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Abstract—Nonlinear transmission lines are interesting for
several device applications including harmonic generators, and
phase shifters. They are also good candidates for characterizing
nonlinear materials at mm-wave frequencies. Regardless of the
application, circuit modeling is challenging because nonlinear
waveguides are described by a nonlinear wave equation. In this
paper, we focus on characterizing the nonlinear mixing products
generated by coplanar waveguides on a nonlinear ferroelectric
Bag.55r0.5TiO3 (BST) film. We developed a perturbative solution
to the nonlinear wave equation, and validate our model by using
a nonlinear vector network analyzer (NVNA) to measure the
nonlinear mixing products. Our approach is useful for predict-
ing spurious signals generated by nonlinear mixing in devices
with nonlinear dielectrics, and predicting the performance of
nonlinear devices such as harmonic generators.

Index Terms—Materials characterization, nonlinear vector
network analysis, On-wafer metrology, tunable dielectrics

I. INTRODUCTION

Some examples of devices employing nonlinear transmis-
sion lines include broadband phase shifters [1], 3rd harmonic
generators [2], and non-reciprocal, non-magnetic receiver
front-ends [3]. Generally speaking, there are two common
ways of creating a nonlinear distributed capacitance: peri-
odically loading a transmission line with tunable capacitors
(either varactor diodes or nonlinear dielectric capacitors), and
depositing the waveguide on a nonlinear dielectric material.
In each case, the nonlinearity is described by a voltage-
dependent capacitance and conductance. The same nonlinear
wave equation will apply. We focus on nonlinear dielectrics,
because dielectric nonlinearity is an important consideration
for filters and phase shifters, and because the literature on
nonlinear dielectric characterization at mm-wave frequencies
is scarce.

Tunable dielectric materials are an attractive solution for
frequency-agile microwave components because their permit-
tivity can be tuned by an applied electric field. This field-
tunability can be used to build voltage-tunable filters and phase
shifters [4]. In a nonlinear material, the field-tunability can be
described by modeling the displacement field D as a power
series in the electric field E:

DreWE 4+ P2 L Op3 4.. (1)

The linear permittivity (1) is well-known to be strongly
frequency-dependent in the 10’s of GHz for many materials
of interest [5]. With a few notable exceptions [6], dielectric
relaxation is a major limitation in many applications. For this
reason, we need to understand the frequency dependence of
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any nonlinear dielectric in a particular circuit design in order to
predict that circuit’s performance. Dielectric characterization
is often performed in an on-wafer environment because it is
difficult to fabricate many materials of interest in bulk, and
because the eventual application requires on-wafer devices.

The nonlinear permittivity ¢(>') is also frequency-
dependent. In the ferroelectric literature, measurements of
the dispersion £(*) at low frequencies (<1 GHz) are com-
mon. For example, Glazouov and Tagansev used nonlinear
measurements to distinguish between different thermodynamic
models of a relaxor ferroelectric [7]. @ and €® are also
routinely measured at optical frequencies, where £(?) describes
3-wave mixing, 2nd-harmonic generation, optical rectification,
the electro-optic effect, and many other phenomena, while £(%)
describes 3rd order phenomena including 4-wave mixing, self-
phase modulation, and 3rd-harmonic generation.

In the 10’s of GHz, nonlinear permittivity characterization
is difficult, especially in an on-wafer environment. At low
frequencies, we can use capacitors, and measure current and
voltage directly. At optical frequencies, nonlinear crystals are
often large compared to the wavelength of light, and nonlin-
ear mixing can be analyzed by the slowly-varying envelope
approximation. At 10’s of GHz, the wavelength of light and
the size of the device are both on the order of millimeters, so
a fully-distributed description is necessary.

Although nonlinear permittivity characterization is difficult,
it is also necessary for accurate circuit modeling. For filters and
phase shifters, nonlinear mixing products are viewed as spuri-
ous signals that degrade performance. For soliton generators,
harmonic generators, and non-reciprocal non-magnetic front-
ends, nonlinear frequency mixing is the goal of the device.
In either case, we needs to know the nonlinear permittivity to
accurately predict nonlinear mixing products.

