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Abstract: In a magnetic resonance imaging (MRI)
system, it is necessary to excite the nuclei of a patient
into coherent precession for imaging. This requires a
coupling between the nuclei and a source of radio
frequency (RF) power using a transmitter. To receive
a meaningful signal, we also need a coupling between
the nuclei and an external circuitry known as the
receiver. Both the transmitter and the receiver are
called RF coils or resonators, and are key components
in any MRI system. In this paper, we use COMSOL
5.2ato model a NIST prototype birdcage RF coil using
two low-pass coil mesh design types: Mesh-1, a series
of 15 all-tetra-10-element designs with degrees of
freedom (d.o.f.) ranging from 169,906 (very coarse) to
3,640,696 (very fine), and Mesh-2, a series of 15
mixed-hex-27-and-tetra-10-element  designs  with
d.o.f. ranging from 188,812 (very coarse) to 2,615,980
(very fine). For each of the 30 meshes, we compute
its first resonance frequency, fres, and its time average
reflection coefficient given by Si1 in dB unit. After
obtaining 15 pairs of the two parameters, ( fres , S11),
for Mesh-1 and Mesh-2, we use a 4-parameter logistic
function nonlinear least squares fit algorithm to obtain
an estimate of the two parameters at infinite degrees of
freedom (d.o.f.) as well as their uncertainty (Unc) at
one-billion-d.o.f. and relative error convergence rates
(RECR). It is interesting to see that the COMSOL
analysis results of the two mesh types differ
significantly from each other as shown below:

freq St Unc RECR
(S11)  (Sw)
(MHz) (dB) (%)
Mesh-1 (all-tetra) 19.271 -3.843 3.27 -1.43.
Mesh-2 (mixed) 19.365 -4.237 10.76 -0.54.

Based on the classical theory of error estimates for
finite element method and the general theory of

statistical analysis, we conclude that Mesh-1 (all-
tetra-10) solution is the more accurate of the two and
should be chosen to compare with experimental data.
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Disclaimer: Certain commercial equipment,
materials, or software are identified in this paper in
order to specify the computational procedure
adequately. Such identification is not intended to
imply endorsement by NIST, nor to imply that the
equipment, materials, or software identified are
necessarily the best available for the purpose

1. Introduction

In a magnetic resonance imaging (MRI) system, it
is necessary to excite the nuclei of a patient into
coherent precession for imaging. This requires a
coupling between the nuclei and a source of radio
frequency (RF) power using a transmitter. To receive
a meaningful signal, we also need a coupling between
the nuclei and an external circuitry known as the
receiver. Both the transmitter and the receiver are
called RF coils or resonators, and are key compo-
nents of an MRI system, and the modeling and
prediction of the performance of those coils, with
uncertainty quantification, are essential to a
successful design and operation of an MRI system
(see, e.g., Fig. 1, after Jin [1]).
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Figure 1. Block diagram of an MRI system [1, p.21].
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Figure 2. (a) A NIST prototype 16-leg birdcage RF coil.
(b) A partial build of the FEM model of a 16-leg coil.

In a series of papers by Fong, et al. [2-3] on a
finite element method (FEM) with uncertainty-based
solution of the resonance behavior of a prototype 8-
leg birdcage RF coil that was used in the design of an
MRI system at the U.S. National Institute of
Standards and Technology (NIST) Boulder
Laboratory, a software package named COMSOL
[4] was applied, along with a nonlinear least squares
fit method [3, 5], and a super-parametric method with
a design of experiments [2], to address two sources of
FEM uncertainty, i.e., the mesh density, and the
modeling parameters.

In this paper, we will address the third source of
FEM uncertainty, namely, element type, using a more
current version of COMSOL [6]. Two mesh designs
will be introduced using two different element types:
(1) Mesh-1, which will consist of all tetrahedrons of
the quadratic type with 10 nodes in each element. (2)
Mesh-2, which will consist of a mixture of the

quadratic hexahedron-27-node (hex-27) and the
tetrahedron-10-node (tetra-10) types. In Section 2,
we show the model set-up and the governing
equations [7-9] of a prototype 16-leg lowpass
birdcage RF coil that was also used in the design of
an MRI system at NIST (see Fig. 2).

