viscous flow 860.63 

B(J/g) Thermal activation energy 357.0 
T2(K) Kauzmann temperature 350.428 
T0(K) Reference temperature 416 
cg0(J/(gK)) Coefficient of heat capacity of kinetic subsystem − 0.3005 
cg1(J/(gK)) Coefficient of heat capacity of kinetic subsystem 0.003665 
Δc0(J/(gK)) Coefficient of excess heat capacity of configurational subsystems 0.2822 
Δc1(J/(gK)) Coefficient of excess heat capacity of configurational subsystems − 0.0001112 
a Configurational contribution to the internal inelastic energy 0.5 
(τg

Sj
,μneq

j ) Discrete stress relaxation spectrum Fig. 6(b) 

(τg
Ri
,ϕi) Discrete structural relaxation spectrum Fig. 7(b) 

(τg
Nj
,μback

j ) Discrete network relaxation spectrum Fig. 10(a) 

A(K) Temperature coefficient 6154.3 
VS(cm3/mol) Activation volume for network relaxation 1474 
m Power of the orientation parameter 14.91 
αc Cessation value of the orientation parameter for network relaxation 0.05 
α0 Initial value of the orientation parameter 0.616 
λL Limiting stretch 1.41  

Fig. 6. (a) The master curve of the storage modulus obtained from time-temperature superposition for a reference temperature of T0 = 143 ∘C was 
used to fit the (b) discrete stress relaxation spectrum (τg

Sj
, μneq

j ) for j = 1…20 at Tg. (c) The temperature-dependent shift factor aT was used to fit the 
parameters B and T2 of the Adam-Gibbs model were fit to the temperature dependent shift factor aT. 
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(Fig. 6a). The nonequilibrium shear modulus μneq = 695.1 MPa and bulk modulus κ = 2085.3 MPa were calculated from Eneq assuming 
a glassy Poisson’s ratio νg = 0.35. The parameters of the discrete relaxation spectrum (τg

Sj
, μneq

j ) at Tg (Fig. 6b), where τg
Sj 
= νg

Sj 
/μneq

j ,

were fit to the master curve of the storage modulus (Fig. 6a) using the methods developed by Xiao et al. (2013) and Guo et al. (2015) 
(B.1). The thermal activation parameters B and T2 of the Adam-Gibbs model were determined by fitting to the temperature-dependence 
of the shift factor measured in the TTS test in the glass transition region (Fig. 6c) (Xiao and Nguyen, 2015). The DSC curve for the 
enthalpy change with temperature (Fig. 7a) was used to fit the discrete structural relaxation spectrum (τRi , μ

neq
i ) at Tg (Fig. 7b) using the 

finite element model described in Section 2.2.5 and methods developed by Xiao and Nguyen (2015) (B.2). 
Fig. 8 shows the experimentally measured uniaxial compression stress response plotted against the Gaussian hardening function 

g(λ) = (1 /λ − λ2). The plots show the average and the variation of 3 tests at each strain rate and temperature. As expected, the stress 
response exhibits yielding, where the yield stress decreased with increasing temperature and decreasing strain rate, post-yield strain 
softening, followed by strain hardening. The strain hardening response was initially Gaussian, σ = GRg(λ), then became nonlinear. The 
Gaussian hardening region occurred earlier, at smaller strains, and extended over a larger strain range at 95 ∘C as illustrated in Fig. 8. 

The activation volume for local segmental relaxation VZ was fit to the rate-dependence of the yield stress at 37 ∘C. The fraction 
parameter 0 < a < 1, which controls the rate of strain-softening, was determined by fitting to the post-yield stress drop at 37 ∘C for all 

Fig. 8. The uniaxial compression stress response plotted against the Gaussian hardening function g(λ) = (1 /λ − λ2) for polycarbonate specimens 
tested at (a)37 ∘C and (b) 95 ∘C and true strain rates 10− 3/s, 10− 4/s and 10− 5/s. The plots show the average of 3 tests for each strain rate and 
temperature with error bars showing the variations of 3 tests. The dashed black lines indicate the linear region of Gaussian hardening, σ = GRg(λ),
used to determine the Gaussian hardening modulus GR. 

