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1. Introduction

Precise knowledge of isotopic shifts in atoms and atomic ions
is required in many areas of applied and fundamental science. In
nuclear physics, the observed optical isotope shifts are used to ex-
tract the sizes of atomic nuclei [1]. Isotope shifts (IS) of resonance
lines of singly ionized calcium (Ca II) are of interest for studies of
possible variation of the fine-structure constant in strong grav-
itational field of quasars [2,3]. Certain transitions in 4°Ca, °Ca*
and #3Ca* are extensively studied for applications in frequency
standards and quantum computing [4-8]. The extremely rare un-
stable, but very long-lived isotope “!Ca is usable for radio-calcium
dating of materials and as a tracer for biomedical applications
[9,10]. Calcium and its ions produce strong spectral lines in at-
mospheres of the Sun and other stars. Their shapes are strongly
affected by IS. Astrophysicists need information on these shifts
to model the observed spectra, derive elemental abundances in
stellar objects, and shed light on the physics of star formation
and evolution [11,12].

Calcium has six stable isotopes with mass numbers i = 40, 42,
43, 44, 46, and 48. In addition to that, some spectral measure-
ments in Ca I and Ca II have been made on radioactive isotopes
with i = 36-39, 41, 45, 47, 49, 50, 51, and 52 [7,8,13-33]. The
last published compilation of nuclear data [1] contains nuclear

radii for isotopes 39-48 and 50 derived from observed IS and
muonic X-ray data. For isotopes 49, 51, and 52, nuclear radii were
recently deduced by Garcia Ruiz et al. [ 15] from observed IS in one
transition of Ca II, while for isotopes 36-38 those values were first
reported in the recent paper of Miller et al. [33].
Altogether, the IS has been measured in several tens of Ca I
and Ca II spectral lines involving all isotopes with mass numbers
= 36-52. The most precise measurements have been reported
by Knollman et al. [34] for the IS of the electric quadrupole
transition 4s,-3ds , in 424448 Ca Il relative to *°Ca. The 15(40,43)
was accurately measured for that transition by Benhelm et al. [7]
(see also Benhelm [8]). Shi et al. [13] and Gebert et al. [14] give
high-precision data for three other Ca II transitions (4s1,,-4p1/2,
4s1,,-4p3j, and 3ds;p-4py,2) in isotopes with i = 40, 42, 44,
and 48. From the measured IS, those authors extracted improved
values of changes of squared nuclear radii, as well as the mass and
field shift factors of the three transitions involved. The 4s;,,-4p3>
transition in Ca II has also been investigated for all other isotopes
between 36 and 52, although with lower precision. In addition to
the four transitions discussed above, there exist published frag-
mentary data on measured IS for three other transitions involving
low excited levels of Ca Il. Most of these measurements, as well as
much more numerous observations in Ca I, are much less precise
than those of Refs. [7,8,13,14,34] and cover only a few isotopes
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Fig. 1. (Color online). Grotrian diagram of energy levels and transitions in 4°Ca II involved in high-precision measurements. Energies are labeled in MHz. Transitions
for which absolute frequencies have been measured are shown as (red) solid arrows. Transitions for which frequencies can be derived using Ritz relations are shown

as (blue) dashed lines. See Section 2 for discussion of the measurements.

per observed transition. Altogether, 296 measured IS values for 74
transitions (7 in Ca Il and 67 in Ca I) are collected in the present
article. The range of the isotopes studied involves 16 distinct
isotopes in addition to “°Ca. Most researchers reported the IS
measured relative to the most abundant isotope “°Ca. Thus, this
isotope has been chosen as the reference point in all IS results of
the present study. The published measurements cover only about
30% of all possible IS values of all isotopes in transitions for which
wavelength measurements are reported in the literature.

Some of the IS data that were not directly measured can be
accurately derived from Ritz-type relations between the IS values
of transitions involving common energy levels. This is easy to
explain on an example of a subset of data on the IS(40-48) for Ca
II. The usual Grotrian diagram of the energy levels and transitions
involved is shown in Fig. 1 for “°Ca. From this figure, one can see
that all four excited energy levels involved are precisely deter-
mined by the five absolute frequency measurements shown as
solid arrows (these measurements will be discussed in Section 2).
The frequencies of unmeasured transitions shown as dashed ar-
rows can be derived from the measurements with a similar preci-
sion. A similar diagram for the I1S(40-48) measurements involving
the same energy levels is shown in Fig. 2.

The “Energy” on the vertical axis of Fig. 1 is the excitation
energy from the ground level. Correspondingly, the “IS” on the
vertical axis of Fig. 2 is the isotope shift of the transition from the
ground level to the energy levels of Fig. 1. In the present work,
this quantity is called the “level isotope shift”. One should be cau-
tious when comparing the present results with data from other
literature, since many articles on isotope shifts use different def-
initions of the “energy level”. In theory, the calculated eigenstate
energies are the “total” energies counted from the continuum
corresponding to bare nuclei (i.e., the atom with all electrons
removed). These quantities are difficult to measure accurately in
experiment even for hydrogen, while excitation energies can be
measured very precisely. This is the main reason for the definition
of the energy level as excitation energy from the ground state,
used in atomic spectroscopy for the past several tens of years.
Prior to that, many spectroscopists defined the “energy level” as
the ionization energy of the eigenstate, i.e., the energy levels were
given relative to the first ionization threshold. Some papers on
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Fig. 2. (Color online). Grotrian diagram of isotope shifts between isotopes 48
and 40 of Ca IL Transitions for which the IS was directly measured are shown
as (red) solid arrows, while those for which the IS can be derived from Ritz
relations are shown as (blue) dashed arrows. The measurements are discussed
in Section 2.

isotope shifts use that definition, which suffers from the same
drawback: the ionization energy cannot be measured with the
same high precision as the excitation energy. With the definition
used here, the IS of the ground level is always zero.

From Figs. 1 and 2 one can see that both systems depicted
therein are overdetermined: the ground level is zero by defini-
tion, and there are five or six measured transitions determining
four remaining energy levels or level IS. Although having one
or two degrees of freedom is not much, it requires solving the
least-squares level optimization problem.

By considering the IS equations (explained below in Section 3)
together with Ritz-type relations between the IS values of tran-
sitions involving common energy levels, it appears plausible to
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derive accurate predicted IS values for all transitions of all iso-
topes, including those that were never directly measured before.
Such a combined analysis should also allow deriving the changes
in squared nuclear radii with improved precision. This analysis
requires finding a least-squares fit of observed IS values for all
transitions not only to the IS equations, but also accounting for
the Ritz-type relations illustrated in Fig. 2. To my knowledge,
this type of analysis involving a simultaneous solution of the IS
equations together with the Ritz-type relations has not been done
before, at least for calcium.

The initial purpose of the present work was to obtain accurate
IS and energy level values in Ca II for all stable isotopes. These
data are needed to derive center-of-gravity values for natural
mixture of isotopes. In the process of analysis, it turned out that
a joint consideration of all available experimental data in both Ca
I and Ca II allows deriving accurate IS values not only for stable
isotopes, but for all known Ca isotopes for each transition in both
Ca I and Ca Il where the IS was measured for at least two pairs
of isotopes. In addition, the newly developed procedure allowed
deriving improved data for nuclear radii. Thus, the goal has been
extended to cover this larger scope of data.

2. Review of experimental data

Available reference data on atomic masses, half-lives, nuclear
radii, and nuclear moments of all studied calcium isotopes are
collected in Table A.

21. Call

Of the many tens of experimental studies of IS in calcium
spectra, there are a few very accurate measurements, all made
in Ca Il Since they are the most important in the subsequent
analysis, they are reviewed here first. This review is by no means
complete; only the most accurate measurements used in the
analysis are mentioned.

Ca Il has the ground state 4s 2S; 2. The IS has been measured in
seven transitions: 4s 251/2 -4p 2P§/2 (wavelength in air 393 nm),
4s %Sy, - 4p ZP;’/Z (397 nm), 3d *D3;, - 4p ZP;’/Z (866 nm), 3d
2D3/2 - 413 2P§/2 (850 nm), 3d 2D5/2 - 41_7 2P§/2 (854 nm), 4s 251/2
- 3d ?Ds; (732 nm; parity-forbidden transition), and 4s 25y, - 3d
2Ds, (729 nm; parity-forbidden clock transition). Shi et al. [13]
and Gebert et al. [14] reported high-precision IS measurements
for the first three transitions in four isotopes: 40, 42, 44, and 48,
as well as the absolute frequency measurement of the 4s 25; /2
- 4p *P;, resonance transition in “**Ca*. These measurements
were made using photon recoil spectroscopy in a linear Paul trap,
where Ca ions were sympathetically cooled by 2Mg™ ions. These
authors achieved uncertainties as small as 82 kHz for the absolute
frequency measurement and a similar precision for IS.

Benhelm et al. [7] made a very accurate measurement of
IS(*3Ca*-%Ca*) for the electric quadrupole (E2) transition 4s
2S1/2 - 3d 2Ds, by laser spectroscopy using single “*Ca™ and
40Ca* ions confined in a linear Paul trap. They achieved a pre-
cision of 5 kHz for the IS, which was later refined to 0.39 kHz by
Benhelm in his thesis [8].

The same E2 transition was recently studied by Knollmann
et al. [34] in stable even isotopes. This team achieved a record
precision in the measurement of IS at the parts-per-billion level.
They measured the IS in the E2 transition between 4°Ca* and
42,4483+ with uncertainties of a few Hz.

Garcia Ruiz et al. [15] reported measurements of IS in the 4s
®S1/2 - 4p *P5, transition between *°Ca™ and ten other isotopes
from 43Ca* to >2Ca™. Ca isotopes were produced by nuclear reac-
tions in collisions of high-energy protons with a uranium carbide

target. They were ionized by using a three-step laser scheme, ex-
tracted in the form of an ion beam, and interrogated by a colinear
continuous-wave laser. Although the precision achieved above
(between 2 MHz and 6 MHz) is modest compared to that achieved
in cold traps, this was the first and only measurement of IS in
short-lived isotopes 47, 49, 51, and 52. As indicated in Ref. [15],
the measurement uncertainties were dominated by systematic
errors, which were mainly due to uncertainties in the ion-beam
energy. Kinetic energy for each isotope was calibrated using
the independent IS measurements reported earlier by Gorges
et al. [39]. However, these reference IS values (for isotopes 42
and 48) were later remeasured by Shi et al. [13] much more
precisely. Thus, it is possible to recalibrate the measurements of
Garcia Ruiz et al. [ 15] to significantly reduce the systematic errors.
Equations describing the IS measurements by the collinear laser
spectroscopy of fast ion beams are given in Appendix A.1. The
procedure used to correct the data of Garcia Ruiz et al. [15] is
detailed in Appendix A.2.

Collinear laser spectroscopy of fast ion beams was also used by
Nortershduser et al. [ 16] to measure the IS in the Ca Il 3d-4p tran-
sitions (3d3,2-4p1,2, 3d3/2-4p3/2, and 3ds,,-4ps,») for isotopes 42,
43, 44, 46, and 48 (relative to %°Ca). Correction of significant
systematic errors present in the results of Ref. [16] is described
in Appendix A.3.

In 1996, Vermeeren et al. [17] made the first measurement of
an IS in 3°Ca relative to “°Ca. Using collinear laser spectroscopy of
a fast radioactive ion beam, they measured the IS of the 4s 2S; /2=
4p 2P§’/2 transition in Ca Il to be —222.2(30)(23) MHz, where the
first uncertainty of 3.0 MHz is statistical, and the second one, 2.3
MHz, is systematic (of the same nature as in other fast-ion-beam
measurements described in Appendix A).

Another Ca Il transition, 4s *Si, - 4p °P5,, was recently
studied by Miller et al. [33]. These authors measured the IS of
36,37,38,39C3 relative to “°Ca. Their IS value for 3°Ca is —230.5(2)
(18) MHz, with the same meaning of the two uncertainties as
above. At the level of precision of Refs. [17,33], the IS values
for the 4s Sy, - 4p 2P1°/2‘3/2 transitions should be nearly the
same, so these reported results are in disagreement at the 2o
level, indicating the presence of unaccounted systematic errors
in either or both measurements. Since Miller et al. [33] used the
high-precision 1S(40,44) value from Shi et al. [13], the more likely
suspect is the measurement of Vermeeren et al. [17]. Since those
authors reported only one IS measurement, it is impossible to
elucidate the source of the disagreement. I have included both
measurements [ 17,33] in the fitting procedure with their reported
uncertainties. The latter were significantly larger for Ref. [17], so
the measurement of Miller et al. [33] had a much larger weight
in the present fitting procedure.

Earlier in 1992, Vermeeren et al. [19] made the first measure-
ment of an IS in *°Ca, along with measurements in the chain of
isotopes i = 40, 42, 43, 44, 45, 46, 48, and 50 for the same Ca
Il 4s 251/2 -4p ZP]“’/2 transition. Unlike most of other researchers,
they reported the IS measured relative to the isotope 44, 1S(44,
i) = vj — vg4, Where i is the atomic number of the isotope and
v is transition frequency in the corresponding isotope. For three
isotopes (42, 44, and 48) there are now available high-precision
trap measurements of Gebert et al. [14] relative to “°Ca. Thus, it
is possible to derive a correction of the systematic errors (which
were due to uncertainties in the beam energy, similar to other
fast-ion-beam experiments discussed above). This correction is
described in Appendix A.4.

No correction was applied to the i = 39 IS value from
Ref. [17], because, as privately communicated by L. Vermeeren,
this measurement was made with different parameters of the
experimental setup compared to their 1992 work [19].

Kurth et al. [18] reported measurements of IS of isotope 43
relative to i = 40 for several Ca II transitions discussed above
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Table A

Reference nuclear data for isotopes of Ca. (i is the mass number.)
i Abundance 712" g A <r2>m‘ A <r2 >0b5“ M,¢

(mole fraction)® fm2 fm?2 u

36 - 101.2(15) ms 0 —0.196(26) [33] 35.993070(40)
37 - 181.1(10) ms 32 —0.205(23) [33] 36.9858979(7)
38 - 443.70(25) ms 0 —0.0797(64) [33] 37.97631923(21)
39 - 860.3(8) ms 32 —0.127(16) 38.9707108(6)
40 0.96941(156) Stable 0 0 39.962590866(22)
41 - 99.4(15) ky 7/2 0.003(3) 40.96227792(15)
42 0.00647(23) Stable 0 0.215(5) 0.210(7) 41.95861783(16)
43 0.00135(10) Stable 72 0.125(3) 0.117(25) 42.95876643(24)
44 0.02086(110) Stable 0 0.283(6) 0.290(9) 43.9554815(3)
45 - 162.61(9) d 7/2 0.119(6) 44,9561863(4)
46 0.00004(3) Stable 0 0.124(5) 0.147(45) 45.9536880(24)
47 - 4.536(3) d 72 0.005(13)f 46.9545414(24)
48 0.00187(21) 45(6)x 108 y 0 —0.004(6) —0.005(6) 47.95252290(10)
49 - 8.718(6) m 3/2 0.098(12) [15] 48.95566288(22)
50 - 13.9(6) s 0 0.291(12) [15] 49.9574992(17)
51 - 10.0(8) s 32 0.392(13) [15] 50.9609957(6)
52 - 46(3) s 0 0.531(15) [15] 51.9632136(7)

?From Ref. [35].

bHalf-life and nuclear angular momentum from Ref. [36] (ms = 1 millisecond; s = 1 second; m = 1 minute; d = 1 day; y = 1

year; ky = 1000 years).

¢Currently recommended reference data on change in squared nuclear radius from isotope 40, from Ref. [ 1] unless indicated otherwise.
dExperimental data on change in squared nuclear radius from isotope 40, from Wohlfahrt et al. [37] as quoted in Palmer et al. [20].

€Atomic mass from Ref. [38].

fThe uncertainty was mistyped as 0.001 fm? in Ref. [1] (private communication from I. Angeli).

made using Doppler-free laser spectroscopy in a Paul trap. Of
their results, I used only the IS value for the electric-quadrupole
transition 4s 2Sy, - 3d 2Ds/, 4180(48) MHz, which was not
remeasured by any other group.

High-precision absolute frequency measurements were made
for five transitions in Ca II (see Fig. 1) by several groups. The
most precise measurement of the 4s 25; 52— 3d 2D3/2 electric-
quadrupole atomic-clock transition was reported by Huang et al.
[40]. They measured its frequency to be 411 042 129 776.4017(11)
kHz. A few earlier reported measurements of this transition
do not perfectly agree with this result. For example, the frac-
tional part of this number was reported to be 0.3984(12) kHz
by Matsubara et al. [41], 0.3932(10) kHz by Chwalla et al. [42],
and 0.3930(16) kHz by Huang et al. [43]. However, a discus-
sion of these discrepancies in Ref. [40] gives convincing evi-
dence that these discrepancies were caused by underestimation
of micromotion shifts in earlier studies.

The frequencies of the Ca Il 4s S/, - 4p *P;, 5, resonance
transitions were measured to be 755 222 765 896(88) kHz and
761905 012 599(82) kHz by Wan et al. [44] and Shi et al. [13], re-
spectively. For the 3d D5/, - 4p ZP;’/Z transition, Gebert et al. [14]
reported the frequency to be 346 000 234 867(96) kHz. Finally,
the frequency of the 3d 2D3/2 - 3d 2D5/2 transition was measured
by Solaro et al. [45] to be 1819 599 021.534(8) kHz.

22 Cal

The most accurate measurements of IS in the Ca I spectrum
were reported by Palmer et al. [20] for the two-photon transition
452 1S, — 4555 1S,. They measured the IS relative to isotope 40 for
isotopes 42, 43, 44, 46, and 48 using two-photon absorption laser
spectroscopy with free atoms of calcium produced by evaporation
from an oven placed in a high-vacuum chamber. They achieved
uncertainties varying from 0.12 MHz for isotope 44 to 0.74 MHz
for isotope 46.

The intercombination transition 4s* 'Sy - 4s4p 3P{ was inves-
tigated by Bergmann et al. [24]. They used a collimated atomic
beam intersected by a laser light beam to selectively excite Ca
atoms to the 4s4p 3P; state and detected the re-emitted reso-
nance fluorescent light. All isotopes between 40 and 48 except

47 were studied. They reported the IS measured relative to iso-
tope 40. The uncertainties achieved varied between 0.3 MHz
for isotope 42 and 0.9 MHz for isotope 45 and had a system-
atic contribution of 0.0004 times the frequency, stemming from
uncertainties of calibration of their Fabry-Perot interferometer.
Although this systematic uncertainty dominates for the heaviest
isotopes 46 and 48, I did not find it possible to detect any
systematic error in their results, as well as in those of Palmer
et al. [20]. The results of the global fit described in Section 3
indicate that these systematic errors were much smaller than the
uncertainties specified in Refs. [20,24].

Measurements of the IS of the 4s? Sy - 4s4p 'P$ resonance
transition were made by Nortershduser et al. [21] and by Andl
et al. [22] using laser spectroscopy with atomic beams. Similar to
experiments with ion beams, this method suffers from significant
systematic errors. The combined analysis makes it possible to
reduce these systematic errors. A detailed description of this
reduction is given in Appendix B.

Independent accurate measurements of the resonance 4s® 1Sy
- 4s4p 1P;’ transition were made by Salumbides et al. [46] using
Doppler-free laser spectroscopy of an atomic beam. In addition to
measuring the absolute frequency of this transition for isotope 40
(see below), they measured the IS relative to i = 40 for isotopes
42, 43, 44, and 48. Their reported uncertainties are somewhat
greater than those of Nortershduser et al. [21] for isotope 42, but
smaller for i = 44 and 48.

The rest of Ca I IS measurements used in the present analysis
are much less precise, so they will be only briefly described,
except where corrections of experimental results were necessary.
If the reference isotope is not mentioned in the discussion, the
measurements were made relative to the isotope 40.

Mortensen et al. [23] measured the IS of the 4s? 1S, - 4s5p 1P¢
transition for isotopes 42, 43, 44, 46, and 48. Their uncertainties
were in the range between 9 MHz and 16 MHz. Aspect et al. [25]
measured the IS of two-photon transitions 4s? 1Sy - 4s6s 1S, 4s?
1Sy — 4p* 1Sy, and 4s? 'S, - 4p? D, for isotopes 42, 43, 44, and
48 with uncertainties of between 3 MHz and 4 MHz.

Miiller et al. [26] investigated the IS in transitions from the
4s4d 'D, level to highly excited Rydberg levels 4snp 'P$ (n = 15-
25) and 4snf 1F3° (n = 13-23, 30, and 35) in isotopes 42, 43, 44,
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46, and 48. The latter series was also observed for isotope 41
for n = 13-21. Miiller et al. noted that the observed positions
of the Rydberg levels for odd isotopes are strongly affected by
hyperfine-induced fine-structure mixing (HFM). The HFM effect
is small for low principal quantum numbers n, but it becomes
very large for higher series members, where the fine-structure
intervals become comparable to hyperfine structure. The present
analysis does not account for the HFM effect. Therefore, all odd-
isotope data of Miiller et al. have been excluded from the analysis.
The observed IS values for the 4s4d 'D, - 4snp 'P; and 4s4d 'D,
- 4snf 'F3 transitions have been restored from the tables of level
isotope shifts (LIS) given in Ref. [26] by subtracting the IS values
of the 4s4d D, level given by Nértershiuser et al. [21].

Grundevik et al. [27] reported the measured IS values of the
4s4p 3PS - 4s5s 35 transition for isotopes 43 and 48, —38.2(20)
MHz and —116(4) MHz, respectively.

In the work of Dammalapati et al. [28], the measured 1S(40, i)
values of the 3d4s 'D, - 4s5p 'PS transition were reported for
i = 42, 44, and 48. In addition, they independently measured
1S(44, i) for i = 42 and 48. The measurement series for different
pairs of isotopes were averaged to make the reported IS values
consistent with each other.

Aydin et al. [29] measured the IS in the 3d4s 'D, - 4s6p P}
and 3d4s 'D, - 3d4p 'F; transitions for isotopes 42, 43, 44, 46,
and 48. (Note: for the first of these two transitions, the upper
level was erroneously designated as 4s5p 1P]° in Ref. [29]; this
designation was corrected in Palmer et al. [20]). For both these
lines, the IS was reported in Ref. [29] with the same (positive)
sign. However, as seen from spectrum tracings presented in Fig.
3 and Fig. 4 of Ref. [29], they must have opposite signs. For the
3d4s 'D, - 4s6p 'P; transition at 504.2 nm, the lines of heavier
isotopes have lower frequencies, which corresponds to a negative
IS in the convention used by most researchers, as well as in the
present work. This error was corrected by Palmer et al. [20].

Measurements of the IS in two-photon transitions 4s*> Sy -
4sns 1Sy (n=7-11), 4s% 1Sy - 4snd 'D, (n = 6-8), and 4s> 'Sy - 3d5s
1D, were reported by Lorenzen et al. [30] for i = 40, 42, 43, 44,
and 46 relative to isotope 48. The reported measured quantities
were IS(i, 48) = v4g - v;, where i is the isotope mass number.

In the work of Weber et al. [31], the IS was measured for two-
photon transitions 4s? 'Sy - 4snd 3D, (n = 9-21), 4s* 'Sy - 4snd
3D, (n = 9, 10, and 15), 4s% 1Sy - 4snd 'D, (n = 4, 13, 15, and
16), 4s? 1Sy - 4s4p 3P, and 4s? 'Sy - 3d? 3P, in even isotopes
40, 42, and 44 relative to i = 48. For the 4s® 'Sy - 4s4d 'D, and
4s® 1Sy - 4s4p 3P; transitions, the precision of results of Weber
et al. is inferior to that of Nortershduser et al. [21] and Bergmann
et al. [24], so these results were ignored in the present work.

Pery [32] measured the IS of the 4s* 'Sy - 4s4p 'PS and 4s4p
*P5 4, — 4s5s °S; transitions in Ca I and 4s *Si2 - 4p *Py )y 5/
transitions in Ca II between isotopes 40 and 48. Her work is the
earliest study of IS in calcium known to me. She used a small sam-
ple of heavily enriched “4Ca, which contained about 25% of “°Ca.
The measurements were made with a specially modified hollow-
cathode discharge tube and a Fabry-Perot interferometer. For the
resonant Ca I line 4s* 'Sy - 4s4p 'P5, she directly measured the
interval between the resolved “°Ca and “®Ca lines, while for other
lines she used a more accurate procedure involving independent
measurements of lines of each isotope separately relative to lines
of other elements. Her reported uncertainty was 60 MHz for the
Ca I resonance line, while for other lines she specified the uncer-
tainty to be less than 30 MHz, which was three times the standard
deviation of measurements of 15 interference fringes for each
isotope. For four transitions out of total reported six, the IS(48-
40) was later remeasured with much greater precision by other
researchers [13,14,21,27]. Comparison with those more accurate
measurements shows that there is a systematic error of —44 MHz

in Pery’s measured IS values, and the standard deviation of the
differences around the mean is 30 MHz. Thus, I decreased Pery’s
reported values by 44 MHz and adopted 30 MHz as their 1o
uncertainty. It is probable that both the systematic error and the
increased statistical errors are caused by contamination of her
sample with small amounts of other stable isotopes. Pery’s data
are the only ones available for the Ca I 4sdp 3Pg, - 4s5s 35
transitions. '

High-precision absolute frequency measurements were re-
ported for only two transitions in “°Ca: Salumbides et al. [46] re-
ported the frequency of the 4s> 'Sy - 4s4p 'P; to be
709 078 373.01(35) MHz, and Degenhardt et al. [47] measured the
frequency of the intercombination transition 4s® 'Sy - 4s4p 3P;’
to be 455 986 240.494 1440(53) MHz. The latter measurement
was made in a cold trap on an ensemble of neutral calcium
atoms laser-cooled to 12 ©K, and its result is used in atomic-clock
applications.

