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Abstract— We discuss the estimation of confidence and 

prediction intervals for microwave calibrations and 
measurements from measurement residuals and highlight the 
difficulties of applying a conventional approach when correlations 
must be preserved in the uncertainty analysis. We then suggest an 
alternative and illustrate the procedure with probe-to-probe 
coupling corrections in an on-wafer measurement environment. 

Index Terms— Confidence intervals, coupling corrections, on-
wafer measurement, prediction intervals. 

I.  INTRODUCTION 

Most microwave calibration models are imperfect or 
incomplete, making it difficult to accurately predict their 
performance from first principles. Examples include on-wafer 
calibrations in the presence of probe-to-probe coupling [1] and 
calibrations for over-the-air test. We present approaches for 
using measurement residuals to determine uncertainties in these 
situations. 

Specifically, we present an approach for estimating 
confidence intervals for microwave calibration models from 
measurement residuals when correlations must be preserved, 
such as to propagate uncertainties through Fourier and other 
transformations critical in complex measurements of 
microwave communications systems, signals and metrics. We 
then discuss methods of determining the prediction intervals for 
calibrated measurements of a device under test (DUT) from 
measurement residuals. We illustrate the approach with on-
wafer coupling corrections, which are notoriously difficult to 
model and correct for perfectly [1]. 1 

The terms “confidence intervals” and “prediction intervals” 
are used in the context of regression to differentiate between the 
estimated error in the curve fit to data (i.e. confidence intervals) 
and the estimated spread of future results around that curve (i.e. 
prediction intervals) [2]. We will adopt this nomenclature 
because the process of determining microwave calibration 
models is analogous to fitting a curve to x-y data, and the 
process of calibrating a DUT with this model is analogous to 
estimating future values in a regression problem. Thus, we will 
refer to estimates of uncertainty in microwave calibration 
models as confidence intervals and estimates of the uncertainty 
of calibrated results as prediction intervals.2 In this context 
confidence intervals are akin to repeatability errors within an 

                                                           
1 U.S. Government work not protected by U.S. copyright. 
2 This choice of nomenclature can be somewhat misleading as we are not 
solely interested in developing traditional intervals that expect our results 

experiment and prediction intervals are akin to reproducibility 
errors between repeated experiments. As in regression 
problems, estimating the total uncertainty in a calibrated 
microwave measurand requires estimating both the confidence 
intervals for the calibration model and the prediction intervals 
for the DUT, and combining these uncertainties together to 
estimate the total uncertainty in a calibrated measurement of a 
DUT [2]. 

In the following, we will outline a general approach for 
determining the confidence intervals associated with 
microwave calibration models and prediction intervals 
associated with calibrated microwave DUTs from measurement 
residuals and maintaining correlations between uncertainties in 
the analysis. As we proceed, we will first illustrate the approach 
with simple regression examples, and then follow up by 
applying it to the microwave problem of correcting for probe-
to-probe coupling using the on-wafer measurements performed 
in coplanar waveguide (CPW) in [1]. 

II. COUPLING CORRECTIONS 

We base our on-wafer coupling corrections on the “internal” 
16-term calibration model of [1], a variant of the 16-term 
models introduced by Speciale and Butler, et al. in [3-5]. These 
coupling models are more appropriate in on-wafer 
environments than the classic 12-term calibration model 
developed for coaxial and rectangular-waveguide calibrations 
and have been applied to a variety of on-wafer measurement 
scenarios (e.g. [1, 6-9]). 

In [1], only frequency-point-by-frequency-point confidence 
intervals were obtained from measurement residuals. Here we 
will develop both confidence and prediction intervals for the 
coupling-corrected measurements in a two-step process that 
separately estimates confidence intervals for the calibration 
model and prediction intervals for the calibrated result. The 
procedure also maintains correlations throughout the analysis, 
allowing the measurement uncertainties to be propagated 
through transformations such as the Fourier transform and to a 
variety of metrics, including error-vector magnitude (EVM) 
[10]. 

to lie between. We also determine probability distributions and maintain 
correlations in microwave measurement uncertainty and include these 
additional aspects of uncertainty when we use the terms confidence and 
prediction intervals in this paper. 



