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 17 

Abstract: Gratings with complex multilayer strips are studied under inclined incident light. Great 18 

interest in these gratings is due to applications as input/output tools for waveguides and as 19 

subwavelength metafilms. The structured strips introduce anisotropy in the effective parameters, 20 

providing additional flexibility in polarization and angular dependences of optical responses. Their 21 

characterization is challenging in the intermediate regime between subwavelength and diffractive 22 

modes. The transition between modes occurs at the Wood’s anomaly wavelength, which is different 23 

at different angle of incidence. The usual characterization with an effective film using permittivity  24 

𝜀 and permeability 𝜇 has limited effectiveness at normal incidence but does not apply at inclined 25 

illumination, due to the effect of periodicity. The optical properties are better characterized with 26 

effective medium strips instead of an effective medium layer to account for the multilayer strips and 27 

the underlying periodic nature of the grating. This approach is convenient for describing such 28 

intermediate gratings for two types of applications: both metafilms and the coupling of incident 29 

waves to waveguide modes or diffraction orders. The parameters of the effective strips are retrieved 30 

by matching the spectral-angular map at different incident angles. 31 

 32 

Keywords: metamaterials, homogenization, magnetic grating, waveguide coupling, metasurfaces 33 
 34 

1. Introduction 35 

There are two different applications of gratings in general. First is a diffraction tool with a 36 
period larger than the wavelength, and second is as an engineered film with controlled material 37 
parameters. The second type of application requires substantially subwavelength gratings, so that in 38 
some ranges of wavelengths and angles they can be described by the effective parameters of a 39 
uniform film. For those ranges of wavelengths and angles there are no detectable non-zero diffraction 40 
orders. One-dimensional gratings consisting of stacked metal-dielectric strips are investigated for 41 
their ability to provide magnetic as well as electric resonances [1–4]. Such resonances are located in 42 
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the visible spectrum due to the size of the unit cell – less than 0.5 µm. Effective magnetic permeability 43 
appears due to circular currents in the stacked structure. It follows from Maxwell’s equations that the 44 
transmission and reflection coefficients for the effective film depend on both the product and the ratio 45 
of permittivity and permeability, i.e., on the refractive index and the impedance [5,6]. As for any 46 

nonlocal effect, the magnetic response increases with the size-to-wavelength ratio. That is why, in the 47 
case of metamaterial applications, we are often at the borderline of applicability of the effective 48 
parameter approach [7,8]. Often, the grating can be treated as an effective film at normal incidence 49 
but it cannot be at inclined incidence. The boundary angle at a specific wavelength is defined by 50 
appearance of the first diffraction order, which is the Wood’s anomaly [9–11]. 51 

Here we characterize such a grating consisting of a stacked vertical substructure by an 52 
effective permittivity and permeability of the strips instead of by a continuous effective layer. The 53 
approach captures both the effect of the substructure resulting in an artificial permeability, and the 54 
diffraction of a grating, by employing a set of effective parameters for the geometrically defined 55 
strips. It should be clear that, as is the case with any effective medium approximation, the model 56 
works best in the longwavelength limit compared to the strip dimensions. It is important to note that 57 
a grating with the structured strips can be of great interest for the first type of application, especially 58 
as an input/output tool for waveguides. Indeed, the structured strips introduce anisotropy in the 59 
effective parameters, which makes it possible to realize different polarization and angular 60 
dependences, and this behavior is captured by the proposed model.  61 

For similar grating structures, the permeability and permittivity retrieval process has been 62 
previously demonstrated for normal-incidence illumination using rigorous coupled wave (RCW) 63 
methods [5,6,12] and using complex transmission and reflection coefficients [3,4]. The retrieval for 64 
the effective films, however, cannot be verified conclusively for inclined illumination. This is in large 65 
part due to the difficulty arising from the effect of diffraction [8,9]. While diffraction occurs at normal 66 
incidence, its higher order effects in the range from 400 nm to 1000 nm are typically masked in the 67 
effective layer scheme. Under inclined illumination, the Wood’s anomaly is red-shifted into the 68 
visible, higher diffraction orders are no longer hidden, and the effective layer method breaks down. 69 

2. Materials and Methods  70 

In this paper, we study a stacked metal-dielectric grating, shown schematically in Figure 1a, 71 
at inclined illumination and develop a method to retrieve an effective anisotropic permittivity and 72 
permeability of the strips.  The grating is fabricated on a transparent substrate and illuminated with 73 
white light at various angles of incidence, while light diffracted from the grating is partially coupled 74 
to the waveguiding mode and collected as a function of angle from the edge of the substrate, as shown 75 
in Figure 1(c). The collected light is then delivered to the spectrometer by a fiber bundle.  76 
Additionally, normal incidence transmission and reflection measurements are performed in order to 77 
provide some information for spectral positions of resonances.The setup described in Figure 1(c) will 78 
produce a wavelength-angle intensity map. This map will be unique for each angle of incidence and 79 
each polarization. The simulation efforts will produce the same intensity maps and transmission 80 
spectra to match the experimental spectra by adjusting the unknown strip parameters. Thus, using 81 
an iterative procedure where the strip parameters are slightly adjusted individually until the best 82 
goodness of fit is obtained, we can determine the proper set of parameters. This matching process is 83 
further detailed in the Results and Discussion section. Here we choose rigorous coupled wave (RCW) 84 
analysis which is utilized as a package within the Modeled Integrated Scattering Tool (MIST [13]). 85 
MIST is a front-end graphical user interface to the SCATMECH C++ library of scattering codes, based 86 
on rigorous coupled wave theory [14–16], modified to account for anisotropic permittivity and 87 
permeability (see Appendix A). With this tool, we are able to model diffraction effects of any order. 88 
The matching process must be done for each incident angle and each polarization, including that of 89 
normal incidence transmission, and the same unique set of permittivity and permeability functions 90 
is required for successful matching. The simulation is quite sensitive to the spectral position, 91 
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amplitude, and line-shape of the strips’ permittivity and permeability functions. The beauty of this 92 
approach also lies in the fact that we need not be concerned with the artifacts in the retrieval caused 93 
by the grating periodicity.  94 

