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Abstract:   In a magnetic resonance imaging (MRI) 

system, it is necessary to excite the nuclei of a patient 

into coherent precession for imaging.  This requires a 

coupling between the nuclei and a source of radio 

frequency (RF) power using a transmitter.  To receive 

a meaningful signal, we also need a coupling between 

the nuclei and an external circuitry known as the 

receiver.  Both the transmitter and the receiver are 

called RF coils or resonators, and are key components 

in any MRI system.  In this paper, we use COMSOL 

5.2a to model a NIST prototype birdcage RF coil using 

two low-pass coil mesh design types:  Mesh-1, a series 

of 15 all-tetra-10-element designs with degrees of 

freedom (d.o.f.) ranging from 169,906 (very coarse) to 

3,640,696 (very fine), and Mesh-2, a series of 15 

mixed-hex-27-and-tetra-10-element designs with 

d.o.f. ranging from 188,812 (very coarse) to 2,615,980 

(very fine).   For each of the 30 meshes, we compute 

its first resonance frequency,  fres , and its time average 

reflection coefficient given by  S11  in dB unit.  After 

obtaining 15 pairs of the two parameters, ( fres , S11 ), 

for Mesh-1 and Mesh-2, we use a 4-parameter logistic 

function nonlinear least squares fit algorithm to obtain 

an estimate of the two parameters at infinite degrees of 

freedom (d.o.f.) as well as their uncertainty (Unc) at 

one-billion-d.o.f. and relative error convergence rates 

(RECR).  It is interesting to see that the COMSOL 

analysis results of the two mesh types differ 

significantly from each other as shown below: 

 

    freq        S11     Unc     RECR  

        (S11)    (S11) 

  (MHz)     (dB)      (%) 

 

Mesh-1 (all-tetra) 19.271  - 3.843     3.27  - 1.43. 

 

Mesh-2 (mixed) 19.365  - 4.237   10.76  - 0.54. 

 

Based on the classical theory of error estimates for 

finite element method and the general theory of 

statistical analysis, we conclude that Mesh-1 (all-

tetra-10) solution is the more accurate of the two and 

should be chosen to compare with experimental data. 
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Disclaimer:   Certain commercial equipment, 

materials, or software are identified in this paper in 

order to specify the computational procedure 

adequately.  Such identification is not intended to 

imply endorsement by NIST, nor to imply that the 

equipment, materials, or software identified are 

necessarily the best available for the purpose 

 

 

1. Introduction 

 
In a magnetic resonance imaging (MRI) system, it 

is necessary to excite the nuclei of a patient into 

coherent precession for imaging.  This requires a 

coupling between the nuclei and a source of radio 

frequency (RF) power using a transmitter.  To receive 

a meaningful signal, we also need a coupling between 

the nuclei and an external circuitry known as the 

receiver.  Both the transmitter and the receiver are 

called RF coils or resonators, and are key compo-

nents of an MRI system, and the modeling and 

prediction of the performance of those coils, with 

uncertainty quantification, are essential to a 

successful design and operation of an MRI system  

(see, e.g., Fig. 1, after Jin [1]). 
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Figure 1.  Block diagram of an MRI system [1, p.21]. 

 

 

 

 

 

 

 

 

 

 

 

 

                   (a)                                       (b) 
 

Figure 2. (a) A NIST prototype 16-leg birdcage RF coil. 
(b) A partial build of the FEM model of a 16-leg coil. 

 

In a series of papers by Fong, et al. [2-3] on a 

finite element method (FEM) with uncertainty-based 

solution of the resonance behavior of a prototype 8-

leg birdcage RF coil that was used in the design of an 

MRI system at the U.S. National Institute of 

Standards and Technology (NIST) Boulder 

Laboratory, a software package named  COMSOL 

[4] was applied, along with a nonlinear least squares 

fit method [3, 5], and a super-parametric method with 

a design of experiments [2], to address two sources of 

FEM uncertainty, i.e., the mesh density, and the 

modeling parameters. 

In this paper, we will address the third source of 

FEM uncertainty, namely, element type, using a more 

current version of COMSOL [6].  Two mesh designs 

will be introduced using two different element types:  

(1) Mesh-1, which will consist of all tetrahedrons of 

the quadratic type with 10 nodes in each element.  (2) 

Mesh-2, which will consist of a mixture of the 

quadratic hexahedron-27-node (hex-27) and the 

tetrahedron-10-node (tetra-10) types.  In Section 2, 

we show the model set-up and the governing 

equations [7-9] of a prototype 16-leg lowpass 

birdcage RF coil that was also used in the design of 

an MRI system at NIST (see Fig. 2).   

