
Gas-filled spherical resonators: Theory and experiment 
Michael R. Moldover 
Thermophysics Division, National Bureau of Standards, Gaithersburg, Maryland 20899 

James B. Mehl 
Physics Department, University of Delaware, Newark, Delaware 19716 

Martin Greenspana> 
12 Granville Drive, Silver Spring. Maryland 20901 

(Received 9 August 1985; accepted for publication 20 October 1985) 

Gas-filled spherical resonators are excellent tools for routine measurement of thermophysical 
properties. The radially symmetric gas resonances are nondegenerate and have high Q 's 
(typically 2000-10 000). Thus they can be used with very simple instrumentation to measure the 
speed of sound in a gas with an accuracy of0.02%. We have made a detailed study of a prototype 
tesonatot fiUed with atgon (0.1 1.0 MPa) at 300 K, with the objective of discovering those 
phenomena which must be understood to use gas-filled spherical resonators to measure the 
thermodynamic temperature and the universal gas constant R. The resonance frequencies IN and 
half-widths gN were measured for nine radially symmetric modes and nine triply-degenerate 
nonradial modes with a precision near 10 -?IN. The data were used to develop and test theoretical 
models for this geometrically simple oscillating system. The basic model treats the following 
phenomena exactly for the case of a geometrically perfect sphere: ( 1 ) the thermal boundary layer 
near the resonator w~, ( 2) the viscous boundary layer (for nonradial modes), ( 3) bulk 
dissipation, and ( 4) the coupling of shell motion and gas motion. In addition, the following 
phenomena are included in the model through the use of perturbation theory: ( 5) ducts through 
the shell, (6) imperfect resonator geometry, and (7) the seam where the two hemispheres 
comprising the shell are joined. Some estimates of the effects of ( 8) roughness of the interior of the 
shell have also been made. Much of the lower pressure IN and gN data can be explained by our 
model of these phenomena to within ± 5 X 10-6 IN when a single parameter cof( V0 ) 

113 is fit to a 
single resonance frequency at a single pressure. In this parameter, c0 is the ideal-gas speed of 
sound and V0 is the resonator volume. If this volume were known, the prototype resonator could 
be used to measure the speed of sound of a gas with an accuracy approaching ± 0.0005%. 
Improvements in resonator design which will circumvent difficulties discovered in this work are 
expected to lead to much better agreement between theory and the measured IN and KN· 

PACS numbers: 43.20.Ks, 43.20.Rz, 43.85.Dj 

LIST OF SYMBOLS u = acoustic particle velocity in fluid 

c 
c.h 
Cp,Cv 
Dv 
D, 
I 

= speed of sound in gas 
= speed of longitudinal waves in shell materials 
= specific heats per unit mass 
= 1]/p =coefficient of viscous dift'usivity 
= K /( p CP) =coefficient of thermal dift'usivity 
= w/(211") =frequency 

Y,m ( O,t/J) = spherical harmonic 

ZIU 

a 
P (w,r) 
r 

ex: P';(O)cos mt/J, m;;;.O 
a::P ,-m({})sin mt/J, m <0 
= s th solution of dj, (z)!dz = 0 
= (iJPiun" 
= specific acoustic adtnittance 
= CP/C" =specific heat ratio 

FN 

j, (z) 
k 

= F Mm =IN + ig, = complex resonance 
frequency 

= nth-order spherical Bessel function 
=w/c 

= ~2Dvlw =viscous boundary layer thickness 
= ..[Il5:70J = thermal boundary layer thickness 

kah 
K 

p 
p 

s 
T 

= wlc.h 
= thermal conductivity 
= unit vector in radial direction 
= acoustic pressure 
= absolute pressure 
= entropy per unit mass 
= absolute temperature 

•I National Bureau of Standards, retired. 
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{j' v 

Psh 

=~~~ +TJblp 
= shear, bulk viscosity coefficients 
= Lame constants 
=gas density 
= shell density 

u = Poisson's ratio 
-r = acoustic temperature 
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INTRODUCTION 

Gas-filled spherical resonators comprise mechanical 
systems whose properties are easy to model with extraordin
ary accuracy. Thus they are now being used for a measure
ment of the universal gas constant R, where an accuracy 
approaching a few parts in 106 is expected. 1 This measure
ment provides a motivation for understanding the resonance 
frequencies to an accuracy of one part in 106

• Other applica
tions are less demanding. These applications include "rou
tine" accurate measurements of the speed of sound in gases, 
particularly at low reduced temperatures where other meth
ods of measurement of virial coefficients fail. 2-

5 Spherical 
resonators have also been used for monitoring the composi
tion of binary gas mixtures.6

•
7 They are being developed for 

acoustic thermometry1 and have applications to photo-
acoustic spectroscopy.8 Spherical resonators can be used as 
enclosures for calibration of microphones via reciprocity 
and it is plausible that spherical resonators can be used for 
the measurement of the thermal conductivity of gases. 

The intent of this article is to provide a self-contained 
summary of our understanding of and experience with 
spherical resonators. This Introduction will be followed by a 
formal presentation of our theoretical model of the spherical 
resonator. The formal theory includes an exact solution of 
the "three-mode" problem for a spherical resonator. That is, 
the coupling of the pressure field, the temperature field, and 
the shear velocity field is formulated exactly, and a boundary 
condition which includes all viscous and thermal effects as 
well as the effects of nonzero shell admittance is derived.· The 
theory of the shell admittance includes the effects of radi
ation from the outer surface of the shell and internal losses 
within the shell. While the focus of the theory section is on 
applications to gas-filled resonators, most of the results are 
applicable to liquid-filled resonators. 

The major results of the formal theory are referenced in 
later sections for the benefit of the reader who prefers a more 
descriptive approach. The next major section is a description 
of our prototype resonator. This is followed by a short dis
cussion of the dominant physical phenomena required to 
model gas-filled spherical resonators in the regime where 
they are most frequently applied. We then proceed to a de
scription of a representative set of experiments which illus
trate these phenomena. In the concluding section, some 
further improvements are suggested. 

The significant practical advantages of spherical resona
tors apply to the radially symmetric gas resonances. These 
resonances have exceptionally high Q 's (see Ref. 9) and they 
are nondegenerate. For these modes, the gas motion is per
pendicular to the inside surface of the resonator's shell; thus 
the motion is not subject to viscous damping at the gas-shell 
boundary. When our 1-literresonatoris filled with argon (or 
air) at ambient temperature and at pressures in the range 
0.1-1.0 MPa, the lowest five radial resonances have Q's 
ranging from 2000-10 000. The high Q 's of the radially sym
metric modes permit the use of small, inefficient transducers 
embedded in the resonator's shell which perturb the resona
tor geometry in a minor and predictable way. 

The nondegenerate nature of the radially symmetric 
modes is significant for two reasons. First, one can show that 
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the resonance frequencies are insensitive to geometrical im
perfections in the first order of perturbation theory. Thus a 
resonator which has been constructed with ordinary ma
chine-shop tolerance can be used for extremely accurate 
speed of sound measurements without making any dimen
sional measurements other than the volume of the resonator. 
(The volume itself can be easily obtained with high accuracy 
from measurements of resonance frequencies when the reso
nator is filled with a reference gas such as argon. ) Second, 
measurements of the resonance widths of these nondegener
ate modes can be interpreted directly in terms of the proper
ties of the gas. When degeneracies are present, the apparent 
width of unresolved or partially resolved modes depends 
upon details of the resonator's geometry and the trans
ducer's properties as well as the gas' properties. 

The sy mmetey ef the spherical resonator faeiHtates de 
tailed analytic calculations of the pertubations to the reso
nance frequencies from physical phenomena which can be 
described by an acoustic admittance at the gas-shell bound
ary. The most important of these are ( 1) the thermal bound
ary layer near the resonator wall, (2) the viscous boundary 
layer (for nonradial modes), and (3) finite elastic com
pliance of the resonator shell. We shall also mention the 
smaller perturbations to the resonance frequencies resulting 
from holes drilled in the shell, including a vent hole and a 
duct leading from the interior to a transducer, imperfect res
onator geometry, the seam where the two hemispheres com
prising the shell are joined, and finally roughness of the inte
rior of the shell (such as that left from machining). 

At the pressures of interest here (0.1-1.0 MPa), dissipa
tion in the gas resulting from thermal conductivity and vis
cosity (and relaxation in polyatomic gases) is important. 
The ratio of the acoustic pressure to the static pressure is 
always less than 10-6

; thus nonlinear effects are not impor
tant. At the lowest pressures and highest frequencies dis
cussed here, the ratio of the mean free path to the wavelength 
of sound becomes as large as 5 X 10-6

• Nevertheless, correc
tions to hydrodynamics remain quite small. 10 (The effects of 
incomplete thermal accommodation of the gas with a spheri
cal shell have been observed5

•
11 at lower pressures near 10 

kPa.) 
Very large perturbations occur when a resonator is filled 

with a gas under conditions approaching condensation. 
These were recently discussed in detail elsewhere. 12 

One can show that, under most conditions, the acoustic 
radiation from the exterior surface of a gas-filled resonator, 
either through a gas or through supports, is negligible. 

Our theory of spherical resonators will be tested by mea
surements of the frequencies and half-widths of nine radial 
and nine nonradial (triply-degenerate) modes when our 1-
liter aluminum resonator is filled with argon at seven pre
sures spanning the range 0.1-1.0 MPa and at a temperature 
near 296.31 K. Under these conditions, most of the auxiliary 
quantities needed to test the theory (thermal conductivity, 
viscosity, and first acoustic virial coefficient A 1 ) are well 
known from independent measurements. The measure
ments have a frequency resolution exceeding 1 part in 106

• If 
our understanding were complete and if our measurements 
were free of systematic error, all 252 frequencies and 252 
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half-widths would be fitted by two parameters: cof( V0 ) 113 

andA2• (Here, V0 isthevolumeoftheresonatorat296.31 K 
and zero pressure, c0 is the speed of sound in argon at 296.31 
K and zero pressure, and A2 is the second acoustic virial 
coefficient of argon at 296.31 K.) For five of the radially 
symmetric modes, this appears to be true at the level of 10 
parts in 111'. The evidence we present suggests that it will be 
possible to construct new resonators for which theory and 
experiment agree near the level of 1 part in 111'. 

I. ACOU5ncAL MODEL FOR THE SPHERICAL 
RESONATOR 

In this section, we describe the acoustical model of the 
spherical resonator. The model includes a calculation of the 
response of the gas and the shell to excitation by a steady 
sinusoidal stimulus, and also includes calculation of the fun. 
damental resonance parameters which appear in tbe re
sponse function. It is convenient to assume that all of the 
"small" quantities of linear acoustics are proportional to ew., 
and to obtain solutions in the form of linear combinations of 
appropriate eigenfunctions. In the following development, 
we assume the eventual inclusion of a source term whose 
strength and frequency remain constant long enough for the 
system to reach a steady state. 

Let the acoustic field be described by a velocity potential 
Ill ( r). In the lowest order of approximation, with all dissipa
tive effects neglected, the acoustic pressure and particle ve
locity are related to 'II ( r) by 

p(r) = - ittJp'll(r) n) 
and 

u(r) = Vll'(r), (2) 

where 'II (r) is a solution of 

(V2 +w2/cl) ll'(r) = 0. (3) 

The boundary condition can be conveniently stated in tenns 
of a specific acoustic admittance 

all'(r) (IV) a;;-= - i 7 P<w.rs> 'l'(r), (4) 

where P (tl), rs) is defined to be the normal component of 
pcu/pat positionrs on the boundary. It is convenient to seek 
solutions of Eq. ( 3) in tbe fonn of linear combinations of 
eigenfunctions satisfying 

(V2 +k;)'I'N(r) = 0 (S) 

and the boundary condition ( 4). The effects of geometric 
imperfections will be considered later in this section. For an 
ideal spherical geometry, the eigenfunctions are 

Ill,_ (r) oc j,. (k,..r) Y.., (8~ ), ( 6) 

where the k,.. are determined by the boundary condition at 
r =a. For the case where P is independent of position, the 
boundary condition is 

(7) 

which can always be solved numerically for the k,..a. In the 
limiting case of a uniform, rigid, fixed shell with perfectly 
insulating walls, the specific admittance is zero, and the 
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eigenvaluesaretherootsofj~ (z) = 0. Letz,., bethesthsuch 
root. There are 2n + I degenerate modes with the indices 
( ns ); tbe frequency of these modes in this zero-order approx
imation is cziU/(21Ta). 

