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Abstract: Polarization-controlled coherent Raman spectroscopy is used as a high-throughput
method to characterize the anisotropic nature of a molecular system, such as the molecular
orientation distribution. However, optical birefringence originating from the molecular anisotropy
can cause the observed Raman spectrum to be significantly distorted, making it extremely
challenging to obtain quantitative information from polarization Raman measurements. Here,
the birefringence effect on the signal intensity and the spectral shape of a polarization-controlled
coherent anti-Stokes Raman scattering (CARS) is theoretically described using a uniaxially
symmetrical model system. Due to the complexity, the effect of phase delay in the incident lights
is not considered but only that of the generated CARS signal is considered. A new analytical
method is presented to eliminate the birefringence contribution from polarization-controlled
CARS data by analyzing polarization intensity profiles and retrieving the resonant Raman
susceptibility spectra. This method is tested with two sets of polarization-controlled CARS
data simulated with various combinations of symmetries of multiple underlying Raman modes.
The analysis result clearly demonstrates that the effect of birefringence can be corrected for
polarization-controlled CARS data and the symmetry tensor elements of all underlying Raman
modes can be quantitatively characterized.

1. Introduction

Polarization-controlled Raman spectroscopy has been widely used to characterize various types of
anisotropic materials as a quantitative measurement method of molecular orientation distributions
[1,2]. However, the extra dimension of polarization angle in addition to the long acquisition time
makes spontaneous Raman impractical for general use imaging. As opposed to spontaneous
Raman, coherent Raman microscopy approaches take advantage of stronger signals and faster
imaging speed. Coherent anti-Stokes Raman scattering (CARS) microscopy has been widely
used to image molecular anisotropy of spatially heterogeneous materials [3], including polymers
[4,5], lipid layers [6–10], liquid crystals [11–13], fibers [14], inorganic crystals [15,16], and
biological tissues [17]. Based on polarization-controlled CARS, experiments and theories
have been reported to quantitatively determine parameters representing molecular orientation
distribution functions, including not only the projected orientation but also the order parameters
[8,18,19] and the out-of-plane orientation angle [11,20].
Polarization-controlled characterization of an anisotropic medium is often confounded by

birefringence, which is the difference in a refractive index depending on the light polarization
direction. Birefringence of a material is determined by various anisotropic properties of the
material in a smaller length scale than the wavelength: for example, molecular orientation
and crystallinity. As a result of birefringence, phase delay occurs between the two different
polarization components of transmitted light. For example, common anisotropic organic materials
(deformed polymers and aligned collagen fibrils) show birefringence in the range of 0.001 to
0.05 [21,22], which corresponds to a phase delay between 1

10π and 4π radian for 800 nm light
passing through a 50 µm thick organic film. Phase delay between the two different polarization
components results in a modified polarization state (e.g., polarization direction or ellipticity) of
transmitted light. In nonlinear optical spectroscopy, a phase delay can result in more complex
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spectral distortions, such as intensity drop, uneven baseline drift, and peak shift, due to coherent
interactions between multiple photons of different colors [15]. For a quantitative discussion
of polarization-controlled nonlinear spectroscopic results, the birefringence effect needs to be
considered based on mathematical expressions of generation and propagation of a nonlinear
signal in the presence of phase delay. Previously, the birefringence effect on second harmonic
generation [23] and four-wave mixing microscopy [24] was described quantitatively using the
symmetry angle and the phase delay measured in situ. However, the birefringence effect has not
been fully exploited to explain the spectral distortion of polarization-controlled CARS.

This study presents a full description of the birefringence effect on CARS signals propagating
through an anisotropic medium. A straightforward method is introduced to eliminate the
birefringence effect from the polarization-controlled CARS spectra and to retrieve the resonant
susceptibility spectra, which corresponds to the spontaneous Raman spectra. This method can
determine the phase delay in situ from the observed nonresonant CARS data without requiring
a separate polarimetric measurement. This new analysis method is tested with two different
sets of simulation data of polarization-scanning broadband CARS spectral data, successfully
reproducing the birefringence-free polarization Raman data. The results are discussed with two
types of newly defined depolarization ratios of the resonant susceptibility for underlying Raman
peaks, which can be useful for determining the group symmetry of the Raman modes as well as
the molecular orientation distribution.

2. Theory of birefringence effect on polarization CARS

2.1. CARS signal propagation in a birefringent medium

A CARS signal is generated as a result of a coherent interaction of three electric fields: Epu, ES,
and Epr correspond to pump, Stokes, and probe transitions. More specifically, CARS nonlinear
polarization, PCARS, induced by the incident electric fields, generates a CARS signal, which
travels toward a detector. The CARS nonlinear polarization is proportional to the incident electric
fields, and the coefficient is called the CARS nonlinear susceptibility tensor, χ

PCARS = χEpuE∗SEpr (1)

When a CARS signal is generated inside a birefringent medium, both the incident beams and the
generated CARS signal experience the birefringence. Unlike a linear phenomenon, a description
of the birefringence effect on this multicolor nonlinear phenomenon is very lengthy and complex
because of many possible combinations of the three incident beams and their associated nonlinear
susceptibility tensor elements. The full description becomes more complicated by not only
wavelength-dependent phase delays of the multicolor incident beams but also the negative phase
delay by the conjugate electric field for the Stokes transition. In this paper, therefore, the
birefringence effect on a generated CARS signal propagating through a birefringent medium will
be focused. The birefringence effect of the incident beams will be discussed in a future publication.
Besides, it needs to be mentioned that the is analysis is intended for polarization-controlled
CARS imaging with moderate focusing. Then, the CARS signal is generated within a sufficiently
thin slab, a spatial walk off that would go into treatment of a bulk CARS signal can be ignored.
Also, polarization mixing due to tight focusing is not considered in this paper.

