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ABSTRACT: We present a strategy for quantitatively evaluating the field-
induced alignment of nonspherical particles using small-angle scattering
techniques. The orientational distribution function (ODF) is determined
from the anisotropic scattering intensity via the scheme of real spherical
harmonic expansion. Our developed approach is simple and analytical and
does not require a presumptive hypothesis of the ODF as an input in data
analysis. A model study of aligned rigid rods demonstrates the validity of this
proposed approach to facilitate the quantitative structural characterization of
materials with preferred orientational states.

Elongated particles with an electric or magnetic dipole align
under an applied electric or magnetic field. Understanding

how the external fields affect the orientational ordering has
great relevance to both applied as well as fundamental research
endeavors. For example, with the presence of an electric field,
the constituting molecules of liquid crystals change their
orientation to align the axis of electric susceptibility with the
direction of the applied field.1,2 The angular distribution of
molecular orientation has been recognized to be essential to
the electrical and optical properties of liquid-crystal-based
devices.3 Moreover, in exploring the phase behavior in
colloidal rods, the orientational distribution has been identified
as the order parameter in the theoretical description of
transition from a disorder to a liquid crystalline state.4−7

There has been much interest in probing the orientational
distribution function (ODF) of aligned particles experimen-
tally.3,8−12 Among the available tools, small-angle scattering
techniques provide the spatial resolution at the length scale
relevant to the orientating structural units.13−24 The general
experimental procedure, exemplified by a three-dimensional
assembly of rigid rods, is given in Figure 1. The scheme is
defined by the directions of incident beam (ŷ) and applied field
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Figure 1. Schematic representations of using small-angle scattering
techniques to investigate the orientation of rigid rods in (a) isotropic,
(b) nematic, and (c) crystalline phases.
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(z)̂. The scattering intensity is therefore collected in the xz
plane. For randomly oriented rods (Figure 1a), one normally
sees a circularly isotropic intensity on the two-dimensional
detector which faces perpendicularly to the incident beam
because the scattering signal is orientationally averaged. Upon
increasing the strength of the applied field, the isotropic
scattering intensity on the detector plane becomes anisotropic
progressively due to the alignment of rods. As demonstrated in
Figure 1b, a stronger correlation would appear in the Qx
direction and a weaker correlation peak in the Qz direction. If
the rods are exactly parallel to one another to form a crystalline
phase as shown in Figure 1c, the angular dependence of
scattering data caused by the orientationally averaged systems
is completely removed, and the spectrum is seen to keep its
intensity practically constant along the Qx direction. Never-
theless, for colloidal rods immersed in solutions, this perfect
arrangement rarely occurs because of the configurational
fluctuation and local density inhomogeneity caused by the
Brownian motion.
The focus of this study is placed on extracting the

orientational parameters of partially aligned particles from
their anisotropic spectra such as the one given in Figure 1b. In
a nematic system, the scattered intensity from the interparticle
spatial correlation approaches unity in the high Q limit because
of the lack of translational periodicity. Within this regime, the
collected scattered intensity is essentially only contributed by
the intraparticle correlation. As a result, the high Q part of the
coherent scattering intensity is of particular relevance because
the anisotropic scattering intensity is a direct manifestation of
the ODF of constituting particles.14,25 A brief review about the
existing methods for determining ODF from scattering
measurements is helpful to demonstrate the motivation of
our study: One popular approach to obtain the orientational
parameters is through model fitting of small-angle scattering
data based on a predetermined ODF.14,20,21,25−28 The validity
of a selected ODF nevertheless is not known a priori.
Alternatively, several model-free approaches have also been
developed to determine the orientational order from the
anisotropic diffraction patterns with varying degrees of
success.29−33 The analyses have only been carried out over a
limited Q range where the Bragg peak is observed. However, as
evidenced by Figure 1b, for small-angle scattering data the
information on orientational ordering is concealed in the
characteristic spectral anisotropy manifesting over a wide range
of Q. How to implement this existing scheme to small-angle
scattering studies in a mathematically tractable manner is
questionable.
Before proceeding, a comment should be made in regard to

the evolution of the radius of gyration Rg of a particle when it
undergoes a rotational motion. Earlier we showed that Rg

2 is the
source term of intraparticle structure factor S(Q) at the mean-
field limit,34 namely

= − ∇ | =R S Q
1
2

( )Q Qg
2 2

0 (1)

where ∇Q
2 is the Laplacian operator in a reciprocal space. For a

particle that does not deform or change its shape, its S(Q) can
be expressed as

∫= Ω Ω ΩS P fQ Q( ) d ( , ) ( )
(2)

where Ω is the solid angle, P(Q, Ω) the intraparticle structure
factor at the specific orientation of Ω, and f(Ω) the ODF.
Substituting eq 2 into eq 1, one finds that