3. Method of analysis
3.1. Basic equations

Basic formulas for the isotope frequency shift Avy; = v; -
vy of a fine-structure transition j in an isotope i relative to a
reference isotope r (“°Ca in the present analysis) can be found in
a number of books and articles (see, e.g., Refs. [48-50]). According
to Eq. (1) of Palmer [50], the difference of the kinetic part of the
Hamiltonian of the isotope i from that of the reference isotope r
is given by

1 1 1 1
AHmass — (. _ - 2 _ . DL 1
i <Mi Mr> ZXk:Pk+ZZPk Pk (1)

k#£k'

where M; and M, are the nuclear masses of the isotopes and
prx denotes the momentum operator of the kth electron. Tradi-
tionally, this mass-dependent term is divided into two parts, the
normal mass shift expressed by the one-body term in Eq. (1) and
the specific mass shift expressed by the two-body part. In addi-
tion to the kinetic energy effect given by Eq. (1), the Hamiltonian
of the isotope shift contains the difference in potential energies
of the two isotopes, which is called the field shift. The field shift
is approximately proportional to the difference of mean square
radii of the nuclei, d; = A(r?), (see, e.g, Martensson-Pendrill
et al. [51]).

The isotope shift Av; is approximately described by the fol-
lowing equation:

K;
Avy =L+ BK()d, (2)
i

where K; and F; are the mass shift and field shift constants for
transition j, K(Z) is the scaling factor defined below, d; = A (r?),
is the difference of mean squared nuclear radii between isotope
i and the reference isotope, and p; is the reduced inverse mass
difference:
_ (Mi + me) (Mr + me)
M; — M,

where m, is the electron mass. The nuclear masses can be cal-
culated from the atomic masses given in Table A by subtracting
20 electron masses. The additional mass defect due to ionization
energy can be neglected, since its effect on w; is negligibly small
compared to the effect of the already very small uncertainties of
the atomic masses.

The above Eq. (3) stems from an analogy with the expres-
sion for the normal mass shift. For example, from Eq. (2) of
Palmer [50], the normal mass shift of transition j is given by

ApNVS _ me (M; — M) Vo (4)
v (me + My) (me + My) 7

(3)

i
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where v is the transition frequency corresponding to an in-
finite nuclear mass. Eq. (2) implies that the specific mass shift
(the two-body term in Eq. (1)) is inversely proportional to the
same factor u; as given by Eq. (3), which occurs in Eq. (4). To my
knowledge, this assertion was never rigorously proven. It is possi-
ble and even probable that it is not strictly valid, but the wealth of
existing experimental data indicates that possible errors in Eq. (2)
are well below the present precision of experiments. A search of a
possible breakdown of Eq. (2) is currently underway, e.g., in the
group of S. C. Doret at Williams College, USA (see Ref. [34]). It
should be kept in mind that a possible breakdown of Eq. (2) can
be due not only to higher-order terms in the field shift, but also
to the possible deviation of the mass coefficient u; from Eq. (3). In
the present analysis it is assumed that Egs. (2) and (3) are strictly
valid for all transitions studied in Ca I and Ca IL

The scaling factor K(Z) in Eq. (2) represents the sum of rela-
tive contributions of different moments of radial distributions of

nuclear densities (i.e., ratios j{rz))"’ form = 2, 4,6, ...) to the

field shift caused by interaction of protons in the nucleus with
the electron density distribution within the nucleus. These factors
were calculated by Torbohm et al. [52] who showed that they
are generally close to unity and are largely defined by electron
densities of the s and pq,, shells. In principle, K(Z) depends
on electronic configurations, but this dependence was found by
Torbohm et al. to be very weak, since the main contributions
to it stem from the innermost shells that are common to all
configurations considered. For Ca, Torbohm et al. [52] calculated
K(Z)=0.9964. They stated that 1 - K = 0.0036 should be accurate
to 10 %, yielding an uncertainty in K of 0.00036. Ignoring the
weak dependence of K(Z) on configurations, the product FK(Z) in
Eq. (2) can be folded into factors ij = FK(Z), which are hereafter
called “folded field-shift factors”. Then Eq. (2) reduces to

K;
Al)ij = ~|—ijdi (5)
Mi

Egs. (5) are degenerate in some sense. This means that it is
impossible to determine a complete set of parameters Kj, ij, and
d; solely from the measured values of Av; by means of these
equations. It can be understood by considering the analysis of
Shi et al. [13] made for three transitions of Ca II. Three measured
values of Av; were used in that analysis for each of the three
transitions. Thus, there were nine measured quantities and nine
unknown parameters in the system of equations (5). If these
equations were not degenerate, it would be possible to find a
unique exact solution for all these parameters. However, it turns
out to be impossible. If one multiplies Eq. (5) by w; and plots the
modified IS, p;Avj, of any transition j against the corresponding
values u;Avy (for the same isotopes i) of another transition k,
the dependence is strictly linear, which can be seen in Fig. 5 of
Ref. [13]. This type of plot is widely used in analyses of IS and
is called a King plot. Thus, one measured IS of the six involved
in that plot (for one pair of transitions) can be omitted from
the input with little loss of precision in the results. The missing
value can be recovered from the King plot. In the set of three
transitions, two independent King plots can be drawn, meaning
that two of the input IS values are overdetermined. This requires
at least two of the unknown parameters K;, F!, and d; to be
supplied from an independent source. Shi et af. [13] used the
squared nuclear radii differences d; taken from the compilation of
Angeli and Marinova [1] for this purpose. As can be seen in that
compilation, some of those d; values had been determined from IS
measurements supplemented with theoretically determined field
shift factors F;, but most are from the analysis of optical IS in Ca
[ [20] combined with independent muonic X-ray measurements
of Wohlfahrt et al. [37]. These d; values cannot be used in the
present analysis, since they already incorporate the effect of IS

measurements used by Palmer et al. [20] and other researchers.
Thus, I have used the d; values from the independent analysis
of muonic X-ray data by Wohlfahrt et al. [37] for i = 42, 43,
44, 46, and 48. Those authors did not report directly usable
values of A(r?) , . Instead, they reported values of A <r2)1/2 for
several pairs of isotopes: 40-42, 42-43, 43-44, 42-44, 44-46, 46-
48, and 40-48. Some of these values were model-independent,
but others included additional modeling uncertainties. Derivation
of A <r2>i 40 from those reported values is not straightforward. To

avoid ambiguities, I have used the A (rz)i 4 derived from the data
of Wohlfahrt et al. [37] by Palmer et al. [20], which are included
in Table A for convenience.

Furthermore, Eq. (5) does not account for the Ritz-type re-
lations between IS values of different transitions having some
common energy levels. To account for such relations, we can
rewrite this equation to explicitly account for the mass- and
field-shift parameters of the corresponding energy levels:

Ky — Ky

i

where the transition index j is replaced by the indexes of the
corresponding lower and upper energy levels m and n, and the
mass- and field-shift factors K; and ij of each transition j are
replaced with differences K, - K;;, and F,E —F,% of the corresponding
parameters for the upper and lower levels n and m. This can be
understood if we recall that the ground level has zero energy by
definition; thus, its K and F factors are zero, and for transitions
from the ground level, Eq. (6) reduces to Eq. (5).

Since the ground level is zero in both Ca I and Ca II, IS
measurements of both these spectra can be treated together in
one set of equations (6).

AVign = + (Ff — L) d;, (6)

3.2. Input data requirements

One requirement imposed by Eq. (6) is that each energy level
involved must be ultimately connected (directly or indirectly)
with the ground level by transitions with measured IS, as shown
by solid lines in the Grotrian diagram in Fig. 2. This requirement
is not satisfied for only a few Ca I IS measurements discussed
in Section 2.2. Namely, the 3d4s 'D, - 4s5p 'P{ transition IS
was measured by Dammalapati et al. [28] for isotopes 42, 44,
and 48 only, but not for the isotopes 43 and 46. This makes
the measurements of the 3d4s 'D, - 4s6p 'P{ and 3d4s 'D, -
3d4p 1F§ transitions by Aydin et al. [29] unconnected with the
ground level for these two isotopes. Similarly, the level 4s4p 3P§
involved in the IS measurements for transition from the 4s5s 3S;
level by Grundevik et al. [27], made for isotopes 43 and 48, is
not connected with the ground state for isotope 43 (for isotope
48, a connection is provided by the 4s4p 3P; - 4s5s 3S; and 4s?
1Sy — 4s4p 3P{’ measurements of Pery [32] and Palmer et al. [20],
respectively). To circumvent this problem, the observations were
supplemented with additional IS data for the 3d4s 'D, - 4s5p
P transition for i = 43 and 46 and for the 4s 'Sy - 4s4p 3PS
transition for i = 43. For the 3d4s 'D, - 4s5p 1P{’ transition,
the missing IS values were calculated from the transition F and
K factors obtained by fitting equations (6) excluding the IS data
for all problem transitions. These calculated IS values for i =
43 and 46 are 1755.3(17) MHz and 3295.9(38) MHz, where the
uncertainties are those of the fit. In the input of the final fit, these
uncertainties were greatly increased to 20 MHz and 30 MHz,
respectively, to reduce the influence of these values on the final
fitted results for other quantities. These adopted uncertainties
are far greater than those of the final fitted values (1.7 MHz
and 3.8 MHz, respectively), which confirms that their use did
not distort the results. For the fictitious transition 4s® 1Sy - 4s4p
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3P introduced to define the IS of the 4sdp 3PS level in isotope
43 (and 46 as well, which will be explained further below),
the IS was extrapolated from the measurements by Bergmann
et al. [24] of the 4s* 'Sy - 4s4p 3P§ transition using an empirical
observation that the differences Av(J) - Av(J - 1) between IS
values for the consecutive fine-structure components of the same
LS term depend linearly on the principal quantum number n.
This is illustrated in Fig. 3, where the relative differences 1 -
Av(J)]Av(J - 1) are plotted against n for all LS terms in both Ca
I and Ca II where LIS was determined in a preliminary fit for at
least two fine-structure components. These include 4p 2P° and 3d
2D in Ca Il and 4s9d 3D, 4s10d 3D, 4s15d 3D in Ca L.

The estimates resulting for the IS of the Ca I 4s4p 3P; level
in isotopes 43 and 46 are 782.79(28) MHz and 1482.1(6) MHz,
respectively, where the uncertainties are the standard deviations
of the fit. Although the fit shown in Fig. 3 is an interpolation, the
assumption that it holds for the 4s4p 3P° term is an extrapolation,
so the uncertainties adopted for the final fit have been greatly
increased to 10 MHz and 20 MHz, respectively, to avoid any in-
fluence of extrapolation errors on other fitted data. These adopted
uncertainties are much greater than those for the observed IS
values of the 4s? 1Sy - 4s4p 3PS transition for i = 43 and 46,
782.2(7) MHz and 1481.1(7) MHz, as measured by Bergmann
et al. [24].

Another requirement on the input data stems from the degen-
eracy of Eq. (6). As discussed above, fitting of these equations
implies that one should be able to make King plots for any pair
of transitions, which means that each transition included in the
fit must have at least two IS values in the input. This necessitated
the inclusion of the estimated IS value for the 4s* 1Sy - 4s4p
3Ps transition discussed above for i = 46 in addition to the
value for i = 43 required to relate the observed transition IS
values to the ground level. The other two transitions requiring
additional input IS values are 4s4p 3PS - 4s5s 3S; and 4s4p >Pg -
4s5s 3S; in Ca I. In each of these transitions, only one IS value
measured by Pery [32] for i = 48 is available. An analysis of
the data from a preliminary fitting, which excluded all transitions
that did not satisfy the requirements on the input data, showed
that the ratios of fitted 1S(40, i) values for any selected isotope
i to those of isotope 48 are nearly constant for all transitions.
Such constancy was seen to be the strictest for isotope 41, for
which the ratio Avag 41/ Avap 43 turned out to be 0.146397 with
a standard deviation of 0.000015, as determined from a set of 36
transitions. This allowed a determination of interpolated i = 41
IS values for these two transitions, —17.9(44) MHz and —24.4(44)
MHz, respectively. To decrease their influence on the fitting of
other data, their uncertainties were doubled in the input of the
final fit.

A different approach was used for transitions 4s Sy, - 3d
D3, and 4s Sy, - 3d 2Ds, in Ca IL For each of them, IS was
measured in only one isotope i = 43. However, as seen in the
Grotrian diagram shown in Fig. 2, the IS of these transitions in
other isotopes can be precisely determined from the measured IS
of other transitions using Ritz-type relations. A method of finding
least-squares-optimized energy levels from a set of observed
transition energies was described by Kramida [53], and it can also
be used for least-squares optimization of IS. In the present work,
a simplified version of this method was used.

As discussed in the previous subsection, Eq. (6) requires
usage of additional independent data for some of the unknown
parameters. The present analysis uses the nuclear radii data from
Wohlfahrt et al. [37] (as quoted by Palmer et al. [20]) for this
purpose. These values are listed in the A (r?) column of Table A.

The particular values chosen above for the uncertainties of the
six artificially introduced IS values are not important, provided
that they are large enough for the influence of these values on the

fitting to be negligibly small. This was verified by calculating the
specific contributions of these uncertainties to the uncertainties
of all fitted values in the same manner as the total uncertainties of
the fit are computed. Namely, for each artificial IS value in turn,
the value is increased by its uncertainty, the global fit is made
with this modified input value, and the differences of the fitted
values of all parameters from the original fit are stored and com-
pared with the total uncertainties. Changes induced by different
input quantities in the output values are strongly correlated, so
their signs vary, and the sum of their absolute values may be
greater than the total uncertainty of the fit. The effects of each
of the artificial data on the output are discussed below.

The 3d4s 'D, - 4s5p 'PS transition in *Ca I contributes more
than 3% to the uncertainty of the fitted IS values only for the same
transition (in all isotopes). Its contribution reaches the maximum
of 9% in #3Ca. Influence of the same transition in “6Ca on the fitted
IS values is very similar. It is noticeable only in the fitted values
for the same transition and reaches the maximum of 13% in “6Ca.
The 4s? 'Sy - 4s4p 3PS transition in “3Ca I significantly contributes
to the fitted IS values not only for the same transition in other
isotopes, but also for 4s4p 3P; - 4s5s Sy and 4s4p P - 3d* P,
in all isotopes except 4!Ca. In isotopes 36-39, 42-46, and 50-52,
this contribution dominates the uncertainties of the IS of 4s4p 3P;’
- 4s5s 3S;. The influence of the 4s* 'Sy - 4s4p 3PS transition in
46Ca [ on the fitted IS values is similar, but smaller in magnitude
by a factor of two on average. The artificial IS value of the 4s4p
3P} - 4s5s 3S; transition in 'Ca influences the fitted IS values of
the same set of transitions (4s4p 3PS - 4s5s 3S;, 4s* 1S, - 4sdp
3p3, and 4s4p 3P5 - 3d? 3P,) in almost all isotopes, contributing
between 3% and 36% to the final uncertainties. The influence of
the 4s4p 3PS - 4s5s 3S; transition in #'Ca is more isolated. It is
dominant (up to 100% of the total uncertainty) in the IS values
of the same transition in all isotopes, but negligibly small in all
other fitted results.

None of the six artificial IS values used in the input of the fit
contributes more than 1% to the uncertainties of the fitted nuclear
parameter d of any isotope.

3.3. Least-squares fit of isotope shift equations

The method chosen here is the nonlinear least-squares fit us-
ing the Levenberg-Marquardt algorithm [54,55] as implemented
in the LM module of Perl Data Language (PDL) distributed by
ActiveState! [56].

The problem is set up by 307 observational equations. Of
these, 302 are represented by Eq. (6) for each available transition
IS (TIS) value (296 measurements plus 6 artificially introduced
for technical reasons; see the previous subsection). Additional five
equations are for the nuclear-radii parameters d; (equating them
to the muonic-X-ray values for isotopes 42, 43, 44, 46, and 48).
TIS values are available for 75 transitions (74 transitions having at
least one measured IS value plus one artificially introduced; see
the previous subsection). Our purpose is to derive 158 unknown
parameters (K, and F, for 71 excited levels involved in those
75 transitions plus 16 nuclear-radii parameters d;) from these
307 equations. To formally define the least-squares minimization
problem, Egs. (6) should be rewritten including weights for each
equation:

Yimn = Ximn (7)

for each observed transition n —m in each isotope i, where
Ximn are weighted “observed” IS values, Xjnn = Wimn AVimn, With

1 The identification of commercial products in this paper does not imply
recommendation or endorsement by the National Institute of Standards and
Technology, nor does it imply that the items identified are necessarily the best
available for the purpose.
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Fig. 3. Relative differences between IS (Av) in consecutive fine-structure levels of the same LS term as a function of the principal quantum number n. The plot
includes data from a preliminary fit (see text) for levels of the 4p 2P° and 3d 2D terms in Ca Il and 4s9d 3D, 4s10d 3D, 4s15d 3D in Ca L. The error bars are defined
by the uncertainties of the fitted IS values. The dotted line is a linear fit to the data points.

weights win,, equal to inverse IS measurement uncertainties, and
Yimn are defined by equation

Yimn = wimnu + Wimn (F,f - Frﬁl) d;, (8)
in which the index of the upper level n runs from 1 to the total
number of excited levels N = 71, while the indices m of the lower
levels include also the ground level, which is assigned m = 0.
Although the same weights w;n, are present on both sides of
Eq. (7), they must be kept in the equations, because the quantity
minimized in the solution of the least-squares problem is the sum
of squared residuals (Vimn — Ximn). Each term in this sum must be
weighted with weights equal to w2, .

For transitions involving the ground level, Eq. (8) simplifies to

K
Yion = inn;n + wionFd;. (9)

1

Additional equations for the d; parameters are set up as fol-
lows:

Ydi = Xdi, (10)

where yg = wgd; and x4 are weighted initial nuclear-radii
parameters, X5 = wdidﬁnit, with weights wg equal to inverse
uncertainties: wg = 1/u(d™).

For the Ca I transitions 4s? 'Sy - 4sns 1Sy, 4s% 1Sy - 4snd 13D,
4s% 1S, - 3d5s 'D,, and 4s® 'Sy - 3d* 3P, reported by Lorenzen
et al. [30] and Weber [31], as well as for the Ca II transition 4s
2S12 - 4p szﬂ transition from Vermeeren et al. [ 19], the reported
IS values were given relative to isotopes 48 (in Ca I) and 44 (in
Ca II). To handle these cases (all involving transitions from the
ground level), Eq. (8) needs to be modified to account for different
reference isotopes. For the Ca II measurements of Vermeeren
et al. [19], as well as for the two of the five Ca I measurements
of Dammalapati et al. [28], the reported measured quantities are
IS(44, i) = v; — v4q. Then u; and d; in Eq. (9) are replaced by the
following:

(M; + me) (Maq + me)
Wagi = , (11)
M; — Myq

dagj = d; — dag, (12)

where M; and My, are the nuclear masses calculated from the
atomic masses in Table A, dy4 is the difference of the squared
nuclear charge radius of isotope 44 from that of isotope 40,
d; has the same meaning as in Eq. (9), and the index i now
excludes isotope 44 (but includes 40 for the Ca Il measurements
of Ref. [19]).

For the Ca I measurements with reference isotope 48 [30,31],
the reported measured quantities are IS(i,48) = vsg - v;. This
requires a similar change of w; and d;, but with an opposite sign:

(M; + me) (Mgg + m,)
Mag — M;
di 43 = dag — dj, (14)

; (13)

Mi 48 =

The least-squares solution consists of finding the set of pa-
rameters Ky, F,f,,, and d; that minimizes the sum of squares of
residuals

2

S= (vg—x) (15)
q

where y and x correspond to those in Eqgs. (7) and (10), and the

sequential index g runs over all these equations.

The Levenberg-Marquardt algorithm of the solution of this
minimization problem requires the Jacobian matrix of derivatives
of the functions y in the left-hand side of observational equations
(7) and (10) over the sought-for parameter variables. With the
help of Egs. (8) and (9), it is easy to find it analytically:
a.yimn

K,
a}’imn
3F;§
a.Vimn
ad,
and
Y i
ad;

where § is the Kronecker delta-function, the index p runs over the
excited-level indexes (from 1 to N), and the index j in Eq. (19)

Wi
7’" (8np — Smp) » (16)

= Wimnd; (Snp - Smp) s (17)

= Wimn (F,E—F,;) 51’pa (18)

= wgidyj, (19)
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runs over the isotope numbers 42, 43, 44, 46, and 48. For the
variables describing the measurements of Refs. [19,28,30,31] with
reference isotopes different from 40, u; and d; in Eqs. [16-18] are
replaced with those defined by Egs. (11)-(14).

Even with the relatively slow Perl implementation, solution
of the least-squares problem set up as above requires only sev-
eral seconds on a personal computer. Perl was chosen for this
purpose, since it has constructs such as hashes making rep-
resentations of structured spectroscopic data clearer and more
compact compared to other languages, such as Fortran.

Once the level K and F values are found, as well as the
optimized values for d;, it is straightforward to calculate the IS
values for all levels and transitions of all isotopes using Eq. (6).

Since the correction of systematic errors in some of the mea-
surements depends on the fitted IS values (see Appendices A and
B), the fitting procedure had to be repeated iteratively. After each
iteration, the corrections applied to the measurements were ad-
justed. Iterations were repeated until convergence was achieved,
i.e., the corrections applied to the measurements stopped chang-
ing. This required 15 iterations.

3.4. Initial parameter values

The Levenberg-Marquardt iterative solution of the least-
squares problem requires setting up initial values for the un-
known parameters, which are sufficiently close to the solution
to ensure convergence of the iterations. For the d; parameters,
the choice of initial values is obvious, but it is more difficult
for the K and F parameters. In this work, the following two-
step method was chosen. In the first step, the initial approximate
values for K and F for transitions are found by a least-squares
solution of the system of Eqs. (5), which are made linear by fixing
d; at their initial values df”“. For a system of linear equations, the
least-squares solution can be found analytically:

.. Ainit I J
> wid; (A”u ij)

init __
= _ ginit ( ginit o\’ (20)
> wiid; (AT
M — Fmitp;
K= (21)
J
where
Wij
wi=> —. (22)
i M
M= 2 Ay, (23)
; i
(T
D= —d (24)
T M
with weights
1

ij
u;; being the uncertainties of the Avj; values.

For the calculation of F™* and K/™ the values of A(r?).
from Table A (quoted from Refs. [1,15,33]) were used as the initial
values of the nuclear-shape parameters dﬁ”” .

It is easy to see from Egs. (20), (22) and (24) that, if for a
transition j the Avj; value is available for only one isotope i, the
denominator of Eq. (20) is zero, making the solution impossible.
This illustrates the necessity of introducing additional Avj; values
for other isotopes in such cases.

The second step is to find the level K and F factors from those
found for transitions. In the present method, it is done by repeat-
edly cycling through the list of all transitions, first equating K and

F to the values for transitions terminating on the ground level and
on the next cycles equating them to the sum of the transition
values and the corresponding values of the lower levels for the
transitions having the lower levels with already established K and
F values. This cycling repeats until all levels attain assigned K
and F values. This determination is certainly not optimal for the
levels involved in multiple transitions forming closed loops in the
Grotrian diagram exemplified in Fig. 2. However, finding the best
possible initial values for the K and F values of the levels does
not need to be pursued, since they will ultimately be optimized
in the subsequent nonlinear least-squares fitting accounting both
for those Ritz-type relations and for the variations of d; from their
initial values, as described in the previous subsection.

3.5. Uncertainties of the least-squares fit

In principle, the Levenberg-Marquardt least-squares fit proce-
dure allows determination of the covariance matrix for the fitted
parameters. If the input data (the IS and dﬁ"" values in this case)
are uncorrelated, one can determine the uncertainties of the fitted
K, F, and d; values from that covariance matrix. However, the
covariance matrix is calculated only approximately by linearizing
the response of a nonlinear system to small changes in the in-
put parameters. To obtain more accurate standard uncertainties,
I used a straightforward method: for each measured quantity,
its initial value was incremented by its uncertainty, the entire
fitting procedure was repeated, and the changes in all output
values (including the LIS and TIS values calculated from the fitted
nuclear-shape and level F and K values) were recorded. Then the
contributions of uncertainties of initial data were summed up in
quadrature, yielding the total standard uncertainties of all output
values. Although this method required repeating the entire fitting
procedure 307 times, the total execution time was only a few
minutes on a desktop computer.

Using the fitted K and F factors of energy levels along with
the nuclear-shape parameters, one can predict IS values for any
transition between those levels, even if it was not observed.
However, it is impossible to estimate the uncertainties of such
predicted values without knowing the covariance matrices for
those fitted parameters. To facilitate comparisons with future
experiments, an option allowing calculation of predicted IS was
included in the fitting procedure. This option was used for those
transitions that have been observed in natural calcium or in at
least one isotope, for which no IS measurements are available
so far. There are only seven transitions of this kind: six in Ca
[ and one in Ca II. Uncertainties of the predicted IS, K, and F
parameters for these transitions have been calculated with the
same procedure as described above.

3.6. Absolute frequencies

For Ca I the absolute frequencies were accurately measured
for only two transitions, 4s? 'Sy - 4s4p 'P{ and 4s® 'Sy - 4sdp
3p? [46,49], both in “°Ca (see Section 2.2). Thus, once the IS
of these transitions has been determined in the global fit, it is
straightforward to calculate the absolute frequencies of these two
transitions in all other isotopes by adding the corresponding IS
values to the absolute frequencies in “°Ca.

For 4°Ca II, the determination of the absolute frequencies
is more complicated, since the set of available high-precision
measurements overdetermines the energy levels involved in the
observed transitions (see Fig. 1). To find the energy levels that
best fit all observations, I used the least-squares level optimiza-
tion code LOPT [53], which also determines the uncertainties of
the Ritz frequencies (differences between the optimized upper
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and lower energy levels) for each transition. After that, the ab-
solute frequencies of all these transitions in all other isotopes are
calculated by adding the IS values from the results of the global
fit.

The absolute frequencies of transitions in natural mixture of
stable Ca isotopes are determined by adding a small correction to
the frequencies of the most abundant isotope #°Ca. This correction
is equal to the weighted sum of IS values of minor isotopes
42, 43, 44, 46, and 48 with weights equal to their abundances
(see Table A). Uncertainties of these abundances dominate the
uncertainties of the absolute frequency values in natural calcium.
These uncertainties are so large because the composition of Ca
samples greatly varies depending on their origin [35].

4. Results

The fitted values of differences of mean squared nuclear-
charge differences d = A (r2> (relative to the reference isotope i =
40) are presented in Table 1. The table also gives the initial values
dinic used in the global fit, the best previously available fitted
values dpey (from Palmer et al. [20], Miller et al. [33], and Garcia
Ruiz et al. [15]), and the differences d - dprev. The new results are
in good agreement with previous best values. The uncertainties
in d are almost the same as for the previous best data, except for
isotopes 41 and 47, where they have been reduced by about a
factor of 1.5. The new values agree well with the previous ones,
except for “6Ca, where the newly fitted value differs from that of
Palmer et al. [20] by 1.6 standard deviations.