Fig. 7. (a) The DSC curve was used to fit (b) the discrete structural relaxation spectrum (τRi , μneq
i ) for i = 1…20 at Tg.  
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the strain rates. 
The activation volume for network relaxation VS = 860.63 cm3/mol and the parameters for the dependence of the network vis

cosities on the chain orientation α were determined from the rate-dependence of the backstress at 37 ∘C. We approximated the 
backstress for the different strain rates at 4 true strains, 60%, 70%, 80%, and 90%, as the difference between the experimentally 
measured stress response and the model stress response without hardening. We further approximated the effective viscosity for 
network relaxation νN as the backstress divided by the applied true strain rate. From Eq. (43), the relationship between νN, the effective 
back stress SB, and chain orientation angle α for a given temperature can be expressed as, ln(1 /νN) = C(α) − ln(SB) + VSSB

RT , where C(α)
= mln(α) + ln(α − αc) + C0 and C0 is a constant that depends on temperature and other model parameters. The activation volume VS 
and C(α) for the 4 strains were fit to plots of ln (1/νN) as a function of the backstress for the different strains and strain rates (Fig. 9c). 
The exponent m was determined from the slope of a line fit to a plot of C(α) − ln(α − αc) as a function of ln α. (Fig. 9d). The initial chain 
orientation angle α0 = 0.616 rad was calculated from the geometry of the 8-chain unit cube, and the critical chain orientation angle for 
the cessation of network relaxation was set to αc = 0.05 rad so that the corresponding 176.5% critical strain was significantly greater 
than applied in the uniaxial compression test. 

We assumed for simplicity that the network relaxation spectrum (Fig. 10a) can be approximated by scaling the stress relaxation 
spectrum, such that τg

Nj
= d1τg

Sj 
and μback

j = d2μneq
j . The scaling factors d1 and d2 were fit to the Gaussian hardening modulus GR of the 

stress response at 37 ∘C for the 3 strain rates (Fig. 10a). The GR was determined as the slope of the stress plotted against the Gaussian 
hardening function g(λ) = (1 /λ − λ2) in the linear range g(λ) = 1.4 to 1.7 (Fig. 8a). The activation energy A = 6949.5 K for the 
network viscosity was fit to GR measured at 95 ∘C for the 10− 3/s strain rate (Fig. 10b). For 95 ∘C, the Gaussian hardening region 
extended over the range g(λ) = 1.1 to 1.5 (Fig. 8b). Finally, the limiting stretch λL was determined from the strain at which the 
hardening stress responses transition from Gaussian hardening to a more nonlinear hardening. 

Fig. 9. (a) The activation volume for segmental relaxation VZ was fit to the rate-dependence of the yield stress at 37 ∘C. (b) The activation volume 
for network relaxation VS and the factor C was fit to the network viscosity at 37 ∘C, 60%, 70%, 80%, 90% true strains, and 10− 3 /s, 10− 4 /s, 10− 5 /s 
strain rates. (c) The power-law exponent for the dependence on the chain orientation was determined by fitting C − ln(α − αc) at 60%, 70%, 80%, 
90% true strains, 37 ∘C. 

Fig. 10. (a) The network relaxation spectrum (τg
Nj
, μback

j ) for j = 1…20 at Tg was obtained by scaling the stress relaxation spectrum such that τg
Nj 

=

d1τg
Sj 

and μback
j = d2μneq

j . (b) The Gaussian hardening modulus GR at 37 ∘C for all strain rates was used to fit the scaling factors d1 and d2 of the 

network relaxation spectrum. (c) The GR at 95 ∘C and 10− 3/s was used to fit the thermal activation parameter A for network relaxation. The model 
was used to predict GR at the lower strain rates 10− 4/s and 10− 5/s for model validation. 
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4. Results 

4.1. Uniaxial compression 

The uniaxial compression stress response at 15 ∘C, 37 ∘C and 95 ∘C are plotted in Fig. 11 for the different strain rates comparing the 
experimental data and modeling results. The stress response at 15 ∘C and for the lower strain rates 10− 5/s and 10− 4 /s at 95 ∘C were not 
used to fit the model parameters. The model was able to capture the major features of the different regions of the average stress-strain 
response, including the rate-dependence and temperature-dependence of the yield peak, post-yield strain-softening and strain hard
ening. The model predictions for the Gaussian hardening modulus at 95 ∘C for the lower strain rates 10− 5/s and 10− 4 /s were within 
10% of the experimental (Fig. 10c). 