= − ∇ Ω | =R P Q
1
2

( , ) Qg
2 2

0 (3)

Equation 3 can be further extended to address the effect of
polydispersity

= − ⟨∇ Ω | ⟩=R P Q
1
2

( , ) Qg
2 2

0 (4)

where ⟨⟩ is the average over the size distribution. Based on the
geometric nature of Laplacian, eqs 3 and 4 suggest that only
dimensional and shape changes cause the variation of S(Q).
Therefore, for a rigid particle undergoing a rotational motion,
its Rg remains invariant as required by its definition. This
statement is validated by the results of theoretical calculation
given in Figure 2: The change in the axial orientation of a rigid

rod is seen to result in a steady development in the spectral
anisotropy. However, 2Rxx + Rzz, the summation of the
diagonal components of the gyration tensor, is seen to be
identical to Rg

2.
In this study, we use the real spherical harmonic expansion

(RSHE) as the mathematical framework to analyze the
anisotropic scattering spectra. It is instructive to briefly review
the historical development of its application for the analysis of
anisotropic structure. First suggested by Pryde,35 extensive
computational effort has been devoted to investigating the
flow-induced structural distortion of simple liquids from the
spherical harmonic expansion analysis of three-dimensional
trajectories.36−38 There has also been much interest in
examining the structure of flowing colloids from the scattering
experiments using the same scheme.39−41 However, the loss of
orthonormality of spherical harmonics basis vectors in the two-
dimensional scattering intensities, which severely compounds
the three-dimensional structural reconstruction, was not
properly addressed until recently.42,43 Based on this approach,

Figure 2. Theoretical calculation to explore how Rg
2 of a rigid rod

evolves upon changing its axial orientation. The left panel gives the
evolution of scattering spectra which are predicted by a Gaussian
model of ODF given in eq 11. σ is the variance of the ODF. It is noted
that randomly oriented rods are represented by the case of σ = ∞.
The definition of the principal directions of scattering is identical to
those in Figure 1. The right panel gives the evolution of the diagonal
components of the gyration tensor as a function of σ. The black solid
line defines the value of Rg

2 for a rigid rod. Within the probed range of
σ, 2Rxx + Rzz, the summation of the diagonal components of the
gyration tensor is seen to be identical to Rg

2.
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for a rigid rod having a certain angle of the rod axis with
respect to the alignment axis, one can express the
corresponding S(Q) as a linear combination of real spherical
harmonics (RSH), namely

∑= ̂S S Q YQ Q( ) ( ) ( )
l m

l
m

l
m

, (5)

where l runs from −∞ to∞ and m from −l to l; Q ≡ | Q |, Q̂ is
the unit vector in Q direction; and Yl

m is the RSH of order l
and degree m. Based on eq 5, one can express the generalized
Guinier law as

= − +S Q
Q

R O Q( ) 1
3

( )0
0

2

g
2 4

(6)

where S0
0(Q) is the isotropic component of S(Q). Equations 3

and 6 serve as a sufficient condition for orientating rigid
particles: The corresponding S0

0(Q) must remain invariant in
the Guinier regime, regardless of their orientations. It also
demonstrates that the anisotropic components Sl

m(Q) in eq 5
are the results of the orientational correlation.
This calculation provides an initial clue suggesting that f(Ω)

can be extracted from the analysis of S(Q). The first step in
this analysis approach is to provide the mathematical
expressions of P(Q, Ω) and f(Ω). Because of the completeness
of RSH, one can, respectively, expand P(Q, Ω) and f(Ω) as

∑Ω = ̂ ΩP P Q Y YQ Q( , ) ( ) ( ) ( )
l m

l
m

l
m

l
m

, (7)

and

∑Ω = Ωf f Y( ) ( )
l m

l
m

l
m

, (8)

where Pl
m(Q) and f l

m are coefficients associated with the basis
vector of Yl

m(Ω). From eq 2 and the orthonormality of RSH, it
is found

∫

∫
=f

QS Q

QP Q

d ( )

d ( )
l
m Q

Q
l
m

Q

Q
l
m

1

2

1

2

(9)

From eqs 5 and 7, it is found that

∫π
= ̂ ̂S Q S YQ Q Q( )

1
4

d ( ) ( )l
m

l
m

(10)

and

∫
π

= ̂ Ω Ω ̂ ΩP Q P Y YQ Q Q( )
1

16
d d ( , ) ( ) ( )l

m
l
m

l
m

2 (11)

[Q1, Q2] in eq 9 gives the Q range which is relevant to the
intraparticle spatial correlation. It is important to point out that
P(Q, Ω) can be determined either from a selected model of
scattering function with a known mathematical expression or
via the model-free inversion numerical procedures.44 Because
f l
m can be expressed as a function of Sl

m(Q) and Pl
m(Q), via the

scheme of RSH, the spectrum decomposition of both P(Q, Ω)
and S(Q) allows the determination of f(Ω).
To verify the validity of this approach, we conduct a

benchmarking study of an assembly of rigid rods with different
degrees of alignment. The length and the diameter of a rigid
rod are, respectively, l and d. The P(Q, Ω) of an oriented rigid
rod takes the analytic form