In the following sections we develop more accurate ex
pressions for the frequencies of the modes. The major effects 
come from viscous and thermal effects at the shell boundary, 
and the finite acoustic impedance of the shell. These bound
ary effects, along with bulk viscous and thermal effects, are 
treated in the next section on wave modes. These effects, 
along with the smaller effects due to the fill duct and trans
ducer coupling duct, shift the frequencies of the modes from 
the ideal valuescziU/(217'0). It is convenient to represent the 
frequencies in the complex form FN =IN+ igN• where the 
imaginary term describes either the decay of free oscillations 
or the resonance half-width in steady-state measurements. 

A. Wave modes 

We begin our analysis of the wave modes of an acoustic 
resonator with the equations derived by Kirchhoff in 
1868. 13

•
14 We assume a spherical coordinate system with the 

origin at the center of a geometrically perfect shell. 
Kirchhoff assumed that the pressure, temperature, and 

particle velocity were described by the Navier-8tokes equa
tion, the equations of continuity of mass and entropy, and 
Fourier's law of heat ftow. Let the pressure and temperature 
be represented by P + p (r) and T + T (r), where P and T 
are the ambient quantities, and p (r) and 1' (r) are small 
tenns with the assumed time dependence. The equations of 
motion couple these fields with each other and with the Jon
gitudiual particle velocity u (r). Kirchhoff found that T (r) 
was governed by a fourth-order partial differential equation. 
It is convenient to write this equation in the fonn 

ucS:n> [ 1 + (iyn> (Cd<5~/c)2 )V4r 
+ p + <in> <tl)lc>2<rcS: + 8~2> 1 v21' 

+ (tl)/c)21' = 0. (8) 

The characteristic lengths in this equation are tbe thermal 
penetration length 

cS, = ~2D,/UJ, (9) 

and a quantity tS~, which is related to tbe viscous penetration 
length 

tSU = ~2DJtl), ( 10) 

and the bulk viscosity 1Jb by 

6;2 =! 6~ + 1Jb/p. ( 11) 

For argon at 300 K and 0.1 MPa, with a frequency of 10kHz, 
approximate values for these lengths are cS, = 21 p.m, 
6., = 26 p.m, and 6; = 30 p.m. (For argon and other mon
atomic gases, the bulk viscosity term is negligible; it is in
cluded in the formalism for completeness.) Following 
Kirchhoff, we proceed by obtaining solutions for T ( r). 
From these we determine tbe pressure and particle velocity. 
Morse and Ingard 15 show that the pressure is related to the 
temperature through 

p (r) = [ya/(y- l)] [1- (c5;12i) V2 J r(r), (12) 
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and that the longitudinal particle velocity u(r) is given by 

i{J)pU= -V (P+ (iy/2) ((JJ8~/c) 2 (p-a1")1. (13) 

[The derivation of Morse and lngard makes it clear that Eqs. 
(8), ( 12), and ( 13) apply to dense fluids as well as to gases.] 
Equation ( 13) does not represent the complete gas velocity. 
A divergence-free component w(r), a solution of the trans
verse part of the Navier-Stokes equation 

i{J) pw(r) = TJV2w(r), (14) 

can be added to u. Solutions ofEq. ( 14) will be needed later 
to satisfy boundary conditions at the resonator wall. 

Equation ( 8) separates into 

(15) 

where k; and k ; are the roots of a bi-quadratic equation 
whose coefficients can be determined from Eq. (8). It is 
most convenient to write expressions for these roots in the 
form of series expansions of the exact solutions: 

k; = ( ~) 
2 

[ 1 - ( ~ ) ( ~) 
2 

[ < r - 1 > 8; + 8~2 1 

+ 0 ( :8)1 (16) 

k; = ( ~ti) [ 1 + ( ~ ) ( ~ r ( r - 1) ( t5; - 8~2 ) 

+O({J):rl (17) 

The notation here indicates that the solutions are correct to 
fourth order in the ratio of any of the characteristic lengths t5 
to the wavelength of an acoustic wave. 

Kirchhoff found solutions of Eq. ( 8) for plane waves 
and spherical outgoing waves in an unbounded medium, and 
for waves propagating along the axis of a circular tube. It is 
also possible to write down exact solutions for standing 
waves in a spherical geometry. Solutions which are finite at 
the origin have the form 

1"(r) = [1"Pj,(kPr) +1"tj,(ktr)] Y,m({),t/J). (18) 

From Eq. ( 17) we see that kt is approximately equal to 
( 1 - i)/t5t. Thus the termj,. (ktr) varies rapidly with r. For 
large values of r/8t, the asymptotic form j, (z) 
:::::cos[z + (n + 1) 1T/2]/z can be used. With z = ktr, the 
amplitude of this expression is approximately 
.exp(r/8t )/(r/t5t ), which decays rapidly with decreasing r. 
Thus the behavior of the exact solution ( 18) is similar to the 
behavior of the approximate boundary layer solutions pre
sented in many texts. The contribution ofEq. ( 18) propor
tional to 1"t is only important within a few boundary layer 
thicknesses 8t of the wall. 

The pressure corresponding to Eq. ( 18) is 

(19) 
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The longitudinal particle velocity is given by 

pcu(r) = ic ~ V [ F (k;) 1"P j, (kpr) Y,m 
{J)y-1 

+ F (k ;) 1"t j, (ktr) Y,m 1, 
where 

F(k 2 ) = 1 + ( ~) ( {J):~ r _ ( ~) (kc5t )2 

(20) 

+ ( ~) ( {J)8:8tk r (21) 

We also need an expression for the transverse velocity field. 
Equation ( 14) can be written 

(V2 + k ~) w (r) = 0, (22) 

where 

k ~ = '1]/(i{J)p) = - 2i!t5~. (23) 

The general solution of the vector Helmholtz equation ( 22) 
is a superposition of a longitudinal field and two transverse 
fields. Only the latter are admissible here. The solution has 
the form16 

w(r) = W1VX [n,lj,. (k.r) Y,m 1 
+ ( W21ku) VXVX [ n,lj,. (k.r) Y,m], (24) 

where W1 and W2 are constant parameters and n, is a unit 
vector in the radial direction. Like the thermal contribution 
in Eq. ( 18), the shear wave solution is significant only within 
a few boundary layers 8" of the wall. 

B. Boundary conditions 

We now have the formalism necessary to satisfy appro
priate boundary conditions at the shell wall. We require that 
( 1 ) the temperature and heat current are continuous at the 
wall, (2) the tangential components of the total velocity 
u + v vanish at the wall, and ( 3) the ratio of the normal 
component of the velocity to the pressure is equal to an effec
tive acoustic admittance. 

Herzfeld 17 showed that when the product of the thermal 
conductivity and specific heat per unit volume of the shell 
material greatly exceeds the corresponding quantity of the 
gas, the first condition is practically equivalent to the re
quirement that the temperature be constant on the shell wall. 
For a typical gas in a metal shell the temperature amplitude 
at the gas-shell interface is on the order of 10-4 ofthe tem
perature amplitude well within the gas. It is thus an excellent 
approximation to simply require that 1"(r) vanish for r =a, 
which fixes the ratio of the constants in Eq. ( 18) through 

1"pjn (kpa) + 1"tj, (kta) = 0. (25) 

The constants W1 and W2 in Eq. ( 24) are determined by the 
condition that the 0 and t/J components of u + w equal the 
corresponding components of the shell velocity. The latter 
are zero in the approximation that the shell is infinitely rigid, 
and are small under the conditions. of our experiment. Their 
inclusion in the theory leads to a small correction to a term 
which is itself a small correction. We thus assume for simpli
city, without significant loss of accuracy, that the 0 and t/J 

Moldover st a/. : Spherical resonators 256 



componentsofu + wvanishatr =a. The two conditions are 
actually equivalent, and are satisfied if W1 = 0 and if W2 is 
given by 

The transverse velocity has a radial component 

w, (r,fJ,t/J) = W2 [j,. (k.r)/(k.r) ]n(n + 1) Y,.m (8,1/J), 
(27) 

which contributes to the remaining boundary condition at 
r=a: 

(28) 

Here {3 sh ( m) is the specific acoustic admittance for the shell. 
For a given shell this quantity is a calculable function of the 
frequency and mode index n. It is discussed further in the 
following section. The right side ofEq. ( 28) is the product of 
{3 sh and the negative of the stress in the fluid. The latter 
differs from the acoustic pressure by a factor of 1 + 0 ( m8! 
c) 2

• For simplicity, we neglect this small correction. From 
Eqs. (19), (20), and (25)-(28), we then obtain 

Except for a small correction to the right-hand side, this 
equation is exact. The next step is to eliminate k ;, k :. and 
k :. This, along with an expression for the shell admittance, 
leads to an equation which determines the complex reso
nance frequencies of the gas in the shell. In principle, the 
exact expression for k;, k ; , and k : could be used in deter
mination of the resonance frequencies. We can obtain suffi
cient accuracy by using the series expansions (16) and (17) 
of the exact solutions. These lead to the following expres
sions for the functions F( k 2

) : 

F(k;) = 1 + (i/2) (m/c) 2 (8~2 -8:) +0(m8/c)4
, (30) 

F(k;) = ( -i/2) (m8,/c) 2(y-1) +0(m8/c) 4
• (31) 

To lowest order, k, is equal to ( 1- i)/8,. Thus the magni
tude of k,a is of order a/8,, and the asymptotic form can be 
used for the spherical Bessel functions in Eq. (29): 

j~ (k,a)/j,. (k,a):::::: -tan [ k,a - (n + 1) 11'/2] 

(32) 

Similarly, since k. is exactly ( 1 - i)/8., the expression 
1 + k.aj~ (k.a)/j,. (k.a) in Eq. (29) can be approximated 
by ik.a. With these approximations, Eq. (29) becomes 
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1- i 

2 

( 
oia2 8 8 ) X (y-1)-...!....-n(n+1)~. 

t? a a 
(33) 

where the right-hand side of this is correct to within a multi
plier 1 + 0 (m8/c) 2

• Equation (33) can be rearranged as 

kPaj~ (kPa)/j,. (kPa) = - i (male) ({3.h + {3, + {3. ), (34) 

where 

{3, =! (1 + i) (m!c) <r- 1) 8, (35) 

is the thermal contribution to the acoustic admittance and 

13. ! ( 1 + i) (clw) n (n + 1) B.la' (36) 

is the viscous contribution to the acoustic admittance. 
Equation ( 34) is an approximation to the more accurate 

boundary condition (29), and has the same form as Eq. (7). 
We thus see that the thermal and viscous effects can be in
cluded in Eq. ( 7) to order ( m8/c) 2 by introduction of the 
boundary admittances given by Eqs. ( 35) and ( 36), and use 
ofEq. (16) to relate kP to the frequency. 

Equation ( 34) can always be solved numerically for the 
quantities kPa. These can then be related to complex reso
nance frequencies FN =IN +igN through Eq. (16). Note 
that the thermal and viscous terms are generally small for 
both gases and liquids, but the shell admittance is not neces
sarily small. Thus it is worth developing approximate solu
tions for this case. Let kell = mell!c be any solution of 

(37) 

Now, the relation between kP and min Eq. ( 16) can be ex
pressed to order (m8/c) 4 as 

kpa = (ale) (mo +11m- 211'igbulk) = kell +aka, (38) 

where 

11"13 
( 1 i:2 4 i:? 'IJb ) 

gbulk =-- <r- ) u, +-u. +-
c' 3 p m 

(39) 

can be identified as the contribution to the imaginary part of 
the resonance frequency which is proportional to the bulk 
attenuation of sound. In small terms like ( 39), I represents 
either the source frequency in steady-state measurements or 
the real part of the mode frequency in free decay. 

We next approximatej,. (kPa) andj~ (kpa) in Eq. (35) 
as follows: 

j,. (kpa) = j,. (kell) + j~ (kell) aka+ 0 (11ka) 2
, 

j~ (kpa) = j~ (kell) + i:<kell) aka+ 0 (/1ka) 2
, (40) 

., (k ) 2 ., (k ) (1 n (n + 1)) . (k ) 
},. ell = -- kell},. ell + - (kell)2 ),. ell . 

