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X.1 Introduction
The basic theoretical principles of the ferrite response at high power levels that leads to nonlinear dynamics in ferrites are introduced in this chapter. Excitation by either a homogeneous or inhomogeneous external pumping (driving) field will be discussed but only modes excited when the applied microwave field amplitude  is at, or slightly above the onset threshold of parametrically excited spin waves will be investigated. The presented material should introduce the understanding of ferrite based devices when operating in the nonlinear regime, which is important for the design and applications of novel nonlinear ferrite devices operating at microwave and millimeter wave frequencies. 
The problem treated in this chapter is essentially quantum mechanical but most of the practical device applications can be understood based on macroscopic spin wave theory where the spin waves represent the perturbation of the continuous magnetization at a given position. References to the quantum mechanical approach will be introduced, if necessary.
The classical approach to the investigation of excitations in ferromagnetic materials follows from the equation of motion for the magnetization in the form [X.1]
									X.1
where  is the effective field accounting for the sample shape, anisotropy and nearest neighbor interactions. | = is the gyromagnetic ratio, g is the Landé spectroscopic splitting factor, e is the electron charge,  is the Bohr magneton, and  is the permeability of vacuum.  is the damping term that will be discussed later in the text.
The effective field is expressed in terms of total energy  of the system as [X.58]: 
		X.2
with , and  corresponding to the external, anisotropy, dipolar, exchange, magneto-elastic, magneto-electric, and thermal fields, respectively and  is the external RF excitation field. The essential fields, required to understand the nonlinear effects in ferrites are the dipolar, exchange and anisotropy fields. Magneto-elastic, magneto-electric and thermal fields, which were listed in Eq. X.2 will be neglected. 
The relevant fields in the laboratory coordinate system, as shown in Fig. X.1 that coincides with the crystallographic anisotropy axes are as follows.    
The dipolar field  must fulfil the Maxwell’s equations
									X.3a
and 
										X.3b
The solution of the static problem is the uniform field inside the ellipsoid 
										X.4	
Where [N] is the demagnetizing tensor,  is the internal field and   is the saturation magnetization in SI units corresponding to the saturation induction,   in cgs units. The solution for the uniform dynamic term, or uniform precession, is 
.									X.5
The nonuniform dynamic fields are the solutions of Eqs. X.3 a, and b and their form will be presented later when discussing spin wave excitations leading to nonlinear effects.
The static part of the anisotropy field can be expressed as [X.1]
 	