γ
γ

γ
Ω =

Ä

Ç

ÅÅÅÅÅÅÅÅÅÅ
i
k
jjj

y
{
zzz

É

Ö

ÑÑÑÑÑÑÑÑÑÑ
P j

Ql J Qd

Qd
Q( , ) 2

2
cos

( sin )

sin0
1

2

(12)

where γ is the angle between Q and the rod axis, j0(x) the
spherical Bessel function of order 0, and J1(x) the first-order
Bessel function of the first kind. The relevant coefficients
Pl
m(Ql/2) extracted based on the RSH expansion given in eq 7

are given in Figures 3a and 3b.

To simplify the calculation, we further assume the applied
field is uniform along the z direction. Accordingly, f(Ω) is
independent of the azimuthal angle ϕ in the xy plane and only
a function of the polar angle θ with respect to z direction. As a
result, f(Ω) can be expressed as f(θ)/2π. Because of this
cylindrical rotational symmetry, both f(θ) and S(Q) are
isotropic in the xy plane and must be a linear combination of
basis vectors Yl

0(θ), which form a complete set on xz and yz
planes. Because of this property, f(Ω) can be reconstructed via
eq 9 on both xz and yz planes. There exist several
mathematical expressions of f(θ) developed for various
materials.26,45−47 The following Gaussian functions are used
as the ODF in our model study

θ
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(13)

where A is the normalization constants to ensure ∫ 0
πf(θ) sin

θdθ = 1. σ is the variance of f(θ). It is instructive to point out
that the angular distribution in θ must be symmetrical with
respect to θ = π/2 due to the requirement of the cylindrical

Figure 3. (a) and (b): Relevant coefficients of P(Q, Ω) determined
from eqs 7 and 12. The results are presented in a dimensionless unit
of Ql/2 where l is the length of the rigid rod. (c) and (d): The
coefficients of S(Q) obtained from the RSH expansion of the
spectrum given in the inset. The spectrum is predicted for an
assembly of rigid rods characterized by an ODF given in eq 13 with σ
= 0.3. The length-to-diameter ratio of a single rod is 15.
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symmetry of a rigid rod. An example of decomposed Sl
m(Q) for

an assembly of aligned rods with σ = 0.3 is given in Figures 3c
and 3d. More examples are given in the Supporting
Information.
Figure 4 presents the comparison between the f(θ)

determined from the spectral analysis based on the proposed

RSH decomposition approach and the exact theoretical f(θ)
used to generate the scattering spectra. The excellent
agreements verify the usefulness of this approach in facilitating
the related quantitative scattering studies of field-induced
structural anisotropy in materials.
In summary, we have developed an approach to

quantitatively evaluate the orientational ordering of field-
aligned particles from their small-angle scattering intensities.
Based on the expansion of real spherical harmonics, it is
demonstrated that the orientational distribution functions can
be determined experimentally by analyzing the spectral
anisotropy. Our approach is applied to analyze the scattering
spectra of an assembly of rigid rods with different degrees of
axial alignment, and its validity of extracting ODF is
theoretically verified. In comparison to the existing approaches
to determine ODF from small-angle scattering measurements,
our method does not require a predetermined mathematical
expression of ODF as an input to obtain the orientational
ordering and therefore provide a useful solution to bypass the
potential issue of biased interpretation of experimental data.
Another advantage is that our proposed approach can be
applied to extract the ODF of aligned rigid particles with any
geometric anisotropy.
Considerable efforts using scattering techniques have been

devoted to investigating the shear-induced orientational
ordering in soft materials such as flowing linear micelles and
polymers.48−56 Our proposed approach can also be applied to
facilitate the related studies. It can be foreseen that this
extension might require us to address the issue of the lack of
cylindrical symmetry. However, the mathematical treatment
should remain tractable. Moreover, having established a
rigorous approach for determining the ODF of rigid particles
from their anisotropic scattering intensities, the question of
determining the orientational parameters and related structural
information on materials consisting of particles with flexible
molecular conformations can now be addressed. By analyzing
the anisotropic scattering spectra in the reciprocal space
relevant to the single-particle conformation, the orientational

ordering of aligned particles can be extracted from their
anisotropy of their scattering spectra based on the theoretical
framework introduced in this work.57 An experimental study of
aligning rod-like micelles in Couette flow given in the
Supporting Information indeed demonstrates the feasibility
of our approach for facilitating the quantitative scattering
investigation of this important field of soft matter study.
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