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Abstract

The orthogonal superposition (OSP) technique is advantageous for measuring structural dynamics in complex fluids
subjected to a primary shear flow. This technique superimposes a small-amplitude oscillation orthogonal to a primary
shear flow to measure the real and imaginary components of the complex shear modulus. The commercial availability
of OSP geometries and bi-axial transducers is expected to increase its adoption as a more routine rheological tech-
nique. It is important to understand calibration procedures and the influence of intrinsic inhomogeneous flow fields,
residual pumping flow effects, and boundary forces at the leading edges of the geometry components on experimental
error and measurement uncertainty. In this work, we perform calibration measurements of viscosity standards on a
commercial shear rheometer using a double-wall concentric cylinder geometry. Newtonian calibration fluids with
viscosities that range from 0.01 to 331 Pa s are used to obtain the end-effect factors in primary steady shear and
orthogonal oscillatory shear directions. The corrections needed for the viscosity measured in steady shear range from
16 to 21%; whereas for the orthogonal complex viscosity, the errors range from 19 to 25%. Computational fluid
dynamics simulations are used to understand the relationship between the end-effect corrections, OSP flow cell, and
the imposed shear flow fields. We show that approximate linear shear deformation profiles are attained, in the double
gap, for both primary rotational shear and orthogonal oscillatory shear deformation, with only a slight deviation for the
fluid in the vicinity of the bob ends. We also present information on the velocity, pressure, and shear rate distributions
for fluid within the entire flow cell. The overestimation of the orthogonal viscosity is attributed to the pressure forces
exerted on the bob end surfaces (9%) and a higher shear rate in the double gap that leads to higher viscous stresses on
the bob cylindrical surfaces (8%). The Newtonian fluid field information provides a benchmark for future simulations
involving non-Newtonian fluids. Additionally, the operational knowledge (i.c., consistent sample filling) and measure-
ment window (i.e., viscosity and frequency) described within are critical for proper use of the instrument and mea-
surement accuracy.
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Introduction
B il e i o T The onthogonal superposiion (OSP) g, which i
material, which is available to authorized users. volves superimposing a small-amplitude oscillation on a pri-
mary steady shear flow, allows for probing structural changes
>< Ran Tao in complex fluids under nonlinear flow conditions. As the
ran.tao @nist.gov flow in the axial and angular directions are not coupled, the
>4 Aaron M. Forster rate-dependent relaxation spectra measured in the axial direc-
aaron. forster @nist. gov tion directly interrogate flow-induced structures defined by

the primary flow (Vermant et al. 1998; Yamamoto 1971).
The implementation of the modern OSP geometry is the result
of many decades of development. The axial deformation of a
fluid was first achieved by oscillating a rod vertically in a fluid
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container (Birnboim and Ferry 1961; Philippoft 1934; Smith
etal. 1949). The first implementation of orthogonal flow fields
was reported by Simmons (1966) utilizing an open-ended
double-wall Couette (or concentric cylinder) flow cell. In such
a configuration, a thin-walled cylinder performs oscillation in
the axial direction within a concentric outer cylinder that con-
tains a large reservoir which can rotate about the center axis.
To achieve better instrument sensitivity, Tanner and Williams
(1971) modified the device and replaced the flow cell with an
annular pumping geometry, i.e., a simple Couette. In this an-
nular pumping geometry, the fluid flow profile is a combi-
nation of linear axial shear deformation and a pressure-
driven Poiseuille flow from the displacement of fluid by
the closed end of the bob. Major disadvantages were read-
ily identified, e.g., non-uniform shear rate across the annu-
lar gap and possible cavitation of the fluid. Mewis and
Schoukens (1978) developed a similar instrument using a
narrow gap Couette with an opening at the cup bottom to
drain the fluid from the flow cell. Later, Zeegers et al.
(1995) built an apparatus that employed a closed bottom
double-wall Couette geometry, which required less sample
volume than that of Simmons (1966) and reduced the an-
nular pumping effect for simple Couette as used in Tanner
and Williams (1971) and Mewis and Schoukens (1978).
Vermant et al. (1997) utilized a hollow inner cup and a
modified force rebalance transducer on a commercial rhe-
ometer to perform orthogonal superposition measurements
for a wider viscosity range than previous devices. The
pumping effect was minimized because the fluid, displaced
by the bob, was able to flow back and forth between the
annular gap and the inner cup fluid reservoir.

The development of these custom OSP devices has led to
the integration of the OSP hardware and software functional-
ity into a commercial strain-controlled ARES-G2 rheometer
(Franck 2013). The normal force rebalance transducer is mod-
ified to operate as a stress-controlled rheometer, allowing the
shaft to apply axial deformation and measure the axial oscil-
lation force. The axial motion is imposed simultaneously with
the motion of the rotary motor, which is able to induce an
orthogonal oscillatory or steady shear in the angular direction.
The commercial OSP flow cell is a double-wall concentric
cylinder geometry with two annular gaps available, i.e.,
0.5 mm and 1 mm. The design of the flow cell, based on the
early approaches of Simmons (1966) and Zeegers et al. (1995)
and a recent design of Vermant et al. (1997), is optimized to
minimize pumping and reduce surface tension effects at the
fluid surface by the addition of rectangular openings to the
bottom of the inner cylinder and to the top of the bob. The
bottom openings minimize pumping effects, and the top open-
ings reduce surface tension effects (Franck 2013).

The OSP technique has been employed to study various
structured fluids, including polymeric liquids (Mewis et al.
2001; Simmons 1966; Simmons 1968; Tanner and Williams
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1971), surfactant solutions (Khandavalli et al. 2016; Kim et al.
2013), liquid crystalline polymers (Walker et al. 2000), and
colloidal suspensions and glasses (Colombo et al. 2017;
Gracia-Fernandez et al. 2015; Jacob et al. 2015; Jacob et al.
2019; Lin et al. 2016; Mewis and Schoukens 1978; Moghimi
etal. 2019; Potanin et al. 1997; Sung et al. 2018; van der Vorst
et al. 1998). While the commercial instrument makes OSP
research readily available to users, the complex flow cell re-
quires a deeper understanding of the measurement by those
users. For example, despite the rectangular openings, experi-
mental error arises from the intrinsic inhomogeneous flow
field of Couette flow (i.e., shear rate varies across the gap),
pumping flow due to the axial movement of the bob, and
boundary forces at the leading edges of the geometry compo-
nents. In order to compensate for these geometric effects, two
empirical end-effect factors, the orthogonal end-effect factor
and the primary end-effect factor, are implemented within the
geometry constant for the instrument settings. Unfortunately,
the implications of the end-effect correction are not explicitly
provided in any documentation.