The model was applied to simulate the load-unload-reload uniaxial compression experiments at 27 ∘C at 10− 3/s and 10− 4/s 
(Fig. 12) to further test the predictive capability of the model. A single sample was tested at each strain rate. As observed in exper
iments, the model exhibited strain recovery during unloading, which caused the reloading curve to be on the left of the unloading 
curve. The reloading stress response experienced yielding at the maximum stress before unloading, no post-yield stress drop because of 
mechanical rejuvenation, and a stiffer strain-hardening response that followed the hardening response of a specimen continuously 
loaded to the same total strain (Senden et al., 2010). The model predicted a smaller strain recovery response during unloading, but 
otherwise showed good quantitative agreement with experiments for the 10− 3/s data. The stress response for the 10− 4 /s strain rate 
experienced a sudden drop in the stress response before unloading, which led to large quantitative differences between the model and 
experimental results. However, the reloading stress response exhibited the same strain hardening modulus as the experiments. 

Fig. 12. Loading-unloading-reloading response of polycarbonate specimens deformed at room temperature (27 ∘C) and engineering strain rates of 
(a)10− 3/s and (b) 10− 4/s. The yield and post-yield stress response follows that of a specimen continuously deformed to the same total strain. 

Fig. 11. Uniaxial compression response of polycarbonate at 15 ∘C, 37 ∘C and 95 ∘C for different strain rates: (a)10− 3/s (b) 10− 4/s and (c) 10− 5/s. In 
general, the modeling resuls showed good agreement with experimental measurements of the uniaxial compression stress response for a wide range 
of temperatures and strain rates. 
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4.1.1. Parameter study 
We investigate the effects of the parameters of the network relaxation model in Eq. (44) on the strain-hardening response. The 

activation temperature A controls the temperature dependence of strain hardening. To examine its effects, we compared the Gaussian 
hardening modulus for A = 6154.3K and A = 10000K (Fig. 13(a)). A larger value of A resulted in a larger hardening modulus and a 
stronger temperature dependence. We also compared the Gaussian hardening modulus for VS = 6651 cm3/mol and VS = 1474 cm3/ 
mol for the same range of temperatures and strain rates (Fig. 13b). Decreasing the activation volume resulted in a larger hardening 
modulus and stronger strain rate dependence. The power-law exponent m describes the degree in which molecular orientation in
creases the resistance to network relaxation. A higher m produced a stiffer and more nonlinear hardening response (Fig. 13c). The 

Fig. 13. Effects of parameters that control the temperature, strain rate and strain state dependence of hardening (a) Hardening modulus at 37 ∘C and 
95 ∘C with strain rate of 10− 3/s, for A = 6949.5K and A = 10000K respectively. (b) Hardening modulus at 10− 3/s, 10− 4/s and 10− 5/s with tem
perature of 37 ∘C, for VS = 1474cm3/mol and VS = 6651cm3/mol respectively. (c) Stress response at 95 ∘C and 10− 3/s, for m = 7, m = 14.91 and m 
= 30 respectively. (d). Stress response at 37 ∘C and 10− 3/s, for λL = 1.41, λL = 1.6, λL = 1.8 respectively. (e). Stress response at 37 ∘C and 10− 3/s, for 
d1 = 5.39 × 10− 11, d1 = 5.39 × 10− 12, d1 = 5.39 × 10− 13 respectively. 

Fig. 14. Uniaxial compression strain stress curves of material properties investigated in this section, 37 ∘C 0.001/s true strain rate.  
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Fig. 16. The steady-state (a) peel energy F, (b) rate of intrinsic viscoplastic dissipation Dintr, rate of viscoplastic dissipation caused by bending Dbend, 
and rate of stored mechanical energy Ψ,m,tot normalized by the cohesive energy Φ for different ratios of hardening modulus H to the draw stress. (c) 
Contour of maximum principle Green-Lagrange strain around crack tip, showing that the maximum strain did not exceed 15%. Strain hardening is 
negligible at these strain levels, and the hardening modulus H does has a small effect on the peel energy, rate of viscoplastic dissipation and rate of 
mechanical stored energy. 