where  represent the directional cosines of M in the laboratory frame. 
The dynamic anisotropy field contribution is [X.2]
	X.6	
Fa is a free energy density,  is a 3x3 anisotropy tensor with , and
									X.7
 represents the dynamic anisotropy contribution induced by the uniform precession and  represents the dynamics anisotropy contribution due to spin waves. Here a unit vector in the magnetization direction  is introduced. Phenomenologically, the free energy is expressed as a power series of directional cosines of the magnetization vector leaving only the terms that are invariant to symmetry operations of the crystalline structure in the expansion. The specific form of the anisotropy matrix depends on the type of crystallographic anisotropy of the sample. Here only a few special cases that frequently appear in the application of ferrites are presented. For a cubic crystal such as YIG or a spinel ferrite, the free energy can be expressed as [X.1, X.2]
						X.8
where  is the first and  the second cubic anisotropy constant. For a crystal with a uniaxial anisotropy the free energy can be expressed as [X.1, X.2]
										X.9
Where  is the uniaxial anisotropy constant and for simplicity it is assumed that the uniaxial axis (c-axis) is Z in the laboratory frame. Depending on the sign of the anisotropy constant  this expression represents either a uniaxial or an easy-plane anisotropy energy.
For hexagonal symmetry anisotropy about the main axis the free energy is usually expressed in polar a coordinate system as [X.1, X.3]
 							X.10
where  is the angle between the magnetization and the main axis.
The exchange field can be expressed as [X.1, X.4]:
 							X.11
A = 10 pJm-1 is the exchange stiffness constant and  is the exchange parameter. 
Note that the static magnetization is along the effective field and the equilibrium position is given by , where  represents the static part of the effective field. The applied static external field and the equilibrium position of the magnetization are not, in general, collinear. Note also that the dipolar and anisotropy fields have both static and dynamic components, while the exchange field is dynamic, only.
 in Eq. X.1 is the damping term that can have several different forms. The form, 
 = 									X.12	
was first introduced in 1935 [X.5] and extended [X.6]. The corresponding equation is called the Landau-Lifschitz equation of motion where  is the damping parameter. An alternative damping term that is proportional to the change of total magnetization was proposed as [X.7]
 = 											X.13
Where  a phenomenological constant, is often called the Gilbert damping parameter.  Note, we will use the scalar , without subscript to distinguish it from the direction cosines, as a damping parameter. Eq. X.1 with damping parameters from Eqs. X.12 and X. 13 represents the situation when the coupling between the neighboring spins is strong and the total magnetization magnitude is preserved. However, if the coupling between the spins is weak and the magnetization amplitude is not conserved the equation of motion is modified to 
								X.14a
								X.14b
Eq. X.14 introduced two relaxation times, one for the relaxation of the z-component  and the second for the relaxation of the transverse component  of the magnetization. They were initially derived in [X.8] and modified for ferromagnetic resonance in [X.9].  is the spin-lattice relaxation time and  is the spin-spin relaxation time.  These equations must be complemented by Eqs.X.3a and X.3b and the appropriate boundary conditions. 
The linearized equation of motion, obtained in the small signal limit, is extensively used for investigation of material properties at low power levels because its solution gives the relation between the driving field and the dynamic magnetization in the form of the magnetic susceptibility, which is independent of the amplitude of the applied driving field. The fundamental solution in the linear regime is called the uniform precession and the corresponding response is called ferromagnetic resonance (FMR) that is valid only to first order if the dipolar and other interactions are included. The corresponding derivation of susceptibility and its applications in linear microwave devices can be found in (chapter 13).   
X.2 General instability theory 
Experimental investigation of FMR at higher power levels [X.7] showed a surprising line broadening at resonance (Fig. X.2). The imaginary part of the susceptibility remains at its small signal value up to certain power level but after exceeding this power level the imaginary part of the susceptibility starts to decline. This decline in the imaginary part of the susceptibility is called saturation of the main resonance. 
To extend the solution of the equation of motion to higher power levels it was necessary to retain the higher order terms in h. Since the magnetization at these power levels did not seem to be conserved, the predictions were derived from the Bloch-Bloembergen equations, Eqs.X.14a and b. The following prediction for the ratio of the z-component of the magnetization to the saturation magnetization and of the susceptibility at resonance to the initial susceptibility is given by [X.10]
								X.15
However, early experiments [X.11, X.12] showed that the onset of FMR saturation starts at power levels orders of magnitude smaller than the decline of the z-component of the magnetization as predicted by the extension of the small signal theory represented by Eq. X.15. An additional broad absorption also appeared at field levels several hundreds of A/m (Oe) below the FMR in Fig. X2. As already mentioned the uniform precession is a natural mode of the system only under special conditions but with dipolar and exchange included the higher order modes, spin waves, are coupled to the uniform precession and provide an explanation for these unexpected results [X.13]. 
The basic results of the nonlinear excitations in ferrites will be addressed, without loss of generality, by following the classical approach of Eq. X.1 with the damping term in the form of Eq. X.13. Initially it will be assumed that the sample has the form of an ellipsoid magnetized to saturation in the z-direction by an external static magnetic field H0. The information that is necessary for an understanding of the nonlinear processes in ferrites will be introduced and the formulas that can be used for immediate application discussed. The references should enable interested readers to get a deeper insight into nonlinear excitations in ferrites. The problem will be treated in two steps. First, it will be assumed that the wavelength of the spin waves is much shorter than the dimensions of the sample. In this case, the effects of the sample dimensions and surface effects can be neglected. Next, the case of nonlinear excitations when the spin wave wavelength is comparable with the sample dimensions will be considered. It will be seen that this can significantly influence the dispersion and the power levels for the onset of nonlinear effects. 
A detailed derivation of the formulas will not be presented but only the most important components that are relevant to the derivation will be introduced. Details of the derivation can be found in the listed references.
In the following, a reference precession frame with the z-axis in the direction of the equilibrium position of the magnetization  is introduced. The precession frame is obtained from the laboratory frame using the rotational matrix with angles indicated in Fig. X.1. Since the transformation is unitary, the final demagnetizing and anisotropy tensors are still symmetric and details of the transformation can be found in [X.4, X.14]. Under the stated assumptions, it is possible to write the magnetization as
									X.16 
 is a unit vector in the z-axis and  represents the dynamic magnetization having a small amplitude fulfilling the relation . The dynamic magnetization can be expanded in spatial Fourier series 
								X.17
where  represents the uniform mode and  define the non-uniform, in general propagating, modes of dynamic magnetization response, or spin waves. Note that  In the following, unless it is mentioned otherwise, harmonic time dependence in the form  is assumed that will be omitted in the formulas. In the Cartesian coordinate system, the wavevector k is described by the magnitude k, and angles  between the x axis and the projection of the k into x, y-plane and  the angle between the k and the z-axis. Initially the influence of the first four terms from the effective field in Eq. X.2 will be investigated. Using the expansion in Eq. X.17 and inserting it into the effective fields represented by Eq. X.2 the contributions of nonuniform excitations to the dynamic fields can be expressed as [X. 4] 
						X.18 
The solution for the nonuniform dynamic term of the dipolar field is [X.4]
; 							X.19 
Where the dynamic dipolar demagnetizing tensor is defined as [X.4]
								X.20 
The tensor components are related to the wavevector  coordinates defined in previous paragraph. 
The effective field including only external, exchange, dipolar and anisotropy fields can now be expressed as
						 X.21 
This equation inserted together with Eqs. X.16 and X.17 into the equation of motion X.1 represents the general equation of motion for the uniform precession and spin waves. Notice, that due to the tensor characters of [N] and [A] in the component form, the scalar products will lead to double summations over k and the coordinate variables x, y, z. The solution of the linearized equation of motion was investigated in chapter 13 but in this chapter, the initial focus will be on the nonlinear solutions of the equation of motion for short wavelength spin waves that will allow the definition of the threshold field amplitude hcrit, for the onset of nonlinear effects. Later in the chapter long wavelength spin waves will be considered where it will be necessary to include the boundary conditions. First, the formulae will be introduced for hcrit as a function of the spin-wave damping represented by the spin wave linewidth , the spin wave wavevector k, material parameters, external static field value and pumping microwave field configuration. 
As follows from the experimental results of [X.11, X.12] the magnetization is preserved to much higher power levels than those necessary for the nonlinear decline of the susceptibility. Therefore, it is possible to describe the onset of the nonlinear effects from Eq. X.1, which preserves the magnitude of magnetization M. Thus, the z-component of magnetization can be expressed through the other two components as
 or   X.22 
if the assumption  holds.  For simplicity, the usual approach is to obtain the equation of motion for k ≠ 0 from the torque equation and add the damping term later. Due to the complexity of the equations a significantly shortened approach following [X.14] will be presented because it includes an arbitrary pumping field orientation and anisotropy. Details for the isotropic case can be found in [X9, X.15, X.16]. Eq. X.1 for the x-, and y- components becomes
						X.23a			