 95 
     96 
 97 

 98 

Figure 1: Sample geometry and experimental setup. Panel (a) shows the vertical substructure of the 99 
strip, (b) portrays the replacement of the real structure with an effective strip, (c) depicts the inclined 100 
illumination setup, in addition to usual far-field transmission spectroscopy, necessary for retrieving 101 
the optical parameters. 102 

Any isotropic medium can be optically characterized by either pair of parameters, index of 103 
refraction 𝑛 and impedance 𝑍, or by permittivity 𝜀 and permeability 𝜇. All four quantities are causal, 104 
complex, and depend on frequency 𝜔. They are related by 105 

𝑛 = √𝜀𝜇  and  𝑍 = √
𝜇

𝜀
. (1) 

 In accounting for a permeability different from unity, it is clear the permittivity and 106 
permeability are treated as complex quantities obeying the Kramers-Kronig relations and n and Z are 107 
independent functions 108 

 One approach to determine the values for ε and μ of a material, sometimes termed the “effective 109 
layer method,” is to use RCW in which the incident light is normal upon the structure. This method 110 
however considers the grating as a continuous film and hence, the properties of an effective 111 
continuous layer are retrieved. Here, we seek a more complete retrieval which is not restricted to 112 
normal incidence, and thus accounts for anisotropy. In this more general situation of incline 113 
incidence, a redshift of the Wood’s anomaly into the visible range occurs, which is precisely the 114 
wavelength region of our interest and the effective layer retrieval has limited practical use here.  115 

 Due to the periodic nature and size of the structure relative to the incident wavelength, an 116 
electromagnetic plane wave will undergo diffraction and will transfer some of its power into higher 117 
orders. Diffraction effects can be described by the well-known grating equation 118 
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𝑛 𝑠𝑖𝑛(𝜃𝑚) = 𝑛𝑖𝑛𝑐 𝑠𝑖𝑛(𝜃𝑖𝑛𝑐) −
𝑚𝜆

𝑝
, (5) 

where the subscript-free n refers to the transmitted region’s refractive index, 𝑛inc is the refractive 119 
index in the incident medium, p is the period of the grating, 𝜆 is the wavelength in vacuum, and m is 120 
the diffraction order.  For the grating under study, our substrate also serves as a waveguide. We wish 121 
to simulate the diffraction that occurs due to a periodic grating structure, and the MIST suits our 122 
needs for this. MIST includes RCW analysis to simulate the interaction of arbitrarily polarized light 123 
with a grating structure of interest. More detail regarding MIST will be given in the subsequent 124 
simulation subsection. 125 

The strips of the diffraction grating consist of a total of six layers, essentially forming a metal-126 
insulator-metal (MIM) configuration, which includes adhesion and oxide protection layers. As 127 
depicted in Figure 1, each layer of silver lays atop a thin titanium layer, with the metal layers 128 
separated by a spacer dielectric, and finally a top protective oxide layer. The die size is 500 μm × 500 129 
μm, with a period of 305 nm and a total height of 130 nm. The bottom and top widths are 155 nm and 130 
80 nm, respectively, which causes an asymmetry to the shape of the two metal strips such that the 131 
bottom silver layer is wider than the top silver layer. The metal strips themselves have a thickness of 132 
35 nm, with a 40 nm layer of alumina separating them. Silver is the selected metal due to its low losses 133 
at optical frequencies, while alumina has been chosen as the spacer dielectric for its high dielectric 134 
constant. It has been shown that the higher dielectric constant spacer is more suitable for magnetic 135 
grating metamaterials because it provides better field confinement [17]. Samples have been fabricated 136 
on a 15 nm indium tin oxide (ITO) coated fused silica substrate using conventional electron beam 137 
lithography (EBL) techniques. The ITO layer is used primarily to provide conduction during EBL. 138 
Note that a trapezoidal shape of the cross-section is due to the applied fabrication protocol [6]. After 139 

development of the exposed resist, titanium, silver, and alumina layers are deposited by electron 140 
beam evaporation. A 3 nm layer of titanium is evaporated before each silver layer to provide good 141 
adhesion, making the samples more robust, but lowering the quality of the plasmonic resonances. It 142 
is worth mentioning that the roughness and grating quality have been found to be significantly 143 
affected by deposition rate [18]. This in turn can affect the optical characteristics of the sample. 144 