The fitted mass-shift factors K and folded field-shift factors
Ff are given in Tables 2 and 3 for the levels and transitions,
respectively. The level excitation energies included in Table 2
to facilitate easier identification were taken from the Atomic
Spectra Database (ASD) of the National Institute of Standards
and Technology (NIST) [57], except for the 4s30f 1F§’ and 4s35f
1F§ levels quoted from Miiller et al. [26]. Transition wavelengths
given in Table 3 are the Ritz values derived from those energy
levels. The fitted LIS values for isotopes 39 through 52 are given
in Tables 4-6, while the fitted TIS values are listed in Tables 7-11.

As seen from Table 3, for a few transitions the precision of the
K and Ff factors has been substantially improved compared with
previously published values. For example, for the Ca Il 3d 2D /2 -
4p ZP;’/Z transition at 866 nm the uncertainty in K is reduced by a
factor of 9 compared to that of Shi et al. [13]. On the other hand,
for most Ca I transitions the uncertainties of the newly fitted
values are significantly greater than those reported in previous
works. This indicates that in those works the uncertainties were
underestimated. One common cause of such underestimation is
neglect of correlations between input parameters used in the fit-
ting. Another one is improper fitting of King plots. Least-squares
fitting of such linear plots is nontrivial because uncertainties of
the input values are present in both ordinates y and abscissas x
of the data points. Shi et al. [13] demonstrated that the neglect
of uncertainties on the x-axis in the linear regression routine
implemented in most commercial software products may lead to
significant underestimation of uncertainties of the fitted param-
eters. The correct algorithm developed by York et al. [58] should
be used for this purpose. The too-small uncertainties in the K and
F factors reported by Dammalapati et al. [28] for the Ca I 3d4s 'D,
- 4s5p 1P? transition at 671.8 nm must have resulted from some
error in their fitting procedure. By fitting their data shown in the
King plot in Fig. 9 of Ref. [28], | obtain K = 1015.6(15) GHz u and
Ff = —144(13) MHz/fm? in good agreement with the results of
the global fit given in Table 3.

For levels with principal quantum numbers n > 11, as well as
for transitions involving these levels, IS data for odd isotopes are
omitted from Tables 4-8, because they do not account for the

HFM effect, as discussed in Section 2.2. This effect was observed
by Miiller et al. [26] to strongly shift the Ca I 4snp 1P§’ and 4snp
1F3° levels with n > 15 and n > 13, respectively, from their
unperturbed positions, and to adversely affect their IS. For the
Cal 4s> 1Sy - 4sns 'Sy and 4s® 'Sy - 4snd 'D, series studied
by Lorenzen et al. [30], no influence of HFM can be noticed in
their measured IS values for n < 11 and n < 8, respectively, of
isotope 43 within the rather large limits of their measurement
uncertainties (up to 14 MHz). The fitted unperturbed IS values
for these levels are significantly more precise, but there is no
guarantee that HFM shifts can be neglected within uncertainties
of the present fit. Thus, the odd-isotope IS values for these series
given in Tables 4-8 should be treated with caution. A theoretical
calculation of HFM is needed to validate these data.

Although the precision of many values in Tables 2-11 is rather
poor, they are retained in the tables, as they can be used for
choice of transitions and isotopes to be investigated.

Absolute frequencies of ten transitions in “°Ca (two in Ca I
and eight in Ca II) are given in Table 12. The Ca II values have
been determined here by a least-squares optimization with the
LOPT code [53]. Thus, the references to the source of these values
are given only for transitions that alone determine one of the
levels involved, while for other transitions the ‘R’ in the reference
column indicates that these values have been optimized. While
wavelengths in vacuum can easily be calculated from frequen-
cies without any loss in precision, wavelengths in “standard” air
depend on the index of refraction of air, which is known with
a limited precision. The air wavelengths included in Table 12
illustrate this loss of precision. They have been calculated from
the vacuum wavelengths using the five-parameter formula of
Peck and Reeder [59]. The relative uncertainty of this conversion
is roughly estimated as 3x 1078,

The absolute frequencies of these same transitions in all other
isotopes, given in Table 13, are obtained by adding the IS values
from Tables 6-9 to the #°Ca absolute frequencies from Table 12.

The vacuum wavelengths of the same ten transitions in stable
Ca isotopes, as well as in the natural mixture of isotopes, are given
in Table 14. They are calculated from the absolute frequencies
given in Tables 12 and 13. To compute these values for natural
calcium, the frequencies in individual isotopes are weighted by
the abundances given in Table A. As noted in Section 3.6, the large
variability of isotopic composition of natural calcium samples
leads to large uncertainties of those mean abundances, leading to
a substantial increase in the uncertainties of the frequency values.

In 2014, Murphy and Berengut [2] published a list of atomic
transitions that can be used in search for variations of the fine-
structure constant « in strong gravitational field of quasars. This
list included the resonance lines of Ca II, 4s °Sy, - 4p *P5 , and 4s
25, 2 —4p ZP;’ J2- The vacuum wavelengths for natural (terrestrial)
Ca and for the stable Ca isotopes derived by Murphy and Berengut
from experimental data available to them at the time are included
in Table 14 for comparison. It can be seen that the new data are
more accurate than those of Ref. [2] by a factor ranging from
2 for “°Ca to 1400 for “8Ca. It should be noted that isotopic
composition in stars can be very different from terrestrial. For
example, Castelli and Hubrig [12] have found that in several stars
calcium composition is dominated by #4Ca, 46Ca, and “8Ca. This
was deduced from measured profiles of the near-infrared Ca II
3d 2D - 4p 2P° triplet. The improved data for these transitions
given in Table 14 should assist in studies of isotopic composition
of such peculiar stars.

5. Conclusion
A new procedure allowing a direct determination of level

isotope shifts (LIS) and nuclear shape parameters has been de-
veloped. It is based on a non-linear least-squares fit of observed
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transition isotope shifts (TIS) in both Ca I and Ca II and indepen-
dently measured differences in squared nuclear-charge radii d;.
Systematic errors in measurements of isotope shifts have been
corrected for several sets of measurements. This allowed deter-
mination of the d; parameters, as well as mass- and field-shift
factors of several tens of Ca I and Ca II transitions with improved
precision. Published data for 296 experimental TIS values for
74 transitions (67 in Ca I and 7 in Ca II) have been used in
this analysis along with five published values of d; from muonic
X-ray measurements. From this set of input data, 16 d; values
have been determined, four of which have an improved precision.
The results of the fit include mass- and field-shift factors for 71
energy levels (67 in Ca I and 4 in Ca II) and 82 transitions, as
well as LIS values for 794 energy levels and 1008 TIS values in 16
isotopes (36-3941-52C3) relative to “°Ca. From published absolute
frequency measurements in “°Ca combined with the fitted TIS
values, absolute frequencies have been determined for two Ca I
transitions and eight Ca II transitions in all Ca isotopes from 3¢Ca
to >2Ca.

These results can be useful in atomic clock and quantum
computing applications, as well as in astrophysics and in search
for variations of the fine-structure constant.
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Appendix A. Systematic errors in collinear laser spectroscopy
of fast ionic beams

A.1. General considerations

In collinear or anti-collinear laser spectroscopy, a beam of a
stabilized laser is aligned parallel or antiparallel to a fast ion
beam, and the energy of the ion beam is adjusted so that in
the frame of the moving ions the Doppler effect shifts the laser-
beam frequency to the frequency of the studied transition. The
resonance is detected by monitoring the absorbed photons. This
can be accomplished by measuring the intensity of fluorescence
from the upper level of the transition or by some other means
providing efficient monitoring of the population of the resonantly
excited upper level. The Doppler shift is controlled by changing
the acceleration voltage U applied to the ionic beam, so the
directly measured quantity is the voltage at which the resonance
peak is observed. In the published Ca Il measurements, typical
acceleration voltages were between 30 kV and 45 kV.

The relation between the ion-beam acceleration voltage and
the resonance frequency v; (for an isotope i) is given by the
following formulas [60]:

1— Bicoso

v = Vlasm, (A.1)

where vy, is the laser frequency, cos§ = =1 for collinear and
anti-collinear beams, respectively, and B is related to the total
acceleration potential U; via

1/2

p=|1-—1 | | (A2)

2
Ui
(miuev + ])

where m; is the total mass of the studied ion (in atomic mass
units u) and uey = 931494102.42(28) eV/u [60]. Defining r; as
the frequency ratio

Vi

ri=—, (A'3)
Vlas
we can find from Eq. (A.1):
g — coso 1t (A4)
T 1412 ’
2 4r?
1-p=——, (A.5)
(1+77)
and from Eq. (A.2):
1
1 - /312 = ﬁ, (A.G)
(miL;eV + ]>
U; 1
L= ——1 (A7)
mikey (1 p7)"!
Substituting Eq. (A.5) into Eq. (A.7) yields
Ui _ (1-rn)’ _ (i — Vlas)z' (AS)
Mjlley 2r; 2ViVias

Eq. (A.8) allows one to precisely restore the original mea-
sured voltages U; from the values of isotope shifts and the laser
frequency reported in experimental papers.

Normally, experimental conditions are chosen so that rest
frequencies of the atomic transitions v; are rather close to v,
(Jvi/vias — 1] <0.01), but the Doppler shifts v; - v}, are significantly
(by orders of magnitude) greater than the isotope shifts Av;.. One
can see from Eq. (A.8) that at such conditions the voltage U; is
proportional to the isotope mass m; to a good approximation:

2
U; = miuevw. (Ag)
2V Vjas

The information about the isotope shifts is encoded in the
small differences between the measured U; values and the linear
Eq. (A.9).

To find the resonance frequency v; from the known accelera-
tion voltage U;, we can rewrite Eq. (A.2) in the form

[X; 2 +X)]"/?
= A.10
Bi Tx ( )
where X; = U;/(mjuey). Then from Egs. (A.1) and (A.6),
vi = vias {14 X — cos € [X; 2+ X)]"/?} (A11)

and the isotope shift Av;, = v; - v, between the isotope i and the
reference isotope r is given by

Avyp = Vs [X; — Xp — cos 0 (bj — by)] (A12)
with
bi =X 2+ X", by = X @+ X)]". (A13)

The dimensionless quantity X; = U;/(m;uey), which is a mass-
scaled voltage, is typically much smaller than unity. For example,
in the experiment of Garcia Ruiz et al. [15] X; ~ 1078, and the
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maximum change in it, AX; /X = (X; — X;)/X;, was about 0.4%.
Thus, Eq. (A.12) can be approximated by the following formula:

Xir
X))

If the measured acceleration voltages U; and U, contain small
errors 8U; and 8U,, and the ion masses m; and m, contain errors

8m; and §m,, respectively, one can estimate the corresponding
errors in the isotope shifts Av;. from Eq. (A.14):

Avjp R —Vjp5 COS O (A.14)

Vjas COS O
e (8% — 8X,)

X,)?

8 (Avir) ~—

1
U; 21 8U;  SU; dm;  om,
AZ— Va5 COS 6 — - — - .
2M;Uey Ui Uy m; m;

(A.15)

The relative uncertainties of the atomic masses are one or
two orders of magnitude smaller than those of currently available
voltage measurements and can be neglected in Eq. (A.15). A pos-
sible error in the laser frequency v, is not included in Eq. (A.15).
It produces an additional error in the measured Avj;:

) (Avir)las = Svlas,i - BVlas,rs (A]S)

where the first term is the error in the laser frequency at the time
of measurement of the peak of the isotope i, while the second one
is the error at the peak of the reference isotope (those can differ
because of the drift of vj,s). The latter term produces a constant
systematic error in Avj.

A possible small error 56 in the alignment of the beams is
neglected in Eq. (A.15). If present, it would cause a systematic
error in the measured IS, Av;. This error is proportional to Avj;
and hence is roughly proportional to the mass difference Am;, =
m; - mg.

The total acceleration voltage U; is usually composed of at least
two separately controlled components. One of these components
is a relatively small adjustable voltage applied to the optical
detection platform, and the rest provide a nominally fixed large
value for the main acceleration voltage. The total errors in the
measured voltages include systematic and random components:

8U; = SU™ + SUS™, §U, = SUN® + SUS™. (A17)

The systematic errors are usually attributed to an unknown
small offset in the value of the main acceleration voltage, while
the statistical errors are thought to originate mainly from the
voltage applied to the optical detection platform.

The offset of the main voltage is usually assumed to be con-
stant (independent of the beam energy). It can be caused by
a poorly controlled voltage drop on the gadget generating the
ions (e.g., an ion trap). There can be other sources of a voltage
offset, e.g., it can be caused by a space charge occurring in the
vacuum chamber of the apparatus by collisions of the fast ion
beam with a small amount of residual gases. Dependence of any
such physical phenomena on the beam energy was not, to my
knowledge, investigated in any collinear laser-ion-beam studies
(the influence of space charge on the peak energy of the very
intense “°Ca* beam is mentioned by Nértershauser et al. [16], but
no details are given therein). To gain some insight into possible
consequences of a non-constant voltage offset, let us assume that
the systematic error U;** depends quadratically on the beam
energy (and hence, on the ion mass; see Eq. (A.9)):

2
Am Am
8Ufy5:a+b—”+c< 'r> ,8U = q,
m; m;

(A.18)

where a, b, and ¢ are unknown constants. Then the difference
8U; Bgrr in Eq. (A.15) can be approximated by

o
sU;  8U,  SUM +sUst  sUMS 4 sUS

U; u U; U,

1[U
= — | == (8U™ + 8US™") — sUN — US| . (A.19)
Uy LU

Using Eq. (A.9), the ratio UU: can be approximated by

U ome_ 1 Amg (Amir>2. (A20)

Ui omi 14 A0 m; my
Substituting Egs. (A.20) and (A.18) into Eq. (A.19) and retaining

Am; 2 .
—”) , we obtain
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Ui Ur Ur r r
+ I sysat suftat} . (A21)
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From Eqgs. (A.21) and (A.15), one can see that a constant offset
error a in the acceleration voltage U; produces a systematic error
in the measured Av;, which is approximately quadratic in %.
When the mass change is relatively small (which is usually the
case), the quadratic term in this dependence is much smaller than
the linear term and can be neglected.

If the offset voltage error is not constant but depends linearly
on the mass difference Am;;, then the coefficient c in Egs. (A.18)
and (A.21) is zero, and Eq. (A.20) produces the same linear depen-
dence of the error in Av; on Am;., the only difference from the
constant-offset case being that the coefficient a is replaced by (a -
b). The main acceleration voltage is usually corrected by adding a
constant offset determined by fitting the measured Av;, to some
known reference values. From the above, one can see that such
correction effectively compensates not only a constant offset, but
also an offset that linearly depends on the mass difference.

As noted above, a small error in the alignment of the beams
also produces an error in the measured Av; that is roughly
linear in Am;,. This error is also effectively eliminated by adding
a properly fitted constant offset correction to the acceleration
voltage.

The statistical (random, normally distributed) errors U™ in
Eq. (A.21) introduce random errors in the measured Av; val-
ues, with only a slight distortion of the statistical distribution.
However, the statistical error in the voltage corresponding to the
resonance frequency of the reference isotope, U:™", produces a
constant systematic error in all measured Av; values.

A.2. Correction of systematic errors in the Ca Il measurements of
Garcia Ruiz et al.

The experimental details relevant to the measurements re-
ported by Garcia Ruiz et al. [15] are given in Garcia Ruiz’s the-
sis [60]. In particular, the laser frequency was locked at
25449.2478 cm~! = 762949255.22 MHz, which had a possible
drift < 10 MHz per day. By using Eq. (A.8), the nominal ion-
beam acceleration voltages they used for each isotope i, U™,
can be restored from their reported values of IS and the absolute
frequency of the investigated 4si, - 4ps,, transition in the
reference isotope “°Ca, 761905012.599 MHz [13]. If more accurate
reference IS values are available, we can find the voltage offset
AU in the U™ values by fitting the IS values calculated with
the adjusted voltages U = UM™ + AU’ to the reference values.

Denoting the difference between the reference IS values (A v\
and the reported experimental values (Av}°™) as 8v;, we can
obtain from Eq. (A.8)

2
AU ~ ’;’f”e"avi( - @)

2
Vias V;

1

(A22)
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If the transition frequency v, in the reference isotope (r = 40
in this case) and the laser frequency v, are known precisely,
Eq. (A.22) has a relative precision better than one part in a million
when compared with the values of AUI."‘r calculated with the
exact Eq. (A.8), regardless of whether v; are calculated with the
reported or reference values of the IS. Possible errors in v, and
Vias Tesult in systematic errors in the voltage values restored from
the reported and reference IS values. For example, if Garcia Ruiz
et al. used for v, the transition frequency from the NIST ASD [57]
(25414.40 cm™! = 761904544 MHz) differing by —468 MHz from
the value of Shi et al. [ 13], their voltages would be smaller by (30—
40) V. However, the relative changes in the AUf values calculated
with either Eq. (A.8) or Eq. (A.22) would be smaller than 5x 104,
Similarly, if the laser frequency is taken to be greater than that
specified by Garcia Ruiz [60] by 1000 MHz, the voltages would be
greater by (67-87) V, but the relative changes in the AUIA"f values
calculated with either Eq. (A.8) or Eq. (A.22) would be smaller
than 10~3. Since the typical values of AUiOf are smaller than 0.3 V,
and their uncertainties are greater than 0.02 V, the uncertainties
in v, and vj;s can be neglected in this analysis.

In their determination of the offset voltage correction, Garcia
Ruiz et al. [15] have used only two reference IS values for the
isotopes 44 and 48 taken from the work of Gorges et al. [39],
850.1(22) MHz and 1710.6(55) MHz (the uncertainties given in
Ref. [39] are somewhat smaller, 2.1 MHz and 5.2 MHz, respec-
tively; Garcia Ruiz et al. used preliminary results of Gorges et al.
privately communicated to them before publication of Ref. [39]).
The later work of Shi et al. [13] provides significantly more
accurate reference values, 850.231(65) MHz and 1707.945(67)
MHz, respectively. In addition, high-precision measurements of
the IS in the 4s;,,-3ds,, transition of the isotopes 43 [7,8] and 42,
44, 48 [34] combined with the measurements of Shi et al. [13]
of the 4sy,,-4ps), transition in isotopes 42, 44, and 48 allows a
very accurate indirect determination of the IS of the 4s;/,-4p3/,
transition in isotope 43. This determination can be made using a
King plot. Similar indirect determinations, although less accurate,
can be made for the isotopes 41, 45, 46, and 47. Since all these val-
ues are determined with well-defined uncertainties by the global
fitting procedure described in Section 3, the present analysis uses
the final results of this global fit as the reference values. They are
given below in Table A.1 together with the restored U; and AU
values illustrating the adjustment procedure.

It should be noted that Garcia Ruiz et al. [15] made separate
voltage calibration for two datasets obtained at two different
settings of the main acceleration voltage. Those authors have not
specified whether all isotopes were measured with both voltage
settings, or some of them were measured at only one voltage.
Since the voltages used were not specified for any of the isotopes
studied, all data of Garcia Ruiz et al. are treated here as a single
uniform set.

The dependence of AU{’f on the mass difference Am;, is shown
in Fig. A.1. At first glance, it appears to indicate a quadratic
dependence with a maximum near isotope 44. However, the error
bars (which correspond to a combination in quadrature of the sta-
tistical uncertainties in U®™ with the total uncertainties in U,.ref)
are loo large to derive such a quadratic trend with confidence.
Furthermore, as explained in the previous subsection (see also
the discussion above Eq. (A.18) in Appendix A.1), presence of a
quadratic term in the dependence of AUI.Of on Am; can only be
explained by uninvestigated physical phenomena such as space
charge and lacks a firm theoretical and experimental interpreta-
tion. Thus, the present analysis is restricted by considering only
constant and linear voltage offsets.

If the voltages are calculated by the method described above,
the value of the voltage offset AU for the reference isotope
(i = r) is always zero, as follows from Eq. (A.22). Thus, the only

possible fit to the data points shown in Fig. A.1 is linear with a
zero offset (a quadratic fit is not considered here, as discussed
above). The dashed line in Fig. 1 shows the result of such linear
fit, and the dotted lines show the 68% confidence limits of this
fit. As shown in the previous subsection (see Eq. (A.21) and
discussion below it), a linear dependence of the voltage offset on
the mass difference can be effectively compensated by a constant
voltage offset, which is the traditional method of correction of the
acceleration voltage. The slope b/m, = 0.011(6) V/u (see eq. A18)
of the dashed fitted line in Fig. A.1 indicates that from Eq. (A.21)
we can expect the same effect on the adjusted IS values to be
produced by using a constant voltage offset a = —b = —0.45(22)
V.

To avoid the approximations used to derive the Egs. (A.21) and
(A.22), the present analysis uses a direct non-linear Levenberg-
Marquardt fittin§ procedure. In this procedure, the adjusted iso-
tope shifts Avfr’ are fitted to the reference values Av{ff, and
AviardJ are calculated by adding a variable constant offset a to the
voltages U; restored by using the exact Eq. (A.8) from the reported
(nominal) values of the isotope shifts Av°™. After adding an
offset to U;, the adjusted isotope shifts Avf’rJ are calculated from
the adjusted voltages using Eqs. (A.11) and (A.12). Similar to the
global fitting described in Section 3.3, the residuals Av:Y — Apref
are divided by the uncertainties of the difference Av™°™ — Apref
in this fitting, so that they have weights inversely proportional to
squared measurement uncertainties in the minimization of the
sum of squares of the residuals. The uncertainties of the fitted
values, as well as the uncertainty of the fitted voltage offset U°f
= g, are calculated by adding in quadrature the differences of
the fitted values produced with the nominal input values and
those obtained with each input value of Av°™ increased by the
uncertainty of the difference Av2°™ — AVl Thus fitted offset
value is U = —0.46(22) V in good agreement with the estimate
obtained from the linear fit in Fig. A.1. It should be noted that
this value of U°f was obtained from a fit using the originally
published uncertainties of the data of Garcia Ruiz et al. as well
as the dashed and dotted lines in Fig. A.1. As discussed below,
these uncertainties are too small and cannot be reconciled with
the accurate reference data.

The error bars on the reference point for the isotope 40
(Amy; = 0) represent a rough estimate of the possible error
in the acceleration voltage for the reference isotope. They are
comprised of two contributions, one from the instability of the
laser frequency and another from the uncertainty in the voltage
measurement for the i = 40 peak. As mentioned in the be-
ginning of this section, the laser frequency had a possible drift
< 10 MHz per day. Assuming that each scan took less than an
hour, we get an upper bound for the possible frequency drift
during one scan, 10/24 = 0.42 MHz, corresponding to 0.028
V in the voltage scan (from Eq. (A.8)). The error in the voltage
corresponding to the resonance peak of the reference isotope
has two components, a systematic one, which is assumed to
be due entirely to the instability of the amplification factor of
the high-precision power supply for the variable voltage applied
to the optical detection platform, and the statistical component
from the fitting of the scanned profile of the reference isotope
peak. The systematic error can be estimated from the plot of the
measured voltage-amplification factor (Fig. 4.5 in Garcia Ruiz’s
thesis [60]) consisting of 38 data points. The average value of the
amplification factor is k = 50.4268 with a standard deviation
of 0.0076. The standard deviation of the mean is 0.0012, as
specified in [60]. However, each individual measurement could be
off by £0.0076 on average, with maximum recorded deviations
of +0.012 and —0.018. The input voltages V™ varied within
+10 V (see section 4.4.1 in [60]), so the voltage applied to the
optical detection platform was | V°| = | kV"| < 504 V, and the
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Table A.1
Derived nominal and reference acceleration voltages for the experiment of Garcia Ruiz et al. [15].
i m; Aviem [15] Avid ypom uref AU
u MHz MHz V V \%
40 39.96204 0.00(17) 0.00(0) 34914.364 34914.364 0.000(12)
43 42.95822 683.0(12) 678.800(27) 37482.97 37483.27 0.30(9)
44 43.95493 851.1(6) 850.175(53) 38340.29 38340.36 0.07(4)
45 4495564 1103.5(7) 1102.9(11) 39194.18 39194.23 0.05(10)
46 4595314 1301.0(6) 1298.17(49) 40048.67 40048.89 0.22(6)
47 46.95399 1524.8(8) 1523.9(19) 40903.35 40903.42 0.07(16)
48 47.95197 1706.5(8) 1707.958(67) 41758.16 41758.04 —0.12(6)
49 48.95511 1854.7(10) 42619.60
50 49.95695 1969.2(9) 43482.22
51 50.96045 2102.6(9) 4434430
52 51.96267 2219.2(14) 45206.28
0.5
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Fig. A.1. Dependence of the derived acceleration voltage offset AU,."r on the isotope mass difference Am; from the reference isotope r = 40. The error bars are
combinations in quadrature of the statistical uncertainties in U™ with the total uncertainties in U/". The voltage values are taken from Table A.1. The error bars
for the reference isotope point Am; correspond to the estimated uncertainty of the resonance frequency for the reference isotope, 0.17 MHz (see text). The dashed

line is a linear fit with fixed zero offset. The dotted lines are 68 %

upper bound of its uncertainty is 0.018 V. The statistical error
in the 4°Ca resonance peak position can be estimated from the
top panel of Fig. 4.4 of Ref. [60]. For one scan, it is about 0.6
MHz, which corresponds to 0.04 V on the voltage scale (from
Eq. (A.8)). The sum of all contributions in quadrature gives an
upper bound of 0.052 V for the reference peak voltage in one
scan. There were about 200 scans in total (private communication
from M. L. Bissell). Assuming that the errors were uncorrelated in
different scans and there were 20 scans for the measurement of
the IS of each of the 10 isotopes, we get an estimate on the upper
bound of the average reference-peak voltage error of 0.012 V. This
is much smaller than the statistical errors corresponding to the
average peak positions of other isotopes, (0.044-0.12) V. In other
words, the constant term ‘SU’ in Eq. (A.15) corresponding to the
error in the peak voltage of the reference isotope is small and can
be neglected.