						X.23b				
Multiplying Eq. X.23b by the imaginary unit j and adding (subtracting) it to (from) Eq. X.23a we get
						X.24 
where . Then , from Eq. X.22 can be expressed as .  The next step is to introduce new variables in the Fourier spatial series as


These summations include the uniform precession k=0 and spin-wave terms with k≠0. After tedious algebra, the general equation for spin wave amplitude is given in the form [X.14]
						X.25 
with coefficients defined in [X.14] as
					X. 26a 
				X. 26b 
													X. 26c 
		X.26d 
In the above equations  and  are the polar angles of the spin wave vector k in the x, y, z precession frame. , and . which is different to that in ref. X.14 due to the use of SI units in this chapter. Simplified equations for an arbitrary pumping orientation and uniaxial anisotropy are discussed in [X.17]. The coefficients Ak and Bk do not depend on the amplitude of the driving field or the dynamic magnetization and therefore represent the linear response of the system. Ck and Dk contain the driving field and magnetization amplitudes and are the source of the nonlinear interactions. In general, the linearized part of Eq. X.25, obtained by leaving out the nonlinear coefficients and the driving field term, represents elliptically polarized spin waves. This part can be diagonalized using the Holstein-Primakoff transformation [X.18] leading to a description of spin waves with circular polarization. The transformation equations to this new set of spin wave variables are
	
	
with
											X.27
										X.28
and the spin wave frequency is 
 
For a sphere, this equation is  
. 						X.29
The transformation into this new spin wave amplitude represents the critical step in the establishment of the nonlinear response of the system. The equation of motion after the transformation into the new variables is
	
								X.30 
with coefficients 
				X.31a 
						X.31b 
[bookmark: _Hlk500763319]Note that and  and hence  and  include the uniform precession amplitude  and its complex conjugate . Therefore, it is necessary to address the uniform precession solution to obtain the critical threshold fields. For this it is necessary to keep only the  term from the expansion in Eq. X.16. The effective field from Eq. X.21 is now 
 							X.32
where the demagnetizing and anisotropy terms are combined into . The equation of motion for the uniform precession amplitude can now be written in the form [X.14]
			X.33
This equation must be solved together with its complex conjugate and the complex uniform mode amplitude  is then obtained as
								X.34
The  and  coefficients represent the amplitudes of Larmor and anti-Larmor parts of the uniform precession as driven by the applied external pumping field and are given by [X.14]
						X.35a
and
						X.35b
with
									X.36a
 									X.36b
	