Specifically, lower deposition rates for gratings and other finer features tend to yield smoother and 145 
better-quality nanostructures, as opposed to higher deposition rates giving better quality continuous 146 
films. As such, a low deposition rate of 0.1 nm/s has been used. A final liftoff process in acetone is 147 
performed revealing the intended grating structure. Figure 2 shows a scanning electron microscopy 148 
(SEM) micrograph of the top view of the sample. 149 

 150 
 151 

 152 

Figure 2: SEM micrograph of meta-grating sample. Note the trapezoidal shape. 153 

Upon successful fabrication, the sample is used in conjunction with the optical scheme described 154 
in Figure 1 (c). Under normal incidence illumination, diffraction does occur for shorter wavelengths; 155 
however, the non-zero orders are trapped in the glass substrate by total internal reflection, and as a 156 
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result, the detector only detects zero order diffraction. Supercontinuum white light pulses converted 157 
from 800 nm pump (Figure 3) of either transverse electric (TE) or transverse magnetic (TM) 158 
polarization illuminate the sample at differing angles of incidence, relative to the sample surface 159 
normal. The spectra of the transmission through the substrate at incline incidence are used to 160 
normalize the spectral response of the samples. Figure 3 gives an example of such spectra at 30°. The 161 
laser source stability is 10 % and an example of its output at a particular angle through the substrate 162 
as well as its stability with time and with different polarizations is shown in Figure 3. Upon striking 163 
the grating, light diffracts at many angles. These diffracted rays are waveguided by total internal 164 
reflection through the substrate only in the negative direction. The intensities are collected via a 165 
scanned fiber of core diameter 500 μm located a distance of 0.5 mm from the substrate edge, and is 166 
subsequently delivered to an imaging spectrometer, whose spectral resolution is 1.5 nm. Note the 167 
angular resolution of measurement is 0.5° The output intensity will then be a function of both the 168 
angle and wavelength in a spectral-angular intensity distribution (Figure 1(c) and Figures 7 and 8). 169 
We ignore rays that propagate in the positive direction which may eventually return to the detector 170 
by means of many internal reflections. The reason for this is that, with the angles of incidence used, 171 
these rays will not undergo total internal reflection within the substrate, and due to significant loss 172 
from many of these repeated reflections, they contribute several orders of magnitude less signal. The 173 
process is repeated for incident angles of 30°, 40°, 50°, and 60°, and for two linear polarizations (TE 174 
or TM) for a total of eight spectral-angular intensity maps. What follows is a matching process 175 
utilizing simulation methods for both normal incidence transmission (zero-order diffraction) as well 176 
as the spectral-angular map (non-zero-order diffraction).  177 

 178 
 179 
 180 

 181 

Figure 3. Substrate transmission at 30° incline, showing the stability of the source output spectra. 182 
These spectra are collected for each angle of incidence and used later for normalizing procedures. 183 
Green and red lines represent TM and TE polarizations, respectively. The dashed variants show the 184 
stability of each after one hour.  185 

Note, that in past retrieval schemes, the grating is approximated as an effective layer and far 186 
field transmission and reflection simulations are matched to experimentally observed data (for 187 
example [1-3]). The type of simulation, that is based on RCW methods, allows retrieval of the complex 188 
transmission and reflection coefficients, which can then in turn be used to calculate the permittivity 189 
and permeability, albeit as a continuous effective layer. In reality, since a periodic structure is used, 190 
diffraction occurs at normal incidence for 𝜆 ≤ 𝑛𝑝 where 𝑛 is the substrate refractive index. In our case, 191 
this approximately translates to first order diffraction occurring at normal incidence for wavelengths 192 
less than 450 nm. Thus the effective layer approximation is valid only for the spectral range where 193 
the measured transmittance/reflection only contains zero-order information and the higher (non-194 
zero) orders are not allowed.  195 
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 In this paper, retrieval of the individual strips’ effective optical properties is accomplished by 196 
matching simulation spectral-angular data from the designed waveguiding structure, as well as the 197 
normal incidence transmission, to the corresponding set of experimental data. For this we use the 198 
RCW model included in the MIST. To describe the interacting system, MIST requires the grating 199 
geometry, substrate and superstrate media, incident light wavelength, polarization, and angle of 200 
incidence, as well as the optical properties of the strips. Despite the strips consisting of several metal 201 
and dielectric layers, we model the strip as a single unit – the effective strip. All the roughness and 202 
crystal quality of the materials are included in the effective parameters. The physical dimensions of 203 
the strip are those of the real sample, while the effective parameters of the strips are what we seek, 204 
and are also the only set of unknown variables. A unique ability of MIST is that it allows the 205 
calculation of any arbitrary diffraction order as well as anisotropic magnetic behavior. In this way, 206 
we can provide any tabulated dispersion for a range of frequencies for all permittivity and 207 
permeability functions. We briefly mention that, for inclined illumination and the wavelengths we 208 
use, it is only necessary to analyze a single diffraction order.  Namely 𝑚 = −1, the first order, 209 
contributes to a meaningful relative intensity at the output. Minus is due to geometrical convention. 210 
The other orders either do not exist, their efficiencies are negligible - as is the case for orders higher 211 
than the first order.  212 