Understanding the correction factors due to non-idealized
flow fields in this geometry is important for proper use of the
instrument and obtaining accurate measurements. This is par-
ticularly important for the study of non-Newtonian fluids
where the viscosity may vary by a few orders of magnitude
across a narrow shear rate range. Additionally, for complex
fluids, any variations in the shear strain or shear rate within the
geometry could induce a structural change within the material.
The current work focuses on end-effect factor calibration mea-
surements on a commercial rotational shear rheometer using
viscosity standards that range from 0.01 to 330 Pa s. The
results from the study provide operational knowledge for in-
strument calibration and identification of the measurement
window prior to collecting experimental data. These conclu-
sions are supported by flow field information (i.e., velocity,
pressure, and shear rate) during simulation of Newtonian
fluids in primary or orthogonal flows, which is achieved by
numerical simulations using a finite element method (FEM)
software package and post-processing of simulation results.

Methods
Experimental

Brookfield viscosity standard silicone fluids (Ametek
Brookfield, Middleboro, MA) with different viscosities of
0.0095 Pa s, 0.097 Pa s, 0.99 Pa s, 12.2 Pa s, 58.24 Pa s,
101.76 Pa s, and 331 Pa s at 25.0 °C were measured. The
viscosity of the standard liquid is certified to be £+ 1% of the
reported value by the manufacturer, calibrated using NIST
traceable methods. The manufacturer certified viscosity and
standard deviation of silicone fluids were experimentally
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verified using a 25-mm diameter 0.1 rad cone-plate geometry.
The rheometer manufacturer-recommended torque and nor-
mal force calibrations were performed before the experiments,
which involve hanging a precision weight from either a mo-
ment arm over a pulley or, from a hook, mounted on the
transducer, measuring the torque or the normal force, and
applying the new calibration factors. The experiments were
performed on a strain-controlled ARES-G2 rotational shear
rheometer (TA Instruments, New Castle, DE) available at
NIST. There are two double-wall concentric cylinder geome-
tries currently available for this instrument with a nominal
annular gap width of either 0.5 mm or 1 mm. The schematic
representation of the double-wall Couette cell is shown in
Fig. 1. The bob has three rectangular openings (Fig. 1a) locat-
ed at the top with centerlines spaced 60° apart. The inner
cylinder of the cup has three rectangular openings (Fig. 1b)
located at the bottom with centerlines spaced 60° apart. The
outer cylinder of the cup can be removed from the base for the
ease of cleaning. The vertical cross section of the flow cell is
shown in Fig. 1c with the fluid fill level at the mid-height of
the top opening of the bob. In our experiments, the fluid level
is kept slightly above the top of the bob. The effects of differ-
ent fluid levels on the measurements is addressed in the
“Simulation” section.

A summary of the experimental techniques is provided
below. The fluid was sheared by rotation of the inner and outer
cylinders (cup) in the primary direction, or the axial orthogo-
nal oscillation was applied to the center cylinder (bob).

(a) (b)

Fig. 1 Schematics of (a) the bob, (b) the double-wall cup (the outer
cylinder is shown as translucent), (¢) the vertical cross section of the
OSP double-wall concentric cylinder geometry, displayed for the
0.5 mm gap cell. The center cylinder (bob) is shown in gray. The outer

Calibration factors are not determined when the fluid is
experiencing both primary and orthogonal shear. Torque and
axial force signals were measured via the force rebalance
transducer through the forces exerted by the fluid on the
bob. The deflection angle of the cup was measured by the
optical encoder attached to the motor. The raw torque, axial
force, and displacement signals were extracted from the
manufacturer-supplied software. The nominal shear surface
was the surface area covering the vertical distance between
the top and the bottom openings. Characteristic geometrical
dimensions are illustrated in Fig. 1c, i.e., the inside cup radius
Ry, inside bob radius R,, outside bob radius Rs, inside cup
radius Ry, inner cylinder height /, and the immersed height
or the bob effective length 4. These geometry dimensions
are tabulated in Table 1 and used to calculate the primary
and orthogonal geometry constants. After zeroing the fixture
gap (the separation between the bottom edge of the bob and
the flat surface of the cup), the fixture gap or operating gap for
measurement, was set to the manufacturer specified value of
8 mm, which positions the lower end of the bob at the
same height with the upper rim of the bottom openings in
the inner cylinder (/=4 + 8 mm). It is noted that the inner
gap width (R, — R;) is slightly smaller than the outer gap width
(R4—R53), such a design is intended to compensate for the
radial changes in velocity of the moving cup walls and main-
tain a similar average shear rate in both gaps (Franck 2013).
Steady shear viscosity measurements (primary shear) were
performed by shear rate sweeps within a typical rate range of

(©)

and inner cylinders (cup) are shown in black. The top openings on the bob
and bottom openings on the inner cylinder are depicted by dashed lines.
The light blue region indicates the fluid of interest within the geometry

@ Springer



Rheol Acta

Table 1 Characteristic dimensions of the OSP flow cell represented in
Fig. 1c and measured using a micrometer. The uncertainty is +0.01 mm

Dimension (mm)

Parameters 0.5 mm gap 1 mm gap
Inside cup radius R 13.87 13.86
Inside bob radius R, 14.29 14.70
Outside bob radius R3 16.50 16.04
Outside cup radius Ry 17.00 17.00
Inner cylinder height / 51.65 51.61
Immersed height / 43.65 43.61

approximately 0.01 to 100 s~', where a lower or higher shear

rate range for high or low viscosity liquids, respectively, was
used based on the instrument torque sensitivity limits. The
orthogonal dynamic complex viscosity (orthogonal shear)
was measured by conducting orthogonal frequency sweeps
from 0.1 to 40 rad/s with varying strains from approximately
0.5 to 9.4% for the 0.5 mm gap OSP cell; for the 1.0 mm gap
cell, a strain amplitude range of approximately 0.5 to 5% was
used due to the maximum displacement in oscillation (50 pum).
Orthogonal amplitude sweeps were performed prior to the
frequency sweeps to ensure that the applied strains were line-
ar. Repeatability of the measurement was obtained by
performing the shear rate sweeps and orthogonal frequency
sweeps three times on three different loadings of each viscos-
ity liquid. These viscosity calibration experiments were per-
formed on two different ARES-G2 instruments at NIST using
both geometries. A limited subset of fluids were investigated
for the second rheometer and the 1 mm geometry to identify
differences between similar instruments. All measurements
were performed at 25 °C using the Advanced Peltier System
(TA Instruments) for temperature control (standard deviation
of £0.003 °C). A temperature bath of approximately 11 °C
was used as the thermal sink for the Peltier elements. In order
to minimize thermal gradients in the transducer, the instru-
ment was stabilized (fluid loaded and upper geometry at-
tached) for a minimum of 30 min prior to initiating
measurements.