In Section 3, we show the results of our FEM 

analysis using COMSOL [6] for two different mesh 

element designs (see Fig. 3):  

Mesh-1:  We introduce a series of 15 all-tetra-10-

element designs with degrees of freedom (d.o.f.) 

ranging from 169,906 (very coarse) to 3,640,696 

(very fine). 

Mesh-2:  We introduce a series of 15 mixed-hex-

27-and-tetra-10-element designs with d.o.f. ranging 

from 188,812 (very coarse) to 2,615,980 (very fine). 

For each of the 30 meshes, we compute its first 

resonance frequency,  fres , and its time average 

reflection coefficient given by  S11  in dB unit.  After 

obtaining 15 pairs of the two parameters, ( fres , S11 ), 

for each mesh  of Mesh-1 and Mesh-2, we use a 4-

parameter logistic function nonlinear least squares fit 

algorithm [3, 5] to obtain an estimate of the two 

parameters at infinite degrees of freedom as well as 

their uncertainty (Unc) at one-billion-d.o.f., and their 

relative error convergence rate (RECR). 

In Section 4, we introduce two a posteriori 

metrics, PM-1 and PM-2, for FEM solution accuracy 

assessment, with PM-1 based on the solution  

uncertainty, Unc , as estimated at one billion degrees 

of freedom, and PM-2 on the relative error 

convergence rate, RECR , as estimated at a range 

between 10 and 30 millions of degrees of freedom.  

Using those two metrics, we rank and assess the 

accuracy of the FEM solutions of the two mesh 

element types, and choose Mesh-1 the winner. 

In Section 5, we add a third metric to the accuracy 

assessment and again find Mesh-1 to be more 

accurate than Mesh-2.  Some concluding remarks, a 

list of references, and an acknowledgement section 

appear in Sections 6, 7, and 8, respectively. 

 

 

 

 

 

 

 

 

 

 

 

 
 

Figure 3.  Two designs of FEM meshes of a 16-leg RF coil 

for a study of FEM uncertainty due to element type. 
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2. The FEM Model Set-up 
 

In Table 1, we show a partial list of parameters 

specified in the Mesh-1 design of a 16-leg RF coil, 

where a special parameter named "refine" is intro-

duced to help us model a series of 15 meshes of  

 
Table 1: Parameters for Mesh-1 design with refine = 0.17. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Figure 4.  A 3-medium all-tetra (Mesh-1) design. 

increasing mesh density with the d.o.f. varying from 

169,906 (refine = 1.0, very coarse) to 3,640,696 

(refine = 0.15, very fine).  The model includes three 

material media: copper for the coil, water inside the 

coil, and air outside.  Mesh geometries for Mesh-1 

appear in Figs. 4-6, and same for Mesh-2 (mixed 

element types) in Figs. 7-8.  Governing equations 

solved in COMSOL RF module appear in Fig. 9. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 5.  Another view of the all-tetra (Mesh-1) design. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 6.  An enlarged view of the all-tetra (Mesh-1) design. 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 7.  An exterior view of the Mesh-2 design. 
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Figure 8.  An interior view of the Mesh-2 design. 

  

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

Figure 9.  A listing of equations solved using COMSOL. 

 

 

3. Simulation Results  
 

In Table 2, we show key results of our analysis 

for 15 meshes of all-tetra-10 (Mesh-1) design listed 

in increasing d.o.f. from 169,906 (refine = 1.0, very 

coarse) to 3,640,696 (refine = 0.15, very fine).  It is 

interesting to note that the resonance frequency,  fres , 

varies monotonically from 19.666 MHz (refine = 1.0)  

to 19.292 MHz (refine = 0.15), a net 1.9 % decrease, 

whereas the absolute value of the time-average 

reflection coefficient,  S11 ,  ranges eratically from a 

starting low of 3.959 dB (refine = 1.0) to a high of  

4.115 dB (refine = 0.35) and then settles down to a 

minimum of 3.837 dB (refine = 0.15), a total 

variation of 6.8 %.  The question of interest is:  what 

would be the estimated solution at infinite d.o.f., and 

how do we know the extrapolated solution is correct? 

 

 

 

 

 
Table 2:  Key Results of FEM Solution for  fres  and  S11   

based on 15 meshes of all-tetra-10 Mesh-1 design. 
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Figure 10.  A nonlinear least squares logistic function fit of 

the resonance freq. of the last seven meshes of Mesh-1. 
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To anwer this question, we apply the nonlinear 

least squares logistic function fit approach [3, 5, 10] 

to the last five to seven meshes of Mesh-1, and 

obtain, as shown in Figs. 10-11, the estimated  fres  

and | S11 | values at infinite d.o.f. to be  19.271 MHz 

and  3.843 dB, respectively.  In the same analysis, we 

also obtain, as shown in Figs. 11-12, the uncertainty, 

Unc , and the relative error convergence rate,  RECR , 

of  | S11 | , as two metrics to be used in Section 4 for 

accuracy assessment. 