Any arbitrary complex function for both ε(λ) and μ(λ) can be supplied to MIST. Typically, in 213 
anisotropic media the electric (magnetic) susceptibility and therefore permittivity (permeability) 214 
functions exist in the form of a 2nd rank tensor. Each function will uniquely have three non-zero 215 
effective medium components, namely: 216 

𝜀 = (
𝜀𝑥 
0
0

0
𝜀𝑦 

0

0
0
𝜀𝑧

)           𝑎𝑛𝑑         𝜇 = (

𝜇𝑥 
0
0

0
𝜇𝑦 

0

0
0
𝜇𝑧

), (6) 

where each component is a complex and frequency dependent quantity. The off-diagonal 217 
components are zero due to the geometry of the grating. Figure 4shows the coordinate system being 218 
used.  219 

If only normal incidence transmission is utilized, it is not guaranteed that all the components of 220 
the effective permittivity and permeability of the strips are involved. We find that there are several 221 
functions that will provide a suitable match to the transmission data. Additionally, the z-components 222 
of the permittivity and permeability are concealed at normal incidence, and we only begin to 223 
noticeably detect their effect at larger angles of incidence. Only when the normal incidence matching 224 
is used in conjunction with the incline illumination results can we obtain the correct set of effective 225 
optical properties of the system. 226 

We next discuss the physical grounds for the accepted fitting formulas on the six unknown 227 
components. Different polarizations and incident angles are used to isolate and better capture specific 228 
components of the effective permittivity and permeability. Moreover, we find there is a significant 229 
polarization dependency on the output, due to the strong resonance occurring with the TM 230 
polarization and lack of resonance with TE polarization. Figure 4 illustrates that when the E-field lies 231 
along the strip axis, this TE-polarized wave is unable to produce any resonant effects, and thus the 232 
strip will behave as a diluted metal. In this case the observable permeability is unity, hence, 𝜇𝑥 = 𝜇𝑧 =233 
1. We note that by keeping the x- and z-components of the effective permeability, non-magnetic 234 
response is an enforced condition. Meanwhile the observable component when using TE polarization 235 
will be strictly that of εy, though as we shall see it differs moderately from the standard EMT of a 236 
dilute metal. Hence by using TE polarized light, we can isolate the y-component of the permittivity.  237 

 238 
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 239 
 240 

Figure 4. Representation of the actual trapezoidal shape of the grating due to fabrication limitations. 241 
A TM polarized beam is incident at an incline; depending on frequency, either a symmetric (left) or 242 
antisymmetric (right) mode may be excited. Note that the strips are still considered to be infinite in 243 
the y-direction. 244 

 245 
On the other hand, when the incident wave is TM polarized, both symmetric and antisymmetric 246 

resonant current modes may be excited. Here we see no effect from either μx or μz due to the fixed 247 
direction of the magnetic field along the strip. However, a magnetic dipole response manifests with 248 
μy via the oscillations of the light wave’s magnetic field. In fact, it is this magnetic resonance which is 249 
precisely the desired effect that we hope to observe. The electric permittivity takes form with εx and 250 
εz. It should be clear that with normal incidence measurements, the total anisotropy cannot be 251 
recovered. Let us now summarize the results provided by polarization: 252 

 253 

𝜖 =  [
0 0 0
0 𝜖𝑦 0

0 0 0

] + [
𝜖𝑥 0 0
0 0 0
0 0 𝜖𝑧

], 

𝜇 =  [
1 0 0
0 0 0
0 0 1

] + [
0 0 0
0 𝜇𝑦 0

0 0 0

], 

(7) 

where the left matrices are sensed with TE polarization and the right matrices are sensed with TM 254 
polarization. 255 

It is only ε𝑥 and μ𝑦 which display resonant behavior, while ε𝑦 shows dilute metal characteristics, 256 

and μ𝑥 and μ𝑧 are simply unity. The z-component of the permittivity is not expected to be resonant 257 
in the visible spectrum, though its form via simulation will turn out to be that of a somewhat modified 258 
Drude function.  259 

There are, then, a total of four unknown parameters that must be modeled. For the TM resonant 260 
modes, both the permittivity and permeability functions have asymmetry of the resonance (see, for 261 
example,[5,18]). Because of this asymmetry, we choose a TOLO oscillator function [19] to describe 262 
these modes, rather than a classical Lorentzian. These take the form 263 

𝜀𝑥 = 𝐴𝜀𝑥

𝜔𝐿𝑂
2 − 𝜔2 − 𝑖𝛤𝐿𝑂𝜔

𝜔𝑇𝑂
2 − 𝜔2 − 𝑖𝛤𝑇𝑂𝜔

 (8) 

and 264 

𝜇𝑦 = 𝐴𝜇𝑦

𝜔𝐿𝑂
2 − 𝜔2 − 𝑖𝛤𝐿𝑂𝜔

𝜔𝑇𝑂
2 − 𝜔2 − 𝑖𝛤𝑇𝑂𝜔

, (9) 

where, after matching, we find 𝐴𝜀𝑥
 = 0.11, 𝜔𝐿𝑂  =  4.5 eV, 𝜔𝑇𝑂  =  2.17 eV, Γ𝐿𝑂  = 1.5 eV, and 𝛤𝑇𝑂  =265 