End-effect factors correction

Two empirical end-effect factors, the primary end-effect factor
¢z and the orthogonal end-effect factor ¢, ,, are incorporated in
the geometry constants K, and K,,,, which are the stress con-
stants in the primary and orthogonal direction, that are used to
compensate for the edge and boundary effects (Franck 2013).
The expressions for K, and K, are as follows:

1

Ki=———F—>+ 1
’ 2mhey, (RS + R3) m
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CLo
Kop= 5 2
27Th(R2 + R3) ( )

The units for the primary stress constant K, and orthogonal
stress constant K, are Pa N ' m ! and Pa N, respectively.
The expressions for the strain constants are, in the primary
direction,

1 1
Ky = R? + R2 3)
1--3 21
R, R
4 1
and in the orthogonal direction,

wa(2)

where R, is the average radius of the bob, i.e., R, ="2(R, +
R3); R, is the difference between R, and the average gap
width, i.e., R,=R; — Ya(R4— Ry). (Vermant et al. 1997) The
strain constants for the 0.5 mm gap cell are K, = 33.43 rad”!
and K., =2136.55 m . The strain constants for the 1 mm gap
cell are K, = 17.24 rad ' and K, =1085.71 m ™"

The measurement error was determined from the
repeatabilty study on each liquid. The propagation of error
related to each end-effect factor was determined by solving
Eq. 1 for ¢, and Eq. 2 for ¢;,,. The combined error for the end-
effect factor was calculated according to ISO/IEC GUIDE 98—
3 (2008) using the online version of the NIST Uncertainty
Machine (Lafarge and Possolo 2015).

K, =

Simulation

The simulation was performed using the computational fluid
dynamics (CFD) module in the COMSOL Multiphysics ver-
sion 5.4 on a Dell Precision Workstation with a 2.1 GHz dual
processor CPU and 32 GB of RAM. Two incompressible
Newtonian fluids with a viscosity of 1 Pa s or 100 Pa s were
modeled in the double-wall concentric cylinder flow cell using
an axisymmetric two-dimensional (2D) model. The laminar
flow physics interface with a time-dependent study was used.
The software numerically solves the model equations, i.e., the
Navier-Stokes equations and the equations for conservation of
mass, for velocity and pressure profiles using a FEM. The
effect of varying the fluid height on the simulation results
was examined. An axisymmetric 2D double-wall Couette ge-
ometry, defined in cylindrical coordinates, with an open top
and an open bottom configuration (the openings depicted by
the dashed lines in Fig. 1c are not present) and dimensions
matching the commercial 0.5 mm gap flow cell was evaluated.
A user-controlled mesh was employed, i.e., a finer mesh size
is applied at the fluid-air interface; a refined mesh was added
to the walls of the double gap; a finer mesh was applied at
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sharp corners (corner refinement). A no-slip boundary condi-
tion was applied to the cup walls. The fluid-air interface was
considered as a free surface using laminar two-phase flow with a
moving mesh boundary condition. A surface tension of 63 mN/
m with a zero mass flux was applied at the fluid-free surface.
The moving mesh method is a convenient approach to model
the free surface as a geometrical surface separating two domains
as long as no topological changes are anticipated. For primary
rotational shear, the swirl flow feature is used to apply the mo-
tion in the rotational direction at a nominal shear rate v =15
For orthogonal oscillatory shear, the motion of the bob was
specified by prescribing the mesh displacement to the bob
boundaries under the moving mesh node with a deforming do-
main. The orthogonal frequency and strain for the oscillating
bob are 5 rad/s and 5%, i.e., w, =5 rad/s and -y, = 0.05, respec-
tively. The results were solved for a total of 2 cycles at an
increment of 0.01 s with the automatic remeshing option en-
abled. See the manufacturer supplied CFD Module User’s
Guide (COMSOL 2018) for detailed information on physics
interface, geometry, meshing, and solver settings.

Results and discussion
Calibration of end-effect factors

The expression for the primary viscosity is

T _K-M (5)

YK, 02
where 7 is the shear stress (Pa), v is the shear rate (s, Mis
the torque (N'm), and {2 is the rotational velocity (rad/s).
According to Eq. 5, the raw data of the torque versus velocity
for Newtonian fluid viscosity standards should be linear as
shown in Fig. 2a. Note that an appropriate shear rate range is
used for each liquid, such that the measured torque is above
the manufacturer-stated minimum transducer torque,
0.1 uN m, for steady shear. Similarly, the orthogonal end-
effect factor ¢;,, is determined by equating the orthogonal
complex viscosity from the orthogonal frequency sweep ex-
periments with the viscosity of the calibration liquids. The
orthogonal complex viscosity, nj, is described as

. G,

L

KTD - F 1
nJ_fwiLfK’Yo.eL.wL (6)
where Gi is the orthogonal complex shear modulus (Pa), w, is
the orthogonal oscillatory shear frequency (rad/s), F', is the
orthogonal oscillation force (N), and 6, is the orthogonal os-
cillation displacement (m). The raw data of orthogonal force
versus the product of orthogonal displacement and frequency

(0, 'w,) are plotted in Fig. 2b for a representative orthogonal
strain amplitude of 0.05 (7, =0.05). The frequency sweep
data at other amplitudes are shown in Fig. S1 for the 12 Pa s
viscosity liquid, indicating that the measurement results are
invariant for all strains. The force resolution limit of the or-
thogonal force transducer is represented by a dashed line in
Fig. 2b, and data below this line (open symbols) have values
that are less than the resolution of the instrument. Data for the
0.01 Pa s viscosity standard is not measurable due to the force
resolution limit of the axial normal force transducer in oscil-
lation, 0.001 N, specified by the manufacturer.