and
										X.37
is the FMR frequency. The selection of  and  defines the polarization of the pumping external RF field. These equations do not include the loss that can be introduced as before through  with  being the uniform mode relaxation rate. These equations will be discussed further when considering the critical threshold in hexagonal ferrites. 
To understand the influence of the terms in Eq. X. 30, following [X.10] let’s first omit the  terms in Eq. X.30. In this case the coefficients at  and  can be combined and therefore the  term in these equations only shifts and modulates the spin wave frequency but does not contribute to an exponential increase in the spin wave amplitude and thus does not have to be considered in the onset of the nonlinear process. The  term, on the other hand, provides the coupling between the modes and the external driving field that leads to nonlinear effects. Note also that the terms in coefficients  and are time dependent due to higher orders of spin wave amplitudes. The time dependence can be expressed as  with n having values between -2 and 2 including zero for the expansion used. Because the critical coefficient for the nonlinear effects is  the explicit time dependence can be expressed as
	 with 
Analysis shows that the term does not lead to an exponential increase of the spin wave amplitude and therefore it will not be considered further. As will be seen later only the n =1 and n=2 terms lead to a nonlinear increase in spin wave amplitude. At this point it is also necessary to include the damping that was up to now omitted. This can be done following [X.13] by adding the imaginary part to the frequency  in Eq. X.30, where  is a spin wave relaxation. Expressing the time dependence of the spin wave amplitude as  the equation of motion for the spin wave amplitude has the form
						X.38 
The relevant terms are those that are changing slowly with the time. They are the only the terms that will have the difference between the driving and spin wave frequencies close to zero reducing the sum in Eq. X.38 to n=1 and n=2 terms. The negative n’s lead to small fast time-modulation of the slow-in-time varying  (t). Therefore, only the n =1 and n =2 terms will be considered. Taking the complex conjugate of Eq. X.38 differentiating it and using the complex conjugate Eq. X.38 leads to 
						X.39 
With n =1,2. The solution of this equation is in the form with 
                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                         								X.40 
For  the amplitude of the spin waves increases exponentially.  contains the field amplitude and therefore this condition also defines the amplitude and orientation of the RF field at which there is the onset of the nonlinear effect. This amplitude is called the critical field, . There are two frequency conditions that fulfill this requirement. For n =1 the condition is   and corresponds to the first- order instability process. The second condition n = 2, is  and the process is called the second- order instability. To obtain the critical field it is necessary to include the specific forms of the coupling coefficient, which are defined by Eqs.X.31b together with Eqs.X.26a through X.26d. Details of this procedure will not be provided, and only the results for specific cases will be listed. The interested reader can either derive them or find them in the referenced literature [X.10, X.13, X.14]. To reiterate the important parameters entering the critical field condition Eq. X. 40 are frequency, static magnetic bias field, anisotropy fields, spin wave relaxation time or spin wave linewidth  , and the sample shape. In general, the critical threshold field in the plane-wave approximation can be expressed as
								X.41
In the following sections, this condition will be specified for first and second order instabilities and different pumping configurations. In the next step,  is expressed in terms more suitable for the derivation of the critical threshold fields. It is easier to understand this representation for the special cases of short spin-wave excitations, or in other words, for cases when the boundary conditions do not have to be considered. 
X.2.1 First order instability processes in spheres
First, spin wave subsidiary absorption (first order instability) at half of the driving frequency will be addressed. Eq. X.39 now becomes
						X.42
where, only terms of the first order in amplitude  are retained in Eq. X.31b for . Notice that these terms contain the pumping field amplitude . For short wavelength spin waves the fulfillment of the critical field condition Eq. X.40 will depend on the position of the spin wave manifold (chapter 13) with respect to the driving frequency. This position is controlled by the static bias field H0. In subsidiary absorption, the driven uniform mode decays by a three-magnon process into spin waves at half of the pumping frequency. The frequency and internal magnetic field regions in which ω to = ω/2 spin wave coupling is possible are shown in Fig. X.3 for different sample configurations and the RF field applied perpendicularly to the biasing static magnetic field. This configuration is usually referred to as perpendicular or transverse pumping. Half-frequency spin waves exist above the line ω=2|γ|H, (labeled ““ spin-waves” in Fig. X.3). Lines corresponding to: perpendicular resonance (labeled “Perp. Res.” in Fig. X.3) in a thin film or slab ω=γH, resonance in a sphere (labeled “Sphere” in Fig.X.3) ω=γ(H+Ms/3) and parallel resonance, (labeled “Par. Res.” in Fig. X.3) in a thin film or slab ω=γ(H(H+Ms))1/2 are also shown. With an internal magnetic field of 16 kA/m (200 Oe), subsidiary absorption occurs for frequencies higher than 1120 MHz (A). In the low internal field region, where the coincidence limiting condition that  and are satisfied simultaneously the critical field can reach extremely low values. The upper limit for fulfilling the condition that  will be above resonance is [X.13] 
											X.43
with  being the transverse demagnetizing factor. From the lower end, the limit is  the threshold field is on the order of  and the coincidence threshold occurs at 1753 MHz (B) for a thin film or slab magnetized in its plane and at 2203 MHz (C) for a sphere. If the internal magnetic field is increased to 64 kA/m (800 Oe), the coincidence regime is not possible and for frequencies above 4480 MHz (D) only the first order instability or subsidiary absorption can be observed. These limits depend on the saturation magnetization and the numbers listed above apply to yttrium iron garnet (YIG) with saturation magnetization Ms = 140 kA/m (1750 Oe). The theory will be now be applied to the special case, widely used in the original experiments, of a sphere for having different RF field orientations with respect to the static field. 
X.2.1.1 Transverse pumping

For this case, the static and dynamic anisotropy fields in the coefficients are zero, the laboratory and precession frames are the same and the internal field is in the direction of the applied external field.  from Eq. X.26 c, and d is then reduced to 

							X.44

where the reduced coupling parameter [X.4]

				X.45 

The coupling parameter  for an arbitrary pump configuration can be expressed as [X.16 (1969)]

  X.46	

where 
	

The linearly polarized RF field is perpendicular to the external field and can be set, without loss in generality into the x-direction.  This leads to the derivation of the threshold field , in the case of transverse pumping for a sphere in a form [X.4, X.19]

; 								X.47 

where

						X.48a 	
and 
						X.48b 
		













,  is the FMR frequency, is the pump frequency and is the angle of propagation of the spin waves relative to the internal magnetic field direction. Realizing that to maximize the denominator requires that  in Eq. X. 46, the solution to Eq. X.47 is found by minimizing by varying only. The spin wave manifold for YIG, plotted as the wavenumber variation with external bias field, is shown in Fig. X.4 for with the following [X.15] three regions, I, IIa and IIb, indicated. In region, I the full range of, , is available but because of the factor on the denominator of Eq. X.45, the minimum threshold occurs for as indicated by the solid circles. Region II is divided into two subranges, IIa and IIb. In region IIa, where   and  for a sphere, is not available, and with increasing  until is no longer available.  is not available in region IIb and here 

									X.49 

until   is reached.
   