 0.3 eV, while for μy, 𝐴𝜇𝑦
 = 0.13, 𝜔𝐿𝑂  =  4.0 eV, 𝜔𝑇𝑂  =  1.77 eV, Γ𝐿𝑂  = 2.0 eV, and 𝛤𝑇𝑂  = 0.4 eV. Here, 266 

𝜔 = ℎ𝑐/𝜆 is the photon energy. For these dielectric functions to remain physical with Im{𝜀𝑥} ≥ 0 and 267 
Im{𝜇𝑦} ≥ 0, the constraint 𝛤𝐿𝑂 − 𝛤𝑇𝑂 > 0 must be satisfied.  268 

Meanwhile, to model “diluted metal” for both ε𝑦 and ε𝑧, we use a Drude function of the form 269 



Appl. Sci. 2018, 8, x FOR PEER REVIEW  6 of 18 

𝜀𝑦,𝑧 = 𝜀∞𝑦,𝑧 −
𝐴𝑦,𝑧𝜔𝑝

2

𝜔2+𝑖𝛤𝑦,𝑧𝜔
, (10) 

where 𝜔𝑝 = 9 eV  and for 𝜀𝑦 we have 𝐴𝑦 = 0.07, Γ𝑦 = 4 eV, and 𝜀∞𝑦 = 3.5, while for 𝜀𝑧 we have 𝐴𝑧 =270 

0.123, Γ𝑧 = 1 eV, and 𝜀∞𝑧 = 9.  It is interesting to note that without the large offset parameter, 𝜀∞𝑧 ,  for 271 
𝜀𝑧 the Wood’s anomaly peak will be hidden in transmission spectra. 272 

The details regarding the exact spectral position, amplitude, and sharpness of each resonance 273 
and the parameters for the dielectric functions are initially unknown. Therefore, an iterative 274 
technique must be performed until an acceptable match has been made for both normal incidence 275 
transmission as well as for each angle of incidence and polarization of the spectral angular map. As 276 
previously mentioned, TE polarization is employed to uniquely determine 𝜀𝑦. As an example, for this 277 

case there are three parameters from the Drude relationship above that must be found. Values for 278 
each parameter are initially chosen with some physical justification, and subsequently the simulation 279 
is completed for all angles of incidence. The relative intensities of the spots on the spectral-angular 280 
map are analyzed, and one at a time the parameters are changed gradually to provide a closer match 281 
in intensity. The same parameters must also satisfy the normal incidence transmission for this 282 
polarization. In this way, we find the values that describe the y-component of the permittivity.  283 

On the contrary, the TM polarization case is considerably more complex due to the fact that not 284 
one, but three components of permittivity and permeability affect the outcome, namely 𝜀𝑥, 𝜀𝑧, and 𝜇𝑦. 285 

Additionally, the resonant functions each contain five fitting parameters resulting in several more 286 
degrees of freedom. However, there exist two resonances in the transmission spectra (Fig. 7). The 287 
shorter wavelength resonance is associated with electric permittivity function and the longer 288 
wavelength resonance with magnetic permeability function. The following section provides details 289 
of the results of this matching procedure. 290 

 291 

3. Results and Discussion 292 

The designed grating is considered optically magnetic due to the ability of TM polarized visible 293 
light to excite asymmetric circulating currents in the metal layers, thereby giving rise to a magnetic 294 
moment directly along the strips of the structure. This is fundamentally a result of the oscillating 295 
magnetic field along the strip axis and Faraday’s law. Both a symmetric current mode and an 296 
asymmetric mode may be excited, representing an electric and magnetic resonance, respectively. The 297 
spectral position of the magnetic resonance has been previously demonstrated to be a result of the 298 
effective width of the grating (or fill factor)[19], though the normal incidence transmission local 299 
minima provide a baseline of sorts to determine the spectral locations for both ε𝑥 and μ𝑦 . As seen in 300 

Figure 5 the TM polarized transmission displays two local minima; the first, 𝜆𝑒 = 530 nm and the 301 
second, 𝜆𝑚 = 725 nm. These represent the electric and magnetic resonances, respectively, and 302 
specifically refer to 𝜀𝑥 and 𝜇𝑦. Therefore, we have in mind a starting point for the spectral location of 303 

the resonances of the permittivities and permeability. The sharp peak at 𝜆𝑑 = 450 nm is due to the 304 
Wood anomaly and is not observed in simulation until 𝜀𝑧 is properly determined. As an example, if 305 
𝜀𝑧 is given a constant non-absorbing value of 𝜀∞,𝑧 = 1, the sharp peak at 𝜆𝑑 is washed out; in this case 306 
a static offset to the real part of approximately 𝜀∞,𝑧 = 8 is required for the diffraction threshold peak 307 
to appear. 308 

 309 
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 310 

Figure 5. Normal incidence transmission for TM (left) and TE (right) polarizations. Note that only εy 311 
is responsible for TE spectra, while TM spectra depends on εx, εz, and μy. With TM polarization, 𝜆𝑑, 312 
𝜆𝑒, and 𝜆𝑚 correspond to the Wood’s anomaly (diffraction threshold), electric resonance, and 313 
magnetic resonance, respectively. Data is matched by providing incremental adjustments to the 314 
parameters of each dielectric function. Note that the set of parameters providing agreement here must 315 
also provide satisfactory matching for the spectral-angular data. Error bars in simulated spectra reflect 316 
+/- 5% uncertainty. 317 