From Fig. A.1 one can see that agreement of the data of Garcia
Ruiz et al. [15] with the reference data is very poor. Out of six data
points, three deviate from the fitted dashed line by much more
than the error bars. This indicates that the statistical uncertainties
given in Ref. [15] are grossly underestimated, and therefore the
confidence intervals shown by the dotted lines are much too
small. The largest deviations are seen for the isotopes 43 and
48, for which there is no doubt that the reference data from
the global fit are very precise (see discussion below Eq. (A.22)).
Thus, using the original uncertainty values given by Garcia Ruiz

confidence limits of the fit.

et al. [15] would introduce a systematic bias and underestimation
of uncertainties in the global fit of Section 3. To avoid that,
the original uncertainties must be substantially increased. The
most probable cause of underestimation of uncertainties is the
presence of unrecognized sources of errors. For example, the drift
of the laser frequency could be greater than originally estimated,
or the voltage offset was not the same in different measurements
that were used in averaging of the raw data. A statistical analysis
of the measured data could shed light on the nature of errors.
An example of such statistical analysis of the limited published
information is given below.

Table A.2 gives the results of the initial and final adjustment
of the data of Garcia Ruiz et al. [15]. The initial Levenberg-
Marquardt adjustment was made using the orlgmal specified
uncertainties of Av9™. The adjusted IS values Aviy™ are given
with the uncertainties of the fit (in the units of the last digit of the
value) in square brackets. The colu1dnn RINt gives the normalized

adj.init

Av® 7Au ..
—40_— 40 _ where the uncertainties

residuals of the fit, R = )
of the residuals, u (Av), are combinations in quadrature of the un-
certainties of the reference values and the statistical uncertainties
of Avp™.

In Fig. A.2(a), the values of RM® are plotted against the per-
cent point function of the uniform order statistic medians of the
normal distribution, G(U;) (see Ref. [61]). The deviation values

shown as points on the plot are sorted in increasing order of their
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Table A.2

Initial and final adjusted IS values for the 4s;/, - 4ps), transition in Ca Il See text for explanation of columns. The units
for Av and u are MHz. The numbers in parentheses are statistical uncertainties (total uncertainties for Au{fé), while those
in square brackets are systematic uncertainties in units of the last decimal place of the value.

i Aviom [15] Ave At Rt wtY A R; ulet
43 683.0(12)[16] 678.800(27) 682.53[23] -3.1 2.30 682.48(53] —-1.60 24
44 851.1(6)[21] 850.175(53) 850.49[30] -05 2.05 850.42[69] -0.12 2.2
45 1103.5(7)[25] 1102.9(11) 1102.75[37] 0.1 2.08 1102.67[84] 0.08 22
46 1301.0(6)[30] 1298.17(49) 1300.12[43] -25 2.05 1300.02[99] —0.88 2.3
47 1524.8(8)[35] 1523.9(19) 1523.79[49] 0.1 2.12 1523.69[113] 0.08 24
48 1706.5(8)[38] 1707.958(67) 1705.37[55] 32 2.12 1705.25[127] 1.28 25
49 1854.7(10)[43] 1853.46[61] 2.20 1853.32[140] 26
50 1969.2(9)[47] 1967.85(66] 2.16 1967.70[152] 26
51 2102.6(9)[51] 2101.14{72] 2.16 2100.98[164] 2.7
52 2219.2(14)[56] 2217.64[77] 2.41 2217.47(176] 3.0
(a) Normal probability plot {orig. unc.) {(b) Normal probability plot {adjusted unc.)
4.0 15
48 o a8e
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Fig. A.2. Normal probability plots of the adjusted IS data from Garcia Ruiz et al. [15]: (a) With original statistical uncertainties from Ref. [15]; (b) With adjusted
statistical uncertainties (see text). The quantity on the vertical axis is the normalized residual of the adjustment fit. G(U;) is the percent point function of the uniform
order statistic median of the normal distribution [61]. The dotted lines are linear fits to the data points.

value, so all isotopes are reshuffled. The data points are labeled
with isotope numbers for clarity. If the measurements are “good”,
i.e.,, normally distributed with correctly estimated uncertainties,
and there are no systematic errors, the normal probability plot
should be close to a straight line with slope equal to unity cross-
ing the (0,0) point. The systematic errors have presumably been
removed by recalibration of the voltage offset, so this normal
behavior is expected if the uncertainties are correct. The plot
in panel (a) displays a quite uniform distribution of normalized
residuals around a straight line passing reasonably near the (0.0)
point, but its slope is much greater than unity, which indicates
that the errors are indeed quasi-random, but the uncertainties are
underestimated. Panel (b) shows a similar plot for residuals of the
adjustment fit made with statistical uncertainties increased by
adding in quadrature an additional uncertainty of 1.96 MHz. The
size of this additional uncertainty is chosen so that the reduced
TR
Dy
number of degrees of freedom of the fit). The slope of the fitted
line in Fig. A.2(b) is close to unity, indicating that the augmented
uncertainties make the adjusted IS data statistically consistent
with the reference data. As mentioned above, the additional un-
certainty unaccounted for in Ref. [15] may be due to a greater
than anticipated drift of the laser frequency or by an instability
of the main acceleration voltage. Although both these sources
of error are of a systematic nature, they could produce quasi-
random errors in different scans that were used in averaging the
results of the measurements.

Numerical experiments with sets of normally distributed ran-
dom numbers confirm the intuitive expectation that both the

sum of residuals S, = is equal to unity (Dy = 5 is the

slope and the offset of the line fitting the normal probability
plot of any such random data set are likely to deviate from their
normal values (1 for the slope and 0 for the offset) by as much as
1/N'/2 where N is the number of data points. For the six points on
each panel of Fig. A.2, 1/N'/?2 = 0.41. Thus, the random realization
of the distribution depicted in Fig. A.2(a) is very unlikely, while
that in Fig. A.2(b) is in compliance with statistical expectations.

The column **% in Table A.2 gives the values of the adjusted
(increased) statistical uncertainties of the IS data of Garcia Ruiz
et al. [15], while Avifg are the fitted values of the final adjusted
data of the same authors with the systematic uncertainties of the
adjustment given in square brackets after the values. The column
u®* gives the total uncertainties of Avﬁ% calculated as a sum
in quadrature of the latter systematic uncertainties and "%

The column R; gfivesagjhe normalized residuals of the final adjust-
rel

A:"%jg‘“ﬂ where the uncertainties of the residuals,

1?4 (Av), are combinations in quadrature of the uncertainties of

the reference values and uft'acu. The values of R; are plotted in

Fig. A.2(b).

Although the statistics size used in this analysis is too small to
ensure the formal correctness of the applied adjustment, the aug-
mented statistical uncertainties are definitely much more realistic
than the original ones and ensure that the unknown sources of
unaccounted errors in measurements of Garcia et al. [15] do not
introduce a systematic bias or underestimation of the uncertain-
ties of the final global fit of the IS data. Despite the increase in the
statistical uncertainties, the total uncertainties u}°" of the adjusted
IS values are on average close to the original ones for the lighter

ment, R; =
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isotopes up to 48, but they are significantly smaller (by a factor
of 1.8 on average) than the original ones for the heavier isotopes
(49-52).

Since the global IS fit of Section 3 depends on the input IS
values provided by the above adjustment, this global fit must
necessarily be iterative. The reference IS values given in Tables A.1
and A.2, as well as the plots in Figs. A.1 and A.2, were obtained
from the final iteration of the global fit. The value of the voltage
offset applied to adjust the data of Ref. [15] in this final iteration
is —0.51(51) V.

A.3. Correction of systematic errors in the Ca Il measurements of
Nortershduser et al.

Nortershduser et al. [16] have measured the IS of the three
fine-structure components of the Ca II 3d-4p transition (3ds/,-
4p1s, 3d3;p-4pss, and  3ds;-4ps;p) in a  collinear-laser-
spectroscopy fast-ion-beam experiment on isotopes 40, 42, 43,
44, 46, and 48. As in the work of Garcia Ruiz et al. [15], their mea-
surement uncertainties were dominated by systematic contribu-
tions from uncertainties in the beam energy. Direct comparison
with high-precision data from trap measurements is available for
only one of these transitions, 3ds;,-4p1,2, which was investigated
by Gebert et al. [14]. However, as seen from Fig. 2, accurate Ritz
values can be derived for 3d3,,-4p3/» and 3ds,,-4p3, from high-
precision measurements of other transitions, at least in some
isotopes. As was the case for the IS of the 4s;,,-4ps/, transi-
tion discussed in Appendix A.2, even more accurate reference
values are provided by the global fit described in Section 3.2. In
the experiment of Nortershduser et al. the laser frequency was
tuned several GHz below the resonance frequency of each stud-
ied transition, which implies that the acceleration-voltage scans
were made for each transition independently, and the analysis of
voltage corrections must be done for each transition separately.
The long-term stability of the laser frequency was verified by
repeated measurements of the peak position for the reference
isotope °Ca. Long-term variations of this frequency was found to
be less than 2.5 MHz, while a two-hour variation of the measured
peak positions of all isotopes was less than 1 MHz. Nértershduser
et al. did not specify the statistical uncertainties for each IS value,
but they can be deduced from the given total uncertainties and
the specified systematic uncertainties. The original and adjusted
IS values and their uncertainties are summarized in Table A.3.

The adjustment of the IS values from Nortershduser et al. [16]
was made using the same method as described in Appendix A.2,
namely, by a Levenberg-Marquardt nonlinear least-squares fit to
the reference values given in Table A.3, in which the unknown
constant acceleration-voltage offset was varied to minimize the
weighted deviations of the adjusted IS values from the refer-
ence ones. The values of the transition frequencies in 4°Ca used
in this fit were 346000235.016 MHz, 352682481.844 MHz, and
352682481.844 MHz for the 3d3/2—4p1/2. 3d3/2—4p3/2, and 3(15/2—
4p3,, transitions, respectively (see Table 12), and the laser fre-
quency was taken to be 5 MHz smaller than the corresponding
40Ca resonance frequency in the fit of each transition. Although
Nortershduser et al. did not specify exactly the frequencies they
used, the particular values of these frequencies have a negligibly
small effect on the adjustment procedure (see Appendix A.2).
This was verified by repeating the fitting with either the laser or
reference “°Ca peak frequency increased by 10 GHz. The shifts
in the fitted IS values were less than 0.001 MHz in all cases. In
the fitting, the uncertainty of the reference peak position of each
transition was conservatively estimated to be equal to the mini-
mum of the two values: (1) the minimum statistical uncertainty
of all IS values of the transition divided by square root of two,
and (2) the short-term instability of the laser frequency, 1 MHz.

These assumed uncertainties were 1 MHz, 0.5 MHz, and 1 MHz for
3d3/2-4p1/2, 3d3/2-4p3/2, and 3ds ,-4ps, transitions, respectively
The corresponding fitted values of the acceleration-voltage offsets
in the measurements of these transitions are —4.5(22) V, —2.5(8)
V, and —9.6(30) V, respectively.

The normal probability plot of the normalized residuals R;
of the adjustment fit is shown in Fig. A.3. Although the data
points on this plot noticeably deviate from the straight fitted
line, and there are a couple of data points that seem to have
too large residuals, the overall agreement with normal statistical
distribution is fairly good, as indicated by the closeness of the
slope of the fitted line to unity and its proximity to the (0,0) point.
Both the slope and the offset of the fitted line in Fig. A.3 are well
within the expected deviations of £0.28 from their normal values
(1 and 0, respectively). The largest deviants are the IS values for
the 3d3/2—4p3/2 transition in 42Ca (Ri = 245) and 3d5/2—4p3/2
transition in 3Ca (R; = 1.91). As can be seen from Table A.3,
the total uncertainties u, of these values are much larger than
the uncertainties of the reference values from the global IS fit of
Section 3, which indicates that their influence on the global fit is
negligibly small. Thus, these large deviations were ignored, and
no adjustments were made to the original statistical uncertainties
Ustat-

Attempts to include an additional variable offset for the peak
voltage of the reference isotope 4°Ca (8U, in Eq. (A.15)) produced
the fitted values of this offset consistent with zero. This indicates
that despite a significant possible error of about 1 MHz in the “°Ca
peak frequency, the IS measurements were made in several scans
for each isotope. Averaging the results of different scans decreases
the systematic error in the reference peak position by transferring
its contribution to the statistical errors in the IS measurements.

A.4. Correction of systematic errors in the Ca Il measurements of
Vermeeren et al.

Vermeeren et al. [19] made the first measurement of an IS in
*0Ca in the course of their investigations of the Ca Il 4s %Sy, -
4p ZP;’/Z transition in the chain of isotopes i = 40, 42, 43, 44,
45, 46, 48, and 50. They reported the IS measured relative to
the isotope 44, 1S(44, i) = v; — v44, where i is the mass number
of the isotope and v; is the transition frequency in the corre-
sponding isotope. As in the cases considered in the previous two
subsections, their measurement uncertainties were dominated by
systematic contributions from uncertainties in the beam energy.
For three isotopes (40, 42, and 48) there are now available high-
precision trap measurements of Gebert et al. [14]. An additional
high-precision reference value for the isotope 43 can be found
indirectly from the measurement of the IS in the 4s;/,-3ds);
transition of the isotopes 43 [7,8] and 42, 44, 48 [34] combined
with the measurements of Gebert et al. [14] of the 4s;/,-4p1,,
transition mentioned above. As in the previous two subsections,
the present analysis uses a complete set of reference values for
all isotopes studied by Vermeeren et al. obtained in the global IS
fit of Section 3. The original and adjusted IS values of Vermeeren
et al. and their uncertainties are summarized in Table A.4.

Adjustment of the experimental IS values reported by Ver-
meeren et al. [19] was made with the same procedure as de-
scribed in Appendices A.2 and A.3. The resonance frequency for
the reference isotope 4*Ca was taken to be 755223615.24 MHz
(see Table 13). The laser frequency was deduced from the accel-
eration voltage for the observed peak of the isotope *°Ca, 33880
V, shown in Fig. 2 of Ref. [19]. With the above value of the *Ca
resonance frequency and the isotope shift 1S(44,50) = 1109 MHz,
the laser frequency obtained from Eq. (A.8) is 756136602.61 MHz.
As explained in Appendix A.2, the difference of these frequencies
from the exact values used in Ref. [19] (which were not specified)
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Table A.3

Measured and corrected isotope shifts of the 3d-4p transitions in Ca Il from Nortershduser et al. [16] (relative to isotope
40Ca). All values are in units of MHz. i is the mass number of the isotope.

i IS [16] ustatd [16] usys [16] lsrefh urefb Iscorr( usysli utotd Rie
3d2D3/2 - 4p2P1°/2

42 —23534 2.0 2.0 —2350.065 0.052 —2352.1 0.6 2.1 1.04
43 —3464.3 18 2.4 —3462.233 0.034 —3462.4 0.9 2.0 0.09
44 —4501.8 2.0 29 —4498.847 0.068 —4499.3 1.2 2.3 0.23
48 —8301.3 2.2 5.8 —8297.773 0.080 —8296.7 2.3 3.2 —0.50
3d?Ds;; - 4p2P3),

42 —2352.2 0.6 2.0 —2349.871 0.081 —2351.45 0.24 0.7 2.45
43 —3462.4 1.0 24 —3461.475 0.053 —3461.30 0.35 1.1 -0.17
44 —4498.7 0.8 29 —4498.156 0.106 —4497.27 0.46 0.9 —-1.14
48 —8297.7 0.6 5.8 —8295.209 0.120 —8295.06 0.85 1.1 —0.24
3d*Ds); - 4p>P3),

42 —2350.4 3.8 2.0 —2345.860 0.041 —2347.6 0.9 3.9 0.46
43 —3465.4 2.8 24 —3455.912 0.027 —3461.3 13 3.1 1.91
44 —4495.2 3.2 29 —4490.712 0.053 —4489.8 1.7 3.6 —-0.28
46 —6477.8 59 4.6 —6468.897 0.157 —6470.1 24 6.4 0.20
48 —8287.8 3.9 5.8 —8282.424 0.067 —8277.9 3.1 5.0 —1.16

2The values of statistical uncertainty ug,; were derived as (ufOt —u

2

SyS)”2, where the total uncertainty uy; was taken from

Table 2 of Ref. [16], and the systematic uncertainty usys is quoted from the text in page 37 of Ref. [16]. For the 3d 2Ds); -
4p 2P§/2 transition in isotope 48, this produced a zero value due to the harsh rounding used in Ref. [16]. In this case, ust
is assumed to be equal to the minimum value among all other measured transitions, 0.64 MHz.

PThe fitted IS values and their uncertainty from the final global fit (see Section 3).

“The IS values and their systematic uncertainties after the final correction (see text).

dA combination in quadrature of the statistical uncertainty us,: of Ref. [16] and the systematic uncertainty ugys; of the final

corrected IS value (IS¢or).

*Normalized residuals of the adjustment fit, R; = (ISyer — IScorr)/(U2y + u2,)V/2.
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Fig. A.3. Normal probability plot for the normalized residuals R; of the adjustment fit of the IS values of Nortershduser et al. [16]. The data are from Table A.3. G(U;)
is the percent point function of the uniform order statistic median of the normal distribution [61]. The dotted line is a linear fit to the data points.

has a negligibly small effect on the adjustment procedure. This
was verified by numerical calculations similar to those described
in the previous section. In the fitting, the uncertainty of the ref-
erence peak position of “*Ca was assumed to be 0.4 MHz, which
is the minimum reported uncertainty of the IS measurements
divided by square root of 2.

The differences of the original IS values (IS;om) of Ref. [19]
from the reference values of Table A.4 are shown in Fig. A.4(a)
as a function of the mass change from the reference isotope *Ca.
The dotted line is a weighted linear fit to the data points. It shows
the presence of large calibration errors in the data of Ref. [19]. For
comparison, Fig. A.4(b) shows a similar plot for the corrected IS
values (IS¢orr) given in Table A.4.

Comparison of panels (a) and (b) of Fig. A.4 shows that the
adjustment procedure eliminates the systematic errors in the
measurements of Vermeeren et al. [19] almost completely. The
fitted value of the acceleration-voltage offset is 3.4(10) V. In prin-
ciple, the small remaining slope of the dotted line in Fig. A.4(b)
can be eliminated (at the cost of somewhat increased uncertain-
ties of the corrected IS values) if we allow the voltage offset for
the reference isotope “*Ca to be varied independently. Such fit
produces the value of the voltage offset of —0.08(6) V for #*Ca
in addition to the offset of 4.4(12) V common to all isotopes.
This additional offset for the reference isotope appears to be
too large in comparison with the possible value of +0.027 V
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Table A4
Measured and corrected isotope shifts of the 4s 2S;, - 4p ZP‘;/Z transition in Ca II from Vermeeren et al. [19] (relative to isotope *4Ca). All values are in units of
MHz. i is the mass number of the isotope.
i ]Snomd [19] ustat(1 [19] usysd []9] Isrefb urefb Iscurr( usysl( umt(l Rie
40 —842 3 9 —849.484 0.063 —847.15 1.44 33 —0.78
42 —417 3 5 —423.666 0.017 —419.45 0.68 3.1 —1.40
43 —170 8 8 —171.442 0.036 —171.20 0.33 8.0 —0.03
45 249 3 4 251.97 1.08 250.15 0.32 3.0 0.57
46 445.2 0.6 4 447.01 0.49 447.44 0.62 0.9 —0.55
48 854 3 9 855.91 0.08 858.30 1.20 32 —0.80
50 1109 9 15 1115.81 2.52 1115.20 1.73 9.2 0.07

*Measured 1S(44, i), statistical uncertainty ug,: and systematic uncertainty usys from Ref. [19].

The IS values and their systematic uncertainties from the final global fit (see Section 3).

“The IS values and their systematic uncertainties after the correction shown in Fig. A.4(a).

dA combination in quadrature of the statistical uncertainty ug, of Ref. [19] and the systematic uncertainty ugys1 of the final corrected IS value (ISco).

®Normalized residuals of the adjustment fit, R = (ISref — IScorr)/(i2 + uZ)"/%.
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Fig. A.4. (a) Differences of the original IS values (IS;om) from Ref. [19] from the reference values of Table A.4 as a function of mass change from 4‘Ca, Am;. (b) A
similar plot, but with the corrected IS values (IS¢o) from Table A.4. The dotted lines are weighted linear fits to the data points. The error bars are combinations in
quadrature of the statistical uncertainties ug,; and the uncertainties of the reference IS values (ISf) given in Table A.4.

corresponding to the estimated error in the reference isotope
frequency of 0.42 MHz. The latter estimate was obtained by
assuming that the small reported statistical error of 0.6 MHz for
1S(44, 46) is divided equally between the errors in positions of
the *4Ca and “°Ca peaks. This estimated uncertainty is shown
by the error bars of the Am; = 0 point in Fig. A.4. Vermeeren
et al. gave no data about the stability of the laser frequency and
the measurement errors in individual peaks. However, it seems
probable that the #*Ca peak was much stronger than %6Ca, and
its position could be measured much more accurately. Thus, the
adjustment summarized in Table A.4 (assuming a zero error in
the peak of the reference isotope) was adopted in the present
analysis.

Appendix B. Systematic errors in laser spectroscopy of atomic
beams

B.1. General considerations

A typical setup of laser-atomic beam experiments consists of a
collimated atomic beam crossed by a beam of a tunable laser. The
laser frequency is scanned over the studied spectral range, and
resonance excitation of the atoms in the beam can be detected by
various techniques such as measuring the fluorescence intensity
at a certain wavelength [22] or by counting the ions produced by
ionization of resonantly-excited atomic states with an additional
laser [21].

The main source of systematic errors in this type of measure-
ments is the deviation of the direction of the laser beam from
perpendicularity to the atomic beam. If this deviation is expressed
as a small angle «, a linear Doppler shift §v is introduced in the
measured resonance peak frequency v:

(B.1)

172
where c is the speed of light, v = ’%T = is

T? 1/2
mug
the root-mean-square thermal velocity in one direction (which
is the approximate mean velocity of a collimated atomic beam
extracted from an oven through a pair of small apertures), T is
the oven temperature in Kelvins, kg is the Boltzmann constant
in SI units, M is the atomic mass in kg, m is the atomic mass in
atomic mass units (u), and ux = 1.08095401916(33)x 103 K/u is
the conversion factor from u to Kelvin [62].

From Eq. (B.1) it follows that the error §( Av;) introduced by
the misalignment in the measured isotope shift Av; = v; - v, can
be approximated by the following expression:

1 1
2 vim, \ 2
ilTly
-1 s
) <vrm,-)

where m; and m, are the atomic masses of the isotope i and the
reference isotope r. Since the isotope shift is usually much smaller
than either v; and v,, their ratio in Eq. (B.2) can be omitted.
By expressing m; in terms of the mass change Am;; = m; -

S (Avyr) = avy ( (B.2)

mylug
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m,, Eq. (B.2) can be converted to the following form without
introducing any additional approximations:

T 2 AmsS
3 (Avy) = —av; ( ) —, (B.3)
mylug 2m;
where the scaled mass change AmgS is given by
2Am;
AmE = ul - (B.4)

1 me (14 4me)®

The coefficient 2 in Eq. (B.4) is introduced with the purpose of
making Amj; close to Amy,.

From Egs. (B.3) and (B.4), one can see that, if « is constant,
8(Avy) is roughly proportional to the mass change Am;. Al-
though the dependence of Am; on Am, is nonlinear, correction
of the systematic shift caused by misalignment of the beams can
be made using a linear regression against Amj° when accurate
reference values Av'®" of some or all isotope shifts are available
for comparison with the originally published (nominal) values
AvI°™ To do that, the differences Av; = AvIf — Av1°M should be
fitted to a linear function of Am;S with a zero offset. A non-zero
offset can be present if the peak frequency of the reference iso-
tope has a significant error. Thus, the correction should be made
by minimizing the sum of squares of the normalized residuals
e (Covr Amss + Aof)’

Uj

(B.5)

where u; are the uncertainties of Av; and the slope coefficient
C,t is proportional to the misalignment angle «, to the resonance
frequency v, and to square root of the oven temperature T (see
Eq. (B.3)). C,ur and the offset As are the variables that should be
determined in the fit.

As in laser-ion-beam spectroscopy, if the IS values determined
in multiple laser scans are averaged, the non-zero offset in the
systematic error can be decreased, as its contribution is trans-
ferred into statistical errors in the average IS values (provided
that the error in the reference resonance peak varies randomly
in different scans).

B.2. Correction of systematic errors in the Ca I measurements of
Nértershduser et al.

Nortershduser et al. [21] reported measurements of the IS in
Cald4s® 'Sy - 4s4p 'P§ and 4s? 'Sy - 4s4d 'D, transitions relative
to the reference isotope “°Ca. These measurements were made for
the isotopes 41-44, 46, and 48. For the 4s® 'Sy - 4s4p 'P{ tran-
sition, the reported statistical uncertainties were between 0.12
MHz and 0.6 MHz. Independent measurements of this transition
for the isotopes 42, 43, 44, and 48 were made by Salumbides
et al. [46] with a comparable precision and in principle could be
used as references in the determination of the systematic errors
in Ref. [21]. However, the IS values provided by the global fit for
all isotopes in both transitions studied in Ref. [21] are expected
to give a much more robust basis for this determination. The
relevant data such as the measured and corrected IS values and
their uncertainties are collected in Table B.1.

As Table B.1 shows, the original data of Nortershduser et al. [21]
are in poor agreement with the reference data provided by the
global fit of Section 3. Out of 12 IS measurements reported in
Ref. [21], three deviate from the reference data by more than
20 (see the column of reduced residuals R{"® in Table B.1). The
largest deviation (about 7o) is for the IS of the 4s* 'Sy - 4s4p
'P{ transition in **Ca. As seen from Table B.1, uncertainties of
the reference data for the 4s® 'Sy - 4s4p 'P; transition from the
global fit described in Section 3 are smaller than the total uncer-
tainties of Ref. [21]. They are largely defined by the much better

controlled Doppler-free experiment of Salumbides et al. [46],
as well as by indirect relations to a number of high-precision
measurements in Ca II, so there is no doubt in their validity. Thus,
some adjustments must be made to the data of Ref. [21] before
they can be used in the global fit.

The adjustment procedure described below uses a correction
of systematic errors caused by misalignment of the laser and
atomic beams in conjunction with an increase in the originally
reported statistical uncertainties.

