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The measurement of a quantum system is often performed by encoding its state in a single observ-
able of a light field. The measurement efficiency of this observable can be reduced by loss or excess
noise on the way to the detector. Even a quantum-limited detector that simultaneously measures a sec-
ond noncommuting observable would double the output noise, therefore limiting the efficiency to 50%.
At microwave frequencies, an ideal measurement efficiency can be achieved by noiselessly amplifying
the information-carrying quadrature of the light field but this has remained an experimental challenge.
Indeed, while state-of-the-art Josephson-junction-based parametric amplifiers can perform an ideal single-
quadrature measurement, they require lossy ferrite circulators in the signal path, drastically decreasing the
overall efficiency. In this paper, we present a nonreciprocal parametric amplifier that combines single-
quadrature measurement and directionality without the use of strong external magnetic fields. We extract
a measurement efficiency of 62f$7% that exceeds the quantum limit and that is not limited by fundamental
factors. The amplifier can be readily integrated with superconducting devices, creating a path for ideal

measurements of quantum bits and mechanical oscillators.
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I. INTRODUCTION

To measure the state of a quantum system, one typ-
ically entangles it with an auxiliary quantum system, a
“meter,” that in turn can be easily measured using clas-
sical apparatus [1,2]. Nonidealities in the meter measure-
ment, such as dissipation and excess noise, are quantified
by a single parameter: the measurement efficiency, 0 <
n < 1. While state estimation can be achieved with high
fidelity even with limited measurement efficiency [3], a
highly efficient measurement is critical for controlling
the quantum system, enabling, for example, analog quan-
tum feedback [4—6] and measurement-based entanglement
[7,8].

In superconducting microwave devices, the quantum
information—e.g., the state of a quantum bit or the position
of a mechanical oscillator—is typically encoded in a single
quadrature of a microwave field [9,10]. The measure-
ment of this meter takes the form of amplification; which
is necessary to overcome the noise of room-temperature
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electronics. State-of-the-art measurement schemes rely on
Josephson-junction-based parametric amplifiers as the first
stage of amplification [4,8,11—14]. While these ampli-
fiers can, in principle, have ideal noise performance, in
practice they require additional components in the signal
path that significantly reduce the overall system mea-
surement efficiency. Most importantly, these amplifiers
are reciprocal and therefore require multiple microwave
circulators to route amplified microwave signals away
from the quantum system and toward the measurement
apparatus. Microwave circulators break reciprocity using
the Faraday effect induced by large magnetic fields [15]
that are incompatible with superconducting devices, thus
requiring additional wiring with long coaxial cables and
multiple connectors to physically separate them from
both the quantum system and the amplifier. Highly opti-
mized measurement chains have demonstrated efficiencies
around 0.5-0.7 [12,14], leaving little room for further
improvement.

Recently, amplifiers breaking reciprocity without the use
of strong magnetic fields have been developed, in an effort
to directly integrate them with superconducting quantum
devices to maximize measurement efficiency. Among these
efforts are traveling-wave amplifiers [16] and multimode
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amplifiers [17-21]. While all of these approaches meet
the requirements for gain, bandwidth, dynamic range, and
integrability, they also amplify, i.e., measure, both non-
commuting quadratures of the microwave field (known
as phase-preserving amplification). As a result, the out-
put noise doubles [22], effectively putting a quantum limit
on the measurement efficiency at 0.5 [23]. The realization
of a single quadrature measurement (known as phase-
sensitive amplification) with a nonreciprocal amplifier has
been a long-standing challenge and has, so far, only been
proposed theoretically [24].

Here, we report on the theory and experimental
implementation of a phase-sensitive nonreciprocal ampli-
fier. Based on a field-programmable Josephson amplifier
(FPJA) [19], it utilizes four parametric pumps to achieve
approximately 24 dB of quadrature gain with a 7-MHz
bandwidth and near-unity transmission in the reverse
direction, with both the input and the output impedance
matched to the 50-2 environment. Using a self-calibrated
noise source, we extract a measurement efficiency of n =
0.621017, exceeding the quantum limit of 0.5 for phase-
preserving amplification. Straightforward improvements
could enable an efficiency of more than 0.95.

II. CONCEPT

Conceptually, the device in this work can be understood
by analogy with the typical combination of a Josephson
parametric amplifier (JPA) and a traditional three-port cir-
culator (see Fig. 1). Both systems implement the same
generic scattering parameters: a signal incident at the
input gets phase-sensitively amplified toward the output,
whereas a signal incident at the output is simply routed
with unity transmission to the input [see Fig. 1(a)].

A JPA consists of a single resonant circuit, the fre-
quency w, of which is tunable by the flux applied to
a superconducting quantum interference device (SQUID)
[see Figs. 1(b) and 1(c)]. A strong pump modulates the
flux at a frequency ! ~ 2w,, mediating the mixing pro-
cess between a signal and an idler of frequency w? and
!, with conservation of energy dictating o = w5 + w!.
Physically, pump photons enable the creation and annihila-
tion of correlated pairs of signal and idler photons, leading
to direct and idler gain [25,26]. Importantly, as the signal
and idler tones exist within the same resonance of the sys-
tem, it is natural to consider their linear combinations, i.e.,
quadratures of the field of the resonator. The correlations
between signal and idler inherent to the mixing process
lead to quadrature-sensitive gain [25,26]. However, this
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FIG. 1.