For the investigation of the polarization angle dependence, a CARS susceptibility tensor is
expressed as χ = χ(ω)α, where χ(ω) is the polarization-independent Raman line shape; and
α is a normalized, fourth-rank tensor, which represents the orientation of the Raman mode.
Similarly, the incident electric fields are also expressed as the product of the amplitude, E(ω), and
the directional unit vector, êE. In this paper, only parallel, linear polarization is considered for
all electric fields. As shown in the optical scheme of the polarization-controlled CARS system
(Fig. 1), the input polarization is rotated by an achromatic half-wave plate, and the resulting
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electric field directional unit vector can be expressed as êE(η) a function of the polarization angle,
η. The CARS polarization vector in Eq. (1) can be rewritten as a product of a frequency-dependent
scalar and a polarization-angle dependent vector

PCARS(ω, η) =
{
χ(ω)EpuE∗SEpr

}{
αêpuE (η)ê

S
E(η)ê

pr
E (η)

}
=

{
χ(ω)EpuE∗SEpr

}
A(η)

(2)

The i-th element of A(η) is expressed as Ai =
∑

j,k,l αijkle
pu
j eSke

pr
l , where i, j, k, and l are either 1

or 2, which are two in-plane components because the out-of-plane component of the electric
fields is not considered in this paper.

Fig. 1. (a) An optical scheme of a polarization-controlled CARS system. All incident
beams are parallel polarized by the input polarizer (P1). The input achromatic half-wave
plate (HWP1) rotates the input polarization at the sample by η. A CARS signal is generated
at the entrance of the sample and then propagates through the birefringent medium. The fast
axis (n1) of the birefringent medium is aligned parallel to the polarization direction of P1.
The CARS output passes through the output waveplate (HWP2), which is synchronously
rotated with HWP1, and through the output polarizer (P2), which is aligned parallel to P1.
(b) An illustration of phase delay, δ, occurring to the CARS output electric field after it
passes through the birefringent medium, which is assumed to be uniaxial in this paper. (c)
CARS spectra simulated for various δ when η = 45◦. (d) Raman susceptibility spectra
retrieved from (c) by the Kramers–Kronig (KK) method without birefringence correction.

The medium is considered to be uniaxial birefringent, which is the simplest and the most
common type of birefringence. It is assumed that the χ is also uniaxial and parallel to the
birefringence axis. Then, the fully linear polarization configuration of this study can be described
with physical quantities projected onto two orthogonal axes: the fast axis, n̂1, and the slow axis,
n̂2, as displayed in Fig. 1. When a CARS electric field, Ein

CARS, which is induced by PCARS, passes
through the birefringent medium, phase delay (δ) occurs between the two projected electric fields,
Eout
CARS,1 and Eout

CARS,2. The output electric field is expressed as

Eout
CARS = (E

in
CARS · n̂1)n̂1 + eiδ(Ein

CARS · n̂2)n̂2 (3)

The output electric field passes through analyzing polarization optics, which consist of an
analyzing half-wave plate rotated parallel to the incident half-wave plate and a polarizer aligned
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parallel to the incident polarizer. Then, the detected CARS signal intensity is expressed as

ICARS ∝ |Eout
CARS · êE(η)|

2 ∝ |(PCARS · n̂1)(n̂1 · êE) + eiδ(PCARS · n̂2)(n̂2 · êE)|2 (4)

The CARS intensity can also be expressed in a generalized form as

ICARS(ω, η, δ) = K(ω)|X(ω, η, δ)|2 (5)

K(ω) ≡ C |EpuE∗SEpr |
2 is a coherent stimulation profile, where |EpuE∗SEpr |

2 represents the product
of the spectral convolution of the three electric fields, and C is the detector response function.
X(ω, η), an effective CARS susceptibility, can be expressed as a product of a frequency-dependent
term and a polarization angle-dependent term as

X(ω, η, δ) ≡ χ(ω)
{
(A · n̂1)(n̂1 · êE) + eiδ(A · n̂2)(n̂2 · êE)

}
(6)

The nonlinear CARS susceptibility can be considered as a sum of a vibrationally resonant
susceptibility and a nonresonant background susceptibility. A resonant susceptibility, Xr(ω, η, δ),
is expressed as a complex number whose imaginary part is equivalent to the corresponding
spontaneous Raman peak. A nonresonant susceptibility, Xnr(η, δ), is represented with a
frequency-independent real number.