In this paper, we provide an analytic description of fre-
quency mixing in a waveguide with nonlinear distributed
admittance per unit length. Much of the previous work on
nonlinear dielectric transmission lines focuses on 3rd-order
nonlinear effects, which are dominant when the sample is not
poled by an external electric field [8], [9]. In contrast, we apply
a DC electric field, and observe 2nd-order effects. Since we
are focusing on a 2nd-order nonlinearity, we had to develop a
new analytical solution. From a mathematical perspective, the
techniques we apply are well-known [10], [11], but we have
yet to see our solution to this nonlinear problem elsewhere in
the literature, and our solution appears to be easy to implement
numerically and accurate. For these reasons, we feel that it is
of interest to the measurement community.
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Fig. 1: Conceptual picture of an infinitesimal section of a nonlinear
transmission line.

We compare these theoretical predictions to wave parameter
measurements of transmission lines that are lithographically
patterned on a BST sample. We also discuss the discuss
the extraction of Y, the strength of the distributed circuit
nonlinearity, and £, the material nonlinearity, from measure-
ments.

II. FORMULATION

In this section, we derive a model for the nonlinear waves
generated by the mixing of two incident sinusoidal signals
in a nonlinear transmission line. Figure 1 shows a conceptual
picture of an infinitesimal section of transmission line dz with
an nonlinear distributed capacitance C' (V') and conductance
G(V). We lump these two parameters into a distributed
admittance Y (V) = jwC(V) + G(V). We expect that the
admittance will have a similar power series expansion to
Equation (1):
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We will focus on 2nd-order nonlinearities, which means we
will include Y™ and Y®) in our model, but not higher terms.
These parameters are both frequency-dependent, because we
expect that they are linearly related to ¢") and £(?.

We consider the case where the waveguide is excited by two
waves with angular frequencies w; and wy. These waves will
generate nonlinear mixing products at wi + wa, w1 — Wa, 2w
and 2ws. The voltage in the transmission line, as a function of
position and time, can be decomposed into components that
vary sinusoidally in time:

V(x,t) = Vi(z)exp [juit] +
Va () exp [jwat] +

Viga(z) exp [j (wy + wa) ] + 3)
Vi o(x) exp [j (w1 — wo) t] +
Va1 () exp [ (2w1) 8] +

Véxg(:c)exp[ (2w1) t] + c.c.

Here, c.c. denotes complex conjugate of all of the terms that
are written explicitly in Equation (3). A similar expansion can
be written for the current. We will use subscripts to denote
frequency. Vi () is the voltage wave with frequency w; , V3o
has a frequency of wq + wo, f/gxl has a frequency of 2w;, and
SO on.

This model assumes small signal amplitudes. The meaning
of “small” depends on context. The permittivity of our BST
sample tuned by a factor of 2 with a bias voltage of 13.5 V, so
we expect that signals with an amplitude on the order of 100
mV are still small. Small signals allow for two simplifying
assumptions in our model: first, as we have already stated, we
will ignore mixing products beyond the 2nd order. Second, we
will assume that Vl,Vg >> V1+2,V1 2,V2X1,V2X2, which
will allow us to ignore the nonlinearity when solving for the
voltage and current waves associated with the incident tones.
This is called the undepleted pump approximation in nonlinear
optics.

A. Nonlinear wave equations

Under the assumption that the incident tones are much larger
than the nonlinear mixing products, the voltage and current
waves are given by:

di;

i W
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o T [R(w;) + jwi L(wi)] L, (5)

where R(w;) and L(w;) are the distributed resistance and
inductance per unit length, respectively. The index ¢ € {1,2}
indicates that the waves at w; and w, are described by the
same equations.

Equations (4) and (5) have a well-known solution in terms

of the unknown coefficients V+ and V [12]:
@) = Vo) +Vew(—r) 6
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Here, v = /(R + jw;L)Y () is the propagation constant

and Z = /(R + jw;L)/Y @ is the characteristic impedance.
The coefficients are determined by boundary conditions, as
described in Section (II-B).