(a) A schematic of a generic nonreciprocal phase-sensitive amplifier. A signal incident at the input is phase-sensitively

amplified toward the output, while in the reverse direction, a signal is transmitted from the output to the input with unity transmission.
(b) A typical physical implementation of (a) using a JPA, providing phase-sensitive reflection gain, and a ferrite circulator, ensuring
signal flow from the input to the output. (c) A frequency-space diagram showing the density of states (DOS) for the JPA. A strong
pump of frequency w’, = 2w, amplifies an input signal at the frequency w’ = @, + 8, and generates an idler at the frequency —w’, =
—w, + 8,4. (d) An all-parametric physical implementation of (a). The ferrite circulator in (b) is replaced by a parametric circulator
based on a FPJA. This device has three resonant modes: an “input” mode of frequency w., a “gain” mode of frequency wj;, and
an ‘output” mode of frequency w,. The input and output signals are routed to different physical ports by low-pass and high-pass
filters (LPF and HPF, respectively). (e) A frequency-space diagram showing the DOS for the FPJA. Similarly to (c), a strong pump
of frequency wl, = 2w, amplifies a signal and idler at the frequency w; = ) + 8 and —w} = —wj, + 8. Parametric circulation is
obtained using three frequency-conversion pumps with frequencies o/, = wj, — w4, W}, = . — wp, and W, = w. — w,, satisfying the

condition w?, + @} = [ and connecting signals and idlers at a)}g = w; + §; and —a)f =—w; +6; (j €{a,b,c}).
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amplifier is reciprocal and therefore requires a microwave
circulator to control the signal flow. In a typical microwave
circulator, three ports are coupled by a circular ferrite
resonator biased by a large magnetic field. Input signals
acquire a phase that, due to the Faraday effect, depends
on whether they propagate clockwise or counterclockwise,
leading to constructive interference at the output port and
destructive interference at the isolated port [15,27].

By contrast, here we engineer this behavior by program-
ming a single FPJA with four parametric pumps to realize
both circulation and phase-sensitive amplification, with-
out a strong magnetic field [see Figs. 1(d) and 1(e)]. The
FPJA is a circuit with three resonances (“modes”), the fre-
quencies w,, wp, and w,. of which are tunable by the flux
applied to a single SQUID. As in a JPA, a strong pump
of frequency w}, ~ 2w, couples a signal at o} to its idler
at }, inducing quadrature-sensitive gain. Circulation is
ensured by three pumps, of frequencies w’, ~ wj, — w,,
wh X w. — wp, and o, ~ o, — w,. These pumps provide
the energy needed for the coherent exchange of signal
photons between all three modes (frequencies a)JS , with
j € {a,b,c}), as well as for the coherent exchange of idler
photons between all three modes (frequencies a)j’ , with
j € {a,b,c}). Importantly, these pumps must satisfy the
condition o, + @} = !, forming a loop in frequency
space. As in a ferrite circulator, signals traveling clock-
wise or counterclockwise acquire different phases, now set
by the pump phases ¢100p = ¢ab + ¢bc - (Pac [19] As an
example, for ¢ioop = 7/2, an input signal near mode c is
converted toward mode b, amplified, and converted to the
output mode a. In the reverse direction, an input signal
near mode « is scattered to mode ¢ without gain. Finally,
the input and output signals are routed to different physical
ports using on-chip frequency filters. A complete theoret-
ical description and details about device fabrication and
amplifier tuning can be found in Appendices A—D.

III. SCATTERING PARAMETERS

To calculate the scattering parameters of the device we
solve the coupled equations of motion (EoMs) for the field
amplitudes in the Fourier domain, following the graph-
based method discussed in Refs. [19] and [28]. We adopt
the following definitions: the vector of intracavity-field
amplitudes A = (a®, 05,5, a’*, b, c!*)T, the input-field
amplitudes Ai, = (a5, b5, ¢35, al*, b1*, )T, the output-

in’> ~in> ~in’> in°> ~in° ~in

field amplitudes Aoy = (@, b5 ¢S . al* bl* )T the

out’> “out> ~out® “out> “out> ~out

diagonal matrices for the total loss rates K = diag(,/x,
Kby /Ky \/Kas \/Kbs \/Kc), the external couplings K =
diag(\/@, W, \/@, \/@, W, \/@), and the
coupling efficiency H = diag(\/Ma, /15> \/Nes /Ma> A/Mb>

V1), where n; = Kf’“/xj. The EoMs can be expressed
as KMKA = [K*'A;;,, where M is the mode-coupling

matrix:
Aa lBab ﬁac 0 0 0
Y A B 0 Bhb 0
v B A0 0 0
M= "
0 0 0 -A7 By B
0 =By 0 | =Ba —A) =B,
0 0 0 _IBac _ﬂbc _Aé*