In Section 3, we show the results of our FEM
analysis using COMSOL [6] for two different mesh
element designs (see Fig. 3):

Mesh-1: We introduce a series of 15 all-tetra-10-
element designs with degrees of freedom (d.o.f.)
ranging from 169,906 (very coarse) to 3,640,696
(very fine).

Mesh-2: We introduce a series of 15 mixed-hex-
27-and-tetra-10-element designs with d.o.f. ranging
from 188,812 (very coarse) to 2,615,980 (very fine).

For each of the 30 meshes, we compute its first
resonance frequency, frs, and its time average
reflection coefficient given by Si1 in dB unit. After
obtaining 15 pairs of the two parameters, ( fres , S11),
for each mesh of Mesh-1 and Mesh-2, we use a 4-
parameter logistic function nonlinear least squares fit
algorithm [3, 5] to obtain an estimate of the two
parameters at infinite degrees of freedom as well as
their uncertainty (Unc) at one-billion-d.o.f., and their
relative error convergence rate (RECR).

In Section 4, we introduce two a posteriori
metrics, PM-1 and PM-2, for FEM solution accuracy
assessment, with PM-1 based on the solution
uncertainty, Unc , as estimated at one billion degrees
of freedom, and PM-2 on the relative error
convergence rate, RECR , as estimated at a range
between 10 and 30 millions of degrees of freedom.
Using those two metrics, we rank and assess the
accuracy of the FEM solutions of the two mesh
element types, and choose Mesh-1 the winner.

In Section 5, we add a third metric to the accuracy
assessment and again find Mesh-1 to be more
accurate than Mesh-2. Some concluding remarks, a
list of references, and an acknowledgement section
appear in Sections 6, 7, and 8, respectively.
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Figure 3. Two designs of FEM meshes of a 16-leg RF coil
for a study of FEM uncertainty due to element type.
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2. The FEM Model Set-up increasing mesh density with the d.o.f. varying from
169,906 (refine = 1.0, very coarse) to 3,640,696
In Table 1, we show a partial list of parameters (refine = 0.15, very fine). The model includes three
specified in the Mesh-1 design of a 16-leg RF coil, material media: copper for the coil, water inside the
where a special parameter named "refine" is intro- coil, and air outside. Mesh geometries for Mesh-1
duced to help us model a series of 15 meshes of appear in Figs. 4-6, and same for Mesh-2 (mixed
element types) In FIgS. 7-8. Governlng equations
Table 1: Parameters for Mesh-1 design with refine = 0.17. solved in COMSOL RF module appear in Fig. 9.
Name Expression Value Description _
RC 145.6[mm}/2 0.0728 m Coil radius
Hc 168.6[mm 0.1686 m Coil height
wi 12.5[mm] 0.0125 m Large circular strip width
w2 4[mm] 0.004 m Small circular strip width
betl 360/N-bet2 17.5 Large circular strip
sector angle
bet2 5 5 Small circular strip
sector angle
bet3 6.8 6.8 Short vertical strip
sector angle
bets 6.8 6.8 Long vertical strip
sector angle
3 3.5[mm] 0.0035 m Short vertical strip length
L4 66.55[mm] 0.06655 m Long vertical strip length
N 16 16 Number of legs
Ra L6°Rc 0.11648m | Cylinder radius of
air domain
Ha 2*Hc*1.1 0.37092 m Cylinder air height
C 177[pF] L77E-10F Port capacitance
VO 40[V] a0V Excitation voitage
th 0.5[mm] SE-4m Coil thickness
cc 0.001[pF] 1E-15F
Rw 0.9*Rc 0.06552 m Inner water radius
Hw 1.2°Rc 0.20232 m Inner water height
sig_water 0.1[S/m] 0.15/m Conductivity of water
_water 80 80 Water permittivity
[ fo 20[MHz) 267 Hz Frequency_s0
20 204.1[ohm] 204.10 Lumped_port_imped_at_fr
fr 19.1[MHz] 1.91E7 Hz Resonance frequency
f1 18.727[MHz] 1.8727E7 Hz | Lower freq at half z0
f2 19.4145[MHz] 1.9415E7 Hz | Upper freq at half z0
Q Tr/(f2-11) 27.782 Q-factor
|| coil_elem_size | 8.64[mm]*refine || 0.0014688 m
lam_w c_const/fo/ 0.83795m | Wave length, water
sqrt{eps_water)/2
size_w (lam_w/nels)*refine | 0.02035 m
lam_a C_const/fo/2 7.4948 m Wave length, air
size_a (lam_a/nels)*refine | 0.18202 m
[[ refine 0.17 | 0.17
nels 7 7