In the experiment of Nortershduser et al. [21], the possible
drift of the laser frequency was stated to be <3 MHz per day.
Individual scans were made in less than an hour (private com-
munication from W. Nortershduser), so the possible frequency
drift during one scan was less than 3/24 = 0.13 MHz. An
additional systematic uncertainty of 100 kHz was specified in
Ref. [21] to allow for nonlinearity in the piezoelectric scanning of
the Fabry-Perot interferometer used for frequency stabilization.
The uncertainty of the fitting of the “°Ca peak in the scan shown
in Fig. 3a of Ref. [21] is about 0.10 MHz, as estimated by fitting of a
digitized version of that figure with Voigt profiles. Thus, the total
uncertainty of the reference peak frequency in one scan was less
than about 0.19 MHz. Table 1 of Ref. [21] specifies that between 5
and 15 measurements were used in the averaging of the IS data.
Taking the average number of measurements of each IS value to
be 10, the uncertainty in the reference peak position reduces to
about 0.06 MHz.

For the fitting with Eq. (B.5), the frequencies of the 4s? 1S, -
4s4p 'P? and 4s? 'Sy - 4s4d 'D, transitions in “°Ca were taken
to be 709078373.01 MHz (see Table 12) and 1118174514 MHz
(as follows from the 4s4d 'D, energy value 37298.287 cm~! for
natural Ca [57]). It should be noted that, although Nértershduser
et al. [21] used a combination of two different lasers to excite
this two-photon transition from the ground states, the first laser
frequency was detuned from the exact resonance with the 4s?
1Sy - 4s4p 1P§’ transition, while the second laser was similarly
detuned from the exact resonance with the 4s4p 1P{’ - 4s4d
1D, transition. Nértershduser et al. wrote in this regard, “Thus,
these measurements are actually a resonantly-enhanced two-
photon transition rather than a true double-resonance, stepwise
excitation”. Hence the frequency used in Eq. (B.3) is that of the
two-photon transition.

If the alignment of the laser and atomic beams were the same
in measurements of both transitions, the IS data of the 4s* 'S,
- 4s4d 'D, transition could be scaled by the ratio of transition
frequencies, and the slope of the differences from similarly scaled
reference IS values could be fitted by using the combined IS
data from the two sets, which would increase the statistics and
make the fit more accurate. However, Ref. [21] notes that the
alignment of the beams was re-adjusted between measurement
sessions. This makes it necessary to make separate fits for each of
the two transitions. In addition, the oven temperature varied for
measurement of different isotopes and even in different scans of
the same isotope. Some scans were made with metallic calcium
samples at oven temperatures 600 °C to 800 °C, and some scans
were made with calcium nitrate samples at oven temperatures
1200 °C to 1500 °C. Moreover, since many different scans were
averaged in the IS data of each isotope, we can only find an
average slope of the correction (as a function of mass difference)
and should expect an increase in statistical uncertainties, as the
systematic errors caused by misalignment would change between
different scans in a quasi-random way.

We start with the analysis of systematic errors in the measure-
ments of the 4s® 'Sy - 4s4p 'P{ transition. The data used in the
adjustment procedure are collected in Table B.2.

The first row of Table B.2 contains data relevant to the mea-
surement of the position of the peak of the reference isotope
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Table B.1

Measured and corrected isotope shifts of the 4s*> 'Sy - 4s4p 'P$ and 4s® 'Sq - 4s4d 'D, transitions in Ca I from Nértershauser et al. [21] and Salumbides et al. [46]
(relative to isotope “°Ca). All frequency values are in units of MHz; i is the mass number of the isotope.

i IST[21] uge® [21]  ugs® [21] IS® [46]  wie® [46]  ISieC Ue©  RPBC Ul 1Seon’ [21] sy’ [21] Uetor’ [21]  1S% used  uf used R
45215y - 4s4p P}

41 2218 040 0.08 22064 029 -24 077 22174 0.09 0.78 -13
42 3935 010 0.16 3931 04 39313  0.14 -22 067 393.39 0.15 0.68 393.17 035 —04
43 6118 0.15 0.24 610.7 0.6 610.57 0.10 -69 0.68 611.64 0.21 0.71 611.09 0.46 —-1.6
44 7738  0.15 0.32 7738 02 77383 0.17 0.13 068 773.60 0.28 0.73 77379  0.19 0.33
46 11598 035 0.48 1159.80 035 —0.01 075 115951  0.40 0.85 0.35
48 1513.0 0.20 0.64 1313.1 04 1513.07 0.35 0.18 0.69 1512.63 0.52 0.86 1513.02 0.36 0.57
482150 - 4S4d]D2

41 6697 040 0.08 67021 029 065 045 669.69 0.07 0.53 669.7 0.47 1.0
42 1268.7 0.15 0.16 1268.67 0.23 —-0.09 026 1268.67 0.11 0.22 1268.7 0.32 —-0.0
43 18955 0.15 0.24 189495 0.18 —18 026 189547  0.16 0.22 18955  0.37 -17
44 24458 020 0.32 244620 028 099 029 244576 021 0.29 24458 045 1.1
46 3561.0 0.70 0.48 3561.00 046 0.00 0.73 3560.94 0.31 0.92 3561.0 0.88 0.07
48 45823 050 0.64 458254 068 024 054 458222 041 0.70 45823 083 0.37

?Measured IS, statistical uncertainty ug,, and systematic uncertainty usy. The statistical uncertainties given in Ref. [21] were described as 2o values. They have been
divided by 2 to convert them to 1o values. The systematic uncertainties from this reference are estimated as 0.08 MHz times the mass difference in atomic mass
units, as specified in Ref. [21].

PMeasured IS and total uncertainty uy, from Salumbides et al. [46].

“The fitted IS values and their uncertainty from the final global fit (see Section 3).

dReduced differences for the data of Ref. [21] with the original statistical uncertainties: R°"® =

i

1Sref—1S
(“gtat“‘?ef) S

€Adjusted statistical uncertainty of the IS of Ref. [21] (see text).

fThe corrected IS values of Ref. [21], their systematic uncertainties Ucsys, and total uncertainties ucy after the correction shown in Fig. B.1c and Fig. B.2c. The total
uncertainties ucyo: are calculated as a combination in quadrature of the adjusted statistical uncertainty u,q; and the systematic uncertainty ucys from Tables B.2 and
B.3.

&For the 4s® 1Sy - 4s4p P transition, adopted weighted mean values of the corrected values ISc; of Ref. [21] and unmodified IS values of Ref. [46] and uncertainties
of those weighted means. For the 4s®> 'Sy - 4s4d 'D, transition, the unmodified original IS values of Ref. [21] with the adopted total uncertainties (see text). These
values were used as input in the final global fit of Section 3.

hReduced differences with the adjusted statistical uncertainties: R; = Stet—IScorr

72
adj\2, o
[(“sm) Fllrer

Table B.2
Data used in the adjustment of the isotope shifts of the 4s? 'Sy - 4s4p 'P$ transition in Ca I from Nértershduser et al. [21]. All frequency values are in units of
MHz; i is the mass number of the isotope.

i Is* [2]] ust.origa [2]] ISrefb urefb ISadjOC R?djgd ust.adje ]Scorrf ucsysf uctotf Rig

40 0 0.06 0.00 —0.06 1.03 0.06 —0.01 0.06 0.17
41 2218 0.40 220.64 0.29 221.63 —2.03 0.77 221.74 0.09 0.78 —1.34
42 3935 0.10 393.13 0.14 393.23 —0.61 0.67 393.39 0.15 0.68 -0.39
43 611.8 0.15 610.57 0.10 611.43 —4.83 0.68 611.64 0.21 0.71 —1.57
44 773.8 0.15 773.83 0.17 773.34 2.14 0.68 773.60 0.28 0.73 0.33
46 1159.8 0.35 1159.80 0.35 1159.16 1.28 0.75 1159.51 0.40 0.85 0.35
48 1513.0 0.20 1513.07 0.35 1512.19 2.21 0.69 1512.63 0.52 0.86 0.57

?Measured IS and its statistical uncertainty (1o value estimated as half of the given 2o value) from Ref. [21].
bThe fitted IS values and their uncertainty from the final global fit (see Section 3).

“The IS values of Ref. [21] from the initial adjustment, in which ug oig Were used (see text and Fig. B.1a).
adj0 __
10 =

ISref —ISadjo

dReduced residuals of the fit with the original statistical uncertainties: R —— .
(“?r oring“?ef)
€Adjusted statistical uncertainty of the IS (see text).
fThe corrected IS values of Ref. [21], their systematic uncertainties Ucsys, and total uncertainties uc after the final correction shown in Fig. B.1(c). The total uncertainties
Uctor are calculated as a combination in quadrature of g agj and Ucgys.

1Ssef —IScorr

8Reduced differences with the adjusted statistical uncertainties: R; = T
(”gl adj +”?ef)

40Ca. As discussed above, the uncertainty of this measurement is
taken to be 0.06 MHz. It provides a constraint on the possible
value of the constant offset in the systematic error in the IS
measurements.

The differences between the reference IS values of the Ca I
4s* 1Sy - 4s4p 'P¢ transition and those of Ref. [21] are plotted
against the scaled mass difference Amj (defined by Eq. (B.4)) in
Fig. B.1(a). An initial adjustment was made with the small original
values of the statistical uncertainties given in Ref. [21]. The size

of this adjustment is given by the dotted line in Fig. B.1(a).
Although it slightly reduces the discrepancies with the reference
data mentioned above (the deviation of the adjusted IS value for
43Ca decreases to 4.8¢; see column Rfdjo in Table B.2), one can see
from Fig. B.1(a) that this adjustment is unsatisfactory.

The normal probability plot of the normalized residuals R
of this adjustment is shown in Fig. B.1(b). It has a slope of about
2.7 indicating that the uncertainties given in Ref. [21] are greatly
underestimated. To rectify the statistical inconsistency of the

adjo
i
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Fig. B.1. (a) Differences between the reference IS values of the Ca I 4s2 'Sy - 4s4p 'P§ transition and those of Nértershduser et al. [21]. The error bars are
combinations in quadrature of the original statistical uncertainties given in Ref. [21] and the uncertainties of the reference values. The dotted line is the weighted
linear fit determining the initial adjusted values IS,gjo in Table B.2. (b) Normal probability plot for normalized residuals of the initial adjustment R?djo (defined in the
footnotes of Table B.2). G(U;) is defined in the caption of Fig. A.2 (c) Same as panel (a), but with the error bars equal to combinations in quadrature of the adjusted
statistical uncertainties ug,q; of Table B.2 and the uncertainties of the reference values. The dotted line is the weighted linear fit determining the final corrected
values ISq; in Table B.2. (d) Same as panel (b), but for the residuals of the final adjustment R; (defined in the footnotes of Table B.2).

data, we can assume that there was an additional unknown quasi-
random uncertainty of 0.66 MHz present in all IS measurements.
The size of this additional uncertainty is chosen so that the
TR
Dy
5 is the number of degrees of freedom of the fit). The adjusted
statistical uncertainties of Ref. [21] resulting from this addition
are given in the column ug ,q; of Table B.2, while the corrected
IS values obtained with these augmented uncertainties are in the
column IS, of that table.

The same IS data from Ref. [21] but with the augmented
statistical uncertainties are depicted in Fig. B.1(c). The dotted
line in this figure is the result of the linear regression using
Eq. (B.5). The increased error bars obviously make the agreement
of the data with this fit much better than in Fig. B.1(a). The
normal probability plot for this adjustment is shown in Fig. B.1(d).
Although the slope of this plot is smaller than unity, it can be due
to fortuitous small residuals in one or two of the heavier isotopes.
This plot is far from having a perfect shape and indicates that this
correction procedure does not perfectly account for all systematic
errors present in the study of Ref. [21]. Nevertheless, it provides
a ballpark estimate of the major part of the errors.

The dotted line in Fig. B.2(c) shows the correction applied
to the IS data of Ref. [21]. It has a slope of —0.05(8) MHz/u,
which is within the systematic uncertainty of 0.08 MHz/u given
in Ref. [21], and an offset of —0.01(6) MHz consistent with the
possible value of £0.06 MHz discussed above.

reduced sum of residuals S, = is equal to unity (Dy =

There exist other possible solutions to reconciling the data of
Nortershduser et al. [21] with the reference data, but they require
some information that cannot be obtained from Ref. [21] and thus
are much more speculative. For example, one can assume that a
realignment of the beams occurred between the measurements
for the lighter isotopes (41, 42, and 43) and the measurements
of heavier isotopes. This assumption is justified to some extent
by the fact that the residuals R; in Table B.2 are all negative
for the isotopes 41, 42, and 43, while they are all positive for
isotopes 44, 46, and 48. The probability of a random realization of
such distribution of signs is very small. However, a linear fit with
Eq. (B.5) restricted to the three lighter isotopes gives the slope of
the correction to be —0.36(6) MHz/u, almost five times greater
than the 0.08 MHz/u specified in Ref. [21] for all measurements.
There is no indication in Ref. [21] that such large alignment errors
occurred at any stage of their experiment. Further, if the assumed
additional uncertainty is of random nature, its contribution to the
averaged values given in Ref. [21] should be inversely propor-
tional to the square root of the number of scans in the averaging.
This number varied between 5 and 15, and from Figs. B.1(a)
and (c) (as well as from the magnitude of the residuals R; in
Table B.2) it seems likely that the heavier isotopes were measured
in a larger number of scans than the lighter ones, and thus the
additional uncertainty should be smaller for the heavier isotopes.
However, since the number of scans is not specified in Ref. [21]
for each isotope, there is no firm basis for such modification of
the procedure.
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Table B.3

Data used in the adjustment of the isotope shifts of the 4s> 'Sy - 4s4d 'D, transition in Ca I from Nértershduser et al. [21]. All frequency values are in units of
MHz; i is the mass number of the isotope. See footnotes to Table B.2. Unlike Table B.2, the data from the column IS, were not used in the global fit, and uc was

calculated differently (see text).

i Is? [2 ]] u:t.orig [2] ] Is?ef ulr)ef lS;de R?dJOd ugt.adj lszorr ugys uitot Rxg

40 0 0.06 0.00 —0.003 0.05 0.06 —0.001 0.06 0.02
41 669.7 0.40 670.22 0.29 669.67 1.1 0.45 669.69 0.11 0.47 0.98
42 1268.7 0.15 1268.67 0.23 1268.64 0.12 0.26 1268.68 0.18 0.32 —0.02
43 1895.5 0.15 1894.95 0.18 1895.41 —2.01 0.26 1895.47 0.26 0.37 —1.66
44 24458 0.20 2446.20 0.28 2445.68 1.48 0.29 2445.76 0.34 0.45 1.08
46 3561.0 0.70 3561.00 0.46 3560.83 0.20 0.73 3560.94 0.49 0.88 0.07
48 4582.3 0.50 4582.54 0.68 4582.08 0.55 0.54 4582.22 0.63 0.83 0.37

The analysis started in the same way as for the 4s? 'Sy - 4s4p 'P; transition. In particular, the first row in Table B.3 shows the same uncertainty of 0.06 MHz
for the position of the reference peak of “°Ca. It serves a constraint in the fitting of the linear correction (in terms of the scaled mass difference Ami defined by

Eq. (B.4)). Fig. B.2 is similar to Fig. B.1, but for the 4s> 'S, - 4s4d 'D, transition.

The adjusted IS values of the 4s® 'Sy - 4s4p 'P; transition
given in the column IS¢, of Table B.2 for the isotopes 41 and
46 were used as input values in the global fit of Section 3.
For other isotopes, the values of IS, were averaged with the
measured values of Salumbides et al. [46] with weights inversely
proportional to squares of the total uncertainties. These average
values and their uncertainties (given in the columns ‘IS used’ and
‘u used’ of Table B.1) were used as the input of the global fit.

Now we turn to the analysis of the IS measurements in the Ca
I 4s% 1Sy - 4s4d 'D, transition by Nértershiuser et al. [21]. The
relevant data are collected in Table B.3.

The IS data of Ref. [21] for this transition are in much better
agreement with the reference values compared to the 4s® 'Sy -
4s4p 1P§’ transition. With the original statistical uncertainties of
Ref. [21], the reduced sum of residuals of the fit (R**° in Table B.3)
is S, = 1.25, much closer to unity than for the 4s® 'Sy - 4s4p
Py transition, where it was about 2.8. The only measurement
deviating by more than 2o from the reference data is that of “3Ca.
The slope of the normal probability plot is also much closer to
unity (compare Fig. B.2(b) and Fig. B.1(b)). Thus, the additional
statistical uncertainty required to bring the data of Ref. [21] in
statistical agreement with the reference data is much smaller,
only 0.21 MHz (compare with 0.66 MHz used to augment the
uncertainties of the 4s? 1Sy - 4s4p 'P¢ transition). It might be that
only the “*Ca measurement was at fault for this transition, but the
lack of measurement details in Ref. [21] makes this assumption
too speculative.

The dotted line in Fig. B.2(c) showing the result of the fit
of the data of Ref. [21] with Eq. (B.5) has a slope of —0.01(6)
MHz/u, which is within the specified systematic error of 0.08
MHz/u [21], and an offset of 0.00(6) MHz. This correction is
statistically consistent with zero. It is much smaller than that for
the 4s® 1Sy - 4s4p 'P° transition despite the somewhat larger
frequency of the 4s? 1150 - 4s4d 'D, transition (from Eq. (B.3),
we should expect a larger contribution of the alignment error to
the error in the IS measurements for a transition with a greater
frequency).

The uncertainties u,f of the reference IS values in Table B.3
(which are the results of the global fit of Section 3) are com-
parable to those of Nortershdauser et al. [21]. This indicates that
the global fit of the IS of the 4s? 1Sy - 4s4d 'D, transition is
based almost entirely on the data of those authors. Indeed, an
attempt to use the adjustment shown in Fig. B.2(c) in the same
iterative way as for the other transitions discussed above failed,
as the iterations of the global fit do not converge. As the iterations
progress, the slope of the correction shown by the dotted line
in Fig. B.2(c) increases indefinitely. This is due to the very weak
coupling of the IS of this transition with the IS data of other
transitions used in the fit, as well as the absence of independent
accurate measurement of this transition that could provide good
reference data. Thus, the small correction shown by the dotted

line in Fig. B.2(c) was ignored, as well as the corresponding
data in column IS¢, of Table B.3, and the original uncorrected
IS values from Ref. [21] were used in the global fit. However,
they were given the augmented uncertainty values. The adopted
statistical uncertainties given in the column us ,q; of Table B.3
were combined in quadrature with the estimated systematic un-
certainties ugys corresponding to the combination in quadrature
of two contributions, 0.06 MHz for the uncertainty of the position
of the reference 4°Ca peak (see above), and 0.08 MHz/u times the
mass difference from “°Ca for the uncertainty arising from the
misalignment of the beams, as specified in Ref. [21].

B.3. Correction of systematic errors in the Ca I measurements of Andl
etal

Andl et al. [22] reported measurements of the IS in Ca I 4s?
1So - 4s4p 'P; transition for all isotopes between 41 and 48
relative to 4°Ca. These are the only available measurements of
this transition for the isotopes 45 and 47. In this experiment, a
collimated atomic beam was intersected by the light beam of a
stabilized cw dye laser, and the emitted resonance fluorescence
light was detected. One laser was locked to the resonance fre-
quency of 4°Ca in an atomic beam, thus providing an optical
reference frequency. The output of a second laser crossed a sep-
arate, highly collimated atomic beam containing the Ca isotopes
to be studied. Part of the output was mixed with that of the first
laser on a fast photodiode. The difference frequency was locked
to a value that was then scanned under computer control during
the recording of a spectrum. Before mixing, the frequency of the
reference laser was shifted by 250 MHz using an acousto-optic
modulator to provide coverage of the entire 4°Ca peak profile.
Other experimental details can be found in Ref. [22] and refer-
ences therein. The frequency stability of the reference laser was
reported to be better than 5 MHz [63]. The temperature of the
oven that produced the atomic vapor containing Ca isotopes was
about 1500 K [64]. The samples were prepared by implanting the
studied isotopes in the oven from a mass-separated ionic beam.
More than one sample was produced for each isotope, and several
spectra from each sample were measured to check the internal
consistency and reproducibility of the results. No indication of
the uncertainty in the angle between the atomic and laser beams
is given in Ref. [22], and there is no description of the method
used to ensure that this angle was precisely 90°. No discussion
of possible systematic shifts is given by Andl et al. [22], so it
seems probable that the systematic errors were assumed to be
negligibly small, and the uncertainties given for the IS values are
the statistical uncertainties estimated from the scatter of multiple
measurements of the same isotope.

The largest known source of errors in the IS measurements
of Andl et al. [22] was the instability of the reference laser
frequency, §vy,s. As specified by Nowicki et al. [63], the full width
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Fig. B.2. Same as Fig. B.1, but for the Ca I 4s® 'Sy - 4s4d 'D, transition.

at half maximum of the measured distribution of the frequency
of the laser locked to the peak of the 4°Ca resonance was less
than 5 MHz, which corresponds to §v,s = 2.5 MHz. The second
source of systematic errors was the fitting of the scanned profile
of the reference °Ca peak, 8vyes. From Fig. 15 of AndI’s report [64],
the measurement error of the frequency of the reference “°Ca
peak due to fitting of the scanned data points with a Voigt profile
in one scan was about 0.1 MHz. The third potential source of
systematic errors was the imprecision of the nominally constant
shift of 250 MHz of the reference laser frequency by the acousto-
optic modulator mentioned above, dvaom. Bekk et al. [65] stated
it to be negligibly small. Assuming it to be 0.1 MHz, the estimated
combined contribution of dvy,s, Svier and Svaom to the uncertain-
ties of IS measurements averaged over 10 scans is about 0.79
MHz.

The data illustrating the adjustment of the IS measurements
of Andl et al. [22] are given in Table B.4.

Fig. B.3(a) shows the differences between the reference IS
values of the Ca I 4s* 'Sy - 4s4p 'P; transition and those of Andl
et al. [22] as a function of scaled mass difference Am;’ defined
by Eq. (B.4). The uncertainty of the reference point Am; = 0 is
taken to be 0.79 MHz as discussed above. All other error bars are
combinations in quadrature of the uncertainty of the reference
value and the original uncertainty (assumed to be statistical)
specified by Andl et al. [22]. An initial adjustment was made with
these error bars. The size of this adjustment is given by the dotted
line in Fig. B.3(a). One can see from Fig. B.3(a) and from the
column R in Table B.4 that this adjustment is unsatisfactory,
because two of the data points (for the isotopes 41 and 44)
deviate from the fitted line by more than 2o. The normal proba-
bility plot of the normalized residuals R?djo of this adjustment is

shown in Fig. B.3(b). This plot fits well to a straight line passing
closely near the (0,0) point, which indicates that there are no
outstandingly faulty measurements. However, the fitted line has
a slope of about 1.5 indicating that the uncertainties given in
Ref. [22] are underestimated. Similar to the treatment of the
measurements of Nortershduser et al. [21] in Appendix B.2, the
present analysis assumes that there was an additional unknown
quasi-random uncertainty not accounted for by Andl et al. [22].
This additional uncertainty of about 1.12 MHz was present in
all IS measurements of Ref. [22]. As in the previous section, its
size is determined from the requirement of bringing the reduced
>R 172

Dy
number of degrees of freedom of the fit). The adjusted statistical
uncertainties of Ref. [22] resulting from this addition are given
in the column ug ,q; of Table B.4, while the corrected IS values
obtained with these augmented uncertainties are in the column
IScorr Of that table.

Fig. B.3(c) shows the same IS data of Ref. [22] but with the
statistical uncertainties increased as discussed above. The dotted
line in this figure is the result of the linear regression using
Eq. (B.5). Compared with Fig. B.3(a), the increased error bars bring
the data into a much better agreement with this fit. The normal
probability plot for this adjustment is shown in Fig. B.3(d). It
indicates that the residuals of the fit (R;, see Table B.4) have a
statistical distribution very close to normal.

The dotted line in Fig. B.3(c) shows the correction applied
to the IS data of Ref. [22]. It has a slope of —0.37(18) MHz/u
and an offset of —0.17(67), which is well within the estimated
uncertainty of the reference peak position discussed above.

sum of residuals S, 7 is the

to unity (Dy



Table B.4
Measured and corrected isotope shifts of the 4s? 'Sy - 4s4p 'P$ transition in Ca I from Andl et al. [22] (relative to isotope “°Ca). All frequency values are in units
of MHz. i is the mass number of the isotope.
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i Is? [22] ust.uriga [22] Isl‘eflJ uﬁtb R?djoc ust.adjd [22] IScorrC ucsysc utotC Rig

40 0.00 0.79 0.00 0.00 0.02 0.79 —0.17 0.67 0.21
41 223.2 1.2 220.64 0.29 —-2.35 1.64 223.40 0.55 1.73 —1.66
42 391.1 0.8 393.13 0.14 1.68 1.38 391.65 0.47 1.46 1.07
43 611.0 1.0 610.57 0.10 —1.42 1.50 611.89 0.45 1.57 —0.88
44 770.8 0.8 773.83 0.17 2.11 1.38 772.02 0.49 1.46 131
45 983.9 1.8 986.14 0.70 0.33 2.12 985.43 0.57 2.19 0.31
46 1158.9 0.8 1159.80 0.35 —-1.15 1.38 1160.74 0.67 153 —0.66
47 1348.7 1.2 1350.65 1.18 —0.14 1.64 1350.84 0.78 1.82 —0.09
48 1510.7 0.8 1513.07 0.35 —0.10 1.38 1513.12 0.90 1.65 —0.04

2Measured IS and its statistical uncertainty as specified in Ref. [22]. For the values in the top row for i = 40, see text.
PThe fitted IS values and their uncertainty from the final global fit of Section 3.

‘Reduced differences with the original statistical uncertainties: R

adj0 __
L=

dAdjusted statistical uncertainty of the IS (see text).
¢The corrected IS values of Ref. [21], their systematic uncertainties ucsys, and total uncertainties uco: after the final correction shown in Fig. B.3(c). The total
uncertainties uco, are calculated as a combination in quadrature of the statistical uncertainty ug,qj and egys.

f A combination in quadrature of the total uncertainty ug, of Ref. [22] and the systematic uncertainty Ucsys Of the final corrected IS value (IScor).