The calculated variation of  with external bias field and is shown by the full line in Fig. X.5. A constant spin wave linewidth,  was assumed to match measured data given by the filled circles in Fig. X.5 and a correction of – 4 kA/m (-50 Oe) was also applied to  to account for the anisotropy field of the YIG sphere used in the measurement. In Fig. X.5 the calculated decreases slowly with increasing  until the wavenumber  corresponding to regions I and IIa. At higher  in region IIb,  increases more rapidly until it becomes very large at  (2150 Oe). However, the agreement between the measured and calculated variation of  in Fig. X.5 is not good. The major discrepancies are a flat region with some fine structure around the  minimum, and a rapid increase in  below the flat region followed by a sharp “kink”. However, the slope of the measured data for  below the kink is close to that calculated. These discrepancies could be resolved, except for the fine structure, by invoking a wavenumber dependent spin-wave linewidth function, . The fine structure was recognized to be due to magnetostatic mode interactions [X.19] at .



Based on physical reasoning and spin wave relaxation theory [X.20] a suitable function for  was obtained [X.19] containing several adjustable constants,  and in the form

								X.50 
						


The “” superscript is used to distinguish the wavenumber dependent spin wave linewidth for subsidiary absorption from that for parallel pumping that will be discussed later. The “kink” in the  function is provided by

















Substituting Eq.X.50 for  in Eq. X.47 and minimizing  with respect to  yields a variation in that mimics the measured data in Fig. X.5. Best fit to the data, for that particular case, was obtained with  and. The results with these parameters are shown in Fig. X.6. The agreement is much improved, except for the flat region between 128 and 152 kA/m (1600 and 1900 Oe). The corresponding variation in spin wavenumber and propagation angle , shown in Fig. X.7 are however significantly different from those obtained with a constant in Fig. X.4. As is increased from 64 kA/m (800 Oe) to approximately 121.6 kA/m (1520 Oe),decreases slowly from approximately 38⁰ to 35⁰, then with further increase in   increases abruptly to approximately 72⁰ as drops to zero. then follows the spin wave dispersion relation until . The infinite media approach to spin wave theory is not valid in the region where  due to the neglect of the boundary conditions that gives rise to magnetostatic modes. Several authors have discussed theories for magnetostatic mode non-linearity in spheres [X.21 – X.24]. The influence of the boundary conditions will be discussed later in the context of thin film geometry samples.

X.2.1.2 Parallel pumping 







The next special case is when a linearly polarized RF driving field is parallel to the DC bias field, which is referred to as parallel pumping. Theoretical predictions [X.25 and X.10 (1959)] and experimental studies [X.10 (1960)] showed that parallel pumping resulted in a similar frequency selective nonlinear response at half of the pumping frequency. This result appears counter intuitive with a strictly circular precession but a coupling mechanism between the pump magnetic field and the spin wave becomes apparent when elliptical precession is considered as shown in Fig. X.8 [X.15]. Here goes through two cycles for each rotation of . Thus, the coupling between the pump field and the spin wave precession, with , increases with the ellipticity of the precession. Then parallel pump instability occurs when the energy coupled from the pump to the precession exceeds the loss of energy due to spin wave relaxation. This result can be obtained from the previously introduced Eqs. X.45 and X.46 for the pump field in the direction of the DC bias field and if the anisotropy is neglected. Values of  for parallel pumping are found to be [X.4]
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where  is minimized relative to all available  values at . For this case . The spin wave manifold at a frequency of  is given in Fig. X.9 and shows two regions I and II [X.15]. In range I, all values of are available and  is minimal for at some minimum value of wavenumber. In range II,  is not available and  is minimized from Eq.X.47, becoming very large as  is approached. Calculated  assuming constant is shown as a full line in Fig. X.10. As expected from Eq.X. 51,  is constant with increasing magnetic field until  when  spin waves are no longer available and increases until  is reached. Measured data is also shown in Fig. X.10, by the filled circles and shows a significant difference to the calculated , with constant. As in the case of transvers pumping, a wavenumber dependent wavenumber, , is required.

   A simple expression for that provides good agreement with measured parallel pump data is [X.4]

						 		X.52 











The constant termdetermines the minimum value of  which occurs at the cusp in the measured data where  and . Above the cusp, where , the  variation is determined byand below the cusp where by . Substituting Eq. X.52 into Eq.X.51 for yields the broken line curve in Figure X.10 when ) for a YIG sphere.