In Table 3, we show the same key results of the 

FEM solution for 15 meshes of Mesh-2.  In Fig. 13, 

we plot the mixed-element-type Mesh-2 analysis 

result with that of Mesh-1 for accuracy assessment. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 11.  A nonlinear least squares logistic function fit of 

absolute value of  S11  of the last five meshes of Mesh-1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

Figure 12.  A linear least squares fit of relative error 

convergence rate, RECR , of the predicted values of 

 | S11 | at 10 to 30 millions of d.o.f. for Mesh-1 results. 

 

 
 

Table 3:  Key Results of FEM Solution for  fres  and  S11   

based on 15 meshes of mixed-element-type Mesh-2 design. 
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Figure 13.  A nonlinear least squares logistic function fit of 

absolute value of  S11  of the last five meshes of Mesh-2, 

superimposed on the same plot for the results of Mesh-1. 
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4. Two Accuracy Assessment Metrics (AAM) 
 

To assess the correctness of an FEM solution, it is 

customary for engineers to compute a key quantity of 

interest at three mesh densities to see if the relative 

error convergence rate, RECR, approaches that 

predicted by Zienkiewicz and Taylor [11],     namely, 

-0.5 for linear, -0.75 for quadratic, and -1.25 for 

cubic.  Unfortunately, those numbers were estimated 

from a simple 2-dimensional specialized mesh (Figs. 

14-15) and have been shown to be invalid for 3-

dimensional meshes in general by Marcal, Fong, 

Rainsberger, and Ma [10]. 

In this paper, we introduce two a posteriori 

metrics, PM-1 and PM-2, for FEM solution accuracy 

assessment, with PM-1 based on the solution  

uncertainty, Unc , as estimated at one billion d.o.f., 

and PM-2 on  RECR , as estimated at a range 

between 10- and 30-million d.o.f. (see Figs. 16-17).  

A comparison of Mesh-1 and Mesh-2, as replotted in 

Fig. 18, shows that Mesh-1 is clearly the winner for 

less uncertainty and a faster error convergence rate. 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 14.  A 2-D mesh (Zienkuewucz & Taylor [11]). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 15.  RECR (after Zienkuewucz & Taylor [11]). 
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Figure 16.  A linear least squares fit of relative error 

convergence rate, RECR , of the predicted values of 

 | S11 | at 10 to 30 millions of d.o.f. for Mesh-2 results. 
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Figure 17.  Definition of a relative error convergence rate. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Figure 18.  Assessment of the correctness of the absolute  

value of  S11  as estimated by the FEM analysis of two sets 

of meshes of type Mesh-1 (all-tetra) and Mesh-2 (mixed). 
 

 

 

 

 

The Winner: 

Unc = 3.3 % 

RECR = -1.4 
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5. A priori and A posteriori Metrics for 

Assessing FEM Solution Accuracy 
 

Both the uncertainty metric, Unc , named PM-1, 

and the relative error convergence rate metric, RECR, 

named PM-2, are a posteriori in nature, because they 

can be evaluated only after the FEM solution is 

completed.  In a forthcoming paper by Fong, et al. 

[12], an a priori metric (AM-1), defined as the 

standard error (s.e.) of the Jacobian determinants  

(s.e.Jac) [13] of all the elements in a finite element 

mesh, is introduced with a smaller AM-1 indicating a 

better mesh quality and a more accurate solution.  It 

is interesting to note that, after we applied the third 

metric, AM-1, to the most dense meshes of each of 

the two mesh types, M-1 and M-2, we again find M-1 

the winner as summarized in the following table: 

 
Table 4:   Accuracy Assessment using 3 metrics 

 
 

 

PM-1 

(Unc) 

PM-2 

(RECR) 

AM-1 

(s.e.Jac) 

Accuracy 

Assessment 

M-1 

 

 

3.3 % - 1.43 0.445 Winner for 

being less in 

all 3 metrics. 

M-2 10.8 % - 0.54 0.554  

 

 

6. Concluding Remarks 
 

We have demonstrated that uncertainty 

quantification can be achieved in FEM-based 

solutions when we change mesh density and element 

type.  Based on 3 metrics, one a priori, and two a 

posteriori, and an extrapolation tool using a nonlinear 

least squares logistic function fit algorithm, it is 

feasible to rank FEM solutions of the same problem 

as to which solution is more accurate.  This accuracy 

assessment approach comes with an uncertainty 

quantification, which is essential for engineering and 

medical applications where reliability-based 

decision-making often depends on measurement data 

and images that inherently contain uncertainty. 
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