The last of these, the differential equation forj,. (z), can be 
used to eliminate the second derivativej; ( kell). The remain
ing spherical Bessel function terms involve only the ratio on 
the left side ofEq. ( 37), and can be expressed in terms of {3 sh. 

The result, correct to order (11ka) 2
, is 
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A (ka) 

k(/1 

A/+ ig- igbulk 

f 
- i ({J, + Pu }/(/c(/l) 

= [ 1 - n (n + 1)/(koa)l] + ;psb - P~ . ( 41) 

Two limiting cases ace ofint.erest. For an infinitely rigid 
shell, the shell admittance P a11 vanishes, and the solutions 
k(/1 ofEq. (37) are thez..., and Eq. (41) is 

A F fU igbulk i <P, + Pu )/zns __ , __ _ 
f f 1 - n (n + 1 )/z!. 

= igbulk _ 1- i (y- 1) c5, + n (n + 1) c5u/z!. 
f 2a 1 - n (n + 1)/z!, 

(42) 

Equation ( 42) shows that the thermal and viscous boundary 
effects each contnoute to the shifts to the real and imaginary 
parts of the resonance frequency, and that the magnitudes of 
the real and imaginary contributions ace equal. Equation 
(42) also shows that the bulk thermal and viscous efFects 
only contribute to the imaginary part of the resonance fre
quency. 

For gases in a metal shell, it is nearly always a good 
approximation to assume that the shell admittance is small. 
The exception is when an acoustic resonance frequency and 
a shell resonance frequency nearly coincide. In such cases, 
magnitude of the shell admittance can be very large. The 
specific acoustic admittance of the shell, as defined in Eq. 
(28), is directly proportional to the gas density. Thus, for 
very high density gases or liquids, the magnitude of the shell 
admittance can be large over a wide range of frequencies, 
particularly for the relatively thin resonators often used in 
studies of liquids. The solutions of Eq. (35) for the case 
IP a11 I > 1 correspond to the .. pressure release" boundary 
condition. i.e., they are close to the roots of the spherical 
Bessel function rather than its derivative. For these cases, 
Eq. ( 41 ) shows that the thermal and viscous boundary ef
fects vanish. The reason can be seen in Eqs. (25) and (26), 
which show that -r,, the magnitude of the thermal wave, and 
W2, the amplitude of the transverse wave, are both propor
tional tojn (kpa), which vanishes when IPs~~ I is infinite. 

Formally, Eq. (20) gives an expression for the velocity 
potential '{IN in Eq. (2). This velocity potential can still be 
associated with the mode indices N = (nsm), but is no long
er a solution of Eq. ( 3) with the simple form given in Eq. 
( 6). The difFerences, however, are of order ( OJ<5/c) 2• To low
est order the relation between '{IN and p expressed in Eq. 
(19) is equivalent tothatgivenin Eqs. ( 1)-(2). For calcula
tion of the measured resonator response and calculation of 
certain higher-order efFects, the difFerences between the 
zero-order description given by Eqs. ( 1 )- ( 6) and the more 
accurate description developed in this and the previous sec
tion can be neglected. The main thermal and viscous efFects 
ace the efFects on the resonance frequencies, which are repre
sented with sufficient accuracy by, e.g., Eq. ( 41). 

Some preliminary ptodeling calculations have been car
ried out to determine the efFect of lack of smoothness of the 
surface finish on the thermal boundary layer perturbation. 
For these calculations, the surface was assumed to have a 
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sinusoidal profile of amplitude c5<c5,. (Such a finish might be 
left by machine tools. ) The results seem to be sensitive main
ly to the parameter c5 and not to the horizontal spacing of the 
surface undulations (over a reasonable range of param
eters). The calculations suggest that A/, is increased by a 
factor ( 1 + 'M/c5,) and that 4g, is not afFected. [Here AI, 
and 48, refer to the thermal contribution to Eq. (42).) 

C. Shell motion 

The theory of the interaction of a uniform spherical shell 
with an internal acoustic mode was first worked out by 
Greenspan for the purely radial case. 18 Mehl recently treated 
the general nonradial case. 19 In this section, we present a 
brief treatment of the radial case. We include the effects of 
radiation from the outer surface of the shell and of internal 
dissipation in the shell. The objective is to calculate the efFec
tive acoustic admittance of the shellPsh (ll1), which was re
ferred to in the previous sections. We also summarize the 
results for the n = l nonradial case. Modes with n > 1 were 
not studied in the present work. 

We assume a uniform spherical shell with inner radius a 
and outer radius b. We assume that the shell is surrounded 
by a fluid which is not necessarily the same as the ftuid en
closed in the shell. Thus this calculation could apply, for 
example, to a liquid-filled resonator which is surrounded by 
air. We neglect the coupling to the outside world through the 
mechanical supports. 

We assume that the shell material is isotropic with Lame 
constants A. and p. The speed of longitudinal waves in the 
shell is 

(43) 

For the radially symmetric case, the displacement in the ra
dial directions, (r) is the derivative of a scalar solution of 
the Helmholtz equation, which we write as 

aH0 (k.br) 
s, = ' ar (44) 

wbereksh ={J)/c.,. and 

H, (z) = ad, (z) + a'J)', (z) (45) 

is a linear combination of spherical Bessel and Neumann 
functions. The boundary condition at r = a requires that the 
normal stress in the gas, which we approximate by the nega
tive acoustic pressure [refer to the discussion following Eq. 
( 28) ] , be the negative of the " component of the stress ten
sor, and that the acoustic particle velocity match the shell 
velocity iws,. This condition can be written in terms of a shell 
impedance 

= _ (A.+ ?.{.t) AH0 (A)- 4p.H1(A) 
ili1DH1(A) 

(46) 

where A = ksha. At r = b, we assume that we can estimate 
the effects of the surrounding fluid by using a radiation 
boundary condition. The shell boundary condition at r = b 
is then 

Moldover st sJ. : Spherical resonators 258 

moldover
Sticky Note
In Eq (43), replace Greek mu with 2*mu.



ik'b 
Z =p'c' 1 

r 
1 1 1 +ik;b 

(l + ~) BH0(B)- 4J.tii1(B) 
= - fuJaH

1
(B) ' 

(47) 

where B = k.,. b and p;, c;, and k; = {J)/c; refer to the gas 
outside of the shell. In our work, this is the same as the gas 
inside the shell. However, it is useful to distinguish the two 
fluids so that our final expression can be applied to, e.g., 
liquid-filled resonators in an air environment. 

Equation ( 4 7) can be used to evaluate the ratio of the 
constants in Eq. ( 45). When the results arc used in Eq. ( 46), 
we obtain, after extensive algebra, an expression for the 
acoustic impedance of tbe shell at r = a. It is convenient to 
express thls in the form of an acoustic admittance 

p.,. = p1 c1 1Z,. = [ -ljxuca/( p.,.~)] S0 (k.,.a), ( 48) 

where p1 and c, refer to the gas inside the resonator. The 
function S0 has the form 

S0 = - q[ ( G 1 + qRG2 )/( G1 + qRG4 ) ], ( 49) 

where 

q = (l + ~)/4p = !< 1 - 0')/( 1-20'), (50) 

R = ( p;c;21p.,.~) [ (k ;h)1/(l + ik ;b> ], (51) 

and 

G1 = (1 +AB-qB 2 )tan(B - A) - (B - A) -qAB 2
, 

G2 = (1 + AB)tan(B -A)- (B - A) 

G3 = [(qA 2 -I) (qB 2
- 1) +AB )tan(B - A) 

- (1 +qAB) (B-A), 

(52) 

G4 = (1 +AB-qA 2 )tan(B-A) - (B - A) +qA 2B. 

In Eq. (SO), the second form expresses the ratios of the elas
tic constants in terms of Poisson's ratio u. 

At zero frequency, the radiation terms vanish and the 
admittance function S0 is the limiting value of-qG1/G1: 

So(O)= -q -3qab2+3abh(a - qb)+h3, (53) 
3qh (a2 +ab+ b 2

) + 3abh + h 3 

where h = b - a is the shell thickness. The shell resonances 
occur at frequencies for which the denominator in Eq. ( 49) 
vanishes. H the radiation terms are neglected, the frequen
cies are given by thezerosofG3(ko~aa) . The lowest root cor
responds to the breathing mode of the shell. The higher fre
quency modes occur when tan( k111h) is close to zero. These 
modes correspond roughly to the longitudinal thickness 
modes of a ftat plate. They clearly occur at much higher 
frequencies than the gas resonances as long as c. /h is much 
larger than c1 / a. This suggeSts that a good approximation to 
Eq. (49) can be obtained by simply dividing the zero fre
quency limit by a resonance term [ 1 - ( f !IlK )2

], where/be 
is the breathing resonance frequency. For the shell used in 
the present work. this .. isolated mode" approximation does 
not diif'er from the exact result by more than about 2% ex
cept very close to the breathing resonance. 

For the nonradial case, the shell admittance is given by 
an expression similar to Eq. ( 48 ), withS0 replaced by a more 
general functionS,.. 19 For n > 0, the admittance functionS,. 
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TABLE I. R.esooaoce frequeocy shifts and losses due to shell motion (argon 
at 296 K, 1 MPa). 

$ 

2 
3 
4 
s 
6 
7 
8 
9 

10 

O.Q3 
0.09 
0.19 
0.31 
0.47 
0.65 
0.87 
1.12 
1.~ 

No radiation With radiation 
1if>t&/.,lfo. 1if>t&/,,,//o. lif>g..,lfo. 

-51.96 
-55.46 
-61.72 
-72.71 
-93.67 

- 143.71 
- 386.S7 

408.83 
122.13 

- 51.96 
- SS.46 
- 61.72 
-72.71 
- 93.67 

- 143.72 
- 386.65 

408.63 
122.12 

0.01 
0.02 
0.04 
0.08 
0.16 
0.44 
3.75 
4.82 
0.49 

must be calculated numerically. For the present, we simply 
note the formal similarity of the radial and nonradial cases, 
and proceed to calculate the shifts in the resonance frequen
cies due to shell motion. 

Equation ( 37), together with an expression for the shell 
admittance, can be used to determine the quantities kfll. 
These quantities represent the acoustic eigenvalues in the 
absence of dissipative and boundary-layer effects, but with 
the shell motion completely accounted for. For {J) near 
cz~l a, the quantity pax:a in Eq. ( 48) is approximately 
P.c!z,.., or approximately rPz.u in the ideal-gas limit. For 

·aluminum, the quantity p.,. ~ is about 1.1 X 1Cf> MPa. The 
dimensionless functionS,. ( k.,. a) is of order unity except for 
frequencies near shell resonances. Thus, for gases at moder
ate pressures, f3 lh will have a small magnitude, and an ap
proximate solution to Eq. ( 37) can be found by carrying out 
series approximations similar to Eqs. (40), with ktP re
placed by z,... This leads to 

a f.+ igob 

I 1 - n (n + 1)/z!. 

Psi! S,. (koba) 
=-- (54) 
Pob~ 1 - n (n + 1)/r,.. 

The shell effects are largest at the highest pressures. 
Equations ( 49 )-(52) and (54) have been used to calculate 
the shifts in the resonance frequencies of the radial modes of 
argon at 296 K and 1.0 MPa in the aluminum shell used in 
our work. The results are summarized in Table I. The imagi
nary terms represent radiation losses from the outside of the 
shell. Except for the (s,n) = (0,8) and (0,9) modes, which 

TABLE D. Ell'ects of sbdl dissipation on acoustic losses (argon at 296 K, 1 
MPa). 

lif>g,l/, for Q., = 
$ fo.lf., 10 100 1000 10000 

2 0.03 0.96 0.10 0.01 0.00 
3 0.09 1.88 0.19 0.02 0.00 
4 0.19 3.29 0.33 O.QJ 0.00 
s 0.31 5.90 O.S9 0.06 0.01 
6 0.47 11.94 1.21 0.12 O.oJ 
7 0.6S 32.28 3.40 0.34 O.oJ 
8 0.87 187.20 28.53 2.87 0.29 
9 1.12 207.21 36.44 3.67 0.37 

10 1.~ 34.09 3.70 0.37 0.04 
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are close to the breathing resonance of the shell, the radi
ation-loss term is negligible. The real part of the frequency 
shift is shown for the cases of a radiation load and for the case 
of a vacuum surrounding the shell. The numerical results in 
Table I are carried out to sufficiently high order to show that 
there is only a negligibly small difference. When the radi
ation effects are small, the ratio of the imaginary and real 
parts of S0 is proportional to the external gas density. Equa
tion (54) shows that the quantity A f.b + ig,m is proportion
al to the product of the density and S~ thus A/., is propor
tional to the density and glh is proportional to the square of 
the density. At a pressure of 0.1 MPa, the radiation loss 
terms become negligible even for the modes nearest the 
breathing mode of the shell. Because all the experimental 
work reported in this paper was carried out at pressures be
low 1 MPa, the radiation losses have been neglected in the 
remainder of our formal analysis. 