ICARS(ω, η, δ) = K(ω)|Xr(ω, η, δ) + Xnr(η, δ)|2 (7)

where

Xr(ω, η, δ) =
∑
k

{
χ′k(ω) + iχ

′′
k (ω)

}{
(Ak · n̂1)(n̂1 · êE) + eiδ(Ak · n̂2)(n̂2 · êE)

}
(8)

Xnr(η, δ) = χnr
{
(Anr · n̂1)(n̂1 · êE) + eiδ(Anr · n̂2)(n̂2 · êE)

}
(9)

where Xr is expressed as a sum of resonant susceptibilities; χ′k and χ
′′
k are, respectively, the real

and imaginary amplitudes of the resonant susceptibility of the k-th Raman mode; and χnr is
the nonresonant susceptibility amplitude. Note that the superscript "r" is removed in describing
the resonant susceptibility for simplicity while "nr" remains in superscripts for the nonresonant
susceptibility. The nonresonant background susceptibility is generated by anisotropic electronic
response of the medium, and its contribution often dominates over the coexisting resonant
susceptibility. Due to difference in symmetry origin, polarization angle dependence is different
between the nonresonant and resonant susceptibilities [25].

The coherent stimulation profile, K(ω), in Eq. (5) can be removed by a separate measurement
of a CARS spectrum from reference material, e.g., glass and water, chosen to have a negligible
resonant susceptibility compared to its nonresonant susceptibility. When a sample CARS
spectrum is divided by the reference CARS spectrum, Iref(ω) = K(ω)|χref |2, where χref is a real
number,

ICARS(ω, η, δ)
Iref(ω)

=

����Xr(ω, η, δ)
χref

+
Xnr(η, δ)
χref

����2 (10)

It is noted that the resonant and the nonresonant susceptibilities of a sample can be expressed
as relative values to the nonresonant susceptibility of the reference material. Similar usage of
the reference spectrum will be discussed later with the Kramers–Kronig (KK) phase retrieval
method.
In the absence of birefringence, the imaginary component in

{
Xr(ω, η) + Xnr(η)

}
is solely

contributed by χ′′(ω) while the nonresonant susceptibility is a real, frequency-independent
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number. This allows for the KK phase retrieval method to produce the χ′′(ω) spectrum, which
corresponds to the spontaneous Raman spectrum [26], at each polarization angle. Then, a
polarization angle profile of a specific Raman peak can be easily obtained and used for further
analysis. However, in the presence of birefringence, phase delay in eiδ mixes the real and
imaginary susceptibilities and results in destructive interference of the CARS electric fields
between the fast and slow axes. Therefore, the resulting KK-retrieved spectra significantly deviate
from their corresponding birefringence-free KK-retrieved spectra.
Figures 1(c) and 1(d) show simulated CARS spectra and their direct KK-retrieved outputs,

respectively, for various phase delays. The overall CARS intensity at the diagonal polarization
angle (η = 45◦) is significantly reduced as the phase delay increases from 0 to π. The height and
the shape of Raman peaks in the KK-retrieved spectra also change significantly with the phase
delay, depending on both the input polarization angle and the group symmetry of each Raman
mode. The interference can cause retrieved peaks to become negative, which is not physical, as
shown in Fig. 1(d). This complex interference in polarization-controlled CARS signals from
a birefringent medium makes it challenging for quantitative analyses. That is why only CARS
spectra measured at two polarization angles (parallel to n̂1 and n̂2) can be used for spectral
characterization without being affected by birefringence.

2.2. Nonresonant susceptibility and phase delay

In this section, it will be explained how to determine Xnr(η, δ) from the nonresonant CARS
intensity. In the following section, such determined Xnr(η, δ) will be used to calculate Xr(η, δ).
Also, a method to determine the phase delay in situ by analyzing the nonresonant CARS intensity
will be introduced. As described for Eq. (2), the nonresonant polarization angle dependence
vector, Anr, can be expressed with the corresponding nonresonant angular unit tensor, αnr.
Because only parallel polarization of the incident beams and the detected signal is considered,
the two major elements of Anr along the fast and slow axes can be expressed as

Anr
1 (η) = α

nr
1111 cos3 η + (αnr

1122 + α
nr
1221 + α

nr
1212) cos η sin2 η

Anr
2 (η) = (α

nr
2211 + α

nr
2112 + α

nr
2121) cos2 η sin η + αnr

2222 sin3 η
(11)

It should be noted that the eight nonzero elements of αnr
ijkl are used because χ is assumed to be

uniaxial. Then, αnr
ijkl can be simplified into the four following susceptibility elements

χnr11 = χnr αnr
1111

χnr12 = χnr(αnr
1122 + α

nr
1221 + α

nr
1212)

χnr21 = χnr(αnr
2211 + α

nr
2112 + α

nr
2121)

χnr22 = χnr αnr
2222

(12)

where χnr12 can be considered as equal to χnr21 because of the equivalency of the sub-components
αnr
ijkl = α

nr
ljki = α

nr
ikjl = α

nr
lkji. Then, X

nr(η, δ) can be simplified as

Xnr(η, δ) =
[
(χnr11 − 2χ

nr
12 + χ

nr
22) cos4 η + (2χnr12 − 2χ

nr
22) cos2 η + χnr22

]
+ (eiδ − 1)