For the waves generated by nonlinear mixing, equation (5)
takes its usual form, but Equation (4) must be modified.
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Here, the * denotes the complex conjugate, and the factors of
2 in Equations (8) and (9) appear in a straightforward way
when we calculate the square of Equation (3).

The key insight of Equations (8-11) is that, because we
ignored the nonlinear term when calculating Vi () and Va(z),
we can treat the term proportional to Y (?) as a known function
of z. These equations can be solved by a Green’s function.



B. Boundary conditions

To determine the coefficients Vf and V[, we need to know
some relationship between the current and voltage at each end
of the transmission line. NVNA’s can measure the a and b
waves, which are defined in terms of a port impedance Z,, =
50 Q as

_ % (12)
b = % (13)

We express the a and b waves explicitly in terms of the current
and voltage at each end of the transmission line as follows:

Vi(0) + Z,1;(0)

api = 5 (14)
ay; = W (15)
bo; = M (16)
b = mzzpfim an

Here, the index i refers to the frequency w;, and the subscript
0 refers to the left end of the transmission line, x = 0, and
the subscript [ refers to the right end of the transmission line,
x = [l. The negative sign in Equation (15) and the positive
sign in Equation (17) reflect the convention that the a and b
waves are defined in terms of the current leaving the test port,
whereas I;(x) is the current flowing in the x direction.

As a boundary condition, we assume that the a waves are
known at each end of the transmission line at the frequencies
wi and wo. With some algebra, we can rearrange Equations
(14-15), along with Equations (6-7), to solve for the unknown
coefficients ‘A/f' and Vi_. With some algebra, we can rearrange
Equations (14-15), along with Equations (6-7), to find a linear
system of equations for f/f and f/[:

1 Al :
N L =l as
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with the reflection coefficient I'" defined as:
Z— 7,
= . 19
Z+Zy 19
The matrix in Equation (18) can be inverted explicitly:
|/ 14T [Te= —1] [ag,
R I [ R
where we have defined the constant
D =12 — ¢, (21)

Once we know the coefficients V;" and V,”, we can
calculate fi(x), 171(33) from Equations (6-7). Finally, from the
current and voltage, we calculate the outgoing b waves at each
port using Equations (16-17). This procedure will faithfully
reproduce the linear scattering parameters. We verified this,
but don’t have space to show it here. Calculating the voltage
and current waves at frequencies w; and wy is the first step
toward calculating the nonlinear mixing products.

C. Green’s Function

The nonlinear wave Equations (8-11) are of the form

dv . R

@ = —[R(w)+jwL(w)] 1 (22)
df X
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where Y () N'(x) is a known function of z that represents the
current generated by the nonlinear interaction of the incident
waves. These equations can be solved by a Green’s function
approach [10].

The Green’s function approach involves solving for
Gy (z,y) and Gy(z,y), the voltage and current waves that
are generated by a point current source at a position y along
the transmission line. These functions satisfy the differential
equations

W YO ()G (2,y) + Lod(z — y) (24)
dGVdi(;’y) = —[Rw)+ jwLw)]Gi(z,y). (25

Here, §(x—1y) is the Dirac ¢ function, which models the point-
like current source. We include the overall scaling constant
Iy with dimensions of current so that the current Green’s
function GGy will also have dimensions of current, and Gy
will have dimensions of voltage. The value of I is completely
arbitrary and has no effect on the end result of this calculation.
Once Gy(z,y) and Gy (z,y) are determined, we compute the
nonlinear voltage and current by summing the contributions of
the currents generated at each position along the transmission
line.
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We will solve for G(z,y) and Gy (x,y) following a very
similar procedure to the one we used to solve for I;(z), V()
in Section II-B. In addition to the boundary conditions at the
ends of the transmission line, the Green’s functions satisfy
additional boundary conditions at * = y. To accommodate
these boundary conditions, we write the Green’s function in a
piecewise form

(28)
(29)

Gy (z,y) = g (z,1)0(y — z) + g (2,y)O(z — y)
Gr(z,y) = 9F (z,9)O(y — ) + g7 (z,y)O(z — y),

where O(z) is the unit step function, and the superscripts R
and L stand for “left” and “right”. The boundary conditions at
x = y are that the voltage is continuous, but the current has a
discontinuous jump due to the point current source Id(x—y).