It is also worth considering the effect of internal losses in 
the shell. The losses are associated with strain rates, and can 
be described in terms of complex elastic constants. In the 
isolated mode approximation, this leads to an expression of 
the form 

S (f) - So(O) (SS) 
0 

- 1- (f/f~>2 +i(f/f~>lfk, 

where Qlh is a shell quantity factor. Table II summarizes the 
loss terms g .. Jfo. for the radial modes for a pressure of 1 
MPa and for various values of Q,m . It is clear that the contri
butionS will be significant only for very small values of Q ... 
and for frequencies near the breathing resonance. 

Numerical calculations of the admittance function 
S,. (koha) for the nonradial modes have been described else
where. 19 Results for the n = I modes of the aluminum shell 
used in our work are presented in a later section. 

A qualitative discussion of the functional form of 
S,. (kua) is useful in the present context. For n>2, the spe
cific admittance of the shell is qualitatively similar to the 
n = 0 case, except for the additional bending mode reson
ances at lower frequencies (i.e., lower than/~). At low fre
quencies, the admittance is the inverse of a stiffness reac
tance associated with the elastic deformation of the shell. 
For each n, as the frequency is increased, the shell inertia 
becomes more important, until the admittance diverges at 
the bending-mode resonance. For each n, there is an addi
tional resonance at frequencies above/~. These modes, like 
the breathing mode, are associated with a net stretching of 
the shell. At still higher frequencies, there are resonances 
which correspond to the longitudinal thickness modes of a 
flat plate. 

Foe n = 1, the "bending" mode is at zero frequency. The 
displacement proportional to Y1'" (8~) is equivalent to uni
form translation of the shell. For then = 1 case only, the 
acoustic pressure exerts a net force on the shell which excites 
this translational motion. The corresponding inertial reac
tance can be easily calculated if deformation of the shell is 
neglected. The resulting specific admittance is given by 

i ((t)(l/c) Pu = M,.IMu, (56) 

whereM- is the total mass of gas in the shell, and Mu is the 
total shell mass. This equation is in close agreement with the 
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numerical calculations for frequencies well ·below the first 
nonzero, n = 1 shell resonance. The frequency shift corre
sponding to Eq. (56) is 

(A/ulf>b = (M,_/Moh )/(rb - 2), (57) 

which can be interpreted as a reduced mass correction for a 
coupled oscillator times a correction factor. The correction 
factor accounts for the difference between the actual fluid 
motion and uniform translational oscillations. 

o. Holes In the shell 

Vent holes through the resonator shell can be modeled 
as uniform cylindrical ducts with an appropriate terminal 
impedance. The same is true for holes which acoustically 
couple the inside of the shell to transducers which are either 
external or partially imbedded in the shell. The propagation 
parameter for waves in the duct is, according to the Kirch
hoff- Helmholtz theory ,13.20 

kK.H = ({(}/c) {1 +(I - i) ( (y- 1) 8, + 8u )/(2r,)}, 
(58) 

where r, is the duct radius. Let Po be the terminal specific 
admittance of a duct of length L. Then. the input specific 
admittance of the hole, p,., is given by 

I{J, = (/{J0 - tan kK.HL)/(1 + i{J0 tan kKHL). (59) 

For the vent hole, /{J0 can be estimated by assuming a radi
ation boundary condition appropriate for an opening with 
an infinite flange: 

i{Jr.d = L~ ( {(};~~)- ~ ( {(};, rr'. (60) 

Under typical conditions where llfJr.d I > I tan kK.HL 1. Eq. 
(59) simplifies to 

(61) 

When typical experimental parameters are used in the 
evaluation of Eq. (59), the magnitudes of both the real and 
imaginary parts of ;p" are found to be of order unity, except 
for frequencies near the resonance frequencies of the ducts. 
For a hole terminated by a transducer in a cavity with an 
effective volume V.,, the terminal specific admittance is giv
enby 

iPc = -{(}VJ(~c). (62) 

The transducer coupling hole bas a Helmholtz resonance at 
low frequencies which can significantly perturb the eigenfre
quencies of the lowest modes. The higher-frequency reson
ances occur very close to the frequencies for which an inte
gral number of half-wavelengths equal the duct 1cogth. 
Thus, at higher experimental frequencies, I,P11 I can be kept 
on the order of-unity by using a sufficiently short duct. The 
vent hole is formed with a short duct of small radius coupled 
to a much larger duct drilled partway through the shell. 

The effects of nonuniform boundary admittances on the 
eigenfrequencies can be calculated using boundary perturba
tion theory.21 let the unperturbed state correspond to the 
boundary condition ( 1) withP( {(}) representing the terms in 
(34), and letP({(},rs) = P({(}) +liP({(}, r~ ). The additional 
shift in the eigenfrequency is given by 
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AF,.. fuxil fs'I'!.A.8({t),r8 ) dS 
--= 

~ fv'l'!. dV 
(63) 

f 
where the 'I' .... are eigenfunctions satisfying the boundary 
condition (7), the integral in the numerator is over the sur
face of the resonator, and the integral in the denominator is 
over the volume of the resonator. The shifts in the eigenfre
quencies due to a bole in the shell can be easily calculated for 
the radial modes, since the eigenfunction is a constant on the 
shell wall. The result is 

!:J.I, + ig, ;p, ~ 
1 = z,.. 41rcr • (64) 

where ~ 1 ( 4tra2
) is the ratio of the area of the hole to the 

surface area of the shell. Typically this ratio is on the order of 
10-5

• The total hole perturbation has a similar magnitude 
for frequencies well away from the hole resonances. 

E. Seam between the hemispheres 

The seam where the two hemispheres are joined in the 
construction of the spherical resonator should also be con
sidered. Our description of the shell motion assumed a uni
form isotropic shell. We have made no theoretical estimates 
of the effects of the joint between the hemispheres, and must 
rely on experimental evidence (presented later in this paper) 
to justify the simplifications made in our theory of the sheD. 

A small gap at the junction of the hemispheres could 
also affect the resonance frequencies. H the surfaces at the 
joint are smooth and fit well, it is reasonable to assume that 
the average width of the gap is less than 8u. ln this limit, the 
specific admittance can be estimated from the Poisueille flow 
resistance for a channel of uniform width. Assume the chan
nel cross section is D by 21ra, and the length is L. The corre
sponding specific admittance is real and equal to p cD 2 I 
( 121'JL). Thus there is no frequency perturbation; the contri
bution to the resonance width of radial modes is given by 

gll=p cD31(241'JLaz01 ). (65) 

For argon at 300 K, 0.1 MPa, Dz S p.m, with the dimensions 
of the sphere used in this work, this is equal to 
1.4 x to-a IZo.., which is negligible. 

F. Imperfect spherical geometry 

The holes considered in the previous section are a type 
of geometric imperfection which has small dimensions com
pared with a typical acoustic wavelength. We now consider 
larger-scale geometric imperfections. Let the inner surface 
of the sphere be described by 

.!_= l-E} CJ,.,l/m(8,f,6), (66) 
a 1::t 

where Eisa small parameter and the series represents a shape 
factor with a magnitude of order wuty. Boundary shape per
turbation theory22 can be used to calculate the shifts in the 
eigenfrequencies in terms of the coefficients c1,., • ln interpret
ing the results, it is useful to adjust the value of c00 so that the 
effects of change of volume are not included. That is, we wish 
to consider relative changes in the eigenfrequencies as the 
sphere is distorted, subject to the constraint that the volume 
does not change. Then. for radial modes, the effect of change 
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of shape alone causes fractional shifts in the eigenfrequencies 
which are of order~- Greenspan18 demonstrated this for 
spheroidal deformations by expanding the exact solution, 
and Mehl23

•
24 showed it for arbitrary shapes using perturba

tion theory. The numerical prefactor A I I (I~) depends on 
the shape but is typically of order unity. Some values are 
tabulated in Ref. 23. 

A complete discussion of the case of nonradial modes is 
presented elsewhere. 24 The results wiD be summarized here. 
particularly for the n = I case. For nonradial modes, the 
lowest-order shift in the eigenfrequencies is linear in E. Con
sider then = 1 case. Owing to symmetry, the matrix ele
ments of boundary shape perturbation theory vanish except 
for the terms corresponding to the coefficients elm with I 
equal to 0 and 2. We disregard the I = 0 term which de
scribes a change in volume, since this term leads to the same 
shift for all modes. 

It is worth considering the types of shape imperfections 
which are likely to arise in machining and assembling a reso
nator from two hemispheres. The individual parts are likely 
to have a high degree of rotational symmetry about their 
respective axes, and to be cut off in a plane which is accurate
ly perpendicular to the axis of symmetry. However, the dis
tance of the cutoff plane from the .. pole" of the hemisphere 
must be measured by the machinist. It is probable that actual 
parts may be cut off a bit long or a bit short. Such effects can 
bedescribedbyatermoftheform - EP2 (cos 8) inEq. (66). 
The mean radii of the two parts are also likely to di1fer by a 
small amount. This type of perturbation can be described by 
odd-order Legendre polynomials in Eq. ( 66). Owing to sym
metry, such terms do not shift the eigenfrequencies to first 
order. A third type of fabrication error is likely to arise in 
assembly of the resonator. The axes of symmetry of the two 
parts are likely to be quite parallel. but not necessarily coin
cident. Let the separation of the two axes be 2e 1a. This leads 
to terms in Eq. ( 66) with m = 1. The only terms which con
tribute to a perturbation of the n = 1 eigenfrequencies are 
those in 

ria= l-EJ'2(cos8) -i£1P~(cos8)cosf,6. (67) 

The corresponding frequency shifts are 

!:J.I_ =Eo~~+ 1 A., (68) 
1 s ~. -2 

where A. is an eigenvalue of a 3 by 3 matrix. The eigenvalues 
are 

A.0 =0, 

A.±l = ~±i [l+!i(E,IE'o)2 j. (69) 

Note that when E1 = 0, the degeneracy is only partly lifted. 
The mode with angular factor cos 8 corresponds roughly to 
translational motion along the z axis. The eigenvalue for this 
mode is A.+ 1 = 2. The frequency is determined mainly by 
the polar diameter of the resonator, which, according to Eq. 
(67),isdecrcasedbyafractionalamounUo-Themodeswith 
angular factors sin 8 cos 1,6 and sin 8 sin 1,6 correspond 
roughly to translational motion along the x andy axes. Their 
eigenfrequencies are determined by the equatorial diameter, 
which is increased by a fractional amowtt - EJ'1 (0) 
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= Eo/2. When £ 1 is nonzero, the degeneracy of these modes 
is lifted. One of the frequencies of the degenerate modes is 
unchanged since the effective length of the resonator in they 
direction is not changed by a small displacement ~1a in the 
x direction. The eigenfunctions of the + 1 mode and the 
- l mode get mixed somewhat, and the frequencies move 

further apart. The - 1 mode will correspond to transla
tional motion along the long axis of the resonator, which will 
be at some angle to the z axis. · 

The splitting of nonradial modes by boundary shape 
perturbations is of interest because it permits a measure of 
the geometric quality of the resonator directly from acoustic 
measurements. The nsm modes of a perfect resonator are 
(2n + 1 ) -fold degenerate; thus the analysis of the data be-
comes increasingly complicated as n increases. On the other 
hand, the higher n modes yield information about the high
er-order coefficients in Eq. ( 66). 