(1

The diagonal elements are the normalized complex
detuning terms A]‘s’[ = (wf’l —w;)/k;j +1i/2 and the off-
diagonal elements are the normalized coupling terms B, =
gir/ (2. /k; ki) between modes j and k, with j, k € {a, b, c}.
Each gy = ‘ gjk| e'%* is the parametrically induced cou-
pling rate, proportional to the amplitudes of the pump
with frequency coj‘.l,’C and phase ¢;. We emphasize the block
structure of M, which reflects the coupling networks and
the frequency-space diagram in Fig. 1(d): the diagonal
blocks correspond to circulation between the signals and
between the idlers and the antidiagonal blocks correspond
to amplification between signal and idler in mode b. Solv-
ing these EoMs yields the scattering matrix S, defined as
At = SAj,:

S=/HM 'H — 1. )

The device behavior is programmed in four steps. First,
each frequency-conversion pump is individually calibrated
to match the conversion rates to the dissipation rates
| gjk| = /KiK. i.e., Bjx = 1/2. Second, all three frequency-
conversion pumps are turned on, forming an interferome-
ter that completely cancels propagation in the clockwise
or counterclockwise direction, depending on the sum of
the pump phases ¢100p = Pup + Ppc — Puc = £ /2 [19].
Third, the frequency-conversion rates to mode b, 8,, and
Bpe, are increased in order to overwhelm the loss rate of
mode b, while maintaining |B,,| = |Bs|. This yields high
reflection off mode b and the scattering parameters resem-
ble the case of a JPA on a circulator in the absence of
gain. As we will discuss later, this step is critical to obtain
low added noise, preventing the signal of interest from
dissipating in mode b and being replaced by uncorrelated
vacuum noise. Finally, the amplification pump is turned on.
In the ideal resonant case, neglecting internal loss and for
dloop = /2, the simplified scattering matrix S,. between
field amplitudes a’ and ¢ is

0 VG
se= (1 Y5), G)
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where «/Gs = 2s + 2 — 1)/(1 — %) and

4|Bap|?
5= &’ @)
1+ 4|
2
. | Bob| . 5)
1+ 4|Basl

with 0 <r,s < 1. Physically, s represents the ratio
between the conversion rates to mode b and the total dissi-
pation rate of mode b, while r represents the ratio between
the amplification rate of mode b and the total dissipation
rate of mode b.

Experimentally, we start by fixing a flux bias point
and measure the mode frequencies (w,,wp,w.) /27T =
(6.876,7.932,10.782) GHz, the linewidths (xg, kp, kc) /
2 = (83, 15,45) MHz, and the coupling parameters n, =
0.99 and n, = 0.99. We then proceed to the four program-
ming steps described above, by comparing the measured
scattering parameters to the solutions of Eq. (B3). The
results are shown in Fig. 2, for |B,.| = 0.5, |Bus| = |Bsc| =
1 (s=0.8), and » =0.91, in good agreement with the
solutions of Eq. (B3). The device exhibits a direct gain
of 18 dB in the forward direction (with a 7-MHz band-
width), unity transmission in the reverse direction, and is
impedance matched to the 50-Q2 environment, with the
return loss exceeding 10 dB over a 4-MHz bandwidth. At
this gain, the input power at the 1-dB compression point is
—125 dBm (see Appendix C and Fig. 8).

|Sjk:| (dB)

10 cZa c”c

| S %] (dB)

-10 0 10 -10 0 10
Detuning, d, /27 (MHz)  Detuning, d./27 (MHz)

FIG. 2. The measured scattering parameters of the FPJA pro-
grammed as a phase-sensitive directional amplifier (dots) as a
function of the drive detuning §,, = (a)as’c — wy,). The solid
lines are the predictions from Eq. (B3). The device exhibits high
gain from mode ¢ to mode a, over a 7-MHz bandwidth, and unity
transmission in the reverse direction. The device is impedance
matched, with the return loss exceeding 10 dB over a 4-MHz
bandwidth.

IV. QUADRATURE SENSITIVITY AND NOISE
PERFORMANCE

Importantly, note that S,. is only a subset of the
complete scattering matrix S, the latter being necessary
to understand the quadrature sensitivity of the gain, as
well as the added noise of the amplifier (see Appendix B).
By defining the quadratures of mode a as X, = (a° +
a*) /N2, Y, = i(a"™* — a®)//2, and similarly for modes
b and ¢, we compute the simplified scattering matrix Q.
in the quadrature basis (X,, Y,, X, Y.), still in the resonant
and lossless case:

00 0 Gy

o 0o vGy 0
Q=01 Y% o | (©)

10 0 0

where the forward quadrature gains are given by

™)

The phase sensitivity is evident, with Gy # Gy. Ideal
squeezing, defined as GyGy =1 [29], is achieved in
the limit s = 1, i.e., | Ba| = |Bpc] — 00, corresponding to
frequency-conversion rates to mode b overwhelming its
loss rate. Experimentally, starting from the same pump
configuration as in Fig. 2, we measure the quadrature gain
by driving a single quadrature at the frequency w), /2 +
wh ~ w. and demodulating the output using a mixer and
a local oscillator (LO) at the frequency w}, /2 — o) ~ w,.
The results are shown in Fig. 3(a) and we observe a quadra-
ture gain Gy ~ 24 dB and antigain Gy ~ —11 dB, in good
agreement with the theory.