~

grz=y)—grlx=y) = I (30)
gz =y)—gi(z=y) = 0. (31)



Following the same approach we use to solve for fz(:z:) and
V;(x) in section II-B, we will express the Green’s function in
terms of unknown coefficients.

gy (z,y) = gf (y) exp(vz) + g1 (y) exp(—yz)  (32)
g (@, y) = gf(y) exp(vz) + g5 (y) exp(—yz)  (33)
+ —
g1 (x,y) = BAC) exp(ya) + 9L (v) exp(—yz)  (34)
+ p—
g1 (x,y) = —gR?(y) exp(yx) + gRZ(y) exp(—yz) (35

The boundary conditions will lead to a matrix equation for the
unknown coefficients.

r 10 0 7w 0

0 0 et Te g1, (y) o 0 (36)
—eVY TV VY Y g; (y) - 0
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Equation (36) admits a closed form solution, which we found
by standard techniques [10].

9ty = <§£0> :Fev(y*D _ ew(y#)} 37)
gry) = <§g> :—FQeW(y*l) + Fe*v(yfl)] (38)
ghly) = <§1[)0> :FeV(y*l) _ r2eﬂ(y+l)] (39)
9r(y) = (gg) :—e7<y+l> + Fe—'r(y—l)] (40)

D. Overview

In summary, here is a recipe to predict the 2nd-order
mixing products generated a transmission line with a nonlinear
distributed capacitance.

1) For each incident frequency w;, we use Equation (20) to
solve for the coefficients Vf and Vi_ from the measured
a waves at the edges of the transmission line.

2) From 171(50), we compute the nonlinear driving term,
N(y), for each mixing frequency of interest.

3) We compute the voltage and current Greens functions,
given by Equations (28-29), (32-35), and (37-40).

4) We then use Equations (26-27) to determine the spatial
distribution of voltages and currents generated by non-
linear mixing.

5) Using boundary conditions given in Equations (16-17),
we can compute the outgoing b waves at the reference
planes of the edge of the transmission line.

III. SAMPLE PREPARATION AND LINEAR MEASUREMENTS

Figure 2a shows the cross section of our nonlinear trans-
mission lines, as designed. We lithographically fabricated
transmission lines on a nonlinear BST film. The film was
1 um thick and was deposited by pulsed laser deposition
on a LaAlOs substrate. The transmission lines were gold
coplanar waveguides, with 200 um ground planes, a nominal
20 um center conductor, 5 um gaps, and 500 nm metalization
thickness.

a.
20 um
500nmAu P ————
1 um BST ~— ~
5 um Substrate

Fig. 2: Experimental configuration. a) Nonlinear transmission line
cross section geometry with design dimensions. b) Measurement con-
figuration. Both ends of the waveguide were excited simultaneously,
and the a and b waves at wi, w2 and w1 + w2 were recorded.

To determine the linear circuit parameters necessary for
the model (Figure 1b), we measured the scattering parameters
of each of the transmission lines. These measurements were
error-corrected by an on-wafer multiline TRL calibration [13]
on a lossless, linear substrate. To get the distributed admittance
YD, we performed a 2nd-tier multiline TRL calibration on
the transmission lines fabricated on the BST chip to extract the
propagation constant, . Finally, we computed the distributed
resistance R and inductance L using a finite-element method
[14]. From ~, R, and L, we were able to determine the
distributed admittance.

IV. NONLINEAR MEASUREMENTS

—Dbyfit
— by fit

e bymeas.
e b,meas.

Power (dBm)

Phase (rad.)