The corrected primary viscosity and orthogonal complex
viscosity are shown in Fig. 2¢ and Fig. 2d. The low-force limit
has been translated as minimum measurable orthogonal com-
plex viscosities, depicted by the dashed line in Fig. 2d. For
either measurement, a Newtonian response, i.e., constant 7(~y )
or 7 (w), is observed for each calibration liquid, and the vis-
cosity for each standard is taken as the average value of the
data across the valid shear rate or angular frequency range.

The previous discussion considers only when the viscosity
of the fluid is sufficient to meet the instrument measurement
resolution. It is important to verify whether the properties of
the fluid, experimental parameters, and the OSP flow cell
dimensions satisfy the gap loading conditions. For the inves-
tigated frequency and silicone fluid viscosities, the shear
wavelength (A;) of the mechanical oscillation in a viscous
medium is calculated following Schrag (1977) and White
and Schrag (1999), and the results are shown in Fig. S2a in
the Supplementary information (ESM 1). The shear wave-
length decreases with the increasing frequency or with de-
creasing viscosity. The Schrag gap loading limit is then exam-
ined in terms of the ratio, (\¢/D), of A, to the gap width (D) for
the two flow cell designs (Fig. S2b). According to Schrag
(1977), the A\/D should be greater than 80 to ensure that there
is no influence of the mechanical properties of the medium on
the measurement results, or the gap loading condition is satis-
fied. In this limit, the shear wave propagates across the gap
without significant damping or phase shift, such that the fluid
away from the driving surface experiences the same oscillato-
ry motion as the fluid in contact with the moving surface. A
combination of low frequency oscillation, high viscosity, or
small gap size is helpful to meet the Schrag gap loading limit.
Those aspects have also been discussed in Ewoldt et al.
(2015), where a general guideline to identify an operating
window is provided. As seen in Fig. S2b, the higher frequency
data for the 0.1 Pa s liquid and the 0.01 Pa s liquid are less than
this limit for both the 0.5 mm and 1.0 mm gap geometries.
Therefore, although these higher frequency data for the
0.1 Pa s silicone are greater than the instrument force resolu-
tion (as shown by the black solid triangles in Fig. 2b), they are
not reliable based on the Schrag gap loading limit analysis.
For the 1.0 mm gap cell, the A\y/D ratio is half of the value for
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Fig. 2 Raw data for viscosity calibration measurements in rotational (a)
and orthogonal (b) directions measured at 25 °C. Corrected steady shear
viscosity as a function of shear rate in the rotational direction (¢) and
corrected orthogonal complex viscosity as a function of frequency in
the orthogonal direction (d). The data shown in (b) and (d) are
frequency sweeps at a representative orthogonal strain of 0.05 (v, =
0.05). The minimum axial force resolution in oscillation for the
instrument is shown by the dashed line in (b). The dashed line in (d)

the 0.5 mm cell, which shifts the gap loading limit to lower
frequencies. Therefore, the applicable frequency range is more
limited for low viscosity materials using the wider gap cell. A
detailed analysis of linear viscoelastic wave propagation is
provided in Schrag’s original paper (Schrag 1977), in which
the expressions for correcting the measured modulus and
phase angle is presented as a function of fluid properties and
positions in the gap. The data outside of the gap loading limit
range may still be used if the corrections are applied for a
strain-controlled rheometer with a separate motor transducer
(Lauger and Stettin 2016).

The primary end factor ¢;, solved by combining Egs. 1 and
5, is plotted versus viscosity in Fig. 3a. The results of ¢,
solved by combining Eqs. 2 and 6 are shown in Fig. 3b.
Both factors are obtained by performing measurements in ei-
ther the primary or orthogonal direction independently (i.e., in
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represents the limit of minimum measurable complex viscosity. Open
symbols represent those below the instrument resolution. Standard
uncertainties of £0.001 uN m for the torque in (a) and 0.001 N for
oscillation force in (b) are assumed based on manufacturer
specifications. The standard uncertainty for the viscosity in (¢) is within
0.6% of the measurement, and for complex viscosity in (d) is within
0.1%. Different colors and symbols represent measurements performed
on different viscosity standards. View in color for best clarity

the absence of the flow in the other direction). The ¢; is found
to vary from 1.16 to 1.21 over more than four decades of
viscosity (Fig. 3a) in this work. In other words, without cor-
rection, the measured value of the viscosity is 16 to 21%
higher than the true value. There was no significant difference
in ¢; between the two gap geometries investigated in this
work. The standard deviation from the repeatability study
for each liquid in Fig. 3a, represented by the error bars, is
small. The ¢; appears to vary from a high value to a lower
value with increasing fluid viscosity. However, the combined
error for ¢;, obtained using the NIST Uncertainty Machine
(see “Experimental” section), is approximately 2.4% of the
mean. This range is shown by the dotted lines in Fig. 3a,
which bounds ¢; across 5 orders of magnitude in viscosity,
indicating that this seemingly oscillatory trend across the filled
blue circles for ¢; is related to a systematic error.
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as a function of viscosity. The error bar represents standard deviation from
three repeat runs on at least three different specimens. The filled and open
symbols represent data obtained using the 0.5 mm double gap OSP cell
and 1.0 mm double gap OSP cell, respectively, on the primary rheometer.

The correction is anticipated for Couette type viscometers
due to the non-uniform shear rate distribution over the annular
cross section of the geometry. For example, a Couette with the
bob as the stator and the cup as the rotor, the shear rate
decreases from the bob wall to the cup wall. The working
equations relating the shear rate to angular velocity are often
derived with approximate methods or infinite series solutions
(Krieger 1968; Krieger and Elrod 1953; Yang and Krieger
1978). Therefore, implicit assumptions such as a narrow gap
between the cylinders and infinitely long cylinders are often
made to achieve an analytical solution for the shear rate, such
that any torque exerted on the bob end faces as well as any
disturbance to the flow in the annular gap because of the
proximity of the ends, which are referred to as “end effects,”
are neglected. For commercial Couette viscometers, the error
induced by the end effects are conventionally absorbed in the
instrument constant by an end-effect correction factor
(Highgate and Whorlow 1969; Kobayashi et al. 1991;
Lindsley and Fischer 1947). For a standard conical bottom
concentric cylinder viscometer, ¢; = 1.10 for Newtonian lig-
uids (International Organization for Standardization 1993). It
is noted that the implemented corrections are valid only for the
calibration liquids, which are normally performed with a
Newtonian fluid; hence, the correction factor must be deter-
mined experimentally for each type of measuring system ge-
ometry. For the double gap system, similar inherent issues
occur with the non-uniform shear rate in the concentric annu-
lus and additional torque acting on the bob end surfaces. Any
small misalignment of the bob with respect to the coaxial
double-walled cup may also induce distortion in the flow field
that leads to additional error. The finite length effect, or “end
effect,” is associated with both the upper and bottom ends of
the bob that contribute to the measured torque. Note that the
standard operating procedure for the commercial OSP geom-
etry does not require the flow cell to be filled exactly level to
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S e s
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Note in (b) that n=0.01 Pa s is below the instrument normal force
resolution (not shown), thus outside the measurement window and 7=
0.1 Pa s (gray diamond) is outside the gap loading conditions (see text for
details). The dotted lines in each figure represent the combined error of
the mean of the end-effect factor for each viscosity liquid