To understand the noise properties of the amplifier, one
needs to consider the full scattering matrix S and the noise
at each port. Indeed, the added noise of a parametric ampli-
fier always originates from the noise in additional degrees
of freedom. In this work, these degrees of freedom are the
signal and idler in mode b (or, equivalently, the quadra-
tures X; and Y3). Intuitively, for finite values of |B.sl,
the frequency-conversion rates to mode » do not fully
overwhelm its loss rate and noise entering mode b gets
amplified alongside signals entering mode ¢, contributing
to added noise and limiting squeezing. Formally, one can
express the added noise of the amplifier in photon units,

nfPA in the resonant and lossless case, as

1 2
FPIA __ —1/2
mii" = g5 (1+GX ) : (8)

Noiseless amplification is achieved, together with pure
squeezing, in the limit of high conversion rate to mode

044005-4
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FIG. 3. (a) The quadrature gain and noise rise measured for
the same pump parameters as in Fig. 2, as a function of the LO
phase. We observe a quadrature gain of 24 dB and an antigain
of —11 dB, in good agreement with theoretical predictions from
Eq. (7) (line). The measurement noise floor rises much slower
than the gain, with up to 14 dB of signal-to-noise improvement.
(b) The estimated system efficiency (dots), error bars (shaded
area, dominated by the uncertainty of the calibration of nchain),
and theoretical predictions from Eq. (8) (lines), as a function of
the quadrature gain.

b, |Bup| — oo. Experimentally, the system-added noise

referred to the input of the amplifier is nyqq = nﬁjA +

nehain /Gy, where ni" = 19.8732 is the noise added by
the measurement chain following the amplifier, calibrated
in a separate experiment using the shot noise emitted by
a metallic tunnel junction [19]. By comparing the mea-
sured noise rise and the quadrature gain, we extract the
improvement in the signal-to-noise ratio and convert it
into an equivalent system-added noise n,44 and measure-
ment efficiency ! = 1 + 2n,44. In Fig. 3(b), we show the
measured efficiency 7 as a function of the quadrature gain
(dots). At low gain, the efficiency is limited by the follow-
ing stages of amplification. At high gain, the efficiency
plateaus, revealing the intrinsic efficiency of the ampli-
fier, n = 0.62f8:3;, which exceeds the quantum limit for
phase-preserving amplification. The data are in reasonable
agreement with the prediction from Eq. (8) (solid line),
within the error bars dominated by the uncertainty of the

; ; chain
calibration of n;ji".

V. DISCUSSION AND CONCLUSION

Looking forward, lower added noise and larger squeez-
ing can be obtained by reducing the dissipation of mode
b, i.e., k, — 0, or by increasing the coupling rates g,;, and
gre- The first option is technically limited by the dielec-
tric loss in mode b, here estimated to be 1-2 MHz. The
second option is fundamentally limited by the stability of
the amplifier (see Appendix B). To prevent free oscillation
of the amplifier, the amplification rate is limited to gy <
Ka 4 Kp + ke, or equivalently 4|Bul> = 41Bpel? < (ko +
kc)/kp. This puts bounds on the amount of squeezing,

added noise, and efficiency of the amplifier:

Gy —2 ©)

Kq + Kp —{-Kc’
FPJA Kb
_— 10
Madd 2 (ko + K0) (10)
n < & (11
Kq + Kkp + K¢

One can see that the performance of the amplifier only
depends on the ratio between the dissipation rate of mode b
and the dissipation rates of mode a and c. Straightforward
improvement of the device design would increase «, and k.
by a factor of 2 and decrease «;, by a factor of 5, leading to
a tenfold decrease in added noise and an efficiency above
0.95. Additionally, larger bandwidth could be obtained by
operating at a lower gain, inserting the device as a pream-
plifier in front of a more common wideband and reciprocal
parametric amplifier.