0 10 20 30
Frequency (GHz)
Fig. 3: Nonlinear measurements of the outgoing b wave at wi + wa,

with w1 /27 = 1 GHz. a) Power, de-embedded to on-wafer reference
plane. b) Unwrapped phase at on-wafer reference plane.



We performed “proof of concept” measurements with an
NVNA (Figure 1.b). We found that our sample has no 2nd-
order nonlinearity unless it is poled by an external electric
field, so we applied a 10 V DC bias between the center con-
ductor and ground planes of the CPW line. The transmission
line, with a length of [ = 535 pm, was excited by signals
with a source power of 0 dBm. On the left port (port 0), we
applied a tone with a fixed frequency of w; /27 = 1 GHz. On
the right port (port [), we varied the frequency from wsq /27
= 2 GHz to wy/27m = 28 GHz. The ports are denoted 0 and
l, because the left and right ends of the transmission line are
denoted by z = 0 and = = [, and because subscripts 1 and 2
refer to frequencies w1 and wy throughout this paper.

We corrected these measurements using a two-tier calibra-
tion, as described in the manual for the NIST Uncertainty
Framework software [15]. First, we performed a coaxial SOLT
calibration, as well as phase and power calibrations to the
coaxial reference plane. Then, we attached the coaxial cables
to microwave probes and performed an on-wafer series resistor
calibration. The two-tier calibration was necessary because on-
wafer phase and power standards are not available. The on-
wafer calibration allows us to roll the reference planes to an
on-wafer reference plane (the edge of the series resistor).

Figure 3 shows the corrected b wave, at the on-wafer
reference plane, for the wave at w; +ws. We show both by and
b;, the waves measured at the left side of the transmission line
(x = 0) and the right side of the transmission line (z = [). by
and b; have similar, but non-identical frequency dependence;
the amplitude and phase of these waves depends on frequency,
because of distributed effects. There is no symmetry in this
problem demanding that by and b; be identical, and in a
longer line, they may be very different. In this particular
case, the phases are very similar below 10 GHz because the
transmission line is relatively short and one of the waves is at
1 GHz. The nonlinear mixing products shown in this section
are due to the nonlinearity of our BST sample, not the sources
or the receivers in the NVNA. We verified this by performing
identical measurements on transmission lines with an identical
cross section on a linear material (LaAlOj3).

According to Equations (26) and (27), the b nonlinear
signal at wy + ws is proportional to Y (2) (w1, ws). So, we can
compute Y ?)(wy,wy) in a straightforward way from these
measurements. We take the measured a waves at each port
for all frequencies as known, and compute the b waves as
described in Section (II-D). Then, the nonlinear admittance
can be computed as,

bo s
Y(2) (wl,an) = b

, 41
Dot (41)

where by, is the nonlinear calculated wave with an assumed
value of Y? = 1, and b, is the observed wave. In the
calculations shown in Figure 3, the only fit parameter is Y (?).
We determined the value of Y(?) by applying Equation (41)
to the measured values of by and b; to obtain two estimates
of Y(?), and averaging these two estimates. In this data set,

the magnitude of these two estimates agrees at all frequencies,
but their phase only agrees below 10 GHz.

By repeating measurements of the b waves on many dif-
ferent transmission lines of differing lengths, we can infer 2
independent measurements of Y (2) from each line correspond-
ing to the 2 ends of the line. By performing measurements on
several lines, we plan to both test the model and determine a
better estimate of Y (2.

V. CONCLUSION

These measurements demonstrate that we can measure the
amplitude and phase of 2nd-order mixing products by NVNA.
We have strong evidence for the validity of our analytic
solution of the nonlinear wave equations, and are in the process
of building confidence by performing more measurements. The
mathematical formulation and proof-of-concept measurements
presented here pave the way for on-wafer nonlinear dielectric
characterization. As we described in Section (IV), we can infer
the strength of the nonlinearity from these measurements. We
expect that Y and £(®) are directly related, and that we will
be able to quantify this relationship with element simulations.
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