Fig. 15. The steady-state (a) peel energy F, (b) rate of intrinsic viscoplastic dissipation Dintr, rate of viscoplastic dissipation caused by bending Dbend, 
and rate of stored mechanical energy Ψ,m,tot normalized by the cohesive energy Φ for different ratios of peak stresses to draw stress. A larger ratio of 
the peak stress to draw stress produced a smaller normalized peel energy F/Φ, and smaller normalized intrinsic dissipation, bending dissipation and 
stored mechanical release rate. 
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parameter λL determines the nonlinear stiffening of the rate-independent backstress response at large strains. Decreasing λL decreased 
the transition strain between Gaussian and non-Gaussian hardening (Fig. 13d), which produced a stronger strain-stiffening effect after 
the transition strain but otherwise did not affect the strain-stiffening response in the Gaussian hardening region. The parameter d1 
describes the reference viscosity. Increasing d1 increases the stress response slightly in both Gaussian hardening region and non- 
Gaussian hardening region. 

4.2. Peel simulation 

The effective temperature model and parameters determined for the polycarbonate material in Table 2 were applied to study for the 
effects of the post-yield stress drop and hardening modulus on 90∘ peeling of a single 3D-printed fiber from a rigid substrate. The 
uniaxial compression stress response corresponding to the different cases are shown in Fig. 14. The annealing time was varied in the 
simulation of the specimen before mechanical loading to vary the ratio of the peek stress to draw stress from 1 to 1.89. The post-yield 
stress drop for the highest ratio was 40 MPa larger than the lowest ratio. The parameters of the network relaxation were varied 
(Section 2.2.7) to produce a range of the hardening modulus normalized by the draw stress from 0.13 to 0.57. 

The steady-state peel energy (Fig. 15(a)), intrinsic viscoplastic dissipation, viscoplastic dissipation from bending, and the rate of 
stored mechanical energy (Fig. 15(b)) decreased significantly with increasing ratio of the peak yield stress to the draw stress. Post-yield 
soften promotes localization of the plastic zone; thus a material with a greater post-yield stress drop exhibit a smaller plastic zone 
around the crack tip and at near the upper surface of the 90∘ bend (Fig. 17), which leads to a smaller intrinsic dissipation rate, bending 
dissipation rate, and stored mechanical energy release rate. 

Increasing the ratio of the hardening modulus to the draw stress from 0.13 to 0.57 produced a small increase the tear energy from 
1.49 Φ to 1.51 Φ, where Φ is the cohesive energy (Fig. 15(a)). For the parameters of the study, the maximum principle Euler-Almansi 
(true) strain in plastic zone was less than 15% for all cases (Fig. 16(c)), which corresponds to the post-yield stress drop in the vis
coplastic stress response. Hardening develops at higher strains, near 30% true strain. Thus, the mechanical behavior in front of the 
crack tip was dominated by post-yield softening response (Fig. 14) rather than strain hardening. This result was consistent with the 
findings of Tvergaard and coworkers (Tvergaard and Hutchinson, 1992) that the steady state mode 1 fracture toughness do not depend 
significantly on the hardening modulus when Tmax

n /σd was not significantly larger than 1. 

5. Discussion 

We developed an effective temperature theory for the viscoplastic behavior of glassy polymers by incorporating the effects of 
kinematic hardening and relaxation of the hardening stress. The new theory inherits the ability of the original effective temperature 
theory of Xiao and Nguyen (2015, 2016c) to accurately describe the rate-dependent and temperature-dependent yield and post-yield 
softening over a wide range of temperatures, including the glass transition region, the effects of physical aging and mechanical 
rejuvenation on the post-yield softening response, and the plastic heating deficit (Xiao et al., 2017; Xiao and Nguyen, 2015). The 
introduction of a viscoplatic backstress with a spectrum of relaxation processes allowed the new theory to capture the 
temperature-dependent and rate-dependent strain hardening behavior at larger strains. The kinematic hardening formulation also 
allowed the model to accurately predict the viscoplastic behavior of a cold-worked (plastically pre-deformed) material, including the 
greater yield strength and hardening modulus. The model also captured the Bauschinger effect under a fully reversed strains and the 
development of an anisotropic yield stress and strain hardening response in a cold-worked material. The result is a predictive modeling 

Fig. 17. The contour of the plastic dissipation WI + WN (Eq. (50)) at steady-state around crack tip for the case (a). σp/σd = 1.89, and the case (b). σp 

/σd = 1. The larger post-yield stress drop caused the plastic deformation to localize into a smaller zone ahead of the crack tip. 
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tool for applications that involve large plastic deformation and a wide temperature range spanning the glass transition, such as 
traditional polymer processing, melt extrusion additive manufacturing, and fracture. 