III. CALIBRATION CONFIDENCE INTERVALS 

Figure 1 illustrates a classic scalar regression problem. The 
curve ݕ = ݔܽ + ܾ is fit to five x-y pairs of data. If we assume 
that all the errors are in y, we can estimate the two coefficients 
a and b with linear regression. We will denote the estimates of 
the linear regression algorithm as ොܽ and ෠ܾ. 

When using linear regression, we can determine the 
uncertainty in our best estimate for the mean value ݕොDUT =	 ොܽ	ݔDUT + ෠ܾ	  analytically when measurement errors are 
independent and Gaussian. The result is Var(ݕොDUT) = ଶߪ	 ൬ଵ௡ + (௫DUTି௫̅)మ∑ (௫೔ି௫̅)మ೙೔సభ ൰	,	  (1) 

where σ2 is the actual variance of the y data and n is the number 
of data points [2]. The first term (1/n) σ2 in (1) is the uncertainty 
in the constant term ෠ܾ, while the second term in (1) captures the 
impact of the uncertainty due to the slope ොܽ. When needed, we 
can use the measurements residuals ∆ݕ௜ = ௜ݕ − ( ොܽ	ݔ௜ + ෠ܾ) to 
estimate σ2 from the sample variance of the yi around the curve ොܽ + ෠ܾ	ݔ௜ with n-2 degrees of freedom. When using nonlinear 
regression, as is often the case in microwave problems, we can 
use a sensitivity analysis based on the measurement residuals 
with algorithms such as [11]. 

Either approach yields uncertainties on ݕොDUT, ොܽ and ෠ܾ, and 
thus characterizes the confidence interval around the curve ݕ ݔܽ= + ܾ illustrated as black dashed lines in Fig. 1. When 
sampling from a fixed distribution, confidence intervals on the 
curve in the figure will tend to decrease asymptotically as more 
data is used to estimate ොܽ and ෠ܾ. Thus, we see that the width of 
the confidence intervals is a measure of the precision with 
which we have fit the curve ݕ = ݔܽ + ܾ, and are not a measure 
of how close the x-y pairs are expected to be to the curve ݕ =ොܽݔ + ෠ܾ.  
                                                           
3 We use brand names only to better specify how we performed our 
experiments and analysis. The National Institute of Standards and 

A. Confidence Intervals for On-Wafer Coupling Corrections 

We based our microwave experiments on the CPW data from 
[1]. We started by using the ALGLIB3 Improved Levenberg-
Marquardt Optimizer to find a solution for the four complex 
coupling terms in the internal 16-term coupling-correction 
model based on non-linear optimization at each frequency 
point. We did this by using the ALGLIB algorithm to fit the 
coupling terms in the model to TRL-corrected measurements of 
the CPW open-open, short-short, load-load, open-short, load-
open and load-short crosstalk calibration artifacts used in [1]. 
We studied the convergence of the algorithm and verified these 
fits against results from [1]. Finally, we applied the coupling 
corrections to a small printed attenuator, which served as a 
DUT in the experiments. Previous simulations indicated that, in 
the absence of external coupling, these attenuators should have 
a nearly flat magnitude response and linear phase response (see 
Fig. 3 of [1]). 

B. Applying the Calibration to a DUT 

Returning to our linear-regression analogy, performing the 
crosstalk correction is analogous to measuring xDUT, the value 
of x corresponding to a given DUT, and then using ොܽ and ෠ܾ 
estimated from the curve fit to find the estimated mean response ݕොDUT = ොܽ	ݔDUT + ෠ܾ, as illustrated in Fig. 1. Likewise, the 
confidence intervals on the estimated mean response ݕොDUT only 
estimates the uncertainty in this mean response. Thus, we 
anticipate that the confidence interval for the estimated mean 
response ݕොDUT will be considerably smaller than the spread of 
future values of the yi around that mean response and will 
underestimate the actual error in ݕොDUT. 

Technology does not endorse commercial products. Other products may 
work as well or better. 
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Fig. 1. A simple regression problem. The curve y = a x + b is fit to 
the x-y pairs of data to estimate a and b. Then the curve ݕ = ොܽ	ݔ +෠ܾ  is used to estimate ݕොDUT, the estimate of the DUT’s true value 
of y, from xDUT. 