X.2.1.3 Oblique pumping 
The final sphere example addresses the arbitrary orientation of the pumping field with respect to the DC bias field. This configuration has been investigated by several authors [X.14, X.16, X.26, X.27]. Again, the presented result can be obtained from the previously introduced general equations for the pumping field with all three coordinate components in Eqs. X.26c and X.26d. The detailed calculation for a general case of arbitrary polarization of the pumping field is quite involved even for an ellipsoid of revolution and the reader can find the details in [X.27]. For the linearly polarized oblique pumping field applied to a spherical sample, the situation simplifies and the conclusion from the theoretical studies is that the parallel and perpendicular components of the oblique linearly polarized pumping field are acting together and the resulting threshold field can be expressed as 
									X.53 
Where  and  are expressions in the parenthesis of Eqs. X.47 and X.51.  is the angle between the linearly polarized pumping field and the direction of the static external field. However, experimental results from a high-quality single-crystal YIG sphere [X.28] showed that the critical fields for the perpendicular and parallel instabilities seemed to act independently and the experimental results could be best explained by the equation 
									X.53a 






In fitting the experimental data, the wave vector dependence of the spin wave linewidth in the form of Eq. X.50 was used for the  and  expressions, but it was necessary to adjust the  parameter for each angle. The variation of the instability threshold with the applied bias field at a 40⁰ angle is shown in Fig. X.11. Filled circles indicate measured data with the full lines giving the results of the calculations. The calculated results closely match the measured data except over the 128 kA/m (1600 Oe) to 160 kA/m (2000 Oe) range where the discrepancy is attributed to magneto-elastic effects in the parallel pumping region and magnetostatic modes in the transverse pumping region. Even today there are some open questions that require additional theoretical and experimental work to explain why the independent action of  and  gives better agreement with measurements than the collaborative action, which is predicted from the theory [X.16]. The need for a variation in the  parameter with angle is also not resolved. 

X.2.1.4 Magnetostatic modes

A detailed experimental study of nonlinear effects in spheres [X.4, X.19] revealed, in the  region, a fine structure in the critical field dependence with external bias field. The theoretical investigation proved that in the short wavelength spin-wave limit, the corresponding expansion into plane waves does not describe the fine structure observed in these experiments. Recall (chapter 13) that for the  region the spinwave wavelength is of the order of the sample dimensions and therefore it is necessary to consider the conditions at the sample boundary. A useful discussion about the relation of the spin wave wavelength to sample dimensions is given in [X.29].  As observed experimentally [X.30] the threshold fields for subsidiary absorption as well as for parallel pumping show closely spaced resonance features since the wavevectors of the excited spin-waves are quantized due to the finite dimensions of the sample. Therefore, the plane wave expansion in Eq. X.17 must be replaced by an expansion into the normal (eigen-) modes of the system that consider the sample boundary conditions [X.21]. To avoid any confusion, we include the complex conjugates of the variables to keep the expression for magnetization real  

				X.54 

Inserting this form of magnetization and the corresponding static and dynamic dipolar fields, including boundary conditions, into the equation of motion gives a set of coupled equations for the magnetization eigenmodes. The solutions for the rf dipolar field under these conditions are called magnetostatic or Walker modes and for the sphere were first derived in [X.30 and X.31]. These solutions will not be repeated in detail but the information will be included that is necessary to understand the impact of boundary conditions on the nonlinear effects. More detailed information and derivations can be found in [X.31, X.32, X.33]. The eigen modes that include the boundary conditions are usually solved in the magnetostatic approximation of Maxwell’s equations with the electromagnetic propagation effects neglected. The RF dipolar field then can be expressed through potential equation 

											X.55 

and the corresponding equation for dynamic field h0dip (Eq. X.5) that couples the magnetization with the field. The magnetization in this approximation can be expressed through the permeability tensor discussed in (chapter 13). The solution of this equation for a ferromagnetic sphere is [X.24, X.31, X.33] 

					X.56 

Note the change in notation of the coordinates in Eq. X.56. They result from the use of a spherical coordinate system with variables  outside the sphere while inside of the sphere an elliptical coordinate system with variables  is used that is related to the cylindrical coordinate system  through relations [X.24]
	
The excited magnetostatic modes are identified by indices n = 1, 2, 3,… and m =-n,-n+1,...n, and by the angle  given by the characteristic equation [X.28]
						X.57 
The  are associated Legendre spherical functions. The index m can be thought of as an angular momentum number of the spherical mode. The frequency of the magnetostatic mode is given by 

The exchange field can be introduced into these equations in the limit of , which is satisfied in most of our cases of interest through substitution   where  represents the average exchange field of the magnetostatic mode and can be expressed as