The network relaxation mechanism was introduced previously by Dupaix and Boyce (2007) to capture the 
temperature-dependence, rate-dependence and strain-dependence of the post-yield hardening response. The network deformation and 
relaxation mechanism in the Dupaix and Boyce model acted in parallel with the mechanism for local segmental rearrangement that 
produced yielding and post-yield softening (Fig. 1c). We took an alternate approach and incorporated network deformation and 
relaxation as a viscoplastic backstress (Fig. 1d). This allows the model to capture the effects of the plastic pre-deformation history on 
the yield and post-yield hardening stress response. The same approach was used in the original elastic hardening model of Haward and 
Thackray (1968) and Arruda and Boyce (1993a), and the viscoplastic hardening model of Hempel (2016). Compared to the model of 
Hempel (2016), the present multi-process model incorporates the effect of the broad distribution of stress and structural relaxation 
times. More importantly, the effective temperature thermodynamic framework allows the model to describe the effects of plastic 
pre-deformation (mechanical rejuvenation) and aging on the yield stress and post-yield stress-drop. 

The effective temperature viscoplastic model was applied to characterize the thermomechanical properties of a polycarbonate fiber 
used for FFF, a melt extrusion polymer additive manufacturing process, and to investigate the effects of the viscoplastic material 
behavior on peel tests of a single FFF printed fiber. The effect of viscoelasticity, plastic yield stress and hardening modulus have been 
examined widely in the literature for the cohesive failure of bulk materials and interfacial failure of thin films. In bulk materials, 
hardening prohibits plastic localization resulting in a more ductile failure process. In peel tests, plasticity increases the peel energy but 
the effect of hardening modulus is dependent on the cohesive energy and the cohesive strength relative to the yield strength of the bulk 
material (Georgiou et al., 2003; Kim and Kim, 1988; Kinloch et al., 1994). We found that for the properties of the polycarbonate 
filament, the strain hardening response had a small effect on the peel energy, viscoplastic dissipation rate and rate of stored energy of 
viscoplastic work. Increasing the hardening modulus by a factor of 4.3 increased the peel energy by 1.3%. This was consistent with 
finite element analysis study of peeling of a power-law hardening material by Georgiou et al. (2003) that found a small effect of 
hardening. This trend might be sensitive to the magnitude of cohesive energy and maximum tractions in the cohesive zone model. 

In contrast, the post-yield softening response had a significant effect on the peel energy and its contributions from viscoplastic 
dissipation and stored viscoplastic energy. The highest peel energy was obtained for a material behavior with no post-yield softening, 
and a smaller peel energy was obtained for a larger post-yield stress drop. Post-yield softening inhibited plastic dissipation and pro
moted increasingly localized plastic deformation. These results were consistent with the fact that physical aging embrittles glassy 
polymers (Pan et al., 2007; Yang et al., 1996). Moreover, polymers that exhibit a larger post-yield softening than hardening, such as 
polystyrene, exhibit brittle failure (Smit et al., 2000). 

We are currently applying the findings of the peel simulation to design a peel test of a single FFF printed polycarbonate fiber to 
measure the effect of the printing history on the fiber-fiber welds. Among the main takeaways of the results is that the time in between 
printing and peel testing and the temperature variations during that storage time may be a significant source of variability in the 
measured peel force. In the future, we plan to fit the cohesive parameters from the experiment and provide a quantitative comparison 
on the effect of the printing conditions on the fracture energy of the printed welds. 

The model presented here has a number of limitations. The model does not capture the effects of the hydrostatic pressure on the 
yield strength. It is well known that the yielding of glassy polymers is pressure dependent. For example, Spitzig and Richmond (1979) 
showed that an applied confining pressure of 1104 MPa increases the yielding stress of polycarbonate from 64 MPa to 209 MPa. 
However, we dont expect such extreme hydrostatic pressures for the applications of filament deposition after melt extrusion. For 
uniaxial tension, the yield strength in compression is only 20% higher than in tension for polycarbonate (Spitzig and Richmond, 1979). 
Therefore, we did not include the effect of pressure in our model. However, this feature can be incorporated into the model by adding a 
pressure dependent term in VZ, the activation volume for the viscous flow. The parameter can be fit to the asymmetry between the 
tension and compression stress-strain response. 