 

Fig. 2. Two measurements (red) of the attenuator investigated in 
[3] and their confidence intervals. Also shown are a measurement 
of the attenuator performed before coupling correction (blue), the 
mean of a set of measurements of the attenuator (black) and the 
total estimated uncertainty based on contributions from both the 
confidence and prediction intervals (dashed black).
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Figure 2 compares the TRL-corrected attenuator response 
before and after applying the coupling correction in the two 
experiments. As can be seen from the figure, the coupling 
corrections largely flatten out the magnitude response, as we 
hoped. 

A number of calibrations performed with the CPW supported 
by different chuck materials and employing different CPW 
access-line lengths were tested in [1]. Attenuator measurements 
corrected with two of those calibrations, along with their 
confidence intervals, are shown in thin red solid and dashed 
lines, respectively, in Fig. 2. As expected, the confidence 
intervals for the DUT magnitude response appear to greatly 
underestimate the deviations of the DUT’s response. In fact, 
above 60 GHz where the coupling corrections become most 
significant, the 95% confidence intervals of the two 
measurements never overlap. 

IV. PREDICTION INTERVALS 

 Figure 2 clearly indicates that the confidence intervals for 
the coupling corrections will underestimate the actual errors in 
the coupling-corrected DUT. The prediction intervals, on the 
other hand, capture the anticipated variation of the corrected 
measurements around the mean calibrated result (see the dashed 
blue lines in Fig. 1) due to lack of fit of the calibration model to 
measured data. To develop the total uncertainty in the calibrated 
result, we must combine the uncertainties around the mean 
indicated by the prediction intervals with the uncertainty in that 
mean indicated by the confidence intervals.  

A. Conventional approach to estimating prediction intervals 

In Fig. 1, the variance associated with the prediction interval 
is given by σ2, the actual variance of the y data and the total 
uncertainty in yDUT is found by summing σ2 , which is related to 
the variation of the yi around the curve ݕ = 	 ොܽ	ݔ + ෠ܾ, and the 
variances associated with the confidence interval given in (1) 
related to the variation in the curve fit. The result is (see Section 
6.2.4 of [2]) Var(ݕDUT) = ଶߪ	 ൬1 + ଵ௡ + (௫DUTି௫̅)మ∑ (௫೔ି௫̅)మ೙೔సభ ൰	.	  (2) 

Equation (2) is extremely convenient. It gives the uncertainty 
for any yDUT based solely on the statistics of the x-y pairs used 
to fit the curve ݕ = ݔܽ + ܾ.  

However, our problem is different in that each x-y pair of 
scalars defining a point in Fig. 1 corresponds to a complex 
trajectory of points that travels through a multi-dimensional 
space of scattering parameters as a function of frequency in our 
microwave problem, as illustrated in Fig. 3.  

The calibration artifacts used to determine the calibration 
model are physically small devices with low transmission 
coefficients and a slowly varying frequency response. Their 
trajectories through the multi-dimensional scattering-parameter 
space as a function of frequency (indicated by blue trajectory in 
Fig. 3) are relatively simple and restricted to the volume for 
which the transmission coefficients are small. 

The DUT, on the other hand, may have large or small 
transmission coefficients, and thus will take trajectories as a 
function of frequency that may travel through a large portion of 
the multi-dimensional scattering-parameter space (indicated by 
the orange trajectory in Fig. 3), many of which are never visited 
by the coupling-correction calibration artifacts. Furthermore, as 
DUTs are often physically large, they may take much more 
complex trajectories as a function of frequency through that 
larger multi-dimensional scattering-parameter space. Thus, we 
see that we cannot expect any of our calibration artifacts to take 
trajectories through the multi-dimensional microwave 
scattering-parameter space similar to those taken by the DUT. 

Because we want to preserve correlations in the uncertainties, 
which also take trajectories through this same multi-
dimensional scattering-parameter space that are tightly linked 
to the nominal response, we cannot expect to construct 
uncertainties from the calibration artifacts that will mimic the 
correlations of the errors in the estimated DUT response. We 
conclude that, unlike the scalar case, we cannot determine 
uncertainties solely from measured residuals in the calibration. 