In conclusion, we propose and experimentally demon-
strate a microwave amplifier that is both nonreciprocal
and phase sensitive, demonstrating an efficiency beyond
the quantum limit. As a consequence, this amplifier no
longer requires a magnetic circulator at its input and can be
directly integrated on-chip with a superconducting quan-
tum device. At a quadrature gain of Gy = 20 dB, this first-
generation amplifier has a bandwidth of 10 MHz and an
input power of —120 dBm at the 1-dB compression point,
already meeting the requirements for a number of applica-
tions. For example, this is sufficient for the measurement
of a transmon qubit using a coherent state of more than
100 photons in a 1-MHz-wide readout cavity [12,13].
In addition, this amplifier could enhance quantum-state
tomography of itinerant microwave fields [12], directly
validate continuous variable entanglement [30], and enable
position measurements beyond the quantum limit [31].
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APPENDIX A: DEVICE DESCRIPTION

An optical micrograph of the device and the correspond-
ing circuit schematic are shown in Fig. 4. The device is
fabricated using a Nb/AI-AlO,/Nb trilayer process with an
amorphous silicon (a-Si) interlayer dielectric. This process
is similar to the one described in earlier work [19], with
one difference: the top 300-nm Nb wiring layer is replaced

044005-5
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FIG. 4. The device picture and layout. (a) An optical micro-
graph of the device. (b) The circuit equivalent of the device. The
center element is a FPJA [19] and consists of a SQUID shunted
by a set of inductors and capacitors. The FPJA is capacitively
coupled to ground and to an on-chip frequency diplexer built
using a nine-pole low-pass filter (LPF), on the left, and a nine-
pole high-pass filter (HPF), on the right, with a cutoff frequency
around 7.6 GHz.

by a Nb/AI/Nb trilayer, with respective thicknesses of 8
nm, 8 nm, and 300 nm. The thin Al layer acts as an etch
stop for the plasma etch of the Nb wiring layer, while the
thin Nb layer prevents intermixing between the a-Si and Al
layers. The patterning of the wiring layer is finalized by ion
milling to mechanically remove the exposed thin layers of
Nb and Al

The central element is the FPJA, a lumped-element cir-
cuit with three resonance frequencies that all depend on the
inductance of a single SQUID. The resonance frequencies
as a function of the flux through the SQUID are shown in
Fig. 5. Resonators @ and c¢ are routed to different physi-
cal ports using low-pass and high-pass filters, forming an
on-chip diplexer with a cutoff frequency around 7.6 GHz.

The mode frequencies are carefully chosen so that
all possible first-order modulation frequencies |w; =+ wy|
(j,k € {a,b,c}) are well separated. This ensures that a
good rotating-wave approximation can be made for each
parametric process. For example, a pump of frequency
w. — w, only couples via frequency conversion the signals

a’ < ¢S and the signals a’* < ¢*, but no other signals.

APPENDIX B: DETAILED THEORY

In this appendix, we describe the calculations of the
scattering parameters, the output noise, and the stability
of the amplifier, following concepts from and the style of
Ref. [19].
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FIG. 5. Process spectroscopy. (a) The measured mode fre-

quencies w; and the predicted first-order modulation frequencies
|a)j + wk| (j,k € {a,b,c}) as a function of the flux. The shaded
areas represent a bandwidth of 180 MHz ~ 3 x (k, + «.)/2,
which is necessary to ensure a good rotating-wave approxima-
tion. The cutoff of the diplexer at 7.6 GHz is shown as the
horizontal dashed line. The circuit is biased at ®/d, =~ 0.26,
shown as a vertical dotted line.

1. Scattering parameters in the mode basis

The device can be described as three modes with natural
frequencies w,, wp, and w,, coupled to each other via a tun-
able inductor (the SQUID). We apply four pumps to mod-
ulate the inductance at the frequencies wfb ~ |wp — Wy,
wp. X |we — wpl, 0, X o — w,, and v, X |wp + o),
effectively coupling signals at six different frequencies, »°,
wy, 05, 0!, o and wl.

We adopt the following definitions for the vector of
intracavity-field amplitudes A, the input-field amplitudes
Ain, the output-field amplitudes Ay, the diagonal matri-
ces for the total loss rates K, the external couplings K,
and the coupling efficiencies H:

S 1S S Ix plx Ix\T
A= (a,b,c,a”,b",c7)
S 1.8 S Ix plx Ix\T
Aiﬂ = (ain’ bin’ Cin> din » bin ’ cin) ’

S S S Ix 1% * T
A(’ut - (aouU bout’ Cout> Dout> b out> c{)ut) ’

K = diag(y/Kas v/Ki v/Kes /K /K /),
Ko = diag(y/kg, /K5, Vi Vi, i, iee),

H= diag(\/%9\/n_’m9\/%’\/n_’ﬂ)’
(B1)
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where n; = KeXt/K/ Note that, as in Ref. [19], we study
here the dynamlcs of the expectation values of the field
operators, defining a® = (%) and a’* = (4'7) (and similarly
for b5, b, ¢, and ).

The EoMs can be expressed as KMKA = iK™*'A;,,
where M is the mode-coupling matrix:
AS B PBac 0 0 0
Y AL B | O Bub 0
we B AL 0 0 0
M= "
0 0 0 |-A7 By B
0 =B 0| —Bu —A) —B
0 0 0 _ﬂac _,Bbc _Af;*
(B2)

The diagonal elements are the normalized complex
detuning terms AS (a) —w;)/k; +1i/2 and the off-
diagonal elements are the normahzed coupling terms Bj; =
gjk/ (2,/K;Kx) between modes j and k, with j, k € {a, b, c}.
Each gy = |gjk| e'%* is the parametrically induced cou-
pling rate, proportional to the amplitudes of the pump with
frequency wﬁ and phase ¢;.