the upper rim of the inner cylinder, such that the end effect
associated with the top region is not negligible. In a real ex-
periment, other sources of error also become a factor, includ-
ing wall slip, secondary flows, eccentricities, and viscous
heating (Macosko 1994). The 16 to 21% error observed for
Newtonian fluids signifies the importance of performing cal-
ibrations for the system, as the correction needed is much
greater than the default ¢; value (1.065) provided by the man-
ufacturer that presumes 6.5% error correction.

The intent of the OSP cell is to probe structure non-
destructively in complex fluids orthogonal to the primary
shear flow. Orthogonal end-effect can play a significant role
in the ability to accurately quantify this perturbation. The or-
thogonal end-effect factor, ¢;,,, ranges from 0.75 to 0.81 for
viscosities from 1 to 331 Pa s (Fig. 3b), meaning that the
orthogonal measurement overestimates the viscosity by 19
to 25% without correction. The standard deviation from the
repeatability study for each liquid, represented by the error
bars in Fig. 3b, is also small. This correction is expected due
to the limited amount of pumping effect generated by the bob
motion displacing fluid, which is alleviated by the openings
on the inner cylinder so that the flow can evacuate into the
inner cylinder reservoir; however, this effect is not completely
eliminated. The comparison between an open and a closed
bottom cell configuration has been investigated by Colombo
et al. (2017), where they report an approximately 10% over-
estimation of the viscosity for the open bottom geometry; for
the closed bottom configuration, the offset was as high as 2
orders of magnitude compared with the actual value due to
pressure-driven Poiseuille flow in the annular gap. While the
presence of openings and a large central fluid reservoir in the
commercial flow cell reduce the pumping effect, a non-zero
correction factor is not surprising. The filled diamonds in Fig.
3b represent ¢;,, for the 0.5 mm gap cell, which required less
correction than the 1.0 mm gap cell (open diamonds). One
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might be tempted to apply a linear fit to the c;,, data for the
0.5 mm gap cell (filled black diamonds in Fig. 3b). However,
this is misleading since no dependence of the errors on the
Newtonian fluid viscosity is expected in the gap-loading limit
as the shear stresses and pressure gradients are proportional to
the viscosity in the Navier-Stokes equation (Zeegers et al.
1995). Note that the data point at =0.1 Pa s (gray diamond)
is out of the gap loading limit range, as discussed earlier (see
Fig. S2b), and therefore outside the measurement range for
these geometries. The combined error for ¢;, is approximately
3.1%. This range is shown by the dotted lines in Fig. 3D,
which bounds ¢;, across 3 orders of magnitude in viscosity.
With this understanding, ¢, does not vary with fluid viscosity
and any observed trends are within the systematic error. As
with the primary shear correction factor, users should establish
these end-effect correction values on their systems with
Newtonian fluids spanning the viscosity range of the fluid of
interest.

We performed the same calibration experiments using two
viscosity standards and both flow cell geometries on a second
ARES-G2 instrument located at NIST. The two liquids of
choice, i.e., 12.2 Pas and 101.76 Pa s, satisfy the gap loading
condition and meet the minimum signal-to-noise ratio in the
torque and normal force signals. They also represent viscosity
ranges reported for many colloidal gels or soft materials. The
end-effect factor results are shown in Fig. S3. For the primary
shear, the primary end-effect factors from the second instru-
ment (theometer 2) appear to be in a comparable range with
those observed for the primary instrument (theometer 1). For
the orthogonal end-effect factors, the values for the second
rheometer are less than those of the primary instrument, indi-
cating a larger offset or correction factor is required to shift the
complex viscosity. This finding suggests the importance of
performing calibration for each instrument and flow cell ge-
ometry. At this time, there is no clear source for the difference
between the instruments, although it is likely due to inherent
differences in the transducer transfer functions, the mismatch
of the alignment between bob and cup walls, or sensitivity to
the systematic error. For completeness, the transducer transfer
function parameters were directly exported from the
manufacturer-supplied software and tabulated in Table S1.
The 19 to 25% error observed for Newtonian fluids signifies
the importance of performing calibrations for the system, as
the orthogonal end-effect correction needed is much greater
than the default ¢;,, value (0.857) provided by the manufac-
turer that presumes 14.3% error correction.

Velocity and pressure profiles
To better understand the origins and quantify various contri-
butions to the end effects in the double-wall concentric cylin-

der geometry, numerical simulations were performed. An axi-
symmetric 2D model with appropriate boundary conditions is
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investigated, which is a close approximation and convenient
simplification to the three-dimensional problem. The flow pat-
terns during primary and orthogonal shear operations are vi-
sualized by surface plots and contour plots of the velocity and
pressure fields. Additionally, the end-effect factors are esti-
mated from the numerical solutions to quantify different
sources and magnitudes of error in a straightforward manner.
A detailed examination on complicated flow properties such
as flow instabilities (secondary flow regimes, recirculation
zones, etc.) and bifurcation are beyond the scope of the present
work.

The velocity fields for the 1 Pa s Newtonian fluid in the
double-wall concentric cylinder geometry with a fluid level
equal to the maximum height of the upper opening and under-
going only primary rotation are shown in Fig. 4a. The results
are shown for a fully developed steady state velocity profile.
The cup consists of the inner and outer cylinders (representing
the cup) rotating at a constant angular velocity while the center
cylinder (representing the bob) is stationary. This motion cre-
ates a linear shear deformation profile in the double gap, as
shown in Fig. 4b, in which the velocity magnitude is highest at
the outer surface of the inner rotating cylinder and the inner
surface of the outer rotating cylinder. As shown in Fig. 4c,
where the angular component of the velocity field is plotted as
a function of the distance from the bob wall, the velocity
gradient is nearly linear throughout the inner and outer gaps.
A slight deviation from a linear profile is predicted in the
vicinity of the top and bottom bob ends, as shown by the black
dashed line and red dotted line, respectively. The shear rate
distribution in the annular gap at the mid-height of the bob is
shown in Fig. S4a. As expected, a non-uniform shear rate is
observed in the concentric annulus, i.e., the shear gradient
decreases radially outwards.