[
(χnr22 − χ

nr
12) cos4 η + (χnr12 − 2χ

nr
22) cos2 η + χnr22

] (13)

Then, the nonresonant background (NRB) CARS intensity, INRB, divided by the reference CARS
intensity, Iref, can be expressed as a sum of cosine functions as

INRB(ω, η, δ)
Iref(ω)

=
|Xnr(η, δ)|2

|χref |2

= N8 cos8 η + N6 cos6 η + N4 cos4 η + N2 cos2 η + N0

(14)
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where the polynomial coefficients N2n can be expressed as combinations of χnrij and cos δ. It
should be noted that χnrij is a relative value to χref, hereafter.
When an observed polarization profile of INRB/Iref is fitted with Eq. (14), the obtained

coefficients N2n can be used to determine the three unknown susceptibility elements (χnr11, χ
nr
12,

and χnr22) and the phase delay, δ, based on the following relations

N8 =
(
χnr11

)2
+

(
χnr22

)2
+ 2(1 + cos δ)

{ (
χnr12

)2
− χnr11 χ

nr
12 + χ

nr
11 χ

nr
22 − χ

nr
12 χ

nr
22

}
− 2χnr11 χ

nr
22 (15)

N6 = −4
(
χnr22

)2
+ 2(1 + cos δ)

{
−2

(
χnr12

)2
+ χnr11 χ

nr
12 − 2χ

nr
11 χ

nr
22 + 3χ

nr
12 χ

nr
22

}
+ 4χnr11 χ

nr
22 (16)

N4 = 6
(
χnr22

)2
+ 2(1 + cos δ)

{ (
χnr12

)2
+ χnr11 χ

nr
22 − 3χ

nr
12 χ

nr
22

}
− 2χnr11 χ

nr
22 (17)

N2 = −4
(
χnr22

)2
+ 2(1 + cos δ)

{
χnr12 χ

nr
22

}
(18)

N0 =
(
χnr22

)2 (19)

First, it is straightforward to find χnr11 and χ
nr
22 from INRB(0) and INRB( π2 ), respectively

(χnr22)
2 = N0 (20)

(χnr11)
2 = NT = N8 + N6 + N4 + N2 + N0 (21)

These two coefficients will be needed for birefringence correction of the resonant susceptibility
in the next section.
From Eqs. (18) and (19), cos δ can be expressed with χnr12,

χnr12 =
N2 + 4

(
χnr22

)2
2(1 + cos δ)χnr22

=
N2 + 4N0

2(1 + cos δ)
√
N0

(22)

Inserting this into Eq. (17) yields a quadratic equation with respect to cos δ as

cos δ =
(
N4 + 3N2 + 6N0

4
√
NTN0

−
1
2

)
±

√(
N4 + 3N2 + 6N0

4
√
NTN0

+
1
2

)2
−
(N2 + 4N0)2

4N0
√
NTN0

(23)

Equation (23) generates two solutions for cos δ, and each cos δ has two solutions for δ. Unfor-
tunately, it is not possible to determine which δ value out of four solutions is the correct one
only by this NRB intensity analysis. Additional measurements are needed to narrow down the
choice of δ, such as a conventional polarimetric measurement [23,24]. In fact, phase delay can be
measured by simultaneously measuring one of the incident beams while polarization-controlled
CARS spectra are acquired. Once cos δ is determined, χnr12 can also be determined from Eq. (17)
although it is not used for birefringence correction in the following sections. It must be noted
that, despite the degeneracy of δ, this method of Eq. (23) can measure the phase delay at the
identical sample location for the same CARS generation configuration.
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3. Birefringence correction

3.1. Resonant susceptibility

The resonant susceptibility can be discussed in a similar way to the nonresonant effective
susceptibility except that the resonant susceptibility amplitude is a complex number. From Eq.
(8),

Xr(ω, η, δ) =
∑
k

[{
χ′k + iχ

′′
k

}{
(αk

11 − 2α
k
12 + α

k
22) cos4 η + (2αk

12 − 2α
k
22) cos2 η + αk

22

}
+(eiδ − 1)

{
χ′k + iχ

′′
k

}{
(αk

22 − α
k
12) cos4 η + (αk

12 − 2α
k
22) cos2 η + αk

22

}] (24)

where αk
11 = α

k
1111; α

k
12 = (α

k
1122 +α

k
1221 +α

k
1212); α

k
21 = (α

k
2211 +α

k
2112 +α

k
2121); and α

k
22 = α

k
2222.

Also, αk
12 is considered to be equal toα

k
21 based on the equivalency of the permuted sub-component,

similar to the relation for nonresonant tensor elements of αnr
12 = α

nr
21. Then, for simplicity, the

real and the imaginary susceptibility amplitudes are combined with the polarization-dependent
tensor elements as

χ′ij =
∑
k
χ′kα

k
ij

χ′′ij =
∑
k
χ′′k α

k
ij

(25)

Back to the CARS intensity of Eq. (10), the total CARS intensity divided by the reference CARS
intensity can be expressed as a sum of cosine polynomials.