0. Steady«ate response 
The steady-state response of the resonator can be calcu

lated using a Green's function. To lowest order, the acoustic 
pressure p( r) is a solution of the Helmholtz equation ( 3) 
and satisfies the boundary condition given by Eq. ( 4) on the 
entire boundary except for a small active regionS'. On this 
source region, let the sum of the normal component of the 
gas velocity and {Jp/ ( p c) equal the source velocity u. , so 
that 

ap ·({t))P . an = - z -; P- 10.1pu •• 

Let the Green's function be the solution of 

(V2 + {t)2/c1
) G (r,r') = cS(r- r'), 

which satisfies the boundary condition 

: = i({t)/c) {J({t),r} G (r,r') 

for ron the surfaceS. Use of Green's theorem leads to 

p (r') = f (P aG - G ap)is J. ~ an an 

= kqp i G (r,r') u$ (r) dS. 

(70) 

(71) 

(72) 

The eigenfunction expansion of the Green's function is 

G( 
')-~ 'I'N(r)'I'N(r') 

r,r - ~ , (73) 
N ~VAN (/2 -F~)Idl 

where AN is the average value of 'II~ over the volume V. 
Equations (72) and (73) lead to 

if~IJIN(r') i 
P (r') = L 2 2 IJIN(r) u. (r) dS. 

N 21TVAN (/ - FN> $" 

(74) 

The detector is typically a pressure transducer whose com
plex output voltage u + iv is proportional top (r'), and is 
hence proportional to the summation in Eq. (74). In normal 
experimental practice, only one or a small number of modes 
whose eigenfrequencies lie within a small range are excited. 
The contribution of the excited modes can be descn"bed in 
detail by including one or a small number of terms in the 
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summation in Eq. ( 74 ). The remaining terms of the summa
tion can be approximated using a Taylor series in frequency. 
The detector output can then be written 

ifAN 
u + iv= L r2 

2 
+B+ C(f-fo), (7S) 

N (J - FN) 

where AN, B, and Care complex constants, and the sum is 
now over only one mode or over a small number of modes of 
interest. The remaining modes contribute to the background 
terms proportional to B and C. As long as the shell is fairly 
rigid, the eigenfrequencies FN = IN+ igN in Eq. (75) are 
given to sufficient accuracy by 

/,....,. = czltS/21Ta + A/, +A/., + Afu + Af,. +A/,_, 
(76) 

g_,. = g, +gu +gh +gbuA<, (17) 

where A/, + ig, and A/., + igu are equal to the-terms in Eq. 
( 41 ) which are proportional to {J, and .Bu, respectively, A/0 
is given by Eq. (54), Afh and Agh represent the sum of all 
hole contributions, each of the form ( 64), and gbulk is given 
by Eq. (39). 

Equation ( 75) represents the steady-state response of 
the resonator to a source with a frequency f When the source 
is turned off, the signal decays away exponentially. As long 
as the energy of the shell motion is a small fraction of the 
energy of the gas motion, the decay will be proportional to 
exp(- 21T'g.....,t), where g....., is given by Eq. (77). (If the 
shell energy were large enough, we would have to include a 
distributed source over the boundary at r = a in our descrip
tion of the gas.) For the n = 0 modes, the ratio of the shell 
energy to the gas energy can easily be shown to be 

(h /a) ( p0 1p8 >I.Bs~t 1
2

• Except for the case of a gas reso
nance nearly coincident with the breathing mode of the shell, 
for our resonator at pressures less than 1 MPa, this ratio is 
less than w-a. 

Vent 

Source 
FIG. I. Cross section of resonator sbell (not to scale) showing orientation 
of vent, transducers, and seam. The inn« diameter of the sbeU is 12.7 cm 
and tbesbdl thickness is 1.24c:m. The two parts of the shell are held togeth. 
er by bolts. which are DOt shown. 
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II. EXPERIMENTS 

A. .A prototype resonator 

The data reported below were all taken with the resona
tor sketched in Fig. 1. This resonator was assembled from 
two hemispheres. The hemispheres were milled from cylin
~cal stock of aluminum 6061. (In an earlier publication/ 
this resonator was incorrectly described as being made from 
aluminum 2024.) The nominal inner diameter is 12.7 em 
and the nominal wall thickness is 1.24 em. Conventional 
mechanical metrology just following the machining of the 
resonator parts showed that the resonator had an average 
inside diameter of 12.697S ± 0.002S cm.23 The deviations 
from sphericity of each hemisphere were about O.OOOS em, a 
tolerance which is much finer than required for accurate 
measurements. The hemispheres di1fered in average diame
ter by 0.0042 em. In several years of use before the experi
mental work reported here was carried out, the resonator 
was disassembled and re--assembled many times, and addi
tional minor machining was carried out No recent direct 
measurements of the sphere shape have been made. The step 
where the hemispheres meet was intended to insure that they 
remain coaxial within 0.0025 em when they are bolted to
gether. The mating surfaces on the step were lapped and the 
interior surfaces were polished with #600 paper prior to 
assembly. 

The homemade source transducer is sketched in Fig. 2. 
It fitted snugly in a 0.3-cm-diam hole through the resonator 
shell. The active surface was approximately flush with the 
interior surface of the shell. This transducer was driven with 
ISO-V nns ac and no de bias. Thus it operated as a .. square 
law" device generating an acoustic signal at double the fre
quency of the electrical excitation. This strategy insured that 
the electrical crosstalk between the transmitter and receiver 
was negligible. The small mass of the vibrating aluminized 
mylar minimized mechanical crosstalk between the trans
mitter and the receiver. 

150 Volts RMS 

Teflon 
Heat Shrink 
Tubing 

FIG. 2. Scbelll4lic diagram oC 
source transducer. Tbe trans
ducer i.s 0.3S em in diameter and 
1.7an long. 
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The detector was a commercially manufactured electret 
microphone with a built-in PET amplifier. A porous shield 
was removed from the front of this small (0.62--crn-diam by 
0. SO em long), inexpensive (less than $S) device. The detec
tor was then pressed into the machined hole in the shell (see 
Fig. 1). A duct (0.079-cm-diam and 0.64cm long) led from 
the detector to the interior of the shell. This duct acts as the 
acoustic inductance of an unintended Helmholtz resonator. 
The acoustic capacitance of this resonator was the small vol
ume within the aluminum case of the microphone in front of 
the electret disk. The frequency of this resonator is near 3.1 
kHz (in air) and has a Q of about 3. Unfortunately, this 
resonance is close to the lowest radially symmetric mode of 
oscillation of the gas within the spherical shell, and perturbs 
the gas resonance significantly. · 

TheFETin the detector was biased with a I.S-Vbattery. 
The resulting 1-m W dissipation does not produce a signifi
cant temperature gradient in the shell. 

The source transducer approximates a point source. The 
detector transducer is deliberately placed at 90" with respect 
to t~e source; thus its efficiency for detecting the symmetry
forbidden (n,.s) = (3,1) resonance is greatly reduced in 
comparison with its efficiency for detecting the nearby, radi
ally symmetric (0,2) resonance. 

The vent hole through the resonator's shell was divided 
into two sections, as illustrated in Fig. 1. The inner section 
was 0.078 em in diameter and 0.64 em long. The outer sec
tion. was 0.32 em in diameter and 0.64 em long. If a single, 
straight hole had been used, its resonance (considered as an 
open organ pipe) would fall quite close to the (O,S) reso
nance of the gas-fiUed shell. The perturbation produced by 
such a vent on the ( O,S) resonance would be difficult to 
calculate to the desired accuracy. We have previously ob
served that such organ-pipe resonances appear to drive shell 
motion, leading to spurious coupling of the source and the 
detector.2 

No effort was made to make the resonator gastight. In
stead, it was enclosed in a pressure vessel which also func
tioned as the innermost stage of a multistage thermostat. 
Details of the thermostat have been published elsewhere. 2 

All the data were taken at temperatures within S mK of 
296.310 K. Small corrections were made to reduce all data to 
this temperature. 

In addition to the 1-liter aluminum resonator just de
scribed, we have extensive experience with a 1/8-liter brass 
resonator. No new phenomena were encountered with the 
smaller resonator. 

B. Gas properties 

We have used a variety of gases in these resonators. 
They include argon, neon, helium, ethylene, propane, and 
the refrigerants bromotriftuoromethane (Rl3Bl) and 1 1 
di11uoroethane (RIS2a). For this paper, our argon data ~e 
the most relevant. The argon which we used was stated to be 
99.9999% pw-e by the manufacturer. The pressure vessel 
was pumped and flushed extensively; however, it was not 
baked out. Speed of sound measurements at pressures down 
to 10 kPa (not discussed here) suggest that a volatile impuri
ty (such as water vapor) degassed from the interior of the 

Moldover eta/. : Spherical resonators 



pressure vessel until it reached a partial pressure on the order 
of 1 Pa. Such an impurity will not have a major effect on the 
data discussed here. 

The properties of argon are summarized in Table III. 
Tbe viscosity was obtained from the accurate measurements 
of Kcstin et al. 26 The thermal conductivity K was obtained 
from the viscosity 1J by using the Eucken equation 

K/(Cp1J) = (9y-S)/(4y), (78) 

where r is the ratio of the specific heats. The thermal con
ductivity determined in this way is consistent with less accu
rate direct measurements.27 The density was obtained from 
our pressure measurements through the virial equation. Our 
expression for the virial coefficients B( n is based on the 
model fit to argon data by Sengers. Klein, and Gal
lagher. 28.29 The pressure dependence of the speed of sound 
was written as a truncated Taylor series: 

c (T,P)2 =rRT /M +A1Cn P+A2Cn P 2
• (79) 

The coefficient A 1 was obtained from the thermodynamic 
relation 

(80) 

Analytic expressions for the derivatives in Eq. (80) were 
obtained from the work of Gallagher and Klein29

; the polyn
omial representation in Table Ill is a fit to their results. For 
Alt we used the value 5.45X 10- 11 m2/s2/MPa2, which best 
fits our data and which is consistent with the direct measure
ments of the speed of sound made by El-Hakeem30 at pres
sures up to 7 MPa where the influence of A2 is much greater. 

Our experiences with propane have led us to discuss 
precondensation phenomena elsewhere.12 We remark that 
the refrigerant R 152a is particularly convenient for studying 
resonators at low frequencies. It has a small value ( 0.14) for 
r - 1 and rapid intramolecular relaxation leading to very 
high Q 's. (At 0.1 MPs, the Q 's of the !Slowest radially sym
metric modes all exceed 10 000.) 

C. Spectrum of resonances 
When the frequency of the source is swept slowly, the 

amplitude of the detected signal reveals the spectrum of re
sonances discussed by Rayleigh31 (see Fig. 3 ). When the 
shell is considered to be a perfect, rigid, insulating sphere 
and the viscosity and the thermal conductivity of the gas are 
neglected, the resonance frequencies are equal to 

TABLE III. Properties f:L argon. 

264 

M = 0.039 947 6 k8/mole 
..41 = (2.724- 1.834/T• - 0.685/T•2

) X 10- 3 m2/s2/MPa 
..41 = 5.•5x m-11 m2/s2/MPa2 

MPI(Rn 
P - 1 +BPI<Rn 
B - (0.3454 - 4.3fn7/T• - O.l270/T•2 ) X to- • m3/mole "'= [2.1001 + 1.7482 (T•- I) + 0.0020P•;T•J X to-5 Pas 

P = T /(273.15 K) 
P• = P/(0.1 MPa) 
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FIG. 3. Spectrum showing frequencies and relative amplitudes f:L the 40 
lowest frequency modes in argon near 0.1 MPa and 296 K. The O.s and l,.s 
modes which are studied in this paper are labeled just above tbe abscissa. 

cz ... .f ( 21ra). We recall that n denotes the order of the spheri
cal Bessel function in Eq. ( 6) and s labels the roots ztiS in 
ascending order. Figure 3 displays the spectrum observed 
with the shell filled with argon near 0.1 MPa. The (O,s) and 
( 1 ,s) modes which we studied in greatest detail are ~beled 
just above the abscissa. Their eigenvalues and frequencies 
are listed in Table IV. 

D. The dominant perturbations 

Here, we review the dominant perturbations to the spec
trum of resonances just described. These perturbations are 
needed to understand our data. 