 318 
The simulation results for the spectral-angular map are performed with the experimental values 319 

of the period of the grating, the location of the incident beam relative to the waveguide edge , as well 320 
as the substrate thickness and refractive index (see Figure 6). In Figure 6 we also explain why the 321 
spectral angular maps to be seen in Figures 7 and 8 are not continuous. Indeed, depending on the 322 
incident beam positions relative to the substrate edge, there are three possible scenarios. The beam at 323 
particular wavelength may either hit the corner and split between upward and downward as shown 324 
in Fig. 6(a), or propagate in one of two directions, upward or downward. If the beam goes upward it 325 
makes a gap in the down side as indicated by arrows on Fig. 6(b). We emphasize that these 326 
aforementioned parameters taken from experiments control only the location and the size of the 327 
“spots” seen in the spectral-angular maps in Figures 7 and 8.  More importantly, the permittivities 328 
and permeabilities are mainly responsible for the intensities of these spots. 329 

 330 
 331 

Figure 6. The geometry of the sample affects the output; this is shown for parallel rays interacting 332 
with the grating (a). Note, that depending on the incident beam positions relative to the substrate 333 
edge there are three possible scenarios, these rays may either hit the corner and split between upward 334 
and downward as shown in (a), or propagate in one of two directions, upward or downward. If the 335 
beam goes upward it makes a gap in the down side (b). Map (b) is an angular extension of Figure 8(b) 336 
SIM TM 40°, as an example; the gap at -60° is pointed by arrow.  337 
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To retrieve the effective optical properties, we begin with an initial guess for each parameter in 338 
the TOLO and Drude wavelength-dependent functions. This guess is influenced by the experimental 339 
transmission data and gives a starting point for the resonant spectral positions as well as the non-340 
resonant spectra modeled as a diluted metal. These functions provide a value for permittivity and 341 
permeability at each wavelength, and are then fed to the MIST GUI which operates on each value 342 
using the modified RCW code. By varying the conditions, it will output either a transmission 343 
spectrum at normal incidence or a spectral-angular map – both must be performed. One by one, each 344 
parameter of the TOLO and Drude functions are iteratively adjusted until both the transmission and 345 
spectral-angular maps at all angles both match satisfactorily based on eye evaluation. This process is 346 
guided by the most sensitive parameters for the resonant spectral position, amplitude terms, followed 347 
by the spectral width term, and lastly the asymmetrical parameters. For example, to obtain μ𝑦, ε𝑥,  348 

and ε𝑧, we use the TM experimental data. Realizing that μ𝑦 is responsible for the magnetic resonance 349 

and ε𝑥 mainly responsible for the electric resonance, both amplitude and spectral position terms are 350 
initially chosen such that they best match the transmission data for the respective minima. The 351 
spectral positions for the resonant functions are initially chosen to be the same as those of the 352 
transmission minima. Note, these positions may not exactly coincide after finalizing the matching. 353 
Since the two resonances are not spectrally separated by a significant amount, increasing the 354 
amplitude of, for example, μ𝑦 can have an impact on the simulated transmission’s local electric 355 

minima, and vice versa.  356 
Matching is assessed for the spectral-angular maps by comparing each spot’s relative intensity. 357 

Upon doing so, we have best matched the simulated spectra to the experimental data. Thus, we have 358 
found each component previously discussed, namely, ε𝑥, ε𝑦 , ε𝑧, and μ𝑦. Meanwhile μ𝑥  and μ𝑧 are set 359 

equal to unity as an enforced condition. Again, note that physical arguments are used to evaluate 360 
suitable functions, such as ε𝑦 exhibiting a behavior similar to that of a dilute metal – a result of the 361 

non-resonant TE mode. The result of the normal incidence matching is shown in Figure 5, while all 362 
spectral-angular matching results for varied angles and polarizations are shown in Figures 7 and 8 363 
(a)-(d). The results in Figures 7 and 8 all account for uncertainty in the spectral-angular position by 364 
allowing each data point to have a specific radius, such that it reflects the experimental data 365 
uncertainty. Furthermore, Figure 11 shows the functions chosen to satisfy matching of the 366 
experimental data. It is emphasized that the matching in Figure 5 and Figures 7 and 8 are not 367 
independent of one another, but rather the same set of permittivity and permeability must provide 368 
agreement for both. 369 

To obtain a successful match, both normal incidence transmission and waveguided inclined 370 
illumination simulation data should agree with the experimental results. It is extremely challenging 371 
to simultaneously have both agree with a high degree of accuracy, especially using singly resonant 372 
Lorentzian-type functions with a limited number of fitting parameters. An improved match with the 373 
spectral-angular map will tend to significantly deteriorate the normal incidence match, and vice 374 
versa. Here we have attempted to minimize the degrees of freedom for more convenient fitting and 375 
to demonstrate the retrieval process.  376 