As discussed in the experimental measurements, the or-
thogonal oscillation represents a more complicated interaction
between the moving surfaces and the fluid. The velocity fields
for the orthogonal oscillation, oscillating bob moving down-
ward with a velocity of 1.17 x 10~* m/s, is shown in Fig. 5.
The velocity field during a two-cycle oscillation is shown in
Movie S1 for a revolution 2D view. Conservation of mass is
checked by calculating the mass flux error across the air-fluid
boundary, which is defined as the mass flux across the bound-
ary (approximately 10”7 kg/s) normalized by the mass flux
within the fluid domain. This yields a relative mass error of
approximately 10~%, indicating a sufficiently low error. As
illustrated by the streamlines in Fig. 5a, the fluid adjacent to
the bob is moving downward which generates a flow field that
propagates into the center of the inner cylinder. This propa-
gating flow field also induces a flow field at the center of the
inner cylinder reservoir. The velocity of this field is greater
than that of the moving bob and circulates back into the an-
nulus at the fluid-air interface, which is a consequence of the
cylindrical geometry for an equivalent volumetric flow rate
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Fig. 4 Simulation results of (a)
primary steady shear at a nominal
shearrate of 1 s ' fora 1 Pas
Newtonian fluid in the double-
wall concentric cylinder geometry
with open top and open bottom
configuration. (a) Streamline plot
of the velocity field for the 2D
revolution results. The streamline
color represents velocity
magnitude (m/s) corresponding to
the color scale in (b). (b) Surface
plot of the velocity magnitude
(m/s) for the 2D axisymmetric
model. The entire bob view is
shown on the left and an enlarged
view of the fluid in the black
dashed box is shown on the right.
The maximum and minimum
values are indicated along with
the vertical color bar. (¢) Velocity
profile in the angular direction
across the double gap at three

different height levels, i.e., the top \J
end, mid-height, and the bottom

end of the bob. The zero position
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along the radial direction. The shear deformation, driven by
the drag flow between the moving bob surface and fixed
double-wall cup, is generally linear across the double gap as
shown in Fig. 5b, where the maximum velocity occurs at the
bob walls. Similar to the primary shear direction simulation
results, the velocity gradient is shown in Fig. 5c for the top,
mid, and bottom locations along the bob. The bob ends result
in positive and negative deviations, shown by the dashed and
dotted lines, from the linear profile at the mid-height. The bob
end effect is greater for the smaller inner gap. The shear rate in
the cross section at the mid bob height is shown in Fig. S4b,
where a higher shear rate in the inner gap (an average of
0.29 s ') is observed as compared with that in the outer gap
(an average of 0.24 s ). The average shear rate across both
gaps is 0.27 s ! which overestimates the theoretical value,
0.25s ' (w, =5 rad/s and v, =0.05), by approximately 8%.
While the focus to this point has been on the fluid at the
moving boundaries or the transition into the fluid reservoir, it
is important to realize that the cup is a finite size. A secondary
benefit of the simulation is the ability to visualize how flow
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fields interact with both the bottom walls of the cup and the
free air interface. The impingement of streamlines with these
interfaces has the potential to affect the flow field as the fluid
enters and exits the annulus. Figure 6 shows an enlarged view
of the velocity profiles for the top and bottom of the OSP
geometry. Due to the axial motion of the bob, there is clearly
a distortion in the flow field as shown by the red regions above
the bob top end (Fig. 6a) as well as below the bob bottom end
(Fig. 6b), although the open top and open bottom configura-
tions offer a passage to the inner reservoir.

The velocity profiles help to illustrate the movement of the
fluid during the oscillatory measurement, but the velocity gra-
dients lead to a pressure gradient that is responsible for resid-
ual pumping from the annulus to the reservoir. Figure 7 shows
the pressure fields in the geometry at the same downward
velocity for the bob. Due to the displacement of the fluid by
the axial oscillation of the bob, a Poiseuille-like pressure drop
in the annular gap is observed, i.e., the pressure gradient is
uniformly distributed along the axial direction without any
radial changes. The pressure drop is nearly linear as shown
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Fig. 5 Simulation results of
orthogonal oscillatory shear at
w, =5 rad/s and v, =0.05 for a

1 Pa s Newtonian fluid in the
double-wall concentric cylinder
geometry with open top and open
bottom configuration. (a)
Streamline plot of the velocity
field for the revolution 2D results.
The streamline color represents
velocity magnitude (m/s)
corresponding to the color scale in
(b). (b) Surface plot of the
velocity magnitude (m/s) for the
2D axisymmetric model. The
entire bob view is shown on the
left and an enlarged view of the
fluid in the black dashed box is
shown on the right. The
maximum and minimum values
are indicated along with the
vertical color bar. Results are
shown for the oscillating bob
moving downward at a velocity of
1.17 x 10~™* my/s. (¢) Velocity
profile in the orthogonal direction
over the double gap at three
different height levels, i.e., the top
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in Fig. S5, and the pressure differences in the inner and outer ~ drastic variations. As shown in Fig. 7, the peak pressure and
gap are 0.49 Pa and 1.26 Pa, respectively. The pressure fields ~ maximum pressure gradient appear near the edges of the bob
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(b)
A 164x10™
x107

16

—" ‘ 14

12

- 0

vo

Fig. 6 Surface plots of the velocity magnitude (m/s) for the 2D moving downward at a velocity of 1.17 x 10~* m/s. The maximum and
axisymmetric model with open top and open bottom configuration for minimum values are indicated along with the vertical color bar. The
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Fig. 7 Pressure contours (Pa) for the 2D axisymmetric model with open
top and open bottom configuration for top (a) and bottom (b) view.
Results are shown for the oscillating bob moving downward at a

This observation recalls that avoiding sharp corners in the
geometry design is beneficial to avoid undesirable complex
flows in general (Moffatt 1964), as well as to prevent cavita-
tion (Tanner and Williams 1971). Figure 7b suggests that the
bob end pressure field could be affected by the distance to the
cup bottom. Lindsley and Fischer (1947) have previously
shown that the end-effect is dependent on the separation be-
tween the bottom of bob and cup for a Couette-type viscom-
eter. Since the pressure exerted on the bob end surfaces is
parallel to the viscous drag force in the orthogonal direction,
the additional force contributed by the pressure gradient is an
important aspect of the flow field when estimating the total
orthogonal force on the bob during oscillation.