We neglected the spatial conduction of the effective temperature for simulating the uniaxial compression tests and peel tests. We 
made the assumption because the configurational subsystems are slow to relax near Tg and are effectively frozen below the glass 
transition. Thus, the characteristic time for the disorder to diffuse becomes very long near Tg. However, this assumption preludes the 
model from capturing certain phenomena with a high gradient of plastic strain, such as the diffusive widening of shear bands (Kamrin 
and Bouchbinder, 2014). For more discussion on the conduction of effective temperature and its boundary conditions, the readers are 
referred to Manning et al. (2007) and Bouchbinder and Langer (2009). 

For simplicity, we neglected the energy interactions between the configurational subsystems and assumed that the configurational 
properties, e,g. heat capacity, all had the same distribution over the Q configurational subsystems. The stress and structural relaxation 
processes were assumed to share the same dependence on the temperature and nonequilibrium structure. We have validated this 
assumption experimentally for a family of acrylate thermosets (Xiao and Nguyen, 2015), but the assumptions need to be examined for a 
wider range of thermosets and thermoplastics. 

In developing the model, we assumed that the internal elastic deformation gradients Fe and Fne are coaxial, such that the non
equlibrium stress tensor τNEQ and the backstress tensor are coaxial. This simplified the numerical implementation of the model, but 
placed a severe restriction on the inelastic rotations, which may lead to unrealistic predictions for deformation states involving large 
rotations, such as simple shear. In future work, we plan to develop a more generalized model without these restrictions and associated 
numerical implementation that involves numerical integration of the full inelastic deformation tensor, see for example the work by 
Dettmer and Reese (2004), and evaluate the errors introduced by this assumption. 

We a applied a phenomenological model for the relaxation of the kinematic backstress, where the nonequilibrium configurational 
structure does not affect viscous resistance to kinematic hardening and kinematic hardening does not affect the evolution of the 
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configurational structure (i.e., effective temperatures). Incorporating the dependence of the configuration structure in the viscous 
resistance to kinematic hardening produced a rate-dependence of strain hardening that was opposite to experimental observation. In 
the effective temperature theory, the evolution of the effective temperature approaches a stable nonequilibrium state after the post- 
yield stress drop, where the effect of mechanical rejuvenation from plastic work balances the structural relaxation process (Xiao and 
Nguyen, 2016c). Without hardening, this would result in a stable draw stress. However, it is unclear if the molecular orientation 
achieved by the large plastic deformation process affects the configurational entropy and properties of the configurational subsystem. 
The large molecular orientation may also affect the viscous resistance to local segmental motion, which was not considered in the 
present work. The temperature dependence of the strain hardening response was achieved through the Arrhenius function and the 
activation energy A, which does not have a clear physical significance. Finally, we assumed that the relaxation spectrum for the 
hardening stress can be obtained through vertical and horizontal scaling of the stress relaxation spectrum. This assumption greatly 
simplified the parameter determination process and it seems to be appropriate based on the model’s performance in describing the 
uniaxial compression stress response of polycarbonate. However, a more accurate method is needed to the characterize the network 
relaxation mechanism. 

6. Conclusions 

In conclusion, we developed an effective temperature theory model for the viscoplastic behavior of glassy polymers with strain 
hardening that incorporates a broad spectrum of structural relaxation, stress relaxation, and relaxation of the backstress. The model 
can capture a wide range of nonequilibrium behaviors including the rate-dependent yield, post-yield softening, and strain harding 
response over a wide range of temperatures; the effects of physical aging and mechanical rejuvenation on the post-yield softening 
response and the stress response upon reloading. The model was calibrated for a polycarbonate material for FFF additive 

Fig. A1. Incorporating the Adam-Gibbs model for the temperature-dependence and structure-dependence of the viscous resistance to network 
deformation and simulating the uniaxial compression response at 95 ∘C, comparing the (a) evolution of configurational entropy, (b) evolution of 
viscous resistance to network deformation and (c) stress-strain curves for two strain rates, 10− 2/s and 10− 3/s. Incorporating the configurational 
structure led to a smaller hardening at the higher strain rate, which is opposite from experiments. 