The matching of the normal incidence data alone is straightforward. For TM polarization, one 377 
typically associates the permeability strictly with the longer wavelength (magnetic) resonance λm and 378 
the x- and z- permittivities with the shorter wavelength (electric) resonance. Incremental adjustments 379 
are made to the respective amplitudes, spectral positions, and sharpness of each function. The same 380 
process is done for TE polarization for the y-component of the permittivity. However, the difficulty 381 
that arises is that these functions must now also provide agreement with the spectral-angular data. 382 
Since only one component is responsible in the TE polarization, agreement with the spectral-angular 383 
map here occurs rather naturally. On the other hand, due to the TM polarization containing three 384 
functions that are responsible for the output, the agreement is not as straightforward. At this stage, 385 
further adjustments to these three functions are made such that the spectral-angular maps agree. 386 
 387 
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 388 

Figure 7. Experimental (top panels) and simulated (bottom panels) spectral-angular map of TE 389 
polarized incident light for incident angles 30° (a), 40° (b), 50° (c), and 60° (d). The intensity scales are 390 
in the same units for all maps of the TE polarization. Simulated data are matched to experimental 391 
data by considering maximum intensity in a spot.  392 
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    393 

Figure 8. Experimental (top panels) and simulated (bottom panels) spectral-angular map of TM 394 
polarized incident light for incident angles 30° (a), 40° (b), 50° (c), and 60° (d). The intensity scales are 395 
in the same units for all maps of the TM polarization. Simulated data are matched to experimental 396 
data by considering maximum intensity in a spot.  397 

 398 
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At first glance, the matching for the spectral-angular map is difficult to discern visually.  To 399 
further clarify the matching success, in each map, we label each “spot” and characterize it by how 400 
much average relative intensity it receives. In this way, the three-dimensional plot can be reduced to 401 
a one-dimensional column graph, as shown in Figures 9 and 10. This is reasonable because only the 402 
material properties can provide the correct relative intensities, while geometry and diffraction dictate 403 
the angle and wavelength possible at each location. Since the material properties (i.e., permittivity 404 
and permeability) are responsible for the intensity of each spot, while the geometry and diffraction 405 
provide the spectral-angular location, this reduced one dimensional plot is best representative of the  406 
fitting, as this extracts only the desired effective optical parameters from the rest of the information 407 
producing Figures 7 and 8. 408 
 409 

  410 

Figure 9. Spectral-angular data conversion for TE of each prominent “spot” to 1D column graph. The 411 
labels A, B, C, D, and E refer to the spots from left to right in Figure 7 in each intensity map. Error 412 
bars reflect a 10 % uncertainty. All intensities are on a relative zero to one scaling system. 413 

 414 

  415 

Figure 10. Spectral-angular data conversion for TM of each prominent “spot” to 1D column graph. 416 
The labels A, B, C, D, and E refer to the spots from left to right in Figure 8 in each intensity map. Error 417 
bars reflect a 10 % uncertainty. All intensities are on a relative zero to one scaling system. 418 
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We can then compare intensities of each spot. Note that one set of permittivity and permeability 419 
must satisfy all sets of data, including normal incidence data as shown in Figure 5, which makes 420 
matching trustable.  421 

As one can see from the comparative presentation in Figures 9 and 10, the agreement between 422 
the experiment and simulations are not ideal for some spots. For example, spots 3 and 4 in the TM 423 
30° incident angle trial, which correspond to exit angles of approximately -65° and -45°, respectively, 424 
we note there is simulated radiation that is not quite detected experimentally. On the contrary, most 425 
all other spots at other incident angles are in close relative agreement. With slight deviations of the 426 
current optical properties’ spectral position, amplitude, sharpness or symmetry, the “overall 427 
matching” drastically reduces. Here, overall matching simply translates to the matching of all eight 428 
spectral angular maps and the normal incidence transmission. For example, a 5 nm deviation in 429 
spectral position of the permeability may improve the matching for spots 3 and 4 in the TM 30° 430 
incident angle match, but subsequently worsen several other spots for other angles. Hence with the 431 
presented optical parameters (Figure 11), the best “overall match” was obtained. 432 
 433 

 434 

  435 

Figure 11. Retrieved parameters of the permittivity and permeability via our methods; note μx and μz 436 
(not pictured) are unity. (a-c) respectively show the x-, y-, and z-components of the permittivity while 437 
(d) shows the y-component of the permeability. ε1 and μ1 refer to real parts, while ε2 and μ2 refer to 438 
imaginary parts of the corresponding function. 439 

Obtaining a good fit for all angles of incidence, in addition to normal incidence transmission 440 
gives all components of the permittivity and permeability of the effective strips.  As always, the fitting 441 
is limited by the accuracy, to which we know the exact geometry, roughness, and any fluctuations 442 
that occur throughout the real grating structure.  443 
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 The previous effective layer method works if normal incidence applications are required in 444 
which only the wavelengths longer than Wood anomaly are considered. This turns out normally to 445 
be reasonable for the visible spectrum. However, if one is trying to avoid the issue of diffraction in 446 
the wavelength range of interest, the period of the grating should be pushed to smaller dimensions, 447 
shifting the first diffraction event to shorter wavelengths. This begins to present a significant 448 
fabrication challenge. Even with a decreased period dimension, when oblique incidence is used with 449 
the metamaterial, the Wood anomaly is red shifted into the visible, creating an obvious problem for 450 
the effective layer method. In contrast, by using the effective strip retrieval, diffraction is accounted 451 
for, the period does not need to be pushed to smaller dimensions, and oblique incidence applications 452 
can be realized with the proper set of parameters. We introduce Table 1 below to summarize the 453 
comparison.  454 