B. Alternative approach to estimating prediction intervals 

Developing analytic models for underlying uncertainty 
mechanisms is one of the most common alternatives to the 
conventional method of estimating prediction intervals. 
However, in many cases, such as in interlaboratory 
comparisons [12] and common microwave calibrations, 
including our coupling-correction problem, understanding the 
source of the underlying uncertainty mechanisms can be 
extremely challenging, and is precisely why we are interested 
in using measurement residuals for this task. We borrow an idea 
from interlaboratory comparisons to devise experiments which 
allow us to estimate prediction intervals despite the difficulties 
discussed above; without giving details, we demonstrate that 
prediction intervals can be calculated from these experiments. 

In the case of interlaboratory comparisons, the most common 
approach is to perform separate measurements of the same 
DUT in different laboratories, and base prediction intervals on 
the differences between those calibrated measurements [12]. 
This has the advantage of guaranteeing not only that the 

|S22| (reflection coefficient)

|S11| (reflection coefficient)

|S12| (transmission coefficient)

DUTs (and their errors) follow 
very different trajectories as a 
function of frequency

Calibration artifacts physical small 
and designed with |S12| ~ 0 follow 
short trajectories as a function of 
frequency  

Fig. 3. An illustration of the trajectories taken by the calibration 
artifacts and the DUTs as a function of frequency through the 
scattering-parameter space. 



measurement errors themselves are independent, but that the 
corrected measurements of the DUTs are similar and share the 
same structure, allowing correlated uncertainties to be extracted 
from their differences. This is the approach we will follow here. 

In the context of probe-to-probe coupling, we examined the 
measurements performed in [1] with different access-line 
lengths and different chuck materials. These changes in the 
experiments maintained roughly the same overall calibrated 
response of the DUT while varying the coupling levels and 
error mechanisms in the experiments. Then we calibrated the 
DUT in each experiment using the internal 16-term error model. 
We were careful to perform all calibration and DUT 
measurements with the same chuck material and access-line 
length in each experiment, and to set the reference planes for 
the measurements in the same place relative to the DUT. Thus, 
we expect each of the calibrated results to follow the same 
trajectory in the multi-dimensional scattering-parameter space 
as a function of frequency, and we can use the variations 
between those trajectories to estimate prediction intervals and 
their correlations for that DUT. 

Finally, based on the assumption that the corrected DUT 
response in each experiment is equally valid and that the 
uncertainties related to the confidence intervals in each of the 
experiments were highly correlated between experiments, 
which we verified with a separate analysis,4 we estimated 
prediction intervals and combined them with the confidence 
intervals to predict the total uncertainty in our attenuator 
measurements. The total uncertainty estimated by this approach 
for the transmission through the attenuator is shown in the thin 
black dashed lines in Fig. 2. This shows a level of uncertainty 
consistent with the actual deviations between the different 
experiments we used, and do not greatly underestimate the total 
uncertainty, as do the confidence intervals shown in red. 

V. CONCLUSION 

We examined the common case of microwave calibrations 
with imperfect or incomplete calibration models. We presented 
an approach for estimating confidence intervals for microwave 
calibration models and prediction intervals for calibrated results 
from measurement residuals when correlations must be 
preserved, such as to propagate uncertainties through Fourier 
and other transformations critical in complex measurements of 
microwave communications systems, signals and metrics. We 
argued that, unlike in the simple scalar case, the total correlated 
uncertainty in calibrated microwave measurements requires 
auxiliary measurements of the DUT and cannot be determined 
from calibration data alone. 

While we illustrated the approach with on-wafer coupling 
corrections, it is quite general, and can be applied broadly to 
microwave measurements based on imperfect or incomplete 
microwave calibration models. Other examples include vector-

                                                           
4 The prediction intervals would have captured the impact of confidence 
intervals that were uncorrelated between each of the experiments. 

network-analyzer calibration algorithms based on imperfect 
calibration models and calibrations for over-the-air test. 
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