ICARS(ω, η, δ)
Iref(ω)

= M8 cos8 η +M6 cos6 η +M4 cos4 η +M2 cos2 η +M0 (26)

Then, CARS spectra corresponding to the fast axis (η = 0) and the slow axis (η = π
2 ) can be

expressed straightforwardly as

ICARS(ω, 0, δ)
Iref(ω)

= MT = M8 +M6 +M4 +M2 +M0 =

(
χ′11 + χ

nr
11

)2
+

(
χ′′11

)2
(27)

ICARS(ω, π2 , δ)
Iref(ω)

= M0 =

(
χ′22 + χ

nr
22

)2
+

(
χ′′22

)2
(28)

It is noted that, at these two polarization angles, there is no birefringence-caused interference.

3.2. Kramers–Kronig (KK) retrieval

The KK phase retrieval method uses the phase relationship between the CARS signal and the
NRB to extract the imaginary component of the total CARS susceptibility from the total CARS
intensity spectrum [27,28]. In KK retrieval, the phase of the total CARS/ref susceptibility,
φCARS/ref, can be calculated by the Hilbert transform with ICARS(ω, η, δ)/Iref(ω, δ) as

φCARS/ref (ω, η, δ) = Ĥ
{1
2

ln
ICARS(ω, η, δ)

Iref(ω)

}
= arg{X(ω, η, δ)} − arg{χref} ≈ arg{X(ω, η)}

(29)



Research Article Vol. 28, No. 7 / 30 March 2020 / Optics Express 9165

where Ĥ is the Hilbert transform, and arg{ } denotes the angle of the complex value. Then, the
KK-retrieved spectrum, χKK(ω, η, δ), can be expressed as

χKK(ω, η) = K̂
{
ICARS(ω,η,δ)

Iref(ω)

}
=

√
ICARS(ω,η,δ)

Iref(ω) eiφCARS/ref

=
|X(ω, η, δ)|ei arg{X(ω,η,δ)}

|χref |
=
X(ω, η, δ)
|χref |

(30)

where χKK is a relative value of X to χref.
As briefly mentioned earlier, in the presence of phase delay, the imaginary component of the

nonresonant susceptibility contribution becomes nonzero (See Eq. (13)), and the real and the
imaginary component of the resonant susceptibility mix with each other. When birefringence
mixes the real and imaginary components, it breaks causality in the time domain, which is the
basic requirement of the KK phase retrieval. Therefore, in birefringent samples, only CARS
spectra corresponding to η = 0 and η = π

2 can be processed with the KK phase retrieval because
the spectra are not affected by birefringence-induced interference. Then, from Eqs. (27) and
(28), the CARS spectra at η = 0 and η = π

2 can be constructed with the fitting coefficients of
cosine polynomials introduced in Eq. (26). A direct KK operation, denoted as K̂ { }, on the two
CARS spectra will generate the total CARS susceptibility as

χKK(ω, 0, δ) = K̂ {MT} =

{
χ′11 + χ

nr
11

}
+ i

{
χ′′11

}
(31)

χKK(ω, π2 , δ) = K̂
{
M0

}
=

{
χ′22 + χ

nr
22

}
+ i

{
χ′′22

}
(32)

From the real and the imaginary components of the KK outputs,

χ′′11 = Im
[
K̂

{
MT

}]
(33)

χ′11 = Re
[
K̂

{
MT

}]
− χnr11 (34)

χ′′22 = Im
[
K̂

{
M0

}]
(35)

χ′22 = Re
[
K̂

{
M0

}]
− χnr22 (36)

where χnr11 and χ
nr
22 are separately determined earlier by analyzing INRB(η) in the previous section.

3.3. Depolarization ratios

In spontaneous Raman spectroscopy, depolarization ratio, defined as the ratio of parallel and
perpendicular polarization Raman intensities, has been used to characterize the group symmetry
of a Raman mode [29]. Similarly, in coherent Raman spectroscopy, the depolarization ratio is
used to describe the symmetry of a nonlinear susceptibility isotropic media [24,30–32] as well
as anisotropic media [5,15]. In this paper, two different depolarization ratios are defined as the
ratios of nonlinear CARS susceptibility tensor elements and use them to characterize Raman
modes. The depolarization ratios will also be used to eliminate the birefringence effect and to
reconstruct a birefringence-corrected polarization Raman spectrum.
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In this CARS system from a uniaxial birefringent material, the imaginary component of a
resonant susceptibility tensor has three nonzero elements, χ′′11, χ

′′
12, and χ′′22, which are used

definition of two different depolarization ratios as

β ≡ χ′′22

/
χ′′11, γ ≡ χ′′12

/
χ′′11 (37)

where β is the diagonal depolarization ratio, and γ is the off-diagonal depolarization ratio.
In theory, the identical ratios can be calculated with the real components, χ′′11, χ

′′
12, and χ′′22.

However, in reality, the dispersive functional shape of a real component results in numerical
singularity due to division-by-zero at the resonant frequency.