We emphasize the block structure of M, which reflects
the coupling networks in Fig. 6(a) and the frequency-space
diagram in Figs. 9(c) and 9(d): the diagonal blocks cor-
respond to circulation between signals or between idlers
and the antidiagonal blocks correspond to amplification
between the signal and idler of mode 5.

Solving these EoMs yields the scattering matrix S,
defined as Ayt = SA;;:

S=i/HM 'H-1. (B3)

We now derive analytical expressions for the scattering
parameters when all four pumps are on resonance (that
is, b, = wp — w,, W =w,—wp, o, =w.—w, and
w}y, = 2wp). The resonance conditions mean that —A/* =
AJS, so the matrix M from Eq. (B2) becomes much sim-
pler. To simplify the notation, in the following we omit
the signal and idler superscripts for the detuning terms
ASI — Aj.

We are most interested in the 4 x 4 scattering matrix
between the signal and idler modes in the “input” mode
¢ and the “output” mode a. We can write some of these
scattering elements compactly as follows:

in,C

S5 = M (ASTA — |Bpel®) — 1, (B4)
C eff _

Ssp5 = |M| (A"Ay — |Bas] ) (B5)

Sarvas = —— By (BoBie — Bia AZ), (B6)

IMI

Sawes = pifio (BBE = BRAD), ()

a LC
8505 = VM (BusBoe — Bac AT, (BS)

.\/ a cC
ScSaS = l gvﬁ (ﬁ;bﬂ;c - IB:CAZﬂ) ’ (B9)
SUI*CS = : |17\7/;1|770 ﬂbb (,BabAc - ﬂacﬁZc) (ﬂ[;kcAa + :Bubﬂ;c) >
(B10)

where

C = DaBDpAc — |Bpel Do = 1Bacl* By — |Basl* Ac
— BavBocBae — BupBpeBac (B11)
is the determinant of the a’* — b'* — ¢* loop and AST
is an effective detuning for the field amplitude 55 that

includes the dynamics of all the idler fields [i.e., reducing
out the upper triangle in Fig. 6(a) to obtain Fig. 6(b)]:

AST = Ay +

2
|ﬁbC[,)| (AaAc - |,8ac|2) . (Blz)
S,s.s and S.s.s are the reflection coefficients off modes a
and c, respectively. S,s.s and S_s,s are, respectively, the
forward and reverse gain and S, s is the forward idler
gain.

Imposing the condition S,«,s = S,.+.s = 0 on resonance
(that is, no transmission from the signal to the idler of the
same resonance), we find that |B.,| = |Bscl, |Bacl = 1/2
and Pioop = Pup + Ppc — Puc = £7/2. In the following,
we choose ¢ioop = 7/2 to fix the direction of circulation
from ¢ — b5 — 5. Substituting these conditions into the
above scattering parameters and evaluating on resonance
(Aj =1i/2), we can calculate the scattering matrix for the
reduced basis (a°, ¢5, a'*, ¢'*) as

Ne — 1 —i/ Gy 0 —eP /Gy
S = i\/ NaNe Ne—1 0 0
“Tl 0 —eGr o na—-1 iVGs |
0 0 _i«/m Ne — 1
(B13)
where
25+ — 1

VGs = Nale———5—, (B14)

1 —r2
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FIG. 6. Mode-coupling graphs. (a) The full graph for the phase-
sensitive directional amplifier. (b) A reduced graph evaluated at
zero pump detuning. This graph is equivalent to that in (a), with
the upper triangle of the original graph included as an effective
self-loop of mode b.

2rs
VG = V4 Ua’)cm, (B15)
and
4183
s= Ml (B16)
1+ 41Bwl?
2
. |Boo | ’ (B17)
1+ 4|Bwl?

with0 <r,s <1.

Note the differences between Eq. (B13) and the corre-
sponding equation Eq. (3) in the main text. We simplify
S, in the main text by writing only the magnitude of the
matrix elements and use a reduced basis that excludes the
idlers.

2. Scattering parameters in the quadrature basis

We rotate from the mode basis A, Ay, Aoy to the
quadrature basis X = UA, X" = UA;,, X = UAyy,

where U is the unitary matrix,

1 0 0O 1 0 O

—i 0 0O i 0 O

1 0 1 0O 0 1 0
V=710 =00 iof ®BF

0 0 1 0 0 1

0 0O —i 0 0

and
X = (Xasz9X03 Ya: Ybn YC)Ta

Xin = Xain> Xpin> Xeins Yains Yoins Yein) (B19)

T
Xout = (Xa,outst,outsXc,out, Ya,out, Yb,out, Yc,out) .