The resonator shell has both a high thermal diffusivity 
and a high heat capacity per unit volume compared with 
those of the gas. The adiabatic sound wave in the gas be
comes an isothermal wave near the shell. This perturbs the . 
resonance frequencies by 

6./, +ig, -1 +i <r-OJD,/(11'/) ----= --~---'-----
1 2a 1-n(n + 1)/zl,., ' 

(81) 

where D, is the thermal di1fusivity of the gas, which is equal 
to the thermal conductivity divided by the constant pressure 
beat capacity per unit volume. 

TABLE IV. Eigenvalues and resonance liequencies at 296 K., P = 0. 

s 

I 
2 
3 
4 
5 
6 
7 
8 
9 

10 

0.000000 
4.493409 
7.72S252 

10.904 122 
14.066194 
17.220755 
20.371303 
23.519453 
26.660543 
29.811 599 

z,. 

2.081 576 
5.940370 
9.205 840 

12.404445 
15.579236 
18.742 646 
21.899 697 
25.052 825 
28.203 361 
31.325 092 

Ia. <Hz> 

0 
3611 
6208 
8763 

11304 
13 839 
16371 
18 901 
21425 
23 958 

J..(Hz) 

t6n 
4774 
7398 
9969 

12 520 
15062 
17 S99 
20133 
22665 
25196 
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For our resonator, Eq. ( 81) is approximately 

li/, + ig, _ 2.26x w-•c - 1 + i>l~ 
I - 1 - n(n + 1)/z!s 

(82) 

(Here we have chosen to measure frequency in units of/o,1 

and pressure in units ofO; 1 MPa; thus I• =I /3611Hz and 
P• =P/0.1 MPa.) 

For the nonradial modes of indices (n,s) with n > 0, the 
boundary condition that the tangential component of the 
acoustic velocity vanish at the shell leads to a perturbation 
which depends upon the viscous dift'usivity, Du = 1J I p: 

~/., +igu = -1 +i n(n + OJD.I(1TI) (
8
J) 

I 2a z!. - n(n + 1) 

which, for our prototype resonator, can also be expressed in 
terms of P • andf• as 

~/., +ig" = 2.76xto-•c -1 +i)n(n + 1)/..[ii'l* 

I z!. - n(n + 1) 
(84) 

The contribution to the half-width resulting from bulk dissi
pation throughout the volume of the resonator is given by 
Eq. { 39). For our conditions, this is equal to 

(8S) 

The effects of shell motion on the acoustic modes can be 
described most easily by considering the n = 0 and n = I 
cases separately. For n = 0 and at low frequencies, the 
acoustic pressure tends to stretch the shell, and the shell 
response is governed by an clastic stiffness. At higher fre
quencies, the inertial reactance of the shell grows. The stiff
ness and inertial reactances are equal at the breathing reso
nance of the shell near 20.2 kHz. The scale of the 
corresponding perturbations can be estimated from the thin
shell limit ofEqs. ( 49)-(S4 ): 

~!... <~>. a/h --= - t 

I ( i>C'>m 2- (c/cob )2~ 
(86) 

where a is the shell's radius, h is the shell thickness, and the 
subscripts .. sh" and .. g" refer to the shell and the gas. respec
tively. For our prototype resonator, the somewhat more ac
curate expression based on the isolated mode approximation 
leads to 

~fob. - s.ox 10- 6p• 
1= 1- <l120.2kHz)2

' 
(87) 

which predicts a divergent perturbation at the 20.2-k.Hz 
breathing mode resonance of the empty shell. 

Entirely different phenomena occur at low frequencies 
with the n = 1 modes. Because the acoustic pressure is pro
portional to Y1,. {8~ ) , the gas exerts a net transverse force 
on the shell which excites translational motion. There is little 
deformation of the shell at low frequencies. The main effect 
is inertial. In practice, the frequency correction for shell mo
tion must be calculated numerically. 19 At low frequencies, 
however, the approximate result given as Eq. (57) can be 
interpreted as a "reduced mass" correction. 
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E. Data aqulsltlon and analysis 

In order to measure the frequencies IN and half-widths 
gN of the radially symmetric modes with sufficient resolu
tion, the following procedure was adopted F'U'St,IN and 8N 
were estimated from rough measurements. Then, the drive 
transducer was stepped through 11 synthesized, discrete fre
quencies starting atfN - g N and increasing in increments of 
gN/S until/N + 8N was reached. At each frequency, the in
phase voltage u and the quadrature voltage v produced by 
the detector were measured with a tracking lock-in amplifi
er, scanner, and digital voltmeter, all operating under con
trol of a microcomputer. Then, the sign of the frequency 
increment was reversed and the voltages were measured 
again as the frequency was reduced in steps back to its origi
nal value. The 11 frequencies and 44 voltages were fitted by a 
function of the theoretically predicted form [Eq. (75)] us
ing the efficient algorithm previously described 32 For radi
ally symmetric modes, the sum in Eq. (7S) is replaced by a 
single term representing the radial mode under study. A 
small number of terms were used in the sum when studying 
nonradial modes. The fit determines values of the complex 
resonance frequencies FN =IN+ igN, the complex ampli
tudes AN (this allows for undetermined phase shifts in the 
source-detector path), and the complex "background'' pa-

. ~eters Band Callow for the influence of the tails of all of 
the resonances other than the particular ones under study. In 
almost every case, all of the measured voltages fit Eq. (75) 
with a precision of better than 0.1% of the maximum vol
tage. It follows thatfN is determined by the fit with a preci-

0.5 

t 0 

i 
- 0.5 :. / ... -···· 

\ . ..,/ 
-1.0 

3612 3614 3616 

0.001 

I 
~ 
i 
J 
-o.oo1 L...L..-36.1...1~2--------'-36----'---1-4 --'-- 3--'6'-16_..._., 

Frequency (HZ) 

FIG. 4. Top: ln-pbase (solid curve) and quadrature (dashed curve) vol
tqes from tbe detector as a function of frequency near tbc (Q,l) rcsonan«: 
in argon at 0.4032 MPa and 296.309 K. Bottom: Measured voltageS minus 
calcuJated voltageS [Eq. (75) J with the fitted parameters/02 - 3613.9970 
Hz, &.2 - 0.427S Hz, A "" 0.7S3S- O.S83li, B = 0.0048 + 0..0068i, e.nd 
C ~ 0.0001 + O.OOOlL Data were taken at intervals of O.o7 Hz, first from 
the lowest to the highest frequency and then back to tbe lowest frequency. 
Sqwate devialion plots for tbc upward and downward frequency sweeps 
show tbe eft'ccts of drifts in the lock-in amplifier. 
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sionofO.l% ofg,., or typically 10-7 of/,.,. This precision is a 
factor of five greater than that required to measure the gas 
constant to I part in 1<?. 

An important check of the entire data acquisition sys
tem and the numerical methods used to fit Eq. (75) to the 
data was made when the resonator was filled with propane at 
281.5 K and 0.52 MPa. Under these conditions. the (0.2) 
mode occurs at 2568Hz and has a half-width of0.0526 Hz. 
We excited this mode, turned off the excitation, and mea
sured the detected voltage as a function of time during the 
"ring down." The value of gQ.l determined by fitting an expo
nential form to the decay curve differed from the value deter
mined by cw methods by only 0.0004 Hz. or 1.6 X w-"lo.2 • 

It is of some interest to demonstrate that the resonances 
do indeed have the theoretically predicted form [Eq. (75) 1 
over a wider range of frequencies and with greater precision 
than that required to measure/,.,. Figure 4 is such a demon
stration. Voltages were measured near the (0,2) resonance 
at 100 frequencies spanning the range ± 8gN. All of the data 
fit the theoretical form within 0.08%; the rms deviation is 
0.013%. To this extent, the resonator does behave like our 
theoretical model. Nevertheless, the deviations from the fit 
systematically exceed the noise. We believe these small de
viations result from small phase drifts within the lock-in am-

1.0 

o.s 
j 
:z g. 0 

"' - o.s 

- 1.0 . ' 

a 0.02 '1; 

~ ., 0 
'0 
:::J 

"" C5. e 
"' 

- 0.02 

j 0 .001 

~ 
~ 
C5. 

0 

~ - 0.001 

4776 

4776 4778 4780 

Frequency (Hz) 

FIG. S. Top: ln-pbase (solid curve) and quadrature (dashed curve) vol
taacs from the detector as a function of frequency near the ( I ,2) resonance 
in argon at 0.4032 MPa and 296.309 K. Middle: Measured voltages minus 
two-resonance: trial function. Noce that tbc deviations are systematic al
though the trial function has twelve parameters [eight parameters specify 
resonances at 4TI7.63 and 4TI9.38 Hz. and four specify the constant and 
linear background terms in Eq. (7S)]. Bottom: Measured voltages minus 
fitted function. The fitted function has sixteen parameters {twelve param
eters specify resonaoccs at47TI.693, 4m.90J, and 4779.351 Hz with half
widths ofO.SSO. O.S46, and O.SSS Hz. The remaining four parameters spc>
cify Band C in Eq. (7S) ]. 
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plifier. (0.03• would be sufficient.) In future wock this hy
pothesis could be tested using ac-bridge techniques as an 
alternative to a lock-in amplifier. Other possible contribu
tions to the deviations could arise from very small tempera
ture shifts ( 0. 1 mK) or instabilities in the transducers dur
ing the 20 min needed to acquire the data. 

It is necessary to pause at each frequency prior to a vol
tage measurement for a time which is a multiple of the 
slowest relaxation time of the measurement system. This 
may be either 1/gN. or the post-detection time constant of 
the lock-in amplifier, or the settling time of the frequency 
tracking circuitry of the lock-in amplifier. In practice, the 
time required to dwell at all 22 steps is several minutes. A 
small drift in the gas temperature during this interval will 
not affect the measurement of IN very much; however, it 
would lead to serious errors in the measurement of gN if we 
did not compensate for it by the practice of taking data step
ping up and down in frequency. 

In order to measure the frequencies and half-widths of 
the triply degenerate ( 1 ,s) modes, substantially more data 
are required than we routinely used to study the nondegener
ate (O,s) modes. Figure 5 displays a typical set of measure
ments near the ( 1,2) modes. A~n. data have been taken at 
100 discrete frequencies. The data stepping up and down in 
frequency have been averaged for clarity. A casual inspec
tion of the top of Fig. 5 suggests that the (1,2) mode is split 
into two components, one near 4477.6 Hz and one near 
4479.3 Hz. The middle frame of Fig. 5 shows the deviations 
which result when a vector sum of two resonance terms and a 
complex (linear) background is fit to the data. This function 
is obviously unsatisfactory although it has 12 parameters 
(four for each resonance term and four for the background) 
which were adjusted to best fit the data in the sense of least 
squares. The lower frame of Fig. 5 shows that a satisfactory 
fit can be obtained when the 16 parameters required to repre
sent the vector sum of three resonance terms and a complex 

• 

9 

(Hz) 

Pressure (MPa) 

FIG. 6. Measured (dots) and calculated (curves) balf-widtmofthreereso
nances as a function of pressure. 
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linear background are used to fit the data. The rms deviation 
of this fit (0.021%) is comparable to that obtained by fitting 
data for the (0,2) mode under similar conditions. Thus data 
of this quality and quantity can be used to resolve all three 
components of the nearly degenerate ( 1,2) modes. Our abi
lity to do so depends upon having phase sensitive detection 
and upon the coincidence that all three components have 
roughly the same amplitude when they are studied with our 
transducer configuration. (The amplitudes are in the ratio 
7.7:S.0:3.2.) 

F. The resonance half-widths 

Our data concerning resonance half-widths provide an 
important indicator of our understanding of gas-filled 
spherical resonators because these data can be compared to 

theory using thermal conductivity data and viscosity data 
derived from nonacoustic measurements. There are no un
known parameters which can be adjusted to improve the 
agreement between the data and the theory. 

As an example, Fig. 6 compares the measured and the 
calculated half-widths for the (0,2), (0,6), and (0,10) 
modes at various pressures. The calculation for the half
widths includes the effect of the thermal boundary layer 
between the gas and the shell and the effect of bulk dissipa
tion. 