The values of β can be easily determined from the direct KK-retrieved spectra shown in from
Eqs. (33) and (35) as

β(ω) = Im

[
K̂

{
M0

}]/
Im

[
K̂

{
MT

}]
(38)

Unlike β, however, γ requires very long and complicated expressions ofM2n. To find a way to
relate γ withM2n, it is very useful to replace (χ′ij + χ

nr
ij )+ iχ

′′
ij with χij and to treat it like a vector

with the following definitions

|χij |
2 ≡ (χ′ij + χ

nr
ij )

2 + (χ′′ij )
2 (39)

〈χij · χkl〉 ≡ (χ
′
ij + χ

nr
ij )(χ

′
kl + χ

nr
kl ) + χ

′′
ij χ
′′
kl (40)

〈χ†ij · χkl〉 ≡ χ′′ij (χ
′
kl + χ

nr
kl ) − (χ

′
ij + χ

nr
ij )χ

′′
kl (41)

Then, Eq. (24) can be simplified as

X = Xr + Xnr

= χ11 cos4 η + χ12(1 + e
iδ) cos2 η sin2 η + χ22e

iδ sin4 η
(42)

From Eq. (26),

ICARS
Iref

=
1
χref
|χ11 cos4 η + χ12(1 + e

iδ) cos2 η sin2 η + χ22e
iδ sin4 η |2 (43)

Then, M2n can be expressed as

M8 =|χ11 |
2 + 2|χ12 |

2 + |χ22 |
2 − 2〈χ11 · χ12〉 − 2〈χ12 · χ22〉

+ 2 cos δ
(
|χ12 |

2 − 〈χ11 · χ12〉 + 〈χ11 · χ22〉 − 〈χ12 · χ22〉
)

+ 2 sin δ
(
−〈χ†11 · χ12〉 + 〈χ

†

11 · χ22〉 − 〈χ
†

12 · χ22〉
) (44)

M6 = − 4|χ12 |
2 − 4|χ22 |

2 + 2〈χ11 · χ12〉 + 6〈χ12 · χ22〉

+ 2 cos δ
(
−2|χ12 |

2 + 〈χ11 · χ12〉 − 2〈χ11 · χ22〉 + 3〈χ12 · χ22〉
)

+ 2 sin δ
(
〈χ†11 · χ12〉 − 2〈χ

†

11 · χ22〉 + 3〈χ
†

12 · χ22〉
) (45)

M4 =2|χ12 |
2 + 6|χ22 |

2 − 6〈χ12 · χ22〉

+ 2 cos δ
(
|χ12 |

2 + 〈χ11 · χ22〉 − 3〈χ12 · χ22〉
)

+ 2 sin δ
(
〈χ†11 · χ22〉 − 3〈χ

†

12 · χ22〉
) (46)
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M2 = −4|χ22 |
2 + 2〈χ12 · χ22〉 + 2 cos δ〈χ12 · χ22〉 + 2 sin δ〈χ†12 · χ22〉 (47)

M0 = |χ22 |
2 (48)

By rearranging the coefficients, the following simple expressions are obtained

Ma =
1
2 (M6 + 2M4 + 3M2 + 4M0) = (1 + cos δ)〈χ11 · χ12〉 + sin δ〈χ†11 · χ12〉 (49)

Mb =
1
2 (M2 + 4M0) = (1 + cos δ)〈χ12 · χ22〉 + sin δ〈χ†12 · χ22〉 (50)

In order to calculate χ′′12, Eq. (49) is rearranged using the definitions of Eqs. (40) and (41)

Ma =

{
(1 + cos δ)(χ′11 + χ

nr
11) + sin δχ′′11

}
(χ′12 + χ

nr
12)

+

{
(1 + cos δ)χ′′11 − sin δ(χ′11 + χ

nr
11)

}
χ′′12

(51)

Similarly, Eq. (50) is rearranged

Mb =

{
(1 + cos δ)(χ′22 + χ

nr
22) − sin δχ′′22

}
(χ′12 + χ

nr
12)

+

{
(1 + cos δ)χ′′22 + sin δ(χ′22 + χ

nr
22)

}
χ′′12

(52)

After (χ′22 + χ
nr
22) is eliminated from Eqs. (51) and (52), χ′′12 can be determined as

χ′′12 =
PMa − QMb

2(1 + cos δ)
[
cos δ〈χ†11 · χ22〉 − sin δ〈χ11 · χ22〉

] (53)

where
P = (1 + cos δ)(χ′22 + χ

nr
22) − sin δχ′′22 (54)

Q = (1 + cos δ)(χ′11 + χ
nr
11) + sin δχ′′11 (55)

Then, γ can be calculated as

γ =
χ′′12
χ′′11
=

PMa − QMb

2(1 + cos δ)χ′′11

[
cos δ〈χ†11 · χ22〉 − sin δ〈χ11 · χ22〉

] (56)

It is noted that the birefringence-corrected polarization Raman spectrum of Eq. (57) is non-
iteratively determined at each frequency independently without requiring any knowledge of
the shape or bandwidth of underlying Raman peaks. At the same time, it also needs to be
reiterated that the degeneracy in δ can result in multiple solutions of γ unless δ is independently
confirmed by a separate polarimetric measurement, as mentioned in Section 2.2. The two
depolarization ratios, β and γ, indicate the symmetrical nature of the interrogated Raman mode
quantitatively. Finally, using β and γ determined from Eqs. (38) and (56), respectively, the
birefringence-corrected polarization Raman spectrum, χ′′BC(ω, η), can be reconstructed as

χ′′BC(ω, η) = χ′′11(ω)
[{
1 − 2γ(ω) + β(ω)

}
cos4 η + 2

{
γ(ω) − β(ω)

}
cos2 η + β(ω)

]
(57)

The coefficients of cos2n η can be used to characterize the molecular orientation distribution
function furthermore [20].
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4. Application to polarization CARS simulation data

This newly developed analytical method of birefringence correction is tested with two simulation
datasets of polarization-controlled CARS spectra. The first dataset is intended to show if the
result matches the expected output parameters. The second dataset represents more realistic data,
which contain noise and are acquired at discrete polarization angles.