Note, that the main point of introducing magnetic response is that the two parameters, refractive 455 
index and impedance, become independent. If we can describe everything with just electric 456 
permittivity, thus n=1/Z, and magnetic response is absent, meaning μ=1. 457 

 458 

Table 1: Comparison between effective layer and strip methods for parameter retrieval 459 

 Advantages 

 

Disadvantages Limitations 

Effective 

Layer 

 

Well-known method; 

works well for most 

normal-incidence  

 

Cannot be accurately used 

for oblique incidence  

 

Affected by diffraction, 

only wavelengths longer 

than first Wood anomaly  

 

Effective 

Strip 

 

Accounts for diffraction; 

can be used for arbitrary 

angle of incidence  

 

May require additional 

experimental setup 

 

Long wavelength 

approximation 

 460 
The capability of such a stacked grating material to waveguide the diffracted modes resulting 461 

from inclined illumination of the periodic grating surface makes it possible to apply such structures 462 
in biosensing. Using this design, the spectrum of the diffracted modes is sensitive to the refractive 463 
index of the material on the grating surface. For this reason, any changes in the refractive index due 464 
to a biochemical reaction on the surface [20] can be detected with this method. Additionally, upon 465 
retrieving the effective strip parameters, one may utilize such a grating design that exhibits a 466 
specialized set of optical properties in more practical situations where oblique incidence illumination 467 
is natural, such as the improvement of the efficiency in solar cells with unpolarized incident light 468 
[21]. Finally, we may generalize the method of parameter retrieval to other periodic nanostructures 469 

by using a similar experimental setup and simulation process. With a better understanding of how 470 
the effective optical properties of the strips depend on the geometry and materials chosen, it is hoped 471 
that further research will allow one to engineer a material with a specific set of optical parameters in 472 
mind which do not naturally occur. 473 

4. Conclusions 474 

We demonstrate a new approach for retrieving the effective optical properties of the 475 
structured strips of a metamaterial grating.  Notably this expands the relevance of the model to 476 
capturing properties for inclined illumination by capturing the anisotropy of the properties of the 477 
strips in contrast to the validity at normal incidence only of the effective layer model. Coupling 478 
experimental measurements of samples with inclined illumination in addition to normal incidence to 479 
a scattering software tool (MIST) allows us to model both inclined and normal incidence illumination 480 
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and capture relevant diffracted orders. Providing the proper set of complex permittivity and 481 
permeability functions, a successful fit to the experimental data will occur. This retrieval method 482 
allows for capturing behavior in non-zero diffraction orders and provides a more broadly relevant 483 
effective property extraction for use in applications of magnetic gratings. The coupling of 484 
experimental methods to the MIST package is additionally useful in that, once the optical parameters 485 
are obtained, one may probe the system via the same simulation environment in other ways to realize 486 
applications, such as waveguide based biosensing, and to optimize grating performance by 487 
examining configuration changes. Future endeavors include incorporating a similar scheme for two-488 
dimensional gratings [22], i.e., the so-called “fishnet” nanostructure, to obtain their effective unit 489 

structure parameters, as well as further refinement of the retrieval technique such that it may be 490 
generalized in a seamless manner to a variety of different nanostructure designs. 491 
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Appendix A 503 

The RCW code used in this study implements the theory of Moharam et al. [15] as extended by Li 504 
[16] to properly account for the Fourier decomposition of the fields in the presence of 505 
discontinuities. To account for diagonal anisotropy and magnetic response of the media, the theory 506 
was further extended.  For transverse electric (TE) polarization, the matrix in Eq. 14 of Moharam in 507 
the presence of diagonal 𝝐 and 𝝁 is replaced by 508 

[𝟎 �̅�𝒙

𝑨 𝟎
], (A1) 

where 𝑨 = 𝐊𝒙𝐌𝒛
−𝟏𝐊𝒙 − 𝐄𝒚, and �̅�𝒙, 𝐌𝒛, and 𝐄𝒚 are Toeplitz matrices formed from the Fourier 509 

coefficients of 𝝁𝒙
−𝟏, 𝝁𝒛, and 𝝐𝒚, respectively. 𝐕 is then replaced by 𝐕 = �̅�𝒙

−𝟏𝐖𝐐. Similarly, For 510 

transverse magnetic (TM) polarization, the matrix in Eq. 34 of Moharam in the presence of diagonal 511 
𝝐 and 𝝁 is replaced by 512 

[𝟎 �̅�𝒙

𝑩 𝟎
], (A2) 

where 𝑩 = 𝐊𝒙𝐄𝒛
−𝟏𝐊𝒙 − 𝐌𝒚, and �̅�𝒙, 𝐄𝒛, and 𝐌𝒚 are Toeplitz matrices formed from the Fourier 513 

coefficients of 𝝐𝒙
−𝟏, 𝝐𝒛, and 𝝁𝒚, respectively. 𝐕 is then replaced by 𝐕 = �̅�𝒙

−𝟏𝐖𝐐. 514 
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