The measured half-widths always exceeded the half
widthscalculated from the sum ofEqs. (81) and (39) as one 
would expect if there were other loss mechanisms. The ex
cess half-widths are. shown in Fig. 7. We have chosen to scale 
this half-width excess by the measured resonance frequen
cies to facilitate later comparison with frequency differences 
at a level of parts per million. 

From Fig. 7, it is clear that the measured half-widths of 
the first five radially symmetric modes exceed the calculated 

~r-----------------------------~ 

49 
•101 

t 

0.5 

Press1.11e (MPa) 

FIG. 7. EIICCSS half-widthsoC (().r) resonances (scaled by 111/frequency). 
Ag • measured BN minus caJculated g. 
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half-widths by less than 10 parts per million of the resonance 
frequency. In general, the excess grows as the pressure is 
increased and as the frequency is increased towards the 
shell's breathing resonance at 20.2 kHz between the (0,8) 
and ( 0,9) modes. Both of these trends are consistent with the 
idea that much of the excess half-width results from dissipa
tion associated with the elastic response of the shell to the 
acoustic pressure. Friction in the joint between the hemi
spheres is a possible site for dissipation. The excess half
width for the (0,2) mode shows a different trend. We suspect 
this is a result of the proximity of the ( 0,2) mode to the 
Helmholtz resonance associated with the detector trans
ducer and the duct connecting it to the interior of the shell. 

In Fig. 8, the excess half-widths for the ( l,s) modes are 
shown. The calculation for these modes includes the addi
tional contribution to the half-width given by Eq. ( 83). The 
excess half-widths of most of the ( l,s) modes are small and 
they increase very slightly with pressure. The excess half· 
widths for the (I, 1) and ( 1,9) modes are both very large and 
very pressure dependent. These modes are expected to cou
ple strongly to shell resonances which have the same symme
try and frequency as the gas motion. It is interesting to note 
that the frequency of the ( 1,8) mode is nearly coincident 
with the predicted frequency of the breathing mode of the 
shell; however, the coupling is not expected to be strong be
cause they differ in symmetry. In agreement with this idea, 
there is only a small pressure-dependent excess half-width 
for the ( 1,8) mode. We were unable to measure the excess 
half-widths for the ( l,S) modes above 0.4 MPa because the 
detected signal was too weak to reliably resolve the three 
components of this mode. 
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FIG. 8. Excess half-widths of l,.s resonances (scaled by 111/ftequency). 
Poreach ( l,.s) resonance, Ag is obtained by subtracting the calculated half
widths from the average of tbe measured half·widths of the three compo
nents. . 
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0,7 

Pressure (MPa) 

FIG. 9. Measured resonance frequencies minus calculated frequencies 
(scaled by 106/frequency) for (O,s) modes. Here, the calculation includes 
the effect of the thermal boundary layer and holes in the resonator· how
ever, the calculation omits the effect of shell motion. The linear depe~dence 
of !J. .[I (on pressure is a result of shell motion. The slopes depend upon the 
proXlmlty of the gas resonances to the shell breathing resonance near 20.2 
kHz. 

In summary, almost all the resonance half-width data 
can be accurately explained by a model which includes the 
viscothermal boundary layer and the dissipation within the 
bulk of the gas. When a gas resonance happens to fall near a 
shell resonance, a large, pressure-dependent excess half
width is observed. 

G. The resonance frequencies and shell response 

The Introduction emphasized that all of the resonance 
frequencies could be predicted if two parameters cof( V0 ) 113 

and A2 were fit to one mode at two pressures and if our 
theoretical model were complete. In this section, we shall 
illustrate the extent to which this is true when the model 
includes the effects of the viscothermal boundary layer [Eqs. 

Pressure (MPa) 

1,2 

1,6 
1,2 
1,2 

1,6 

1,6 

FIG. 10. Measured resonance frequencies minus calculated frequencies 
(scaled by 1Q6/frequency) forthethreecomponentsofthe (1,2) and (1,6) 
resonances. Here, the calculation includes the effect of the viscous and ther
mal boundary layers; however, neither the effects of shell motion nor the 
effects of the holes are included. 
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FIG. II. Response of the shell to radially symmetric excitation as a function 
offr~uency. The points are the average slopes of the curves in Fig. 9. The 
curve IS calculated for an isotropic seamless shell using the theory "of elasti
city and the elastic constants tabulated for aluminum (see Table V). The 
idealized shell has a breathing resonance near 20.2 kHz. 

( 81) and ( 83) ] and the value of A 1 obtained from other 
experiments. We shall see that most of the differences 
between this simple model and the data are attributable to 
the nonzero admittance of the 1.24-cm-thick aluminum 
shell. 

The parameter cof( V0 ) 
113 is chosen to be 8135.350/s to 

best fit the first few (O,s) modes. This value is used consis
tently throughout the remainder of this paper. For the ( 0, s) 

modes, we have also included in the model some very small 
effects resulting from the vent hole and the transducer duct 
[Eqs. (59)-(64) ]. These effects cannot be included for the 
( 1, s) modes because the orientations of the symmetry axes 
of the nearly degenerate submodes with respect to the vent 
and the duct have not been determined. 

Figure 9 displays the deviations of all of the ( 0, s) data 
f~om the model without shell-admittance effects. The nearly 
lmear dependence of the deviations on pressure is exactly 
what one would expect for an admittance effect [Eq. (87)] 
because the speed of sound in argon at 296.31 K is a very 
weak function of pressure and the density of the argon is 
almost exactly proportional to pressure. The mode closest to 
the breathing resonance of the shell, the (0,9) mode, shows 
the largest deviations {as much as 0.08% at 1 MPa). The 
(0,9) data also depart from a linear pressure dependence. 

Figure 10 displays the deviations of the frequency data 
for the (1,2) and (1,6) modes. The linear pressure depen
dence again demonstrates the effect of the shell admittance. 

TABLE V. Properties of the aluminum shell. 

a= 0.063 493 2(1- 4.7x 10-7 P•) m 
h=0.0124m 

p,. = 2700 kglm3 

c,. = 6420 m/s 
a=0.3SS 
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The data for other ( 1,s) modes are similar. 
In Fig. 11, we have plotted the average slopes of each of 

the deviation curves in Fig. 9. These slopes are compared 
with a calculation of the shell admittance based on elasticity 
theory [Eqs. (49)-(54)] and the properties of aluminum 
summarized in Table V. Thus the comparison is on an abso
lute basis. The slopes of the low-frequency ( 0,2), ( 0,3), and 
( 0,4) modes lie very close to the calculated curve. The slopes 
for modes which are close to the catculated breathing reso
nance deviate substantially from the calculation. These are 
the same modes for which we measured very large excess 
half-widths. 

Figures 7, 9, and ll, taken together, suggest that under 
radially symmetric excitation, the shell behaves like an oscil
lator with a resonance near 20.2 kHz, as predicted. How-
ever, this oscillator has large losses for which we have no 
quantitative model. 

In Fig. 12, we have plotted the average slopes of the 
frequency deviations with pressure for each of the (1, s) 

modes including those shown in Fig. 10. These slopes are 
also compared on an absolute basis with the calculation of 
the shell response given by Eq. (54) with numerical calcula
tions of S 1 ( k.h a) as described in Ref. 18. Again, the agree
ment is quite good except very near the shell's resonance at 
24.5 kHz. The data for the three ( 1,1) modes are shown in 
the inset along with a single point representing the ( 1,2) 
modes. The data are consistent with the extraordinarily 
large effect which an inertial reactance is expected to have on 
the lowest-frequency modes. The splitting of the three ( 1,1 ) 
modes may be related to asymmetric coupling to the Helm
holtz resonance of the detector duct. Another possibility is 
asymmetric mechanical support of the resonator. A modi
fied form of Eq. (57) which includes the effects of support 
stiffness can easily be derived. 19 The effective stiffness of the 
supports will differ for shell motion in the horizontal and 
vertical directions. Thus the effects of support stiffness will 

(MPar• • 

·100 5000[] . 
-200 

0 0 10 000 
0 10000 20000 

Frequency (Hz) 

FIG. 12. Elastic response of the shell to excitation with symmetry of 
Y1m ( 8,¢J) as a function of frequency. The points are the average slopes of 
curves such as those shown in Fig. I 0. The curve is calculated for an isotrop
ic, seamless shell using the theory of elasticity and the elastic constants tabu
lated for aluminum. The idealized shell has Y1m resonances at 0 and 24.5 

kHz. 
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differ for the various ( 1,1) modes, depending on the direc
tion of the average gas motion. The data are consistent with a 
moderate stiffness effect which introduces some asymmetry; 
the major effect, however, is the inertial effect given by Eq. 
(57). 

We carried out a few primitive experiments to directly 
measure the shell's resonances in air. A loudspeaker was 
used as a source and a phonograph needle in contact with the 
shell was used as a detector. The exact theory of elasticity 
predicts, for an aluminum, isotropic, spherical shell with the 
dimensions of our resonator, numerous resonances within 
the frequency range of our experiments. There are three de
generate resonances at zero frequency (and three more near 
24.5 kHz), five degenerate resonances at 8.5 kHz, seven de
generate resonances at 11.2 kHz, nine degenerate resonances 
at 14.2 kHz, eleven degenerate resonances at 18.2 kHz, thir
teen degenerate resonances at 23.0 kHz, and the nondegen
erate breathing resonance at 20.2 kHz. Our crude experi
ments detected sharp resonances ( 100 < Q < 1000) at 7.69, 
8.07, 8.13, 8.50, 10.67, 10.72, 11.18, 13.80, 13.91, 13.97, 
16.87, 17.39, 17.47, and 17.95 kHz. The loss factors 1/Q of 
these resonances are consistent with published data for 
losses in aluminum. 33

•
34 We would not expect to be able to 

detect all of the resonances with our relatively crude method 
of excitation and detection. We speculate that the observed 
resonances differ somewhat from the predicted ones because 
of the shell's asymmetric construction and method of sup
port. 

In these crude experiments, we did not detect the 
breathing resonance near the 20.2-kHz or the 24.5-kHz re
sonances. The large losses and frequency shifts near the 
breathing resonance that are evident in Figs. 7 and 9 have 
magnitudes that are roughly consistent with a value of Q.h in 
Eq. (55) that is on the order of 10. Ifthe breathing mode of 
the shell were really this lossy, it is plausible that we would 
not detect it in our crude experiment. We have, however, no 
explanation why the bending modes of the shell would have 
losses so much lower than those of the breathing mode. 

100~-------------------------------, 

-50 L,l. ____ _,_ ____ __j_~ ____ J.__ __ ---::7:-:-:------' 
0 10000 20000 

Frequency (Hz) 

FIG. 13. Effects of the vent hole, the detector cavity, and the duct coupling 
the detector to the resonator's interior calculated using the model described 
in the text, for P = 0.1 MPa and T = 296 K. 

Moldover eta/. : Spherical resonators 269 



H. The vent hole and the duct 

The shell admittance effects we have just considered 
vanish as the pressure is reduced. At low pressures, we ex
pect that the effects of geometrical imperfections will re
main. We shall now consider those which have an influence 
on our measurements. 

In Fig. 13, we have displayed the calculated perturba
tions (for P = 0.1 MPa) to be added to I N and gN, resulting 
from the vent and the duct leading to the detector transducer 
{ Eqs. (59)-( 64)]. The duct is terminated by a cavity whose 
volume is 22 mm3

• The vent is terminated by a radiation 
boundary condition. 

The very large pertubation at the lowest frequencies is 
the result of the acoustic admittance of the open venl This 
perturbation is most important for the ( 1,1) mode; however, 
the ( 1,1 ) mode interacts so strongly with the shell motion 
that we had no chance of detecting the much smaller vent 
and duct perturbation. The Helmholtz resonance near 3kHz 
is also prominent in Fig. 13. We have commented that its 
effect on excess half-width may have been seen. Its effect on 
the frequency is also noticeable and has been included in 
Figs. 15 and 17 below. The small peaks in Ag near 21 kHz are 
associated with the organ pipe resonances of the duct and 
vent. They fall between the ( 1,8) and the (0,9) modes of the 
gas in the spherical shell. As the pressure is raised, the peaks 
in Ag become larger and narrower and they shift towards 
higher frequencies; however, if our ~1 is roughly correct, 
these peaks are never big enough to ex~lain the differences 
between the data for the (0,9) mode and theory. 