4.1. Two overlapping peaks with different depolarization ratios

The first dataset is generated with two Raman peaks that are closely located to each other but
with different depolarization ratios. One Raman peak has a greater CARS susceptibility along
the fast axis while the other Raman peak, along the slow axis. The nonresonant susceptibility is
assumed to be stronger along the slow axis. Figure 2(a) shows the total CARS spectra at four
different polarization angles. Due to destructive interference, the CARS intensity at diagonal
polarization angles (η = 30◦ and η = 60◦) are found lower than the parallel or perpendicular
polarization angles (η = 0◦ and η = 90◦). The interference effect is more clearly shown in
the polar plot of the total CARS intensity in Fig. 2(b). The interference still remains in the
uncorrected susceptibility retrieved by the direct KK method, as shown as dips near η = 45◦
in the polar plots of the uncorrected susceptibility at the peak frequencies of Fig. 2(d). On the
other hand, the birefringence-corrected susceptibility, calculated with Eq. (57), show no dips in
the polar plots in Fig. 2(f). Also, the peaks in Fig. 2(e) can be deconvoluted into two original
Gaussian peaks that have common center frequencies and the common FWHMs for different η,
which is not the case in the uncorrected susceptibility plots in Fig. 2(c).

As mentioned before, during the calculation, two depolarization ratios, β and γ, are calculated
and used for birefringence correction at each frequency. Figures 2(h) and 2(g) show the plots of
β and γ, respectively. The plots show that both depolarization ratios stay constant where a single
peak is dominant and show a smooth transition from one value to the other value where the two
peaks are overlapping. Those flat values are very close to the original input values, indicated as
the horizontal dashed lines. The birefringence correction results show that this analytical method
can not only reproduce the birefringence-free polarization Raman spectra but also provide new
metrics of the Raman mode symmetry even where multiple Raman modes overlap.

4.2. Noise-added CARS spectra at discrete polarization angles

The second dataset is designed to simulate more realistic polarization-controlled CARS data.
Figure 3 shows six CARS spectra calculated for different polarization angles. Also, shot noise
is added to a CARS signal. For emulation of anisotropic organic material, a set of input
peak parameters are inferred from the polarization-controlled Raman spectra observed from a
semi-crystalline polyethylene film [4]. The simulation dataset consists of eight Gaussian peaks
with four different types of Raman symmetries, of which the depolarization ratios are arbitrarily
set for the calculation purpose.
At each frequency, six CARS intensities are fitted with the cosine polynomials of Eq. (26).

Figures 3(b)–3(e) show the CARS intensity data points and the cosine polynomial fitting curves
at four representative frequencies. The shifted phase of η indicates that the optical axis of the
sample is tilted by 20◦. Nonresonant susceptibilities are determined by the cosine polynomial
fitting of the average value of the CARS intensities at 700 cm−1 and 1850 cm−1, which are
assumed to have a negligible contribution from resonant susceptibility compared to nonresonant
one. While the nonresonant susceptibilities are determined, the phase delay for this dataset is
determined as 92.8◦, which is close to the input value of 90◦. Using the coefficients, M(2n),
two CARS spectra corresponding to the fast axis and the slow axis are calculated from Eqs.
(27) and (28). Their KK results are converted into the real and the imaginary components of
resonant susceptibilities from Eqs. (33)–(36). These results andM2n are used to calculate the
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Fig. 2. (a) CARS spectra simulated at various polarization angles using two overlapping
Raman peaks with different polarization tensors using the following input parameters:
δ = 2

3π; for the NRB: χ
nr
11 = 7.5, χnr12 = 9, and χnr22 = 10. Gaussian functions are used for

the imaginary component of the two peaks centered at 995 cm−1 and 1005 cm−1 with the
full-width-half-maximum (FWHM) of 10 cm−1. For the 995 cm−1 peak: χ11 = 2, χ12 = 1.4,
and χ22 = 0.8. For the 1005 cm−1 peak: χ11 = 0.8, χ12 = 1.4, and χ22 = 2. (b) Polar plots
of CARS intensity at the two center frequencies. The increment of (c) Uncorrected resonant
susceptibility retrieved by the direct KK retrieval method of Eq. (30) without birefringence
correction. (d) Polar plots of the uncorrected resonant susceptibilities at the two center
frequencies. (e) Resonant susceptibility reconstructed after birefringence correction using
Eq. (57), which used a phase delay (cos δ = −0.50) determined from the CARS data with
Eq. (23). (f) Polar plots of the birefringence-corrected resonant susceptibility at the two
center frequencies. (g) and (h) Spectra of depolarization ratios, γ and β. The values are
calculated where χ′′11 is above a threshold of 0.02. The dashed horizontal lines next to the
ordinates in (g) and (h) indicate the expected values based on input parameters.
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Fig. 3. (a) Six CARS spectra calculated with 30◦ increment of η. A random noise of 5% of
√
ICARS is added a CARS signal, mimicking a shot noise. The input phase delay used for