Fig. 6. An enlarged view of the all-tetra (Mesh-1) design.
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Figure 4. A 3-medium all-tetra (Mesh-1) design. Figure 7. An exterior view of the Mesh-2 design.
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ﬁ Table 2: Key Results of FEM Solution for fres and Si1
\ based on 15 meshes of all-tetra-10 Mesh-1 design.
1
= Mesh | Refine | Degree | Resonant S1
. No. | Para- of Frequency
; meter | Freedom (MHz) (dB)
7;7 7 1 1.00 165,506 15.666 -3.958813
= 2 090 | 183,408 19.652 -4.060869
/v}j.e 3 0.80 195,594 19.652 -3.964955
h 4 0.70 205,312 15.644 -3.996195
5 0.60 221,120 15.626 -4.026074
Figure 8. An interior view of the Mesh-2 design. 6 0.50 284,826 19.597 -4.078074
7 0.40 337,660 19.589 -4.046671
8 0.35 415,514 15.558 -4.114915
Frequency Domain Equations Solved in RF 9 | 031 | 805,674 | 19.447 | -4.077531
- ) 10 0.24 | 1,179,720 15.404 -3.9450497
Harmonic fields: | Bf.)=Eire/®, Hi.)=He/™ 11 | 023 |1416060| 19369 | -4.026016
- IS . 12 0.21 | 1,703,198 15.345 -4.000850
Faaday: VxB=—% = VE=Joll  VxE=jodl -y 13 | 019 | 2005360 | 19342 | -3.907660
pmpere: VxH-3+D VxH=oE+jolk  VxH=josE |%=¢7U5 | 14 | 017 | 2849370 19299 | -3.848283
o 15 0.15 | 3,640,696 15.292 -3.837470

Wave Equation for E
(1 )
Vx| %VxE?ij = sz—VXE];J@M Best Estimate using a
H Jm.*:cE
4-parameter LogisticFit = 19.271, - 3.843

- S
11 |
Vx| —VxE|-025E=0 Thisisthe equation solved in .emw

a=s-72 | Metric-1: % Uncertainty = 3.3 %.
Once E is solved for, then H is calculated from Faraday: H:'ja]TyVXE Metric-2: Relative Error
Convergence Rate (RECR) = - 1.43.

Figure 9. A listing of equations solved using COMSOL.

— 670772017 ur22:36 EDT
4-para. Logistic Fit: Y = y1 + L ( exp(-k(xx-X0))) / (1 + exp(-k(xx-X0))) 1
where xx = Log_10( X ) (FEM Analysis of Resonance of an MRI Birdcage RF Coil)