In Fig. 14, we provide a striking experimental test of 
these perturbation calculations using data from an earlier 
configuration of the same resonator. The half-widths of the 
(O,s) resonances were measured at 0.1 MPa before and after 
drilling an extra, oversized vent hole through the shell. This 
0.16-cm-diam vent produced a large increase in go.,; how
ever it did not noticeably affect the half-widths of the other 
(O,s) modes. This is exactly the expected result because this 
0.62-cm-long vent happens to be resonant (as an open organ 
pipe) at the same frequency as the (0,5) mode. 

so 

Aghole 
-- x106 

I 

0 

0 

Argon 
295 K 

0.1 MPa 

-- -"' 

~ • 

.Jl. 
10 000 

Frequency (Hz) 

20000 

FlO. 14. Ex~ half-width resulting from drilling an oversized (0.16-cm
diam and 1.27-cm-long) vent hold through the sbell. 
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I. The Importance of the nondegenerate modes 

We now illustrate the importance of the nondegenerate 
modes for making accurate measurements. We shall ex
trapolate the (O,s) and ( l,s) frequencies to zero pressure. 
The nondegenerate (O,s) frequencies show two orders of 
magnitude greater consistency than the resolved, nearly de
generate ( I ,s) frequencies. 

In Fig. IS, we display the results of extrapolating the 
(O,s) frequencies to zero pressure after accounting for the 
viscothermal boundary layer. Separate calculations show 
the effects of including and omitting the vent and the duct 
perturbations. It is remarkable that the extrapolations for 
the six modes (0,3) through (0,8) have an average of 
( 1.4 ± 1.8) X 10- 6 when theeft'ectsoftheductand the vent 
are ignored. (The quoted error is the rms deviation from the 
mean.) This extraordinarily high degree of internal consis
tency is a clear illustration of the fact that these resonances 
are not affected by the shape perturbations which we know 
are about 300 parts in l<J6. 

Figure IS also shows that the duct perturbs the (0,2) 
mode by a relatively large amount which is not satisfactorily 
predicted by our model. For this reason, the (0,2) mode was 
omitted from the averages quoted above. For the six modes 
(0,3) through (0,8 ), the effects of including the vent and 
duct perturbations ch~ges the average to 
( l.S ± 2.2) X 10- 6• 

Our criterion for choice of the parameter cof( V0 ) 
113 was 

the requirement that the average extrapolated !11 I I for the 
first seven (O,s) modes be near zero. The scatter in these 
seven points in Fig. 15 is not instrumental noise. If the mea
surements were repeated, the same results would occur. 
Thus one can also say that these zero-pressure frequencies 
are inconsistent with each other and that 2 parts in 1 ot' is the 
approximate size of the rms inconsistency in !11 I f. The 
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FlO. IS. Measured zero-pressure frequencies minus caJculated frequencies 
for the (O,s) (solid symbols) and (l,s) (open symbols) modes. The sym
bols represent the zero preaure intercepts of straight lines fitted to data 
suchasthoseinPigs. 9and 10. The intercept for the (0,9) modeat21.4kHz 
is 2S4 parts in l<fabove the predicted value. Tbe (0,9) mode is close to the 
resonances in the vent hole and coupling duct. 
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large 4/ If for the (0,9} mode may mean that the data do 
not reach low enough pressures to ignore the breathing reso... 
nance of the shell. 

In Fig. 16, we display the results of extrapolating the 
(l,s) frequencies to zero pressure after accounting for the 
viscothermal boundary layer. The extrapolated frequencies 
span a range of 500 parts in 1()6 about the frequencies that 
would be expected for a perfectly spherical resonator. The 
curves in Fig. 16represeot Eqs. (68)-(69). The two param
eters in these equations ( €0 and E 1} characterizing deviations 
from sphericity were fit to the data shown. Their values are 
reasonable in light of the known machining tolerances. 

For each triply-degenerate ( 1 ,s) mode, the lowest order 
of boundary shape perturbation theorY"' predicts that the 
average of the three components' zero-pressure frequencies 
is equal to the zero-pressure frequency for a geometrically 
perfect spherical resonator. We have computed these aver· 
agesfortbeseven (l,s) modes from (1,2) through ( 1,8) and 
compared them with the frequencies predicted by our mod
el. The zero-pressure frequencies differ from our model by 
(5.2 ± 1.8) X 10- 6

• Thus the (O,s) and (l.s) families of 
modes differ by only (3.8 ± 2.5) X 10- 6

• 

From this discussion, the experimentalist is forced to 
conclude that if he wishes to make really accurate speed of 
sound measurements with a resonator, he has two options: 
( 1) use the nondegenerate, radially symmetric modes, or 
(2) measure the frequency of each of the components of a 
degenerate mode and use their average. Obviously the first 
option is less demanding. 

Ill. THEORY AND EXPERIMENT: A FINAL COMPARISON 

Up to this point, the comparison of experiment and the
ory has been structured to test or illustrate particular aspects 

100 
~ ... 

0 )( 

':if-
0 • 

0 0 0 0 0 0 0 
0 • 

Frequency (Hz) 
FIG. 16. Measured zero-pressure frequencies minus calculated frequencies 
for the (l,s) modes. The solid symbols represent the zero pressure inter· 
cepts of straight tiDes fitted to data such as those displayed in F~g. 10. The 
curves are obtained from Eqs. (68) and (69) with the parameters 
£0 - J.Sx Io- •and£1 = 3.1 x to- •. The open symbolsareaveragesofthe 
three zero-pressure frequeocies for each ( l..r) set of modes. These averages 
are also plotted in F"~g. 15. 
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FIG. 17. MeasuRd frequencies minus calculated frequencies for six of the 
( O,s) modes as functions of pressure. The caJculation includes the effects of 
the thcnnal boundary layer, the holes in the shell, and the dynamic response 
oftheshcU. 

of the theory. Now we include all aspects at once to indicate 
the extent to which experiment and theory agree. 

In Fig. 17, we plot the differences between the frequen
cies measured for the ( O,s) modes and our most complete 
model. This model includes the viscothermal boundary layer 
{Eqs. (81) and (83) ], shell elasticity [Eqs. (49)-(S4) and 
Table V), the pressure dependence of the speed of sound and 
the transport properties (Table III), the perturbations from 
the vent and duct, and a small pressure dependence of the 
sheU's radius.resulting from hydrostatic compression. 

Figure 17 shows that all the data for 6 of the 9 ( O,s) 
modes we studied fall within ± 18 parts in 1 Q6 of this model 
in the range 0.1-l.O MPa. Most of the data for the (0,7), 
(0,8), and (0,9) modes fall off this plot. This strongly sug
gests that the admittance of the prototype resonator near its 
breathing mode is poorly modeled . 

IV. ANTICIPATED IMPROVEMENTS 

We are now constructing a spherical resonator out of 
stainless steel. The higher density of steel will lead to pertur· 
bations due to sheU elasticity which are a factor of three 
smaller at low frequencies. The hemispheres have been weJd
ed together. We hope this wiU reduce losses associated with 
the shell's motion still further. The breathing frequency will 
not be very different. Both the source and the detector trans
ducers will be high-impedance devices mounted flush with 
the interior surface of the shell. This will eliminate the duct 
and its associated Helmholtz resonance. Finally, during 
measurements of the gas resonances, the vent will be 
plugged. We anticipate that reducing these perturbations 
will further improve the agreement between theory and ex
periment. 

Moldover et al : Spherical resonators 271 



ACKNOWLEDGMENT 

We gratefully acknowledge the contributions of the late 
Meyer Waxman, who participated in the early stages of this 
work, and who set an uncompromising standard for the ac
curate measurement of thermophysical properties. 

1M. R. Moldover and J. B. Mehl, in Precision Measurements and Funda
mental Constants II, edited by B. N. Taylor and W. D. Phillips (Nat!. Bur. 
Stand., Washington, DC, 1984), Spec. Publ. 617, pp. 281-286. 

21. B. Mehl and M. R. Moldover, J. Chern. Phys. 74,4062-4077 (1981 ). 
31. B. Mehl and M. R. Mo1dover, in Proceedings of the Eighth Symposium 
on Thermophysical Properties, edited by J. V. Sengers (Am. Soc. Mech. 
Eng., New York, 1982), pp. 134-141. 

4C. M. Knobler, Pure Appl. Chern. 55, 455-466 ( 1983). 
51. P.M. Trusler, Ph. D. thesis, University College, London, 1984. 
6R. Keolian, S. Garrett, J. Maynard, and I. Rudnick, J. Acoust. Soc. Am. 
Suppl. ·1 64, S561 ( 1973); and Bull. Am. Phys. Soc. 24, 623 ( 1979). 

'1. S. Bwoks and R. B. Hallock, Rev. Sci. lnstiUm. 54, 1199 1261 (1983). 
8P. Hess, in Topics in Current Chemistry (Springer, Berlin, 1983 ), Vol. III, 
pp.l-32. 
~e define the Q as the resonance frequency divided by the full resonance 
width at ll.fi of the maximum amplitude. 

'<M. Greenspan, in Physical Acoustics (Academic, New York, 1965), Vol. 
IIA, pp. 1-45. 

11M. B. Ewing, M. L. McGlashan, and J.P. M. Trusler, Metrologia (to be 
published). 

121. B. Mehl and M. R. Moldover, J. Chern. Phys. 77,455-465 (1982). 
130. Kirchhoff, Ann. Phys. Chern. (Fifth Ser.) 134, 177-193 (1868); Eng

lish translation by R. B. Lindsay in Benchmark Papers in Acoustics: Phys
ical Acoustics, edited by R. B. Lindsay {Dowden, Hutchinson, & Ross, 
Stroudsburg, PA, 1974), pp. 7-19. 

272 J. Acoust. Soc. Am., Vol. 79, No.2, February 1986 

141. W. S. Rayleigh, Theory of Sound, 2nd ed., 1896 (reprinted by Dover, 
New York, 1945), Sec. 348. 

15P. M. Morse and K. U. Ingard, Theoretical Acoustics ( McGtaw-Hill, New 
York, 1968), Eqs. { 6.4.22). Elimination of p from the first and second of 
these equations gives our Eq. ( 8). 

16P. M. Morse and H. Feshbach, Methods of Theoretical Physics (McGraw-
Hill, New York, 1953), Chap. 13, Eq. 13.1.6. 

17K. F. Herzfeld, Phys. Rev. 53, 899-906 (1938). 
18M. Greenspan, unpublished notes on the spherical acoustic resonator. 
19J. B. Mehl, J. Acoust. Soc. Am. 78, 782-788 ( 1985). 
20See also Ref. 14, Sec. 350; and Ref. 15, Sees. 6.4 and 9.1. 
21 Reference 15, Sec. 9.4. 
22Reference 16, pp. 1052-1055. 
23J. B. Mehl, J. Acoust. Soc. Am. 71, 1109-1113 ( 1982). 
241. B. Mehl, J. Acoust. Soc. Am. 79, 278-285 (1986). 
25M. R. Moldover, M. Waxman, and M. Greenspan, High Temp. High 

Pressure 11, 75-86 ( 1979). 
261. Kestin, S. T. Ro, and W. A. Wakeham, J. Chern. Phys. 56, 4ll9-4124 

(1972). 
211. J. deGroot, J. Kestin, H. SOotciawm, and W. A. Wakeham, Phys1ca 

92A, 117-144 ( 1978). 
28J. M. H. Levelt Sengers, M. Klein, and J. S. Gallagher, in American Insti

tute of Physics Handbook, edited by D. E. Gray (McGraw-Hill, New 
York, 1972), pp. 4-219. 

29J. S. Gallagher and M. Klein, J. Res. Nat!. Bur. Stand. 75A, 337-385 
(1971 ). 

30A. S. El-Hakeem, J. Chern. Phys. 42,3132 (1963). 
31Reference 14, Sec. 331: 
321. B. Mehl, J. Acoust. Soc. Am. 64, 1523--1525 ( 1978). 
33W. P. Mason, Piezoelectric Crystals and Their Applications in Ultrasonics 

(Van Nostrand, New York, 1950), p. 420. 
34L. Cremer, M. Heck!, and E. Ungar, Structure-Borne Sound (Springer, 

New York, 1973), Tables 111.1 and III.2. 

Mol dover et sf. : Spherical resonators 272 