Where d is the diameter of the sphere. This leads to the dispersion relation for magnetostatic modes in the form  
						X.58 
Note that the solution of Eq. X.57 with the appropriate boundary conditions, necessary for obtaining the resonant frequencies from Eq. X.58 and thus the critical fields, is usually quite involved. The corresponding magnetostatic modes obey the orthogonality relations that can be found in [X.31].
The main points of the theory and its implication are introduced by restricting the discussion to isotropic samples. Extension of the theory to include anisotropy should be quite straightforward following the discussion introduced earlier in this chapter.  Magnetostatic modes, as the eigenmodes of the system, were introduced into the nonlinear theory for cylindrical samples by [X.34] and for spheres by [X.24 and X.35]. Detailed analysis of the critical fields is given in [X.24, X.34, X.35]. In the plane-wave analysis the pump field couples spin waves with the equal and opposite wave numbers only. However, the basic idea for the nonlinear excitations in finite size samples is that the uniform precession couples to a pair(s) of magnetostatic modes. As follows from the referenced analysis, in the case of magnetostatic modes the pump field couples any given mode m to many m’ mode pairs characterized by the corresponding coupling coefficients. As it turns out, these coefficients are nonzero only if certain selection rules are satisfied. In principle, more than one pair of modes can contribute to the instability but the present analysis considers only two modes. If more modes are involved this usually lowers the instability threshold [X.34]. The selection rules depend on the shape of the sample and for a sphere, from symmetry considerations, the rules for modes n, n’ and m, m’ are n=n’ and  for the first order Suhl instability and  for parallel pumping. At the instability threshold, the frequency condition is now . Because of the limiting boundary conditions, the magnetostatic mode pairs are constrained to the low wavenumber region. For high wave number spherical modes, the critical threshold fields follow the plane-wave results. These conditions limit the frequency and field ranges where the development of the spin wave instability is possible. This region was labeled in [X.21] as a “magic diamond”. The detailed derivations for , are straightforward but quite tedious.
The condition for the critical field for parallel pumping is now [X.34]

 and  denote the corresponding magnetostatic mode linewidths and W’s represent the corresponding coupling coefficients. The lowest threshold must satisfy the above-mentioned selection rules. The coupling coefficients depend on the shape of the sample and are calculated for the given modes using the orthogonality relations. As mentioned these calculations are involved but straightforward. The readers can find those for the shapes addressed here in the referenced literature [X. 34]. As shown in [X.34] for the m = 0 mode, because it is not a pair but a single mode the critical field happens at half of the pumping frequency and is the same as in the case of the plane wave approximation. For  the instability is prohibited at exactly half of the pumping frequency but the frequencies of the critical modes can be close to it. Obtaining the critical fields is complicated and can be obtained from numerical calculations [X.24, X.35]. Application of YIG spheres in nonlinear devices is limited at present and therefore we will focus on the practically more important case of thin films. 
X.2.2 First order instability processes in thin films
In many practical ferrite devices (discussed in chapter 13) transmission lines such as microstrip, stripline or co-planar wave guides with small dimensions are used to maximize the RF magnetic field and thus, in the case of non-linear devices, to minimize the threshold power. The ferrite material is represented not by a sphere but as a thin ferrite (in most cases yttrium iron garnet-YIG) film. Thus, it is necessary to consider the boundary conditions when investigating nonlinear effects in ferromagnetic films. As is the case for spheres it is important first to understand the dispersion relations of spin excitations in thin film structures. These are discussed in (chapter 13) and therefore the focus here is on nonlinear effects referring, if necessary, to the results given therein. The thin film configuration supports the propagation of spin waves that have different dispersion depending on the orientation of the external static magnetic field with respect to film geometry, film thickness, and the orientation of the spin wave propagation wave vector k. This is important for the nonlinear effects because the dispersion allows control of the excitation conditions through changing the direction and the value of the bias dc magnetic field, film thickness, state (boundary conditions) of the spins on the surface and at the interface of the films with the substrate. 
Due to the multimode nature of spin wave excitations in thin films a pair or multiple pairs of modes [X.40], at their corresponding frequencies, are excited at the non-linear threshold, as in the case of spheres [X.24 and X.35]. The pumping field excites a certain mode at frequency   which at the threshold couples to a pair of critical modes that due to the difference in their wavenumbers will have frequencies slightly different from the half of pumping field frequency. The corresponding conditions are   together with the condition for wave vectors  . Depending on the geometry of the problem, the pump field may be periodic, , when associated with a propagating or standing wave or a periodic transducer or, in the case of uniform pumping, such as in resonance cavities,  and. The dispersion relations represent the discrete spin wave spectrum of the film. Here we restricted ourselves only to two modes without loss of generality.  Experimental data show [X.36, X.37] that for thin films excited by a uniform RF field the threshold fields can be derived with a reasonable precision for both the subsidiary and second order instabilities from the bulk spin wave theories described in previous sections. The situation is different for laterally small ferrite samples driven by uniform RF fields and/or for the nonlinear response in thin films excited with localized nonuniform fields driven by finite size antennas.
X.2.2.1 Transverse pumping
The nonlinear behavior in films excited by a uniform RF field in microwave cavities, will be addressed first. Theory for the threshold magnetic field for subsidiary absorption, or transverse pumping, in ferrite films with mm-cm size lateral dimensions was based on earlier sphere work [X.38, X.39]. The coordinate system and the configuration of the bias field and RF magnetic field relative to the YIG film for three cases of interest are shown in Fig. X.12. In Fig. X. 12a, the static bias field,  , is applied along the z-axis and fully saturates the magnetization in that direction. The spin-wave wave vector k is specified, as before, by the wavenumber k, polar angle  and azimuthal angle . Figures X.12b, c, and d, show the orientations of the YIG film and the RF magnetic pump field  relative to the coordinate system for the DC bias field in-the plane of the YIG film and  normal to the YIG film (IP), DC bias field  normal to the YIG film and in-plane (PI), DC bias field and in the plane of the film (II) respectively. The elliptical spin precession cones are also shown in Fig. X.12b, c, and d, for the uniform mode at the pump frequency . In short, I and P designate an in-plane and a normal field respectively, and the first letter refers to the bias field and the second to the RF pump field. The ellipticity factors,  and ,  show the relative lengths of the principal axes and strongly influence the coupling between the uniform precession and spin wave magnetizations, and thus the critical threshold field. Their influence is discussed in detail in [X.38]. The threshold field depends on the coupling coefficients in the x- and y- directions. If the coupling factor in the x-direction is larger than in y-direction, the critical modes will have  and in the opposite case the critical mode azimuthal angle will flip to .  
Measured data on the threshold field in thick YIG films obtained in microwave cavities with uniform   and magnetic bias field are not available. It has been found that modification to the bulk theory is required to explain experimental data on thin films of thickness ≈13μm [X.38, X.39], and thus the rough demarcation between the two ranges can be defined as   for thin films and   for thick films. The analysis in [X.40] shows that the condition  can be used as a general criterion, that the film can be regarded as a bulk medium. Here  is the frequency spacing of the spin wave modes and  is the spin wave relaxation frequency. In thin films, where the condition   applies, the critical spin waves are expected to always propagate in the thin film plane. Since  [X.41], where   is the film thickness, it is reasonable to assume that in practical ferrite devices the bulk theory is applicable to the ≈100μm films used in transmission-line based FSLs whereas thin film theory is required for MSW FSLs and SNEs where films < 30μm are typically used.
In plane-wave (bulk medium) limit for an infinite, homogeneous, film of thickness d, magnetized in the film plane by external field, , the dispersion relation is [X.42] 
				X.59
 is the effective dynamic demagnetizing factor . Then, for the first order critical field it is possible to write 
								