8Reduced differences with the adjusted statistical uncertainties: R; =

(a) 3
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Fig. B.3. Same as Fig. B.1, but with the data of Andl et al. [2].
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Explanation of tables

Table 1

Table 2

Table 3

Table 4

Table 5

Table 6

Table 7

Table 8

Table 9

Table 10

Fitted differences of mean squared nuclear charge radii for isotopes of calcium relative to “°Ca

i Mass number

dinit Initial value of A(r?) in the fitting procedure

Uinit Uncertainty of diy; in the fitting procedure

d Fitted value of A (r?)

Unc. Uncertainty of the fitted value of A(r?)

dprey The best previously available value of A (r?)

Uprey Uncertainty of dprey

Ref. Reference for dpey: GR16 — Garcia Ruiz et al. [15]; M19 — Miller et al. [33]; P84 — Palmer et al. [20].

Change Difference (d - dprev)

Fitted mass-shift factors K and folded field-shift factors Ff for energy levels of Ca I and II

Config. Configuration of the level

Term and | The LS-coupling term label and the total angular momentum J value

E Experimental value for excitation energy from the ground level. All values are quoted from the NIST ASD [57], except
for the 4s30f 'F5 and 4s35f 'F; levels quoted from Miiller et al. [26]

K Mass-shift factor from the present global fit

ug Uncertainty in K

Ff Folded field-shift factor from the present global fit

Up Uncertainty in Ff

Fitted mass-shift factors K and folded field-shift factors Ff for transitions in Ca I and II

Tr. # Transition index number to be used in other tables

Lower level Configuration, term, and ] of the lower level (same as in Table 2)

Upper level Configuration, term, and J of the upper level (same as in Table 2)

A Transition wavelength. Wavelengths below 200 nm and above 2000 nm are given in vacuum; within these limits they
are in standard air. The values are the Ritz wavelengths calculated from energy levels given in Table 2

K Mass-shift factor from the present global fit

77 Uncertainty in K

Ff Folded field-shift factor from the present global fit

up Uncertainty in Ff

Kiit Mass-shift factor from literature. Uncertainty in units of the last digit of the value is given in parentheses after the
value.

F]fit Folded field-shift factor from literature. Uncertainty in units of the last digit of the value is given in parentheses after
the value

Ref. Literature reference: B80 — Bergmann et al. [24], D10 — Dammalapati et al. [28], N98 — Nortershduser et al. [16],

N98a — Nortershduser et al. [21], P84 — Palmer et al. [20], S17 — Shi et al. [13], R - Ritz values calculated from
data of the given references

Fitted isotope shifts relative to “°Ca in energy levels of Ca I and Ca II for isotopes 36 through 38

Units are MHz. Standard uncertainties in units of the last decimal place of the value are given in parentheses after the value. Isotope mass
numbers are specified in the headings row.

Config. Configuration of the level (same as in Table 2)

Term and | The LS-coupling term label and the total angular momentum J value (same as in Table 2)

Fitted isotope shifts relative to “°Ca in energy levels of Ca I and Ca II for isotopes 39 through 46
The format is the same as for Table 4

Fitted isotope shifts relative to “°Ca in energy levels of Ca I and Ca II for isotopes 47 through 52
The format is the same as for Table 4

Observed and fitted isotope shifts relative to “°Ca in transitions of Ca I and Ca II for isotopes 36, 37, and 38

Units are MHz. Standard uncertainties in units of the last decimal place of the value are given in parentheses after the value. Isotope mass

numbers are specified in the headings row.

Tr. # Transition index number (same as in Table 3)

Obs. Input values of TIS used in the global fit. In most cases they are observed values quoted from the sources described in
Section 2, but a few are adjusted to reduce the systematic errors as described in Section 2, and a few are interpolated
or extrapolated in this work as described in Section 3. Uncertainties are given in parentheses after the value,

e.g., —222.2(38) means —222.2 + 3.8

Ref. Reference to the “Obs.” value in Tables 7-11: A91 — Aspect et al. [25], A82 — Andl et al. [22], Ay82 — Aydin et al.
1982 [29], B8O — Bergmann et al. [24], BO8 — Benhelm [8], D10 — Dammalapati et al. [28], G79 — Grundevik
et al. [27], G15 — Gebert et al. [14], GR16 — Garcia Ruiz et al. [15], K95 — Kurth et al. [18], K19 — Knollmann
et al. [34], L83 — Lorenzen et al. [30], MOO - Miiller et al. [26], MO4 — Mortensen et al. [23], M19 — Miller
et al. [33], N98 — Nortershduser et al. [16], N98a - Nortershduser et al. [21], P54 — Pery [32], P84 — Palmer
et al. [20], S11 — Salumbides et al. [46], S17 — Shi et al. [13], V92 — Vermeeren et al. [19], V96 — Vermeeren
et al. [17], W86 — Weber et al. [31], TW — this work (interpolation or extrapolation), (C) - corrected in this work,
(R) - Ritz value calculated from TIS measurements made relative to isotopes other than 40

Fit Fitted TIS values from this work. Standard uncertainties in units of the last decimal place of the value are given in
parentheses, e.g., —499.5(78) means —499.5 + 7.8.

Observed and fitted isotope shifts relative to “°Ca in transitions of Ca I and Ca II for isotopes 39, 41, and 42
Units are MHz. The format and key to references are the same as for Table 6

Observed and fitted isotope shifts relative to “°Ca in transitions of Ca I and Ca II for isotopes 43, 44, and 45
Units are MHz. The format and key to references are the same as for Table 6

Observed and fitted isotope shifts relative to “°Ca in transitions of Ca I and Ca II for isotopes 46, 47, and 48
Units are MHz. The format and key to references are the same as for Table 6
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Table 11

Table 12

Table 13

Table 14
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Observed and fitted isotope shifts relative to °Ca in transitions of Ca I and Ca II for isotopes 49 through 52

Units are MHz. For isotope 50, the format and key to references are the same as for Table 6. For other isotopes, only the fitted values are
given. The values given in bold font for transition 75 in Ca II are the same as the input values, which are from measurements of Garcia Ruiz
et al. [15] corrected in this work for systematic errors.

Absolute frequencies of Ca I and Ca II transitions in “°Ca

Tr. # Transition index number (defined in Table 3)

Lower level Configuration, term, and ] of the lower level (same as in Table 2)

Upper level Configuration, term, and ] of the upper level (same as in Table 2)

v Absolute frequency (kHz)

u, Uncertainty in v

Ref. Reference to the v value: D04 — Degenhardt et al. [47], H16 — Huang et al. [40], S11 — Salumbides et al. [46], S17
— Shi et al. [13], S18 — Solaro et al. [45], R — Ritz value determined in the present work by least-squares fitting

Avac Wavelength in vacuum. Standard uncertainty in units of the last decimal place of the value is given in parentheses.

Xair Wavelength in air. Uncertainty in units of the last decimal place of the value, given in parentheses, includes the

uncertainty of the five-parameter conversion formula from Peck and Reeder [59]

Absolute frequencies of Ca I and Ca II transitions in 36-3°Ca and 4'-52Ca (MHz)
The headings row contains the isotope mass numbers. Data in each column are absolute frequencies with uncertainties in units of the last
decimal place of the value specified in parentheses. E.g., 709078166.2(24) means 709078166.2 + 2.4.

Tr. # Transition index number (defined in Table 3)

Vacuum wavelengths of Ca I and Ca II transitions in stable Ca isotopes and in natural Ca (nm)
Transition Designations of the lower and upper levels of the transition

Isotope Isotope mass numbers or “nat. mixture” for the terrestrial mixture of isotopes
Avac., TW Wavelength in vacuum from this work

Avac.M14 Wavelength in vacuum from Murphy and Berengut [2]

AMTW_M14 Difference between Aysctw and Ayacmia

Unmia/Utw Ratio of uncertainties of Murphy and Berengut [2] and of this work
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Table 1
Fitted differences of mean squared nuclear charge radii for isotopes of calcium relative to “°Ca.
i dinit Uinit d Unc. prey Uprey Ref. Change
(fm?) (fm?) (fm?) (fm?) (fm?) (fm?) (fm?)
36 —0.198 0.027 —0.196 0.026 M19 —0.002
37 —0.207 0.025 —0.205 0.023 M19 —0.002
38 —0.0804 0.0064 —0.0797 0.0064 M19 —0.0007
39 —0.1125 0.0064 —0.1060 0.0064 M19 —0.0065
41 0.0049 0.0018 0.0032 0.0025 P84 0.0017
42 0.210 0.007 0.2174 0.0052 0.2153 0.0049 P84 0.0021
43 0.117 0.025 0.1264 0.0033 0.1254 0.0032 P84 0.0010
44 0.290 0.009 0.2849 0.0068 0.2832 0.0064 P84 0.0017
45 0.1239 0.0056 0.1188 0.0059 P84 0.0051
46 0.147 0.045 0.1321 0.0049 0.1242 0.0050 P84 0.0079
47 0.005 0.008 0.005 0.013 P84 0.000
48 —0.005 0.006 —0.0044 0.0060 —0.0044 0.0060 P84 0.0000
49 0.100 0.011 0.098 0.012 GR16 0.002
50 0.290 0.012 0.291 0.012 GR16 —0.001
51 0.389 0.014 0.392 0.013 GR16 —0.003
52 0.525 0.017 0.531 0.015 GR16 —0.006
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Table 2

Fitted mass-shift factors K and folded field-shift factors Ff for energy levels of Ca I and II.
Config. Term E K g Ff Up

and J (em™1) (MHz u) (MHz u) (MHz/fm?) (MHz/fm?)

Cal
4s4p 3py 15157.901 471900 8900 —100 1800
4s4p 3pp 15210.063 460880 300 —181.2 49
4s4p 3py 15315.943 459600 6100 —150 120
3d4s D, 21849.634 —168600 7200 —40 72
4s4p le 23652.304 362530 270 —177.8 4.6
4s5s 35, 31539.495 431900 6000 -70 120
4s5s 1So 33317.264 525900 140 —88.8 2.3
4s5p pp 36731.615 847000 7000 —182 71
4s4d D, 37298.287 1098360 310 —181.6 49
3d4p Fg 40537.893 461100 7600 —101 80
4s6s 1So 40690.435 1027960 940 —156 11
4p? D, 40719.847 1529300 1100 —330 14
4s6p Py 41679.008 —873900 7500 66 78
4p2 1Sy 41786.276 1394200 1000 —309 13
4s7s 1S, 44276.538 682100 2200 —123 31
4s6d D, 44989.830 931000 2200 —159 31
4s8s 1S, 45887.200 692300 2200 —-120 31
4s7d D, 46200.13 965600 2200 —148 31
4s9s 1So 46835.055 713400 2200 —-111 31
4s8d D, 46948.98 998800 2200 —172 31
4510s 1Sy 47437.471 723700 2100 —102 28
3d5s D, 47449.083 1047300 2200 —155 29
4s9d 3D, 47752.655 1171800 3900 —176 41
459d 3D, 47757.286 1189500 3600 —189 43
4511s 1So 47843.76 728600 2200 —113 31
4s10d 3D, 48031.58 889700 3600 —124 43
4s10d 3D, 48033.23 895600 3600 —115 43
4s11d 3D, 48258.84 810800 3600 —126 43
4s12d D, 48433.46 781000 3600 -92 43
3d? 3p, 48563.522 2484900 7100 —481 76
4s13d 3D, 48568.95 771200 3600 —104 43
4513d D, 48578.32 867100 3000 —112 37
4513f 1Fg 48647.30 749100 330 —101.7 49
4s515p pp 48669.83 754220 340 —107.0 5.0
4s14d 3D, 48675.65 768300 3600 —-121 43
4s14f Fg 48738.54 750090 340 —-107.2 5.0
4s16p pp 48756.45 754520 330 —102.1 49
4s15d D, 48760.14 823500 3000 —111 37
4s15d 3D, 48760.88 760500 3600 —111 43
4s15d 3D, 48761.20 778900 3600 —109 43
4s515f 1Fg 48812.09 751220 330 —96.9 49
4517p 1pp 48826.54 754790 330 —103.2 5.0
4s16d D, 48827.05 832400 3000 —127 37
4s16d 3D, 48829.95 762500 3600 —126 43
4s16f Fg 48872.20 752270 330 —95.3 48
4s518p pp 48884.06 755130 330 —102.1 49
4s17d D, 48886.75 758300 3600 —115 43
4s17f 1F3° 48921.95 753310 330 —102.5 49
4s519p 1pe 48931.82 754870 330 —103.9 5.0
4s518d 3D, 48934.04 759100 3600 —100 43
4518f 1Fg 48963.67 753670 330 —98.2 49
4s20p pp 48971.93 755450 330 —100.9 4.9
4s19d 3D, 48973.95 755700 3600 —62 42
4s19f Fy 48998.89 754140 330 —96.1 49
4s21p Py 49005.92 755810 330 —101.4 49
4s520d 3D, 49007.58 757200 3900 —109 43
4520f 1F3° 49028.93 754520 330 —103.7 5.0
4522p 1pe 49034.98 755910 330 —100.2 49
4s21d 3D, 49036.40 754900 2700 —-98 35
4s21f Fg 49054.80 755000 330 —102.6 49
4s23p pp 49060.02 755940 330 —99.9 49
4s22f Fy 49077.20 755130 330 —100.9 49
4s24p pp 49081.75 756200 330 —102.3 49
4s523f 'Fy 49096.74 755380 330 —105.8 5.0
4s525p Py 49100.72 756330 340 —108.5 5.0
4s30f 1F3° 49183.199 756800 360 —105.4 5.0
4s35f 1Fg 49214.840 755580 330 —101.7 49
Call
3d D), 13650.19 2397630 530 —366.6 9.3
3d D5, 13710.88 2394560 530 —368.3 9.3
4p ZP;’/Z 25191.51 408530 400 —279.4 7.1

(continued on next page)
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Config. Term E K ug Ff Up
and | (cm™) (MHz u) (MHz u) (MHz/fm?) (MHz/fm?)
4p 2P3°/2 25414.40 409140 400 —281.9 7.2
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Table 3
Fitted mass-shift factors K and folded field-shift factors F' for transitions in Ca I and IL.
Tr. Lower level Upper level A K ug Ff Up Ky Fl Ref.
# (nm) (MHz u) (MHz u) (MHz/fm?) (MHz/fm?) (MHz u) (MHz/fm?)
Cal
1 4s? TSy 4s21d  °D, 203.86465 754900 2700 —-98 35
2 4s? 1Sy 4520d 3D, 203.98455 757200 3900 —109 43
3 4s? 1So 4519d  °D, 204.12464 755700 3600 —62 42
4 4s? 1So 4s18d 3D, 204.29115 759100 3600 —100 43
5 4s? 1So 4s17d 3D, 204.48879 758300 3600 —-115 43
6 452 1So 45s16d  °D, 204.72669 762500 3600 —126 43
7 452 1S, 4s16d 1D, 204.73885 832400 3000 —127 37
8 4s? 1Sy 4s15d 3D, 205.01538 778900 3600 —109 43
9 4s? 1Sy 4s15d 3D, 205.01673 760500 3600 —111 43
10 4s? 1So 4s15d  'D, 205.01984 823500 3000 —111 37
11 4s? 1So 4s14d 3D, 205.37576 768300 3600 —121 43
12 4s? 1So 4s13d  'D, 205.78730 867100 3000 —-112 37
13 4s? 1So 4s13d 3D, 205.82700 771200 3600 —104 43
14 4s? 1So 3d? 3p, 205.85001 2484900 7100 —481 76
15 452 1S, 4s12d 3D, 206.40287 781000 3600 -92 43
16 452 1Sy 4s11d 3D, 207.14981 810800 3600 -126 43
17 4s? 1S, 4s10d  °D, 208.12291 895600 3600 —115 43
18 4s? 1So 4s10d 3D, 208.13006 889700 3600 —124 43
19 4s? 1Sy 4s11s 'S, 208.94722 728600 2200 —-113 31 728600(500) —114(7) P84
20 4s? 1So 459d 3D, 209.32561 1189500 3600 —189 43
21 4s? 'So 4s59d D, 209.34591 1171800 3900 —176 41
22 4s? 1So 3d5s 'D, 210.68544 1047300 2200 —155 29 1046700(500) —157(7) P84
23 4s? 1So 45s10s 'S, 210.73702 723700 2100 —102 28 723600(500) —107(7) P84
24 452 1Sy 4s8d D, 212.92994 998800 2200 —172 31 998300(500) —174(7) P84
25 4s? 1Sy 459s 1Sy 213.44794 713400 2200 —111 31 713400(500) —112(7) P84
26 4s? 1S, 4s7d D, 216.38167 965600 2200 —148 31 966200(500) —151(7) P84
27 4s? 1So 4s8s 1Sy 217.85746 692300 2200 —120 31 692200(500) —121(7) P84
28 4s? 1So 4s6d D, 222.20331 931000 2200 —159 31 930700(500) —161(7) P84
29 4s? 1So 4s7s 1So 225.78334 682100 2200 —123 31 682100(500) —124(7) P84
30 4s? 1So 4p? 1So 239.24013 1394200 1000 —309 13
31 4s? 1So 4s6p Py 239.85590 —873900 7500 66 78
32 452 1S, 4p? 1p, 24550617 1529300 1100 —330 14
33 452 1S, 4565 1S, 245.68364 1027960 940 —156 11
34 4s? 1Sy 4s4d D, 268.02920 1098360 310 —181.6 49 1098710(200) —179.5(22) N98a
35 4s? 1Sy 4s5p pp 272.16442 847000 7000 —182 71 847100(900) —179(39) M04
36 4s4p  3P§ 3d? 3p, 299.7316 2024000 7100 —299 76
37 4s? 1So 4s5s 1So 300.0572 525900 140 —88.8 2.3
38 4s4p  3P5 3d? 3p, 300.6861 2025300 9300 —330 140
39 4s? 1So 4s4p Py 422.6728 362530 270 —-177.8 4.6 362520(120) —175.8(12) N98a
40 4s4p P} 4s6d 'D, 468.5268 568400 2200 19 31
41 3d4s D, 4s6p 1P§’ 504.1618 —705300 2000 105 29 —705200(2000) 105(29) P84
42 3d4s 'D, 3d4p Fy 534.9465 629700 2500 —62 34 629700(1200) —62(15) P84
43 4s4p  'P§ 4p? 1Sy 551.2980 1031680 940 —131 11
44 4s4p P} 4p? D, 585.7451 1166800 970 —152 11
45 4s4p  3P§ 4s5s 35, 610.2723 —40000 6600 0 1800
46 4s4p 3P} 4s5s 35 612.2217 —29000 6000 110 120
47 4s4p  3P5 4s5s 35, 616.2173 —27730 950 81 20 —27700(900) 81(21) P84
48 4s? 1So 4s4p 3py 652.7341 459600 6100 —150 120
49 452 1So 4s4p 3ps 657.2779 460880 300 —181.2 4.9 461600(500) —182(5) B8O
50 3d4s D, 4s5p ]Pf 671.7681 1015600 1500 —142 13 1018700(700) —149.3(71) D10
51 4s4d D, 4s35f  'F3 838.9383 —342790 280 79.9 44
52 4s4d D, 4s30f  'FP 841.1718 —341560 300 76.2 43
53 4s4d  'D, 4s25p  1P? 847.050 —342030 270 73.2 43
54 4s4d  'D, 4s23f  TF 847.336 —342980 280 75.9 43
55 4s4d  'D, 4s24p  'P? 848.414 —342160 280 79.3 44
56 4s4d  'D, 4s22f  'F3 848.742 —343240 280 80.8 4.4
57 4s4d D, 4523p  'PS 849.981 —342420 280 81.8 44
58 4s4d D, 4521f ]Fg’ 850.359 —343360 280 79.0 4.4
59 4s4d D, 4s22p P} 851.795 —342450 280 814 44
60 4s4d  'D, 4520f  'FS 852.234 —343840 280 77.9 44
61 4s4d  'D, 4s21p  'P? 853.909 —342550 280 80.3 44
62 4s4d  'D, 4s19f  TF 854.422 —344220 280 85.5 44
63 4s4d  'D, 4s20p PP 856.395 —342910 280 80.8 44
64 4s4d  'D, 4518f  'F 857.002 —344690 280 834 4.4
65 4s4d  'D, 4s19p  'Pp 859.348 —343490 280 77.7 4.4
66 4s4d  'D, 4s17f  'F 860.078 —345060 280 79.1 4.4
67 4s4d D, 4s18p 1P§’ 862.891 —343230 280 79.6 4.4
68 4s4d D, 4s16f  'F3 863.775 —346090 280 86.4 45
69 4s4d  'D, 4517p  Pp 867.196 —343580 280 78.4 44
70 4s4d  'D, 4s15f  1F 868.284 —347140 280 84.7 44
71 4s4d  'D, 4s16p PP 872.501 —343840 280 79.6 44

(continued on next page)
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Table 3 (continued)
Tr. Lower level Upper level A K ug Ff Up Kiie Ff, Ref.
# (nm) (MHz u) (MHz u)  (MHz/fm?) (MHz/fm?) (MHz u) (MHz/fm?)
72 4s4d D, 4s14f 1F§ 873.867 —348280 270 74.4 4.3
73 4s4d D, 4s15p 1P]° 879.147 —344140 270 74.6 4.3
74 4s4d D, 4s13f 1F§ 880.892 —349260 280 79.9 4.4
Call
75 4s 251/2 4p 2P§/2 393.3663 409140 400 —281.9 7.2 409350(420) —284.7(82) S17
76 4s 251/2 4p ZP;)/Z 396.8469 408530 400 —2794 7.1 408730(400) —281.8(69) S17
77 4 %5, 3d 2Ds;, 7291469 2394560 530 3683 93 2396900(1200)  —363(15)  S17, N98 (R)
78 4 %5, 3d 2Dy, 7323888 2397630 530 3666 9.3 2398300(700)  —365(10)  S17, N98 (R)
79 3d 2D3/2 4p 2P3°/2 849.802 —1988480 120 84.7 2.2 —1988900(600)  80(5) N98
80 3d 2D5/2 4p 2P3°/2 854.209 —1985420 120 86.4 2.2 —1987500(1100) 78(12) N98
81 3d ZDg/z 4p ZPT/Z 866.214 —1989100 130 87.2 2.2 —1990000(1200) 87.6(22) S17
82 3d %Dy, 3d 2Ds;, 164770 —3067 24 ~165 037 —1400(1300) 2(13) N98(R)
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Table 4

Fitted isotope shifts relative to 4°Ca in energy levels of Ca I and Ca II for isotopes 36 through 38.
Config. Term 36 37 38

and J

Cal
4s4p Py —1290(350) —930(370) —610(140)
4s4p 3pg —1236.6(48) —891.2(44) —588.9(11)
4s4p 3p3 —1239(15) —895(17) —589.6(57)
3d4s D, 473(13) 348(10) 223.9(62)
4s4p 1pp —965.8(47) —693.7(43) —460.4(11)
4s5s 35, —1178(15) —855(17) —559.8(58)
4s5s 1So —1434.5(23) —1041.3(21) —681.52(54)
4s5p pp —2303(13) —1669(11) —1094.5(61)
4s4d D, —2996.8(48) —2175.6(44) —1423.7(11)
3d4p Fg —1253(14) —908(12) —595.7(67)
4565 1Sp —2807.5(45) —2039.1(41) —1333.6(13)
4p? D, —4157.4(89) —3013.4(82) —1976.1(22)
4s6p pe 2400(14) 1747(11) 1139.0(65)
4p? 1So —3788.5(83) —2745.5(76) —1800.9(21)
4s7s 1So —1859(12) —1349(10) —883.3(50)
4s6d D, —2539(12) —1843(11) —1206.4(50)
4s8s 1So —1888(12) —1370(10) —896.8(50)
4s7d D, —2637(12) —1915(11) —1252.5(50)
459s 1So —1948(12) —1415(10) —925.3(49)
4s8d D, —2724(12) —1977(11) —1294.1(50)
4510s 1S, —1978(11) —1437.1(97) —939.5(47)
3d5s D, —2861(12) —2078(10) —1359.0(49)
4s9d 3Dy —3201(18) —2325(15) —1520.4(76)
459d 3D, —3247(18) —2358(16) —1542.4(76)
4s11s 1So —1989(12) —1445(10) —945.0(49)
4s10d 3D, —2432(17) —1767(15) —1155.1(76)
4s10d 3D, —2450(17) —1781(15) —1163.5(76)
4s11d 3D, —2214(17) —1608(15) —1051.6(76)
4s12d 3D, —1015.3(76)
3d? 3p, —6766(35) —4908(30) —3215(15)
4s13d 3D, —1001.4(76)
4s13d D, —1126.4(63)
4s13f Fy —972.76(69)
4s15p pp —979.05(72)
4s14d 3D, —996.4(76)
4s14f Fg —973.61(72)
4516p ps —979.84(69)
4s15d D, —1069.3(63)
4s15d 3D, —986.9(76)
4s15d 3D, —1011.1(76)
4s15f 1Fy —975.92(67)
4517p pp —980.09(70)
4s16d D, —1079.9(63)
4s16d 3D, —988.3(76)
4s16f 'Fs —977.44(66)
4518p ps —980.64(69)
4517d 3D, —983.7(76)
4517f 1Fg —978.21(70)
4s19p 1pp —980.15(70)
4518d 3D, —986.0(76)
4518f Fy —979.03(67)
4520p pp —981.15(69)
4519d 3D, —984.6(76)
4519f 'Fs —979.82(66)
4521p pe —981.58(69)
4520d 3D, —982.8(77)
4520f 1Fy —979.69(70)
4522p pp —981.80(68)
4s21d 3D, —980.7(59)
4521f Fy —980.42(70)
4s23p pp —981.87(68)
4522f Fg —980.72(69)
4524p ps —982.01(70)
4523f 'Fs —980.66(71)
4s25p 1pp —981.69(73)
4s30f 1Fp —982.55(74)
4s35f 1Fy —981.25(69)
Call
3d Dy, —6547.7(96) —4755.4(88) —3110.2(22)
3d D5, —6538.9(97) —4748.9(89) —3106.1(22)
4p ’Py —1072.6(73) —765.4(67) —512.5(17)

(continued on next page)



A. Kramida / Atomic Data and Nuclear Data Tables 133-134 (2020) 101322

Table 4 (continued)

Config. Term 36 37 38
and J
4p 2P§/2 —1073.8(74) —766.1(68) —513.1(17)