The scattering matrix in the quadrature basis Q, defined
as Xout = QXip, is Q = USU~!. To line up the quadrature
definitions with the phase-sensitive gain, we choose ¢y, =
—m /2. The scattering matrix for the reduced quadrature
basis (X, Y,, X., Y,) is then

ng — 1 0 0 Gy
Q.. = 0 N, — 1 —/Gy 0
0 —A/MNalle  Ne — 1 0 ’
A/ Nalle 0 0 ne — 1

(B20)

where

VGr =G5 + G = i (2 - 1) @21

1 —

and

ﬁ:/@—ﬁzm(lz—jr—l). (B22)

Note that in the main text, we simplify Q.. [Eq. (6)]
by writing only the magnitude of the matrix elements of
Eq. (B20).

The product of the two quadrature gains is

(B23)

I—s
v Gx Gy = ngne (1 - 4s—2) .
—r

1

The two free parameters, » and s, are determined by the two
remaining free coupling rates |Byp| and | S| = |Bsc|. Ideal
squeezing, corresponding to Gx Gy = 1[29], is achieved in
the limit n, = n. = land s = 1, i.e., | Bup| = |Bpc| — 00.
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3. Amplifier output noise

To compute the output noise of the amplifier, we apply
the scattering matrix to general input states that include
vacuum fluctuations and thermal contributions at every
port. To that end, here we redefine the vectors of the
field and quadrature amplitudes to be vectors of operators,
ensuring the proper commutation relations. The output
covariance matrix in terms of the field quadratures is

) = U*S* (AT AT)SU,

mn-

x! xT

out“*out

(B24)

where the input covariance matrix (AiTnAinT) is diagonal,
with elements determined by the input thermal state occu-
pancies. While general analytical solutions exist, it is more
useful to look at relevant limits. Evaluating the quadra-
ture output noise on resonance for lossless modes with
vacuum-state inputs, we find

1
(XaTout a,out) = Gy [_ + ngngi| > (B25)

2

where the added noise n:51* can be written in terms of Gy
and |B,| as
aa 1 (1 + G”/z)2 (B26)
W 8B o

For large gain, the added noise is determined by the cou-
pling strength to the » mode. For the minimal added noise,
|Ban| = |Bpe| must be maximized either by taking x, — 0
or 2., 8re — 00. However, g,; and gp. are limited by the
stability of the amplifier.

As described in Appendices B.4 and B.5 of Ref. [19], a
more complete model can be obtained by generalizing the
scattering matrix to a 12 x 12 matrix that includes internal
ports for each mode.

4. Amplifier stability

For the Langevin equations of motion to be stable, all
the eigenvalues of the Langevin matrix M need to have
a negative real part corresponding to damping. In the
ideal resonant case, neglecting internal loss, and under the
conditions |B,.| = 1/2 and |B.| = |Bsc|, the characteristic
polynomial P(A) = |M(w = iA)| takes on a rather simple
form:

P=PP_+by, by=1ik;K|Bas|* c0S” Proop, (B27)

where the polynomials P= are of third order and indepen-
dent of the loop phase:

P+ =23 + b2 + by A% + b3, (B28)
with

Kq + K.
2 b

K,
b= (1 F 2m) +

Kkp(k, + K, K, K.

by = D (5,0 413 28) + 2 (B29)
KaKpKe

by = (41Bas|* + 1 F2B4) -

4

The Langevin equations of motion are stable if all these
coefficients are positive [32]. We note that b;,; > 0 and

by =0 for ¢roop = /2. Solving b}, ; >0 gives the
following conditions:

1 2
Boy < = + 21Basl”,

2
1 k,+ k.
Bip < 7 + EETR (B30)
1 KuK
— 4+ 2|8, 24, Tame
,Bbb<2+ | Ban| +Kb(l<a+l<c)

The first condition corresponds to the pole » =1 in the
gain equations [Eq. (B21)]: therefore, the second and last
conditions must be less restrictive than the first one. This
implies that |B.|> < (k4 + k.) /4K, and therefore gy, <
kq + kp + k.. The latter condition has a simple physical
interpretation: the parametric amplification rate cannot be
greater than the total dissipation rate of the three modes.

The upper limit on |8,| sets the limits on the amount of
squeezing, added noise, and efficiency:

Kb
VG _ B31
r= Kq + Kkp + K. ( )
FPJA Kb
_ B32
Tadd 7 Y (e + k) (B32)
n < & (B33)
Kq + Kkp + K¢

We observe this instability experimentally by measuring
the scattering parameters of the amplifier as a function of
the loop phase ¢ and the direct gain. The region of
instability is shown in Fig. 7. When the direct gain of the
amplifier exceeds approximately 6 dB, a region of para-
metric oscillations appears around ¢joop = 0. This region
grows with the gain, approaching, at high gain, the loop
phases ¢ioop = F77/2, at which the amplifier is directional.
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FIG. 7. The measured region of instability as a function of the

amplifier direct gain, for the same pump parameters as in Fig. 2.
Below a gain of approximately 6 dB, the amplifier is stable for all
loop phases. At higher gain, the region of instability grows and
approaches the loop phases ¢joop = £7/2, at which the amplifier
is directional.