Error estimation from simulation

The velocity and pressure fields provide a visualization of the
non-idealities in the fluid motion within the double-wall concen-
tric cylinder geometry. Of interest here is to utilize those specific
end effects captured by simulation to estimate the end-effect
errors and compare those with our calibration experiments. For
the primary rotational shear, the total force is calculated by inte-
grating the local shear stress, i.e., the viscous stresses in the radial
direction at the bob walls, over the bob surface area. This gives a
viscosity of 1.03 Pa s (Eq. 5), which overestimates the theoretical
viscosity by 3%. The main source of error arises from the addi-
tional torque exerted on the end (top and bottom) surfaces of the
bob during the primary shear.

For the orthogonal oscillatory shear, the total oscillation
force (F, in Eq. 6) consists of the viscous force exerted on
the bob side walls (inner and outer cylindrical surfaces) and
the pressure force acting on the bob ends (top and bottom end
surfaces). The viscous force and pressure are summed to ob-
tain the total force on the bob, which is divided by the nominal
shear area to convert to total stress on the bob. We, then

velocity of 1.17 x 107* m/s. The maximum and minimum values are
indicated along with the vertical color bar. View in color for best clarity

estimate the viscosity and obtain the orthogonal end-effect
correction factors from Eq. 6. The results are summarized in
Table 2 for different fluid levels, i.e., when the fluid level is
even with the upper rim of the inner cylinder; the fluid level is
at a quarter of the opening height above the bottom edge of
bob opening; the fluid level is level with the upper edge of the
bob opening. Errors for the three cases are 7%, 17%, and 17%,
respectively, with larger errors found for the latter two fluid
levels. As mentioned earlier, when the fluid level is above the
upper rim of the inner cylinder, the contribution of pressure
acting on the top end of the bob causes additional error. In
addition to the pressure effect that contributes to approximate-
ly 9% of the total error, the viscous force is overestimated by
8% compared with the theoretical value, as a result of the
increased shear rate in the double gap (Fig. S4). The simplified
model (axisymmetric 2D) represented in our simulation pro-
vides an error estimation that is comparable with the error
measured in the orthogonal calibration (19 to 25%).

For the case where the fluid height equals the upper rim of
the inner cylinder, the viscous force is overestimated by ap-
proximately 1%, whereas the pressure contribution from the
bob bottom end is reduced to 7%. This suggests that having
the fluid level at exactly the same height as the upper rim of
the inner cylinder is advantageous to improve accuracy. The
effect of overfilling on the viscosity was studied experimen-
tally using the 1 Pa s oil. The geometry was first filled to
achieve a fluid level slightly above the upper bob end. A
known volume of oil was added by micropipette to increase
the fluid height above the upper rim of the bob (/< fh <+ d).
The viscosity results for different fluid levels were within
experimental error (results are not shown for brevity).
However, visual inspection of the fluid level while filling the
cell and an accurate control of fluid volume for high viscosity
liquids may be difficult to achieve in practice, we therefore
recommend a consistent volume of fluid, such that fluid level
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Table 2  CFD simulation results of the viscous force, pressure, total force, and the calculated viscosity for different fluid height levels'

Fluid height level fh=1 Sh=l+3d fh=I+d Theoretical value
Viscous force (mN) 2.13 2.29 2.28 2.11

Pressure (mN) 0.13 0.19 0.20

Total force (mN) 2.26 248 2.48 2.11

Viscosity (Pa s) 1.07 1.17 1.17 1

Orthogonal end factor ¢z, 0.93 0.83 0.83 1

! The simulation for the case of the fluid height equals the inner cylinder height (i = /), wall velocity is prescribed for the oscillation motion of the bob,
whereas for the cases where the fluid height is above the upper rim of the inner cylinder (fh =1+ Y d and fh =+ d, where d is the height of the upper
opening), the mesh displacement condition is applied to the bob walls for the oscillation motion. In all cases, the bob oscillates with an orthogonal

frequency of 5 rad/s and an orthogonal strain of 5%, i.e., w, =5 rad/s and v, =0.05

is slightly above the upper opening edges on the bob to main-
tain a fixed bob effective length (thus a fixed nominal shear
surface) while minimizing the error associated with the top
end of the bob. The fluid level can be roughly checked by
the wetted fluid contact line on the top of the bob by lifting
it slightly out of the reservoir. When lowering the bob into the
fluid, care must be taken to avoid cavitation or transducer
overload, especially for highly viscous fluids or fluids
exhibiting a yield stress. The filling process may require long
wait times to achieve proper fluid level given the small gap
size and complex cell design.

The simulation results for a 100 Pa s Newtonian fluid are
similar and yield an approximately 17% offset for the fluid
height greater than the bob height. As long as the measure-
ment operates in the gap loading limit, Stokes flow (or creep-
ing flow) is anticipated, in which the shear stresses and pres-
sure gradients are proportional to the viscosity, such that there
should be no dependence of viscosity on experimental error
(Zeegers et al. 1995). This is consistent with the observation
that no systematic trend of the end factors on the viscosity is
found from our viscosity calibration experiments (Fig. 3).
Note that for the 0.1 Pa s liquid, whose orthogonal end factor
is lower than the other liquids, the gap loading limit did not
hold for the high frequency measurements.