35
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Table 5

Fitted isotope shifts relative to 4°Ca in energy levels of Ca I and Ca II for isotopes 39 through 46.
Config. Term 39 41 42 43 44 45 46

and J

Cal
4s4p ’py —290(200) 287.9(96) 540(390) 810(230) 1050(510) 1300(220) 1530(230)
4s4p pp —273.3(11) 280.71(29) 509.51(24) 781.85(18) 996.51(30) 1259.19(69) 1480.32(43)
4s4p 3ps —276(11) 280.1(33) 514(21) 783.3(90) 1002(25) 1259.3(99) 1480(12)
3d4s p, 111.9(54) —103.2(41) —209(11) —299.4(80) —395(13) —474(14) —555(17)
4s4p pe —211.0(10) 220.64(29) 393.13(14) 610.567(99) 773.83(17) 986.14(70) 1159.80(35)
4s5s 35, —267(11) 263.5(32) 499(21) 745.1(93) 962(25) 1192(10) 1400(12)
4s5s 1So —325.13(51) 320.89(15) 607.046(78) 907.073(58) 1170.723(95) 1451.46(36) 1704.77(20)
4s5p pp —519.3(55) 516.6(40) 969(10) 1455.9(78) 1874(13) 2333(14) 2740(17)
4s4d D, —679.5(11) 670.22(29) 1268.67(23) 1894.95(18) 2446.20(28) 3031.92(77) 3561.00(46)
3d4p 1Fg —282.5(62) 281.3(44) 527(12) 792.4(88) 1020(15) 1270(15) 1492(18)
4s6s 1Sy —637.5(13) 627.33(58) 1190.4(18) 1775.2(12) 2293.4(23) 2839.3(20) 3334.6(23)
4p? p, —937.5(21) 932.81(76) 1749.8(18) 2628.8(13) 3384.2(24) 4212.1(24) 4948.1(25)
4s6p ps 549.5(60) —533.6(43) —1027(12) —1517.6(86) —1969(15) —2422(15) —2844(18)
4p? 1So —853.7(20) 850.36(72) 1593.4(18) 2395.5(12) 3082.9(23) 3838.9(23) 4509.9(24)
4s7s 1So —420.8(46) 416.2(15) 785.7(87) 1175.5(71) 1516(13) 1881.6(91) 2210(10)
4s6d D, —575.4(46) 568.1(15) 1074.3(87) 1605.6(71) 2072(13) 2569.3(91) 3018(10)
4s8s 1So —427.6(46) 422.4(15) 798.3(87) 1193.6(71) 1540(13) 1910.2(91) 2244(10)
4s7d D, —598.6(46) 589.3(15) 1117.8(87) 1667.3(71) 2154(13) 2666.8(91) 3132(10)
459s 15, —442.1(46) 435.4(15) 825.6(87) 1231.7(71) 1591(13) 1970.2(91) 2314(10)
458d D, —617.2(46) 609.5(15) 1152.3(87) 1722.4(71) 2223(13) 2756.4(91) 3237(10)
4510s 15, —449.7(43) 441.7(14) 839.7(81) 1250.8(67) 1617(12) 1999.9(88) 2349(10)
3d5s D, —650.0(44) 639.2(14) 1213.7(83) 1809.2(69) 2338(12) 2893.4(89) 3398(10)
4s9d 3Dy —727.0(65) 715.1(25) 1357(12) 2024(11) 2615(18) 3237(14) 3802(17)
4s9d 3D, —736.7(67) 725.9(24) 1376(13) 2053(11) 2651(19) 3284(14) 3857(16)
4s11s 1So —451.6(46) 444.6(15) 843.2(87) 1258.0(71) 1625(13) 2012.1(91) 2363(10)
4s10d 3D, —553.0(66) 543.0(24) 1033(13) 1538(11) 1988(19) 2459(14) 2888(16)
4s10d 3D, —557.8(66) 546.6(24) 1042(13) 1549(11) 2004(19) 2476(14) 2908(16)
4s11d 3D, —502.5(67) 494.3(24) 938(13) 1400(11) 1808(19) 2239(14) 2630(16)
4s12d 3D, 910(13) 1750(19) 2537(16)
3d? 3p, —1529(13) 1515.9(47) 2855(23) 4278(21) 5514(35) 6851(28) 8047(31)
4s513d 3D, 896(13) 1724(19) 2503(16)
4s513d D, 1008(11) 1940(16) 2815(13)
4s13f Fg 870.07(75) 1674.65(94) 2431.58(78)
4s15p pp 875.02(75) 1684.80(94) 2447.61(78)
4s14d 3D, 889(13) 1713(19) 2492(16)
4s14f 1F3° 870.04(75) 1675.32(94) 2434.07(78)
4s16p ps 876.45(75) 1686.89(94) 2449.24(78)
4s15d D, 957(11) 1841(16) 2673(13)
4s15d 3Dy 882(13) 1698(19) 2467(16)
4s15d 3D, 904(13) 1740(19) 2528(16)
4s15f 1Fg 873.63(75) 1680.84(94) 2439.13(78)
4s17p pp 876.52(75) 1687.16(94) 2449.95(78)
4s16d D, 964(11) 1857(16) 2700(13)
4s16d 3D, 881(13) 1698(19) 2472(16)
4s16f 1F3° 875.25(75) 1683.71(94) 2442.79(78)
4518p 1pe 877.18(75) 1688.28(94) 2451.23(78)
4517d 3p, 878(13) 1692(19) 2460(16)
4s517f 1Fg 874.91(75) 1684.00(94) 2445.21(78)
4s19p 1pe 876.48(75) 1687.17(94) 2450.15(78)
4s518d 3D, 882(13) 1698(19) 2464(16)
4s518f Fg 876.28(75) 1686.05(94) 2446.97(78)
4s20p pp 877.82(75) 1689.34(94) 2452.42(78)
4s19d 3D, 886(13) 1701(19) 2458(16)
4s519f 1F3° 877.29(75) 1687.72(94) 2448.79(78)
4521p 1po 878.14(75) 1690.01(94) 2453.53(78)
4s520d 3D, 878(13) 1691(19) 2457(17)
4s20f 1Fg 876.08(75) 1686.40(94) 2449.00(78)
4s22p pe 878.50(75) 1690.56(94) 2454.00(78)
4s21d 3D, 878(10) 1689(15) 2451(13)
4s21f Fg 876.91(75) 1687.82(94) 2450.72(78)
4s23p pp 878.62(75) 1690.74(94) 2454.16(78)
4s522f 'Fy 877.43(75) 1688.60(94) 2451.37(78)
4s524p Py 878.40(75) 1690.63(94) 2454.68(78)
4523f 1Eg 876.67(75) 1687.79(94) 2451.55(78)
4s25p 1pe 877.22(75) 1689.18(94) 2454.30(78)
4s30f 1Fg 878.44(77) 1691.1(10) 2456.22(89)
4s35f 'F3 877.79(75) 1689.39(94) 2452.72(78)
Call
3d D), —1486.6(21) 1463.17(59) 2775.883(71) 4140.275(46) 5348.331(92) 6622.1(14) 7777.29(64)
3d 2D5/2 —1484.5(21) 1461.29(59) 2771.8724676(76) 4134.71172(39) 5340.8873946(78) 6613.4(14) 7767.07(64)
4p P1/z —228.9(16) 248.24(45) 425.818(48) 678.042(30) 849.484(63) 1101.5(11) 1296.50(49)

(continued on next page)
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37

Config. Term 39 41 42 43 44 45 46
and J
4p 2P§’/2 —229.0(16) 248.60(45) 426.012(41) 678.800(27) 850.175(53) 1102.9(11) 1298.17(49)
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Table 6

Fitted isotope shifts relative to 4°Ca in energy levels of Ca I and Ca II for isotopes 47 through 52.
Config. Term 47 48 49 50 51 52

and J

Cal
4s4p Py 1759(33) 1969(39) 2160(180) 2340(520) 2520(690) 2690(940)
4s4p 3pe 1717.3(13) 1923.31(64) 2101.3(18) 2255.9(17) 2419.6(18) 2569.4(20)
4s4p 3pg 1713(22) 1918(26) 2098(19) 2258(20) 2424(28) 2577(40)
3d4s 1p, —629(27) —703(30) —779(28) —856(24) —926(25) —995(27)
4s4p 1pp 1350.7(12) 1513.07(35) 1649.4(17) 1764.3(16) 1889.6(17) 2002.7(19)
4s5s 35, 1610(22) 1802(26) 1979(19) 2142(21) 2306(28) 2459(41)
4s5s 1So 1960.11(62) 2194.14(23) 2409.65(85) 2608.37(82) 2806.92(87) 2993.94(96)
4s5p pp 3157(26) 3534(30) 3877(27) 4190(23) 4505(24) 4801(27)
4s4d D, 4093.8(13) 4582.54(68) 5033.1(18) 5448.8(17) 5863.9(18) 6255.0(20)
3d4p 1Fp 1719(28) 1924(32) 2111(30) 2280(26) 2452(27) 2613(30)
4s6s 1So 3831.5(35) 4288.8(38) 4711.9(39) 5103.6(37) 5493.4(41) 5861.4(47)
4p? D, 5699.7(41) 6381.0(40) 7000.2(49) 7564.6(48) 8134.9(52) 8669.0(60)
4s6p 1pp —3257(28) —3646(31) —4012(29) —4358(25) —4696(26) —5018(29)
4p? 1So 5196.1(39) 5817.3(38) 6380.9(46) 6893.9(44) 7413.0(48) 7898.9(55)
4s7s 1So 2542.3(83) 2845.9(90) 3125(12) 3381(18) 3638(22) 3879(27)
4s6d D, 3469.9(83) 3884.2(90) 4266(12) 4617(18) 4968(22) 5299(27)
4s8s 1So 2580.1(83) 2888.2(90) 3172(12) 3432(18) 3693(22) 3939(27)
4s7d D, 3599.0(83) 4028.5(90) 4426(12) 4793(18) 5159(22) 5505(27)
4s9s 1So 2659.1(83) 2976.5(90) 3270(12) 3541(18) 3812(22) 4067(27)
4s8d p, 3722.8(83) 4167.3(90) 4576(12) 4953(18) 5330(22) 5685(27)
4510s 1S, 2697.4(81) 3019.3(88) 3318(12) 3595(18) 3870(21) 4131(25)
3d5s D, 3903.7(82) 4369.6(89) 4801(12) 5201(18) 5599(21) 5974(26)
4s9d 3Dy 4368(15) 4889(16) 5372(21) 5819(28) 6263(33) 6683(39)
4s9d 3D, 4433(14) 4963(15) 5451(20) 5903(28) 6353(33) 6778(40)
4s11s 1So 2715.6(83) 3039.7(90) 3339(12) 3617(18) 3893(22) 4153(27)
4s10d 3D, 3316(14) 3712(15) 4079(20) 4420(28) 4759(33) 5079(40)
4s10d 3D, 3338(14) 3736(15) 4107(20) 4452(28) 4794(33) 5118(40)
4s11d D, 3022(14) 3383(15) 3716(20) 4025(28) 4332(33) 4622(40)
4s12d 3D, 3258(15) 3885(28) 4467(40)
3d2 3p, 9261(27) 10368(29) 11380(39) 12307(54) 13239(64) 14115(76)
4s513d 3D, 3217(15) 3832(28) 4404(40)
4s513d D, 3617(12) 4310(23) 4954(33)
4s13f Fy 3125.3(13) 3722.6(15) 4277.6(21)
4s15p pp 3146.7(13) 3746.7(15) 4304.5(21)
4s14d 3D, 3206(15) 3813(28) 4379(40)
4s14f 1F3° 3129.4(13) 3725.9(15) 4280.4(21)
4s516p Py 3147.9(13) 3749.7(15) 4308.8(21)
4s15d p, 3435(12) 4092(23) 4702(33)
4s515d 3Dy 3173(15) 3777(28) 4338(40)
4s15d 3D, 3249(15) 3870(28) 4446(40)
4s15f 1Fy 3134.1(13) 3734.6(15) 4292.4(20)
4s17p pp 3149.0(13) 3750.6(15) 4309.7(21)
4s16d D, 3473(12) 4133(23) 4746(33)
4s16d 3D, 3181(15) 3782(28) 4342(40)
4s16f Fy 3138.5(13) 3740.3(15) 4299.4(20)
4518p 1P 3150.4(13) 3752.7(15) 4312.3(21)
4517d 3D, 3164(15) 3765(28) 4324(40)
4s517f 1Fy 3142.8(13) 3743.4(15) 4301.6(21)
4s19p 1pp 3149.4(13) 3750.9(15) 4309.9(21)
4s518d 3D, 3167(15) 3773(28) 4336(40)
4s18f Fy 3144.3(13) 3746.5(15) 4305.9(21)
4s20p pp 3151.8(13) 3754.6(15) 4314.8(21)
4s19d 3D, 3153(15) 3767(28) 4336(40)
4s519f 'Fg 3146.3(13) 3749.5(15) 4309.7(20)
4521p 1po 3153.3(13) 3756.3(15) 4316.6(21)
4s520d 3D, 3159(16) 3761(29) 4321(40)
4520f 1Fg 3147.9(13) 3749.1(15) 4307.9(21)
4s22p pp 3153.7(13) 3757.1(15) 4317.8(21)
4s21d 3D, 3150(11) 3753(22) 4313(32)
4s21f Fy 3149.9(13) 3751.9(15) 4311.3(21)
4s23p pp 3153.8(13) 3757.4(15) 4318.2(21)
4s522f Fy 3150.4(13) 3753.0(15) 4312.9(21)
4s524p Py 3154.9(13) 3758.0(15) 4318.4(21)
4523f FS 3151.5(13) 3752.9(15) 4311.8(21)
4s25p 1pp 3155.5(13) 3756.9(16) 4315.9(21)
4s30f 1Fy 3157.4(14) 3760.1(17) 4320.2(22)
4s35f 1Fy 3152.3(13) 3755.0(15) 4315.1(21)
Call
3d D5, 8936.6(24) 10003.17(10) 10989.7(34) 11902.9(33) 12811.9(35) 13669.8(39)
3d D5 8925.1(24) 9990.3818700(63) 10975.5(34) 11887.1(33) 12794.7(35) 13651.2(39)
4p 2pe 1521.6(18) 1705.394(60) 1850.8(26) 1965.3(25) 2098.6(27) 2215.2(30)

(continued on next page)
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Table 6 (continued)
Config. Term 47 48 49 50 51 52
and J
4p 2P§’/2 1523.9(19) 1707.958(67) 1853.3(26) 1967.6(25) 2101.0(27) 2217.5(30)
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Table 7

Observed and fitted isotope shifts relative to “°Ca in transitions of Ca I and Ca II for isotopes 36, 37, and 38.
Tr. 36 37 38
# Obs. Ref. Fit Obs. Ref. Fit Obs. Fit

Cal

1 —2065(14) —980.7(59)
2 —2069(17) —982.8(77)
3 —2074(17) —984.6(76)
4 —2076(17) —986.0(76)
5 —2071(17) —983.7(76)
6 —2080(17) —988.3(76)
7 —2273(15) —1079.9(63)
8 —2129(17) —1011.1(76)
9 —2078(17) —986.9(76)
10 —2252(14) —1069.3(63)
11 —2098(17) —996.4(76)
12 —2372(14) —1126.4(63)
13 —2109(17) —1001.4(76)
14 —6766(35) —4908(30) —3215(15)
15 —2138(17) —1015.3(76)
16 —2214(17) —1608(15) —1051.6(76)
17 —2450(17) —1781(15) —1163.5(76)
18 —2432(17) —1767(15) —1155.1(76)
19 —1989(12) —1445(10) —945.0(49)
20 —3247(18) —2358(16) —1542.4(76)
21 —3201(18) —2325(15) —1520.4(76)
22 —2861(12) —2078(10) —1359.0(49)
23 —1978(11) —1437.1(97) —939.5(47)
24 —2724(12) —1977(11) —1294.1(50)
25 —1948(12) —1415(10) —925.3(49)
26 —2637(12) —1915(11) —1252.5(50)
27 —1888(12) —1370(10) —896.8(50)
28 —2539(12) —1843(11) —1206.4(50)
29 —1859(12) —1349(10) —883.3(50)
30 —3788.5(83) —2745.5(76) —1800.9(21)
31 2400(14) 1747(11) 1139.0(65)
32 —4157.4(89) —3013.4(82) —1976.1(22)
33 —2807.5(45) —2039.1(41) —1333.6(13)
34 —2996.8(48) —2175.6(44) —1423.7(11)
35 —2303(13) —1669(11) —1094.5(61)
36 —5529(33) —4017(29) —2626(15)
37 —1434.5(23) —1041.3(21) —681.52(54)
38 —5527(36) —4013(33) —2626(16)
39 —965.8(47) —693.7(43) —460.4(11)
40 —1573(11) —1149(10) —745.9(49)
41 1926.6(55) 1399.4(52) 915.1(22)
42 —1726.5(60) —1256.1(56) —819.6(26)
43 —2822.8(39) —2051.8(36) —1340.5(12)
44 —3191.7(45) —2319.7(41) —1515.7(13)
45 110(350) 80(370) 50(140)
46 58(15) 36(17) 29.1(58)
47 60.5(38) 39.1(39) 29.8(14)
48 —1239(15) —895(17) —589.6(57)
49 —1236.6(48) —891.2(44) —588.9(11)
50 —2775.9(46) —2016.9(40) —1318.4(16)
51 930.7(22) 442.45(56)
52 928.0(21) 441.15(57)
53 929.9(20) 442.00(53)
54 932.0(21) 443.03(54)
55 929.1(22) 441.68(56)
56 931.7(22) 442.97(57)
57 929.3(22) 441.82(57)
58 932.4(22) 443.28(56)
59 929.4(22) 441.90(57)
60 934.0(22) 444.00(55)
61 929.9(22) 442.12(57)
62 933.5(23) 443.88(59)
63 930.8(22) 442.55(57)
64 935.2(23) 44466(58)
65 933.0(21) 443.54(55)
66 937.1(22) 445.48(56)
67 931.9(22) 443.06(56)
68 938.5(24) 446.26(60)
69 933.1(22) 443.60(56)
70 941.7(23) 447.77(59)
71 933.6(22) 443.86(56)
72 946.9(21) 450.08(54)
73 935.4(21) 444.65(54)

(continued on next page)
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Table 7 (continued)

Tr. 36 37 38
# Obs. Ref. Fit Obs. Re. Fit Obs. Fit

74 948.5(22) 450.93(56)

Gl

75 —1073.8(74) M19 —1073.8(74) —766.1(68) M19 —766.1(68) 513.4(17) M19 —513.1(17)
76 —1072.6(73) —765.4(67) ~51255(17)
77 —6538.9(97) —4748.9(89) —3106.1(22)
78 —6547.7(96) —4755.4(88) ~31102(22)
79 5473.9(22) 3989.3(20) 2597.10(51)
80 5465.1(23) 3982.8(21) 2592.95(52)
81 5475.1(23) 3990.0(21) 2597.70(53)

82 8.795(84) 6.520(79) 4.148(33)
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Table 8

Observed and fitted isotope shifts relative to “°Ca in transitions of Ca I and Ca II for isotopes 39, 41, and 42.
Tr. 39 41 42
# Obs. Ref.  Fit Obs. Ref. Fit Obs. Ref. Fit

Cal

1 876(16) W36(R) 878(10)
2 878(13)
3 946(21) W86(R) 886(13)
4 885(21) WS6(R) 882(13)
5 882(21) W86(R) 878(13)
6 880(21) W86(R) 881(13)
7 964(17) WS6(R) 964(11)
8 900(21) W86(R) 904(13)
9 885(21) W86(R) 882(13)
10 961(17) WS6(R) 957(11)
11 890(21) W86(R) 889(13)
12 1013(17) W86(R) 1008(11)
13 909(21) W86(R) 896(13)
14 —1529(13) 1515.9(47) 2853(40) WS6(R) 2855(23)
15 912(21) W86(R) 910(13)
16 —502.5(67) 494.8(24) 936(21) W86(R) 938(13)
17 —557.8(66) 546.6(24) 1041(21) WS6(R) 1042(13)
18 —553.0(66) 543.0(24) 1033(21) W86(R) 1033(13)
19 —451.6(46) 444.6(15) 843(14) L83(R) 843.2(87)
20 —736.7(67) 725.9(24) 1371(21) W86(R) 1376(13)
21 —727.0(65) 715.1(25) 1357(12)
22 —650.0(44) 639.2(14) 1213(14) L83(R) 1213.7(83)
23 —449.7(43) 441.7(14) 839(13) L83(R) 839.7(81)
24 —617.2(46) 609.5(15) 1148(14) L83(R) 1152.3(87)
25 —442.1(46) 435.4(15) 824(14) L83(R) 825.6(87)
26 —598.6(46) 589.3(15) 1117(14) L83(R) 1117.8(87)
27 —427.6(46) 422.4(15) 796(14) L83(R) 798.3(87)
28 —575.4(46) 568.1(15) 1070(14) L83(R) 1074.3(87)
29 —420.8(46) 416.2(15) 787(14) L83(R) 785.7(87)
30 —853.7(20) 850.36(72) 1593.0(30) A91 1593.4(18)
31 549.5(60) —533.6(43) —1027(12)
32 —937.5(21) 932.81(76) 1750.0(30) A91 1749.8(18)
33 —637.5(13) 627.33(58) 1191.0(30) A91 1190.4(18)
34 —679.5(11) 669.70(47) N98a(C) 670.22(29) 1268.70(32) N98a(C) 1268.67(23)
35 —519.3(55) 516.6(40) 967(13) M04 969(10)
36 —1256(12) 1235.2(46) 2346(23)
37 —325.13(51) 320.89(15) 607.08(14) P84 607.046(78)
38 —1254(16) 1235.9(57) 2341(31)
39 —211.0(10) 221.74(78) N98a(C) 220.64(29) 393.17(34) N98a(C),S11 393.13(14)
40 —364.4(45) 347.4(14) 681.2(87)
41 437.6(27) —430.4(12) —821.0(80) Ay82 —817.1(50)
42 —394.3(31) 384.5(14) 734(10) Ay82 736.6(59)
43 —642.7(12) 629.73(57) 1200.3(18)
44 —726.4(13) 712.18(60) 1356.7(19)
45 20(200) —24.4(90) ™ —24.4(90) —50(390)
46 6(11) —17.9(90) ™ —17.2(32) —11(21)
47 8.6(20) —16.54(54) —15.4(38)
48 —276(11) 280.1(33) 514(21)
49 —273.3(11) 280.80(40) B80 280.71(29) 509.50(30) B80 509.51(24)
50 —631.1(12) 619.82(89) 1181.0(30) D10 1178.6(18)
51 —393.0(12) MO0 —390.88(71)
52 —390.6(12) MO0 —390.23(73)
53 —391.6(12) MO0 —391.46(71)
54 —390.9(12) MO0 —392.00(71)
55 —391.6(12) MO0 —390.28(71)
56 —391.5(12) MO0 —391.24(71)
57 —390.9(12) MO0 —390.05(71)
58 —392.1(12) MO0 —391.77(71)
59 —390.2(12) MO0 —390.17(71)
60 —392.7(12) MO0 —392.59(71)
61 —390.6(12) MO0 —390.53(71)
62 —391.6(12) MO0 —391.38(71)
63 —391.2(12) MO0 —390.85(71)
64 —392.7(12) MO0 —392.40(71)
65 —392.6(12) MO0 —392.20(71)
66 —393.6(12) MO0 —393.76(71)
67 —391.0(12) MO0 —391.49(71)
68 —393.2(12) MO0 —393.42(71)
69 —393.3(12) MO0 —392.15(71)
70 —393.9(12) MO0 —395.04(71)
71 —392.7(12) MO0 —392.22(71)
72 —400.1(12) MO0 —398.63(71)
73 —394.7(12) MO0 —393.65(71)

(continued on next page)
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Table 8 (continued)
Tr. 39 41 42
# Obs. Ref. Fit Obs. Ref. Fit Obs. Ref. Fit
74 —399.3(12) MO0 —398.60(71)
Call
75 —230.5(18) M19 —229.0(16) 248.60(45) 425.932(71) S17 426.012(41)
76 —222.2(38) V96 —228.9(16) 248.24(45) 425.706(94) G15 425.818(48)
77 —1484.5(21) 1461.29(59) 2771.8724676(76) K19 2771.8724700(76)
78 —1486.6(21) 1463.17(59) 2775.883(71)
79 1257.59(49) —1214.57(14) —2351.45(68) N98(C) —2349.871(81)
80 1255.45(50) —1212.69(14) —2347.6(39) N98(C) —2345.860(41)
81 1257.71(50) —1214.93(14) —2349.974(99) G15 —2350.065(52)
82 2.139(38) —1.882(14) —4.011(71)
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Table 9

Observed and fitted isotope shifts relative to “°Ca in transitions of Ca I and Ca II for isotopes 43, 44, and 45.
Tr. 43 44 45
#  Obs. Ref. Fit Obs. Ref. Fit Obs. Ref. Fit