3. Simulation Results

& ] COMSOL All-Tet10 Solution
In Table 2, we show key results of our analysis S of 7 -mesh-density-extrapolated
. - o 19.8 first resonance frequency =
for 15 meshes of all-tetra-10 (Mesh-1) design listed ¢ 19271 (+/- 0.107) MHz
in increasing d.o.f. from 169,906 (refine = 1.0, very 2 e sy 1020
coarse) to 3,640,696 (refine = 0.15, very fine). Itis g 1 il — -
interesting to note that the resonance frequency, fes, § 19.4 1 uggi{m-.myigaé}},}ed =
varies monotonically from 19.666 MHz (refine = 1.0) 2 | D condane W |
t0 19.292 MHz (refine = 0.15), a net 1.9 % decrease, @© 192 degrees of freedom
whereas the absolute value of the time-average & | o) coitiondor. | voibonos
reflection coefficient, Si1, ranges eratically from a 197
starting low of 3.959 dB (refine = 1.0) to a high of ik B BE A% B w5 %% BE WS
4.115 dB (refine = 0.35) and then settles down to a e L yr————— T
minimum of 3.837 dB (refine = 0]_5)’ a total 15 COMSOL All-Tet10 runs ( blue circles ). Dotted fines are 85 % corfldance imis of oglstic it
variation of 6.8 %. The question of interest is: what
would be the estimated solution at infinite d.o.f., and Figure 10. A nonlinear least squares logistic function fit of
how do we know the extrapolated solution is correct? the resonance freq. of the last seven meshes of Mesh-1.
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To anwer this question, we apply the nonlinear
least squares logistic function fit approach [3, 5, 10]
to the last five to seven meshes of Mesh-1, and
obtain, as shown in Figs. 10-11, the estimated fres
and | S11 | values at infinite d.o.f. to be 19.271 MHz
and 3.843 dB, respectively. In the same analysis, we
also obtain, as shown in Figs. 11-12, the uncertainty,
Unc, and the relative error convergence rate, RECR,
of | S1u1 ], as two metrics to be used in Section 4 for
accuracy assessment.

In Table 3, we show the same key results of the
FEM solution for 15 meshes of Mesh-2. In Fig. 13,
we plot the mixed-element-type Mesh-2 analysis
result with that of Mesh-1 for accuracy assessment.

6222017 at 11:50 EDT

4-para. LogisticFit: Y = y1 + L(exp( k(xx-XO)))l(1 +exp( k(xx-X0))) 1

where xx = Log_10( X ) (FEM y ge RF Coil)
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Figure 11. A nonlinear least squares logistic function fit of
absolute value of Si1 of the last five meshes of Mesh-1.
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Figure 12. A linear least squares fit of relative error
convergence rate, RECR , of the predicted values of
| S11 | at 10 to 30 millions of d.o.f. for Mesh-1 results.

Table 3: Key Results of FEM Solution for fres and Si1
based on 15 meshes of mixed-element-type Mesh-2 design.

Legend:  H-27_= Hex-27 Type Element.
T-10 = Tetra-10 Type Element.

Mesh | Refine | No.of | No.of | Degree | Resonant S11
No. | Para- | H-27T | T-10 of Frequency

meter | Elem. | Elem. | Freedom (MHz) (dB)
1 1.00 2924 | 13,703 | 188,812 15.828 -4.23807
2 0.95 3,292 | 14,228 | 203,812 15.801 -4.29651
3 0.50 3,664 | 15683 | 223,362 19.788 -4.13724
4 0.85 3,904 17,656 | 243,182 19.775 -4.14196
5 0.80 4754 | 16,860 | 262,100 19.756 -4.21671
6 0.75 4650 | 23,544 309,754 19.726 -4.31801
7 0.70 7,708 | 24373 | 396,044 19.6655 -4.32680
8 0.65 7,836 | 24,834 440,528 19.6575 -4.35539
9 060 |10,267 | 31,342 | 520,506 19.605 -4.26895
10 0.55 | 11,848 | 31559| 566,770 15.58925 -4.26685
11 0.50 | 17,346 38,683 | 764,234 15.544 -4.26057
12 045 | 22,024 ( 51,146 | 975,354 19.4904 -4.25952
13 040 | 30,645 66,002 | 1,311,222 15.471 -4.28989
14 0.35 | 45,353 | 75,989 | 1,760,630 19.451 -4.31001
15 0.30 | 70.645 | 104,805 | 2,615,980 19.401 -4.20305

Metric-1:

Best Estimate via a 4-parameter Logistic Fit= 19.365, - 4.237

% Uncertainty = 10.8 %

Metric-2:  Rel. Error Convergence Rate (RECR) = - 0.54.