Comparison with theory remains a work in progress and
involves finding the roots of the characteristic polynomial
P in the more general case of arbitrary pump strengths,
frequencies, and phases.

APPENDIX C: DYNAMIC RANGE

The dynamic range of the amplifier is similar to that
of a regular JPA of similar bandwidth and nonlinear-
ity. In Fig. 8, we compare the input power at the 1-dB
compression point when the FPJA is programmed as a
directional phase-sensitive amplifier (in red) or a regular
phase-sensitive amplifier (in green). The latter is achieved
by using a single pump at o’ = 2w,, leading to phase-
sensitive gain around mode a. The 1-dB compression point
is shown as a function of G,(r) — G4(0), i.e., of the direct
gain relative to the scattering amplitude when the ampli-
fier’s gain pump is off (pump at w”, or w},). This accounts
for internal losses and frequency-conversion losses for
s < 1. The solid green and red lines are linear fits, with
slopes of —1.5 dBm/dB and —1.3 dBm/dB, respectively.

APPENDIX D: AMPLIFIER TUNING

As discussed in the main text, the device is programmed
in four steps. Here, we describe these steps in more
detail and we show the corresponding measured scattering
parameters in Fig. 9:

(a) Each frequency-conversion pump is individually
calibrated to produce ideal conversion, Bj =1/2. In

-105 T

E 110t

m

Z

n-115 |

hs)

T 20t

C

g

c 125 |

Re)

2]

@ -130 |

Q.

€

Q 135 . phase-sensitive °
O directi .

. irectional phase-sensitive
-140 1 1 1 1 1
0 5 10 15 20 25
Relative gain, Gs(r) - GS(O) (dB)

FIG. 8. The input power at the 1-dB compression point, as a

function of the gain, for two modes of operation of the FPJA.
In green, the FPJA is programmed using a single pump at o, =
2w,, leading to phase-sensitive gain around mode a. In red, the
FPJA is programmed as a directional phase-sensitive amplifier,
as described in the main text. The gain is defined as Gs(r) —
G5(0), to account for internal losses and frequency-conversion
losses at finite 5. The solid green and red lines are linear fits, with
slopes of —1.5 dBm/dB and —1.3 dBm/dB, respectively.

Fig. 9(a), we show the example of the scattering parame-
ters for the case of frequency conversion between modes
a and c¢. We observe near-ideal transmission and low
reflection.

(b) All three frequency-conversion pumps are turned
on. As discussed in detail in Ref. [19], this pump con-
figuration creates a parametric circulator, the circulation
direction of which is set by the sum of the pump phases,
i.e., the loop phase, @ioop = Pup + Ppe — Guc. In Fig. 9(b),
we show the scattering parameters between modes ¢ and ¢
for ¢roop = /2. We observe unity transmission from a to
¢ and isolation up to 30 dB in the reverse direction. Both
modes are still impedance matched, with low reflection
coefficients.

(c) The strength of the frequency-conversion pumps
to mode b, B, and By, is increased in order to over-
whelm the loss of mode b, maintaining |B.s| = |Bsc| [see
Fig. 9(c)]. This effectively yields high reflection off mode
b (not shown) and the scattering parameters resemble the
case of the lossless JPA on a circulator in the absence of
gain. We still observe unity transmission from a to ¢ but
the device is almost reciprocal again, with only about 3
dB of isolation in the reverse direction (set by the value
of s = 0.8). Importantly, this pump configuration sets the
gain-bandwidth product of the amplifier, set by the width
of modes a and ¢ and mostly independent of the width of
mode b (in the limit ), < x4, k)
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FIG. 9. The directional phase-sensitive amplifier is tuned in four steps. (a) The frequency converter (s = 0, r = 0, ¢io0p = na).
A pump at w), = |w, — w,| enables near-ideal frequency conversion between modes a and c. (b) The isolator (s = 0.5, =0,
®loop = /2). Two additional pumps at, wfb = |wp — w,| and wfc = |w, — wp|, couple modes a and ¢ to mode b at a rate match-
ing its dissipation. The device behaves as an isolator, with the loop phase set to have unity transmission from mode a to mode ¢ and
high isolation in the reversed direction. (c) The mismatched isolator (s = 0.8, ¥ = 0, ¢10p = 7/2). The coupling rates to mode b are
increased to overwhelm its dissipation, leading to almost full reflection off mode . Impedance matching and unity transmission from
mode a to mode ¢ are maintained but isolation in the reversed direction is reduced. This will ensure low added noise when operated as
an amplifier. (d) The directional phase-sensitive amplifier at high gain (s = 0.8, 7 = 0.91, ¢io0p = 7/2). A pump at w}, = 2w, induces

gain from mode ¢ to mode a.

(d) The amplification pump is turned on and the cor-
responding scattering is shown in Fig. 9(d) (same data as
Fig. 2, over a wider frequency span). The gain from ¢ to a

044005-11
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