Cal

1 1689(15) W36(R) 1689(15)
2 1691(19) W86(R) 1691(19)
3 1705(19) W86(R) 1701(19)
4 1698(19) W86(R) 1698(19)
5 1692(19) W86(R) 1692(19)
6 1698(19) W86(R) 1698(19)
7 1857(16) WB86(R) 1857(16)
8 1740(19) W86(R) 1740(19)
9 1698(19) W86(R) 1698(19)
10 1841(16) WS6(R) 1841(16)
11 1713(19) W86(R) 1713(19)
12 1940(16) W86(R) 1940(16)
13 1725(19) W86(R) 1724(19)
14 4278(21) 5514(36) WS6(R) 5514(35) 6851(28)
15 1750(19) W86(R) 1750(19)
16 1400(11) 1808(19) W86(R) 1808(19) 2239(14)
17 1549(11) 2004(19) W86(R) 2004(19) 2476(14)
18 1538(11) 1988(19) W86(R) 1988(19) 2459(14)
19 1259(13) L83(R) 1258.0(71) 1625(13) L83(R) 1625(13) 2012.1(91)
20 2053(11) 2651(19) WS6(R) 2651(19) 3284(14)
21 2024(11) 2615(18) W86(R) 2615(18) 3237(14)
22 1801(13) L83(R) 1809.2(69) 2336(13) L83(R) 2338(12) 2893.4(89)
23 1254(13) L83(R) 1250.8(67) 1616(13) L83(R) 1617(12) 1999.9(88)
24 1714(13) L83(R) 1722.4(71) 2222(13) L83(R) 2223(13) 2756.4(91)
25 1231(13) L83(R) 1231.7(71) 1591(13) L83(R) 1591(13) 1970.2(91)
26 1676(13) L83(R) 1667.3(71) 2155(13) L83(R) 2154(13) 2666.8(91)
27 1191(13) L83(R) 1193.6(71) 1540(13) L83(R) 1540(13) 1910.2(91)
28 1601(13) L83(R) 1605.6(71) 2072(13) L83(R) 2072(13) 2569.3(91)
29 1175(13) L83(R) 1175.5(71) 1516(13) L83(R) 1516(13) 1881.6(91)
30 2396.0(30) A91 2395.5(12) 3083.0(30) A91 3082.9(23) 3838.9(23)
31 —1517.6(86) —1969(15) —2422(15)
32 2628.8(13) 3384.0(30) A91 3384.2(24) 4212.1(24)
33 1775.0(30) A91 1775.2(12) 2293.0(30) A91 2293.4(23) 2839.3(20)
34 1895.50(37) N98a(C) 1894.95(18) 2445.80(45) N98a(C) 2446.20(28) 3031.92(77)
35 1455(17) M04 1455.9(78) 1879(23) M04 1874(13) 2333(14)
36 3496(21) 4518(35) 5592(27)
37 907.05(13) P84 907.073(58) 1170.71(12) P84 1170.723(95) 1451.46(36)
38 3495(22) 4513(43) 5592(29)
39 611.09(46) N98a(C),S11 610.567(99) 773.79(19) N98a(C),S11 773.83(17) 985.4(22) A82(C)  986.14(70)
40 995.0(71) 1298(13) 1583.2(91)
41 —1222(11) Ay82 —1218.2(30) —1573.0(90) Ay82 —1574.0(63) —1948.3(43)
42 1089(12) Ay82 1091.8(36) 1416(10) Ay82 1414.5(74) 1743.5(54)
43 1784.9(12) 2309.0(23) 2852.8(20)
44 2018.2(13) 2610.3(24) 3225.9(22)
45 —70(220) —90(510) —110(220)
46 —36.8(93) —35(25) —67(10)
47 —38.2(20) G79 —38.2(20) —40.0(47) —67.1(22)
48 783(10) ™ 783.3(90) 1002(25) 1259.3(99)
49 782.20(70) B80 781.85(18) 996.20(50) B8O 996.51(30) 1259.60(90) B80 1259.19(69)
50 1755(20) ™ 1755.3(17) 2268.0(30) D10 2269.0(24) 2806.5(32)
51 —755.7(12) MO0 —756.80(90)
52 —754.8(12) MO0 —755.08(96)
53 —757.0(12) MO0 —757.02(90)
54 —759.5(12) MO0 —758.41(90)
55 —754.8(12) MO0 —755.56(90)
56 —757.6(12) MO0 —757.59(90)
57 —754.4(12) MO0 —755.45(90)
58 —758.2(12) MO0 —758.37(90)
59 —755.9(12) MO0 —755.64(90)
60 —760.0(12) MO0 —759.80(90)
61 —756.4(12) MO0 —756.18(90)
62 —758.6(12) MO0 —758.48(90)
63 —757.1(12) MO0 —756.86(90)
64 —760.4(12) MO0 —760.15(90)
65 —758.6(12) MO0 —759.02(90)
66 —762.4(12) MO0 —762.19(90)
67 —757.9(12) MO0 —757.92(90)
68 —762.8(12) MO0 —762.49(90)
69 —758.7(12) MO0 —759.03(90)
70 —766.4(12) MO0 —765.36(90)
71 —759.2(12) MO0 —759.30(90)
72 —770.0(12) MO0 —770.87(90)
73 —760.5(12) MO0 —761.40(90)

(continued on next page)
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Table 9 (continued)

Tr. 43 44 5
# Obs. Ref. Fit Obs. Ref. Fit Obs. Ref. Fit
74 —771.4(12) MO0 —771.54(90)

Gall
75 682.5(24) GRI6(C) 678.800(27) 850.231(65) 517 850.175(53) 11027(22)  GRI6(C) 1102.9(11)
76 6782(28) VO2(CR) 678.042(30) 849.534(74) G15 849.484(63) 1099.7(30)  V92(CR) 1101.5(11)
77 4134.71172(39) B0O8 4134.71172(39) 5340.8873946(78) K19 5340.8873900(78) 6613.4(14)
78 4180(48) K95 4140.275(46) 5348.331(92) 6622.1(14)
79 —34613(11) N98(C) _3461.475(53)  —4497.27(90) N98(C) —4498.16(11) —5519.26(34)
80  —34613(31) N98(C) -3455912(27)  —4489.3(36) N98(C) —4490.712(53) —5510.53(34)
81  —3462.4(21) N98(C) —3462233(34)  —4498.883(80) G15 _4498.847(68) —5520.66(34)

82 —5.563(46) —7.444(92) —8.732(61)
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Table 10

Observed and fitted isotope shifts relative to “°Ca in transitions of Ca I and Ca II for isotopes 46, 47, and 48.
Tr. 46 47 48
# Obs. Ref. Fit Obs. Ref. Fit Obs. Ref. Fit

Cal

1 2451(13) 3149(12) W36(R) 3150(11)
2 2457(17) 3159(16) W86(R) 3159(16)
3 2458(16) 3174(16) W86(R) 3153(15)
4 2464(16) 3168(16) WS6(R) 3167(15)
5 2460(16) 3165(16) W86(R) 3164(15)
6 2472(16) 3181(16) W86(R) 3181(15)
7 2700(13) 3473(13) W86(R) 3473(12)
8 2528(16) 3248(16) W86(R) 3249(15)
9 2467(16) 3174(16) W86(R) 3173(15)
10 2673(13) 3437(13) W86(R) 3435(12)
11 2492(16) 3206(16) W86(R) 3206(15)
12 2815(13) 3619(13) W86(R) 3617(12)
13 2503(16) 3222(16) W86(R) 3217(15)
14 8047(31) 9261(27) 10367(32) WS6(R) 10368(29)
15 2537(16) 3259(16) W86(R) 3258(15)
16 2630(16) 3022(14) 3382(16) W86(R) 3383(15)
17 2908(16) 3338(14) 3736(16) WB86(R) 3736(15)
18 2888(16) 3316(14) 3712(16) W86(R) 3712(15)
19 2363(10) 2715.6(83) 3040(10) L83(R) 3039.7(90)
20 3857(16) 4433(14) 4961(16) W86(R) 4963(15)
21 3802(17) 4368(15) 4889(16) W86(R) 4889(16)
22 3397(13) L83(R) 3398(10) 3903.7(82) 4367(10) L83(R) 4369.6(89)
23 2351(12) L83(R) 2349(10) 2697.4(81) 3020(10) L83(R) 3019.3(88)
24 3237(10) 3722.8(83) 4164(10) L83(R) 4167.3(90)
25 2314(10) 2659.1(83) 2976(10) L83(R) 2976.5(90)
26 3132(10) 3599.0(83) 4031(10) L83(R) 4028.5(90)
27 2244(10) 2580.1(83) 2887(10) L83(R) 2888.2(90)
28 3018(10) 3469.9(83) 3882(10) L83(R) 3884.2(90)
29 2210(10) 2542.3(83) 2846(10) L83(R) 2845.9(90)
30 4509.9(24) 5196.1(39) 5817.0(40) A91 5817.3(38)
31 —2844(18) —3257(28) —3646(31)
32 4948.1(25) 5699.7(41) 6381.0(40) A91 6381.0(40)
33 3334.6(23) 3831.5(35) 4289.0(40) A91 4288.8(38)
34 3561.00(88)  N98a(C)  3561.00(46) 4093.8(13) 4582.30(83) N98a(C) 4582.54(68)
35 2746(32) M04 2740(17) 3157(26) 3528(39) MO04 3534(30)
36 6567(31) 7544(27) 8445(29)
37 1705.02(74) P84 1704.77(20) 1960.11(62) 2194.15(25) P84 2194.14(23)
38 6567(33) 7549(35) 8450(39)
39 1159.51(85) N98a(C) 1159.80(35) 1350.8(18) A82(C) 1350.7(12) 1513.02(36) N98a(C),S11 1513.07(35)
40 1858(10) 2119.2(82) 2371.1(90)
41 —2280.0(90) Ay82 —2288.1(51) —2628.8(75) —2948(10) Ay82 —2942.5(85)
42 2052(13) Ay82 2047.2(63) 2347.3(93) 2625(12) Ay82 2627(11)
43 3350.1(23) 3845.5(35) 4304.2(39)
44 3788.3(25) 4349.1(36) 4867.9(40)
45 —130(230) —149(24) —167(30) P54(C) —167(30)
46 —80(12) —108(22) —122(30) P54(C) —121(26)
47 —79.8(25) —103.0(35) —116.0(40) G79 —116.0(40)
48 1482(20) ™ 1480(12) 1713(22) 1918(26)
49 1481.10(70) B80 1480.32(43) 1717.3(13) 1922.50(80) B8O 1923.31(64)
50 3296(30) ™ 3295.9(38) 3785.3(56) 4239.0(90) D10 4237.0(62)
51 —1107.2(12) MO0 —1108.27(67) —1431.1(12) MO0 —1430.3(11)
52 —1104.78(81) —1425.2(12) MO0 —1425.2(12)
53 —1106.5(12) MO0 —1106.70(67) —1427.2(12) MO0 —1427.1(11)
54 —1108.9(12) MO0 —1109.45(67) —1431.2(12) MO0 —1431.1(11)
55 —1105.8(12) MO0 —1106.32(67) —1428.1(12) MO0 —1427.7(11)
56 —1109.2(12) MO0 —1109.63(67) —1432.4(12) MO0 —1432.1(11)
57 —1107.7(12) MO0 —1106.84(67) —1428.4(12) MO0 —1428.7(11)
58 —1110.1(12) MO0 —1110.28(67) —1432.8(12) MO0 —1432.7(11)
59 —1106.4(12) MO0 —1107.00(67) —1429.2(12) MO0 —1428.9(11)
60 —11114(12) MO0 —1112.00(67) —1435.0(12) MO0 —1434.7(11)
61 —1106.9(12) MO0 —1107.47(67) —1429.6(12) MO0 —1429.3(11)
62 —1111.6(12) MO0 —1112.21(67) —1436.6(12) MO0 —1436.3(11)
63 —1107.5(12) MO0 —1108.58(67) —1431.4(12) MO0 —1430.8(11)
64 —1113.0(12) MO0 —1114.03(67) —1438.8(12) MO0 —1438.2(11)
65 —1111.1(12) MO0 —1110.85(67) —1433.1(12) MO0 —1433.2(11)
66 —1115.6(12) MO0 —1115.79(67) —1439.8(12) MO0 —1439.7(11)
67 —11106(12) MO0 —1109.77(67) —1431.6(12) MO0 —1432.1(11)
68 —1117.9(12) MO0 —1118.21(67) —1444.2(12) MO0 —1444.1(11)
69 —1109.9(12) MO0 —1111.05(67) —1434.3(12) MO0 —1433.5(11)
70 —1121.5(12) MO0 —1121.87(67) —1448.5(12) MO0 —1448.5(11)
71 —1111.2(12) MO0 —1111.76(67) —1435.0(12) MO0 —1434.6(11)
72 —1126.4(12) MO0 —1126.92(67) —1453.6(12) MO0 —1453.1(11)
73 —1113.6(12) MO0 —1113.39(67) —1435.9(12) MO0 —1435.9(11)

(continued on next page)
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Table 10 (continued)
Tr. 46 47 48
# Obs. Ref. Fit Obs. Ref. Fit Obs. Ref. Fit
74 —11286(12) MO0 —1129.42(67) —1457.8(12) MO0 —1457.3(11)
Call
75 1300.0(23) GRI6(C)  1298.17(49) 1523.7(24)  GRI6(C)  1523.9(19) 1707.945(67) S17 1707.958(67)
76 1296.96(87)  V92(CR)  1296.50(49) 1521.6(18) 1705.389(60) G15 1705.394(60)
77 7767.07(64) 8925.1(24) 9990.3818700(63) K19 9990.3818700(63)
78 7777.29(64) 8936.6(24) 10003.17(10)
79 —6479.12(17) —7412.66(57)  —8295.1(11) N98(C) —8295.21(12)
80 —6470.1(64)  N98(C) —6468.90(16) —740122(57)  —8277.9(50) N98(C) —8282.424(67)
81 —6480.80(16) —741493(58)  —8297.769(81) G15 —8297.773(80)
82 —10.227(70) —11.441(89) —12.79(10)
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Table 11

Observed and fitted isotope shifts relative to “°Ca in transitions of Ca I and Ca II for isotopes 49 through 52.
Tr. 49 50 51 52
# Fit Obs. Ref. Fit Fit Fit

Cal

1 3753(22) 4313(32)
2 3761(29) 4321(40)
3 3767(28) 4336(40)
4 3773(28) 4336(40)
5 3765(28) 4324(40)
6 3782(28) 4342(40)
7 4133(23) 4746(33)
8 3870(28) 4446(40)
9 3777(28) 4338(40)
10 4092(23) 4702(33)
11 3813(28) 4379(40)
12 4310(23) 4954(33)
13 3832(28) 4404(40)
14 11380(39) 12307(54) 13239(64) 14115(76)
15 3885(28) 4467(40)
16 3716(20) 4025(28) 4332(33) 4622(40)
17 4107(20) 4452(28) 4794(33) 5118(40)
18 4079(20) 4420(28) 4759(33) 5079(40)
19 3339(12) 3617(18) 3893(22) 4153(27)
20 5451(20) 5903(28) 6353(33) 6778(40)
21 5372(21) 5819(28) 6263(33) 6683(39)
22 4801(12) 5201(18) 5599(21) 5974(26)
23 3318(12) 3595(18) 3870(21) 4131(25)
24 4576(12) 4953(18) 5330(22) 5685(27)
25 3270(12) 3541(18) 3812(22) 4067(27)
26 4426(12) 4793(18) 5159(22) 5505(27)
27 3172(12) 3432(18) 3693(22) 3939(27)
28 4266(12) 4617(18) 4968(22) 5299(27)
29 3125(12) 3381(18) 3638(22) 3879(27)
30 6380.9(46) 6893.9(44) 7413.0(48) 7898.9(55)
31 —4012(29) —4358(25) —4696(26) —5018(29)
32 7000.2(49) 7564.6(48) 8134.9(52) 8669.0(60)
33 4711.9(39) 5103.6(37) 5493.4(41) 5861.4(47)
34 5033.1(18) 5448.8(17) 5863.9(18) 6255.0(20)
35 3877(27) 4190(23) 4505(24) 4801(27)
36 9278(39) 10051(54) 10820(63) 11545(75)
37 2409.65(85) 2608.37(82) 2806.92(87) 2993.94(96)
38 9281(43) 10049(58) 10815(69) 11537(86)
39 1649.4(17) 1764.3(16) 1889.6(17) 2002.7(19)
40 2616(12) 2853(18) 3079(22) 3297(26)
41 —3233.0(78) —3502.1(80) —3769.8(94) —4022(12)
42 2889.9(98) 3136.2(98) 3378(11) 3608(14)
43 4731.5(38) 5129.6(36) 5523.4(40) 5896.2(47)
44 5350.8(40) 5800.2(40) 6245.2(44) 6666.3(51)
45 —180(180) —200(510) —210(690) —230(940)
46 —122(19) —113(21) —114(29) —110(41)
47 —119.4(35) —115.5(48) —118.4(62) —117.9(84)
48 2098(19) 2258(20) 2424(28) 2577(40)
49 2101.3(18) 2255.9(17) 2419.6(18) 2569.4(20)
50 4656.2(61) 5045.4(54) 5431.7(55) 5796.8(58)
51 —1693.8(13) —1939.9(19)
52 —1688.7(15) —1934.8(20)
53 —1691.9(13) —1939.1(18)
54 —1695.9(13) —1943.2(19)
55 —1690.8(13) —1936.6(19)
56 —1695.8(13) —1942.1(19)
57 —1691.4(13) —1936.8(19)
58 —1696.9(13) —1943.7(19)
59 —1691.7(13) —1937.2(19)
60 —1699.7(13) —1947.1(19)
61 —1692.5(13) —1938.4(19)
62 —1699.3(13) —1945.3(19)
63 —1694.2(13) —1940.2(19)
64 —1702.3(13) —1949.1(19)
65 —1697.9(13) —1945.1(19)
66 —1705.4(13) —1953.4(19)
67 —1696.1(13) —1942.7(19)
68 —1708.5(13) —1955.6(19)
69 —1698.2(13) —1945.3(19)
70 —1714.2(13) —1962.6(19)
71 —1699.2(13) —1946.2(19)
72 —1722.9(13) —1974.6(18)
73 —1702.1(13) —1950.5(18)

(continued on next page)
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Table 11 (continued)

Tr. 49 50 51 52

# Fit Obs. Ref. Fit Fit Fit

74 —17262(13) —1977.4(19)
Gl

75 1853.3(26) 1967.7(26) GRI6(C) 1967.6(25) 2101.0027) 2217.5(30)

76 1850.8(26) 1964.7(92) VO2(R) 1965.3(25) 2098.6(27) 2215.2(30)

77 10975.5(34) 11887.1(33) 12794.7(35) 13651.2(39)

78 10989.7(34) 11902.9(33) 12811.9(35) 13669.8(39)

79 —9136.40(79) —9935.26(78) —10710.95(83) —11452.29(92)

80 ~9122.13(80) ~9919.42(78) —10693.74(84) —11433.69(92)

81 —9138.97(81) —9937.61(79) —10713.30(85) —11454.53(93)

82 —14.27(10) —15.84(12) —17.21(14) —18.60(18)
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Table 12
Absolute frequencies of Ca I and Ca II transitions in “°Ca.
Tri# Lower Upper v u, Ref. Avac Aair
level level (kHz) (kHz) (nm) (nm)
Cal
39 452 TS, 4s4p TP} 709078373010 350 S11 422.79171021(21) 422.672674(13)
49 45215, 4s4p3P; 455986240494.1440 0.0053 D04 657.459439291678(8) 657.277883(20)
Call
75 4528, 4p2P§’/2 761905012599 82 S17 393.47747166(4) 393.366106(12)
76 45281, 4p2P1"/2 755222765771 65 R 396.95897898(3) 396.846705(12)
77 45281, 3d2Ds); 411042129776.4017 0.0011 H16 729.347276793945(2) 729.146372(22)
78 45251, 3d%Ds); 409222530754.868 0.008 R 732.590303488400(14) 732.388524(22)
79 3d2Ds), 4pZP§’/2 352682481844 82 R 850.03501289(20) 849.80153(3)
80 3d ZDS/Z 4p2P§’/2 350862882823 82 R 854.44335288(20) 854.20868(3)
81 3d2Ds); 4p2P1°/2 346000235016 65 R 866.45160223(16) 866.21368(3)
82 3d2Ds); 3d2Ds); 1819599021.534 0.008 S18 164757.4297700(7) 164712.528(5)
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Table 13
Absolute frequencies of Ca I and Ca II transitions in 3°Ca and 4!~>2Ca (MHz).
Tr. # 36 37 38 39 41 42
Cal
39 709077407(5) 709077679(4) 709077912.6(11) 709078162.0(11) 709078593.6(5) 709078766.1(4)
49 455985004(5) 455985349(4) 455985651.6(11) 455985967.2(11) 455986521.2(3) 455986750.00(24)
Call
75 761903939(7) 761004246(7) 761904499.5(17) 761904783.6(16) 761905261.2(5) 761905438.61(9)
76 755221693(7) 755222000(7) 755222253.3(17) 755222536.9(16) 755223014.0(5) 755223191.59(8)
77 411035591(10) 411037381(9) 411039023.7(22) 411040645.3(21) 411043591.1(6) 411044901.648871(8)
78 409215983(10) 409217775(9) 409219420.6(22) 409221044.2(21) 409223993.9(6) 409225306.64(7)
79 352687955.7(22) 352686471.2(20) 352685078.9(5) 352683739.4(5) 352681267.27(16) 352680131.97(12)
80 350868347.9(23) 350866865.6(21) 350865475.8(5) 350864138.3(5) 350861670.13(16) 350860536.96(9)
81 346005710.1(23) 346004225.0(21) 346002832.7(5) 346001492.7(5) 345999020.08(15) 345997884.95(8)
82 1819607.82(8) 1819605.54(8) 1819603.17(3) 1819601.16(4) 1819597.140(14) 1819595.01(7)
43 44 45 46 47 48
Cal
39 709078983.6(4) 709079146.8(4) 709079359.1(8) 700079532.8(5) 709079723.7(12) 709079886.1(5)
49 455987022.35(18) 455987237.0(3) 455987499.7(7) 455987720.8(4) 455987957.7(12) 455988163.8(6)
Call
75 761905691.40(9) 761905862.77(10) 761906115.5(11) 761906310.8(5) 761906536.5(19) 761906720.56(11)
76 755223443.81(7) 755223615.26(9) 755223867.2(11) 755224062.3(5) 755224287.4(18) 755224471.17(9)
77 411046264.4881(4) 411047470.663791(8) 411048743.2(14) 411049896.8(6) 411051054.9(24) 411052120.158271(6)
78 409226671.03(5) 409227879.09(9) 409229152.9(14) 409230308.0(6) 409231467.3(24) 409232533.92(10)
79 352679020.37(10) 352677983.69(13) 352676962.6(3) 352676002.72(19) 352675069.2(6) 352674186.64(15)
80 350859426.91(9) 350858392.11(10) 350857372.3(3) 350856413.93(18) 350855481.6(6) 350854600.40(11)
81 345996772.78(7) 345995736.17(9) 345994714.4(3) 345993754.22(17) 345992820.1(6) 345991937.24(10)
82 1819593.46(5) 1819591.58(9) 1819590.29(6) 1819588.79(7) 1819587.58(9) 1819586.24(10)
49 50 51 52
Cal
39 709080022.4(17) 709080137.4(17) 709080262.6(18) 709080375.7(19)
49 455988341.8(18) 455988496.4(17) 455988660.1(18) 455988809.9(20)
Call
75 761906866(3) 761906980(3) 761907114(3) 761907230(3)
76 755224617(3) 755224731(3) 755224864(3) 755224981(3)
77 411053105(3) 411054017(3) 411054924(4) 411055781(4)
78 409233520(3) 409234434(3) 409235343(4) 409236201(4)
79 352673345.4(8) 352672546.6(8) 352671770.9(8) 352671029.6(9)
80 350853760.7(8) 350852963.4(8) 350852189.1(8) 350851449.1(9)
81 345991096.0(8) 345990297.4(8) 345989521.7(8) 345988780.5(9)
82 1819584.75(10) 1819583.18(12) 1819581.81(14) 1819580.43(18)
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Table 14
Vacuum wavelengths of Ca I and Ca II transitions in stable Ca isotopes and in natural Ca (nm).
Transition Isotope Avac,tw (nm) Avacmi4 (nm) Altw_m14 (nm) Um14/Utw
Call
4575y, - 4p°P5, nat. mixture 393.4774589(5) 393.4774589(13) 0.0000000(14) 2.5
40 393.47747166(4) 393.4774716(3) 0.0000001(3) 6
42 393.47725165(5) 393.477248(18) 0.000004(18) 380
43 393.47712110(4) 393.477121(11) 0.000001(11) 247
44 393.47703259(5) 393.47704(3) —0.00001(4) 693
46 393.4768012(3) 393.47681(5) —0.00001(5) 197
48 393.47658960(5) 393.47658(6) 0.00001(7) 1192
45281, - 4p2P5), nat. mixture 396.9589660(5) 396.9589652(10) 0.0000008(11) 19
40 396.95897898(3) 396.9589788(9) 0.0000002(9) 26
42 396.95875516(4) 396.958743(19) 0.000012(19) 446
43 396.95862259(4) 396.958625(7) —0.000002(7) 185
44 396.95853247(5) 396.95851(4) 0.00002(4) 756
46 396.9582975(3) 396.95826(5) 0.00003(5) 196
48 396.95808259(5) 396.95804(7) 0.00004(7) 1423
45281/, - 3d%Ds), nat. mixture 729.347004(11)
40 729.347276793945(2)
42 729.342358456238(14)
43 729.3399402944(7)
44 729.337800122872(14)
46 729.3334953(11)
48 729.329550434062(11)
45281, - 3d%Ds3), nat. mixture 732.590028(11)
40 732.590303488400(14)
42 732.58533414(13)
43 732.58289164(8)
44 732.58072903(16)
46 732.5763808(12)
48 732.57239625(18)
3d?Dy); - 4p2Ps), nat. mixture 850.035325(13)
40 850.03501289(20)
42 850.0406766(3)
43 850.04335581(23)
44 850.0458545(3)
46 850.0506292(5)
48 850.0550065(3)
3d2Ds); - 4132P§/2 nat. mixture 854.443668(13)
40 854.44335288(20)
42 854.44906570(22)
43 854.45176902(21)
44 854.45428908(24)
46 854.4591066(4)
48 854.4635232(3)
3d 2Ds2 - 4p *P, nat. mixture 866.451927(13)
40 866.45160223(16)
42 866.45748728(21)
43 866.46027241(18)
44 866.46286836(24)
46 866.4678317(4)
48 866.4723820(3)
3d D3 - 3d *Ds); nat. mixture 164757.4491(8)
40 164757.4297700(7)
42 164757.793(6)
43 164757.933(4)
44 164758.104(8)
46 164758.356(6)
48 164758.587(9)
Cal
4s* 1Sy - 4s4p 'PS nat. mixture 422.7916969(6)
40 422.79171021(21)
42 422.79147581(22)
43 422.79134616(22)
44 422.79124881(23)
46 422.7910187(3)
48 422.7908080(3)

(continued on next page)
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Transition Isotope AvacTw (nm) AvacM14 (nm) Aktw-m14 (nm) Um1a/Urw
4s% 1S, - 4s4p 3PS nat. mixture 657.4593978(17)

40 657.459439291678(8)

42 657.4587047(3)

43 657.4583120(3)

44 657.4580025(4)

46 657.4573049(6)

48 657.4566662(9)

53
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