6/11/2017 at 16:37 EDT

4-para. LogisticFit: Y = y1 + L(exp( k(xx-X0))) / (1 + exp(-k(xx-X0))) 1
where xx = Log_10( X ) (FEM Analysis of 1ce of an MRI Bi ge RF Coil)
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Figure 13. A nonlinear least squares logistic function fit of
absolute value of Si1 of the last five meshes of Mesh-2,
superimposed on the same plot for the results of Mesh-1.
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4. Two Accuracy Assessment Metrics (AAM)

To assess the correctness of an FEM solution, it is
customary for engineers to compute a key quantity of
interest at three mesh densities to see if the relative
error convergence rate, RECR, approaches that
predicted by Zienkiewicz and Taylor [11], namely,
-0.5 for linear, -0.75 for quadratic, and -1.25 for
cubic. Unfortunately, those numbers were estimated
from a simple 2-dimensional specialized mesh (Figs.
14-15) and have been shown to be invalid for 3-
dimensional meshes in general by Marcal, Fong,
Rainsberger, and Ma [10].

In this paper, we introduce two a posteriori
metrics, PM-1 and PM-2, for FEM solution accuracy
assessment, with PM-1 based on the solution
uncertainty, Unc , as estimated at one billion d.o.f.,
and PM-2 on RECR, as estimated at a range
between 10- and 30-million d.o.f. (see Figs. 16-17).
A comparison of Mesh-1 and Mesh-2, as replotted in
Fig. 18, shows that Mesh-1 is clearly the winner for
less uncertainty and a faster error convergence rate.

I T N I N S |

——— Subdivision 1

Figure 14. A 2-D mesh (Zienkuewucz & Taylor [11]).
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Figure 15. RECR (after Zienkuewucz & Taylor [11]).

4-para. Logistic Fit: Y = y1 + L ( exp(-k(xx-X0))) / (1 + exp(-k(xx-X0)))
gWwhere xx = Log_10( X ) (FEM Analysis of Resonance of an MRI Birdcage RF Coil)
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Figure 16. A linear least squares fit of relative error
convergence rate, RECR , of the predicted values of
| S11 | at 10 to 30 millions of d.o.f. for Mesh-2 results.

Definition of a

Relative Error Convergence Rate

(REC Rate, or, RECR)

Let X, = (d.o.f), ! , Xi+l = (d.o.f), i+1 .

Let x,i = Log_10(X.i) , x,i+1 = Log_10 (X,i+1) .
Let  (Pct. Error),i+1 =100 * (Y,i+1 - Yi)/Y.i .
(REC Rate),i+1 = { (Pct. Error),i+1} /( x,i+1 - x,i).

Figure 17. Definition of a relative error convergence rate.
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Figure 18. Assessment of the correctness of the absolute
value of Si1 as estimated by the FEM analysis of two sets
of meshes of type Mesh-1 (all-tetra) and Mesh-2 (mixed).
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5. A priori and A posteriori Metrics for
Assessing FEM Solution Accuracy

Both the uncertainty metric, Unc , named PM-1,
and the relative error convergence rate metric, RECR,
named PM-2, are a posteriori in nature, because they
can be evaluated only after the FEM solution is
completed. In a forthcoming paper by Fong, et al.
[12], an a priori metric (AM-1), defined as the
standard error (s.e.) of the Jacobian determinants
(s.e.Jac) [13] of all the elements in a finite element
mesh, is introduced with a smaller AM-1 indicating a
better mesh quality and a more accurate solution. It
is interesting to note that, after we applied the third
metric, AM-1, to the most dense meshes of each of
the two mesh types, M-1 and M-2, we again find M-1
the winner as summarized in the following table:

Table 4: Accuracy Assessment using 3 metrics

PM-1 PM-2 AM-1 Accuracy
(Unc) | (RECR) | (s.e.JJac) | Assessment

M-1 3.3% -1.43 0.445 Winner for
being less in
all 3 metrics.

M-2 | 108 % -0.54 0.554

6. Concluding Remarks

We have demonstrated that uncertainty
quantification can be achieved in FEM-based
solutions when we change mesh density and element
type. Based on 3 metrics, one a priori, and two a
posteriori, and an extrapolation tool using a nonlinear
least squares logistic function fit algorithm, it is
feasible to rank FEM solutions of the same problem
as to which solution is more accurate. This accuracy
assessment approach comes with an uncertainty
quantification, which is essential for engineering and
medical applications where reliability-based
decision-making often depends on measurement data
and images that inherently contain uncertainty.
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