Z. Wang et al.                                                                                                                                                                                                          



Journal of the Mechanics and Physics of Solids 146 (2021) 104175

23

manufacturing and applied to investigate the effects of the post-yield stress drop and hardening modulus on the peel energy and 
associated viscoplastic dissipation. The simulations showed that a larger post-yield stress drop inhibits plastic deformation and 
decreased the peel energy while the hardening modulus had little effect on plastic dissipation and the peel energy. 
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Appendix A. Kinetic vs. configurational contributions of the network resistance 

This section examines the effects of replacing the Arrhenius model for the temperature-dependence of the network viscosities in Eq. 
(44) with the Adam-Gibbs model for the temperature-dependence and structure-dependence: 

νN
j = νN,ref

j exp

⎛

⎜
⎜
⎜
⎝

BN

T
∑Q

i
ηc

i

⎞

⎟
⎟
⎟
⎠

(
α0 − αc

α − αc

)

α− mVSSback

RT

[

sinh
(

VSSback

RT

)]
− 1, (A.1)  

where BN is the activation energy analogous to B in Eq. (43). The model was applied to simulate uniaxial compression at 95 ∘C and two 
strain rates, 0.01/s and 0.001/s, to determine effects of the structural dependence on the rate-dependence of the hardening modulus. 
Upon yielding, mechanical rejuvenation from the disordering effects of the viscoplastic dissipation caused the configurational entropy 
to increase to a steady-state value. The larger strain rate imparted a greater disordering effect and higher steady-state configurational 
entropy (Fig. A.18a), which led to a more mobile chains and lower network viscosity (Fig. A.18b). This caused the hardening modulus 
to be smaller at the higher strain rate, which was the opposite observed in experiments. 

As a results, we decided to omit the dependence of the νN
j on the configurational structure, which made the network relaxation 

mechanism and the backstress independent of the effective temperatures. Configurational contributions of the network resistance can 
affect the evolution of the effective temperatures, but have little effects on the hardening stress response. This is demonstrated in 
Fig. A.19, where we simulated the uniaxial compression response at 95 ∘C and engineering strain rate of 3× 10− 4/s. The contributions 

Fig. A2. Comparison of the stress response between pure kinetic and pure configurational contributions of network resistance.  
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of network resistance were either all assigned in the kinetic subsystem, which gives Eq. (37) for Ṫ in the present model, or all assigned 
in the configurational subsystems, which would add to Eq. (38) for Ṫe

i . The stress response for both cases were nearly identical 
(Fig. A.19), we assumed pure kinetic contributions. 

Appendix B. Parameter Determination 

B1. Determining the stress relaxation spectrum 

We applied the method developed by Xiao et al. (2013) to determine relaxation spectrum (τg
Sj
, μneq

j ) of the undeformed material F 
= I in equilibrium at T = Tei = Tg. From Eq. (43), we can express the stress relaxation times at any temperature T in terms of τg

Sj
,

τSj = τSj
gexp

(
B

Tηc(Tei ,C)
−

B
Tgηc

(
Tg, I

)

)
VI

SS
RT
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sinh
(

VI
SS

RT

)]
− 1. (B.1)  

Here ηc can be evaluated from Eq. (15) as, 

ηc(Tei ,C) =
∑Q

i
ηc

i

=
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i

(

Δc0ϕilog
Tei

T2
+ Δc1ϕi(Tei − T2) −

ϕi
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2

(
tr(C

)
− 3)

)

.

(B.2) 

The τSj
g and μneq

j were determined from the master curve of storage modulus. The storage modulus measured at different tem
peratures was plotted on a log-log scale in Fig. 6a and shifted horizontally to a reference temperature T0 = 143 ∘C to form the master 
curve for the frequency-dependence of the storage modulus as shown in Fig. 6b. We determined the temperature range of the glass 
transition region by finding the range of the shift factor aT(T) that can be fitted to the WLF function (Fig. B.20). This gave Tg = 110 ∘C 
for the onset temperature and C0

1 = 9.7136 and C0
2 = 65.572K at reference temperature. 