simulation is δ = π/2. (b)–(e) Six data points at the specified frequencies (the scatters) are
fitted with Eq. (26) (the solid lines). (f)–(i) Birefringence-corrected resonant susceptibility
at the corresponding frequencies. (j) Birefringence-corrected resonant susceptibility spectra
at the six polarization angles. (k) and (l) Plots of the two depolarization ratios, β and γ,
respectively, where spectral data are used only when χ′′11 or χ′′22 is above a threshold of
0.1. (m) The polarization angle-averaged susceptibility calculated with Eq. (57). The four
different colors of polar plots correspond to the four different pairs of β and γ, which are
also indicated as the arrows in (a) and (j).
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depolarization ratios at each frequency, which are shown in Figs. 3(k) and 3(l), respectively. Then,
finally, the birefringence-corrected polarization-dependent resonant susceptibility spectra can be
calculated from Eq. (57). Figure 3(j) shows the birefringence-corrected resonant susceptibility
spectra at different η, and Figs. 3(f)–3(i) show polar plots of birefringence-corrected resonant
susceptibility at the frequencies corresponding to Figs. 3(b)–3(e).

From the spectra of depolarization ratios in Figs. 3(k) and 3(l), it is noted that noise propagation
to γ appears to be greater than to β probably because of the more complex formulation of γ
with the fitting parameters and the resonant and nonresonant susceptibilities. Regarding the
implication of the symmetry of a Raman mode, the peak centered at 1130 cm−1 (green-colored)
shows that β = 0.25 and γ = 0.5. This means that χ′′11 is greater than χ′′12 and χ′′22 and that
the Raman mode is aligned along n1 and the off-diagonal tensor element is relatively small.
Similar values of β and γ are found for the 1418 cm−1 (green-colored), which makes the peak
treated as the same type of Raman symmetry as the 1130 cm−1 peak. On the other hand, the
weak 1160 cm−1 peak shows a quite different value in β = 4, indicating that the Raman mode is
perpendicular to n1. Although γ is larger than one, it is still smaller than β, which means that the
off-diagonal tensor element, χ′′12, is smaller than the dominant diagonal element, χ′′22.
The Raman symmetry of the (purple-colored) peaks centered at 1070 cm−1, 1300 cm−1, and

1372 cm−1 are different from the 1130 cm−1 peak (green-colored). While both groups show
χ′′11 is the dominant diagonal elements, the off-diagonal element, χ′′12, is comparable to the
dominant diagonal element, χ′′11. Therefore, the 1130 cm−1 mode and the 1070 cm−1 mode must
be considered as different Raman symmetries. The peaks centered at 1442 cm−1 and 1468 cm−1
(blue-colored) exhibits a quite different behavior from the other peaks in that the off-diagonal
element, χ′′12, is two times greater than the diagonal elements, χ′′11 and χ

′′
22, which is shown as the

maximum value at the diagonal polarization angle in the corresponding polar plot (See Fig. 3(i).
The birefringence correction results shown in Fig. 3 suggest that the analytical method works
well only with six polarization-controlled CARS spectra in the presence of noise.

The output of this birefringence-correction method can also be used to generate a polarization-
averaged Raman spectrum, which is considered as system-independent. By integrating Eq. (57)
with respect to η, the polarization-averaged Raman spectrum is expressed as

〈χ′′BC〉η(ω) =
1
π

∫ π

0
χ′′BC(ω, η) dη = Im

[
K̂

{
MT

}] (
3
8 +

1
4γ +

3
8 β

)
(58)

This can be considered as the Raman spectrum expected from uniformly distributed molecules
in the polarization plane when linearly polarized excitation and detection are used. However,
it should be noted that a polarization-averaged Raman spectrum can change if the average
out-of-plane angle is different. Therefore, a polarization-averaged Raman spectrum can be used
to determine the average out-of-phase angle of a probed pixel in a polarization-controlled CARS
image.

5. Conclusion

I have analytically described the birefringence effect on a polarization-controlled CARS output
and have introduced a new method to eliminate the birefringence contribution from polarization-
controlled CARS data by using cosine polynomial fittings and the KK phase retrieval method.
Specifically, the birefringence effect on a CARS signal propagating through a uniaxially symmet-
rical medium has been considered. This new analytical method does not require any iterative
optimization or a priori knowledge of the shapes, positions, or group symmetries of underlying
Raman peaks. In addition to birefringence-corrected Raman spectra, two depolarization ratios
are calculated at each frequency, and they can be used to characterize the molecular symmetry of
the underlying Raman mode and the orientation distribution. This method is tested with two sets
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of polarization-controlled CARS data simulated with various combinations of symmetries of the
underlying Raman modes. The analysis results not only highlight birefringence correction in
polarization-controlled CARS analysis but also unravel the symmetry parameters of individual
Raman modes.
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