The simulations provide insights into possible improvements
for the geometry design. A straightforward strategy is either to
decrease the pressure contribution or to increase the viscous con-
tribution, such that the total oscillation force is dominated by the
viscous part. Therefore, it is desired to have the bob end surfaces
as small as possible, or to have the active shearing surface (inner
and outer bob cylindrical surfaces) as large as possible. For the
former, an effective approach is to reduce the bob thickness. For
the latter, given the physical constraints of the Advanced Peltier
System (APS) that limits the overall diameter and height of the
geometry, the only way to achieve a greater shear surface area is
to increase the bob effective length. This can be achieved by
reducing the height of the upper openings on the bob and extend-
ing the height of the inner cup wall. It is noted that the upper bob
openings are designed to minimize surface tension effects
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(Franck 2013). If the upper openings were completely removed
to maximize shear surface area, the surface tension contribution
resulting from the increase in fluid-air-bob interfacial area would
require an additional correction factor, especially for low frequen-
cy data. This effect is purely elastic and fluid-dependent. The
correction can be applied to the raw data through the elastic
coefficient of the transducer (Vermant et al. 1997). For a com-
mercial theometer with a constant elastic coefficient (K in
Table S1) embedded in the final transducer design, the upper
bob opening configuration serves as a remedy for this issue.
(Franck 2013) With all that said, this paper aims to provide
operational knowledge for general users of the commercial
OSP rheometer, further details on advanced correction proce-
dures for a custom-manufactured geometry, or for experienced
users with access to the transducer parameters, is beyond the
scope of this work, but worth mentioning here for completeness.
The present calibration procedures and end-effect correc-
tion factors are only valid for Newtonian fluids. For non-
Newtonian liquids, the end correction may be considerably
larger, depending on the rheological characteristics of the fluid
and the shear rate range of interest (Highgate and Whorlow
1969). For a viscoplastic fluid with a yield stress, the material
would behave as a solid with slip layers confined at the walls
when sheared in the pre-yield regime (Princen 1985). Besides
wall slip, other detrimental effects for non-Newtonian liquids
such as sample fracture and normal stress effects may also
increase the severity of measurement error (Macosko 1994).

Conclusions

In this work, viscosity calibration measurements were carried out
on a commercial rotational shear rheometer equipped with a
double-wall concentric cylinder geometry. The primary shear
and orthogonal shear end-effect factors were determined using
arange of standard Newtonian fluids from 0.01 to 331 Pa s. Two
different gap size geometries were investigated on two strain-
controlled rheometers. Detailed information on the calibration
procedures and end-effect factor determination methods are
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provided. The corrections needed for the primary steady shear
viscosity are approximately 16 to 21%; whereas for the orthog-
onal complex viscosity, the errors are approximately 19 to 25%.
These values are higher than those provided by the manufacturer,
and the variations in the end-effect factors on different viscosities
are bounded by the estimated combined error. A further under-
standing of the end correction and flow field is accomplished by
computational fluid dynamics simulation. We show that an ap-
proximately linear shear deformation profile for the fluid, in the
double gap, are attained in both primary steady shear and orthog-
onal oscillatory shear deformations. A detailed picture of the
velocity and pressure distributions for fluid above the bob top
end and below the bob bottom end show distortions in the flow
field due to the residual pumping effect from the axial oscillation
motion of the bob. Through careful analysis of the viscous force,
pressure, and total force over the bob surface, the overestimation
of the orthogonal viscosity is attributed to the pressure forces
exerted on the bob end surfaces (9%) and an increased shear rate
in the double gap that result in higher viscous stresses on the bob
cylindrical surfaces (8%). For the steady shear measurements in
the primary direction, a large error (16 to 21%) is observed,
whereas the simulation predicts a lower error (3%). The errors
in the primary viscosity may arise from a range of sources, but
one prominent reason may be due to the non-homogeneous shear
field in this complicated geometry. Furthermore, the installation
of the flow cell requires precise alignment of the axes of the cup
and bob and positioning of the bob at the correct gap height; any
slight deviations potentially introduce additional experimental
uncertainties. Therefore, a good practice is to use this complicat-
ed geometry only when there is a need to operate in the orthog-
onal mode.

From the simulation results on the effect of different fluid
height, it is advisable to fill the geometry in such a way that the
fluid is level with the upper rim of the inner cylinder, which
helps reduce the error associated with the top end of the bob.
However, orthogonal complex viscosity measurements were
insensitive to the fluid level above the top end of the bob.
Since visual inspection of the fluid level is not practical and
precise volumetric filling for high viscosity liquids is difficult,
a consistent volume of fluid that achieves a fluid level slightly
above the upper rim of the inner cylinder is recommended for
this commercial geometry. In this way, a fixed bob effective
length or nominal shear surface is maintained, while the end-
effect associated with the bob top end is minimized.

It is highly recommended to use Newtonian fluids with
known viscosities representative of the application range to
calibrate each instrument prior to any measurements; signifi-
cant errors in the measured viscosities or complex shear mod-
uli in the range of 16% or more may occur otherwise. The end-
effect factors obtained from a second instrument in this work
fall into a different range for the orthogonal measurements,
but the errors are similarly appreciable. It is important for the
users to keep in mind that the actual corrections needed vary

among instruments and could be material-dependent (e.g.,
non-Newtonian fluids), and these are not necessarily ad-
dressed in the “embedded” geometry constants. The present
calibration procedures and end-effect issues are for Newtonian
fluids, but suggest that carrying out orthogonal superposition
measurements using the current test setup with non-
Newtonian and viscoelastic fluids may well be problematic
as the calibration problems for such fluids could be more
severe. The fluid field information for Newtonian fluids from
this work provide a benchmark for future simulations using
non-Newtonian fluids. Additionally, the operational knowl-
edge (i.e., consistent filling) and measurement window (i.e.,
viscosity and frequency) outlined in this work are beneficial in
view of the growing interest of applying this technique for the
investigation of other structured fluids.
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Greek letters

w, bob orthogonal oscillatory shear frequency (rad/s)
7. bob orthogonal oscillatory shear strain amplitude
7 shear stress (Pa)

-y shear rate (s")

{2 cup angular velocity (rad/s)

7 primary steady shear viscosity (Pa s)

77* orthogonal complex viscosity (Pa s)

6, orthogonal oscillation displacement (m)

s shear wavelength (m)
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Nomenclature R, inside cup radius (m); R,, inside bob radius (m); R,
outside bob radius (m); Ry, outside cup radius (m); R;, average radius of
the bob (m); R,, difference between R, and the average gap width (m),
defined in Eq. 4; /, inner cylinder height (m); A, bob effective length (m);
¢1, primary end-effect factor; ¢, ,, orthogonal end-effect factor; K, prima-
ry stress constant (Pa N'lmy K, orthogonal stress constant (Pa N
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K., primary strain constant (rad "), K., orthogonal strain constant (m™);
M, torque (N m); F',, orthogonal oscillation force (N); Gi , orthogonal
complex shear modulus (Pa); /A, fluid height (m); d, upper opening height
(m); D, gap width (m)
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