We developed a second-order approximation method based on Schwarzl and Staverman (1953) to determine the discrete relaxation 
spectrum (Guo et al., 2015). We first used a polynomial function denoted as logG′

= f0(logω) to fit the master curve in Fig. 6b, where G′

is the storage modulus and ω represents the angular frequency. The relation between relaxation modulus and a continuous relaxation 
spectrum was defined as Ferry, 1980, 

G(t) = μeq +

∫ ∞

0
h(ν)e− νtdν, (B.3)  

where h(ν) is the continuous relaxation spectrum. The cumulative relaxation spectrum is defined from h(ν) as, 

H(ν) =
∫ ν

0
h(z)dz. (B.4)  

Evaluating h(ν) requires inverting the integral Eq. (B.3) which can be challenging. A number of approximations have been developed. 
In particular, we used a second-order accurate approximation developed by Schwarzl and Staverman (1953), 

Fig. B1. The WLF function was fit to the temperature-dependent shift factor aT(T). The onset Tg = 110 ∘C was determined from the lowest tem
perature for which WLF can be fitted to aT. 
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Applying the polynomial fit to Eqs. (B.5) and (B.4), we can calculate the continuous relaxation spectrum and cumulative distribution 
from polynomial function f0 as, 
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The relaxation modulus of the discrete model can be written as, 

Gdisc(t) = μeq +
∑P

j
μneq

j exp
(
− tνj

)
. (B.8)  

The discrete cumulative spectrum can be evaluated by combining Eqs. (B.3), (B.4) and (B.8) as, 

Hdisc(ν) =
∑P

j
μneq

j
〈
ν − νj

〉1
− μeq, (B.9)  

where 〈〉1 denotes a step function. We then assume a power law distribution for the relaxation frequencies, 
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where ν0
max and ν0

min are the maximum and minimum of relaxation frequencies and are selected based on the frequency range of the 
master curve. Finally, the nonequilibrium moduli μneq

j corresponding to the relaxation frequencies ν0
j were determined from the 

continuous cumulative distribution as follows (Haupt et al., 2000; Nguyen et al., 2010), 
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The stress relaxation time τg
Sj can be evaluated from ν0

j ,

Fig. B2. Comparison of the experimentally measured master curves and the fit of the discrete model.  
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Fig. 7a plots the stress relaxation spectrum (τg
Sj
, μneq

j ) with P = 20 processes determined as described above. The spectrum was applied 
to evaluate the storage modulus of the discrete model, 
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(ω) = Eeq +
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j ω2
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j

)2

1 + ω2
/(

ν0
j
)2
. (B.13)  

The results shown in Fig. B.21 show excellent agreement with the measured master curve. 

B2. Determining the structural relaxation spectrum and heat capacities 

Similar to Section B.1, we aimed to determine τg
Ri
, which is the structural relaxation time at glass transition temperature and no 

deformation, in this subsection. And from Eq. (45), the structural relaxation time in the general case can be expressed as, 

τRi = τRi
gexp

(
B

Tηc(Tei ,C)
−

B
Tgηc

(
Tg, I

)

)

. (B.14) 

To determine the structural τg
Ri 

and ϕi, we first assumed that the structural relaxation spectrum can be described by the Kohlrausch- 
Williams-Watts (KWW) model (Xiao et al., 2013; Xiao and Nguyen, 2015) and then discretize this continuous spectrum to get τg

Ri 
and ϕi. 

The KWW model can be expressed as infinite series (Lindsey and Patterson, 1980), 

hKWW(τ) = −
χ

πτ2
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( − 1)k
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χ

)
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where χ is the characteristic structural relaxation time, 0 ≤ β ≤ 1 represents the breadth of the structural relaxation spectrum and Γ() is 
the gamma function. We also assumed a power law distribution for discrete structural relaxation times, 

τg
Ri
= τmin

(
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)
(i− 1)/(Q− 1). (B.16)  

The discrete structural relaxation spectrum were determined by a stepwise approximation of the cumulative relaxation spectrum 
HKWW(τ) =

∫ τ
0 hKWW(t)dt as, 
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Fig. B3. Comparison between the measured and model predicted DSC response.  
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We simulated the DSC experiments using the method in Section 2.2.5 and tuned the characteristic time χ = 5000s and breadth β =
0.30 to fit the position, width and height of the DSC endothermic overshoot (Fig. B.22)). 

The coefficients for heat capacities can be obtained through linear fits of the DSC curve in different temperature ranges. Specif
ically, the kinetic components cg0 and cg1 were determined from a linear fit of the DSC curve from 40 ∘C to 60 ∘C, while the heat capacity 
for the whole system was determined from a linear fit of the DSC curve from 130 ∘C to 150 ∘C. Subtracting the kinetic components from 
the heat capacity of the whole system gives the configurational components of heat capacity Δc0 and Δc1. 
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