 where the minimization procedure is over k, and  for and
			X.60
In this case 
 						X.61a
								X.61b
the general equations for  and  simplify to
								X.62a
								X.62b
with  and uniform precession relaxation rate .   is the uniform precession linewidth.
Details of the tedious but more or less straightforward derivations are not given here but the resulting expressions for the bulk threshold field   for the three YIG thick film configurations shown in Fig. X.13 are presented. For IP and PI [X.38], 
IP 
 			X.63 
PI 
 				X.64 
And for II configuration [X.39]
II 
 			X.65 

[bookmark: _Hlk489786221]The variation of  with external field, or butterfly curves, for the three configurations are given in Fig. X.13.  is obtained from Eq. X.50 for subsidiary absorption in spheres as before. The same fitting parameters, 0.215), and   were used in all cases and were obtained from thin film measurements. The fitting parameters are close to those used earlier with YIG spheres, except for   which differs by a factor of ten.  The three cases, IP, PI and II show similar characteristics except for the difference in , which is due to the difference in the coupling between the uniform precession and the   spin waves. The variation of   and   within the spin wave manifold for the three thick film cases are like those of a sphere shown in Fig. X.7. 
  Next the difference in the behavior of out-of-plane and in-plane magnetized thin films for the IP and PI configurations in Fig. X.14 a, b will be discussed. Experimental studies of subsidiary absorption in thin YIG films showed that the variation of  was not satisfactorily explained by the thick-film or plane-wave theory [X.38, X.39]. The experimental data were obtained on a 12.8 µm thick YIG films at 9.4 GHz. The difference in these two cases between the observed threshold field dependence on the applied DC bias field, called the butterfly curve, and theory is due to excitation of different critical modes depending on the film and pumping field geometry. The theoretical approach follows the procedure developed for the spherical samples in [X.40] and extended to think films [X. 39, X.40]. The geometry of the problem is shown in Fig. X.12, where the film is magnetized to saturation in the z-direction. From the theory developed here, it follows that the critical parameters are the  and  angles that determine the propagation direction and strongest coupling of the modes with the lowest threshold value. The basic result is that the coupling is strongest for the  angle where the ellipticity of the excited mode matches the orientation of the uniform mode elliptical precession cone. For the PI configuration, in the bulk theory the orientation of the critical mode wavevector k is out-of-plane. However, for thin films, for a given  near , no rotation can reduce , that is approximately k⁄√2, to zero. Therefore, out-of-plane k vectors, limited to discrete values  = n ⁄d where n is a positive integer and d is the film thickness, must be included in the critical mode consideration. This leads to the observed absence of the kink in the butterfly curve for the in-plane bias, PI case, Fig. X.14b. For the thin film IP configuration, the critical mode k vector is in-plane as in the thick film case and still exhibits the “kink”, Fig.14a.
 The variation of  with bias field for thin film IP is given by [X.38]
 			X.66 
The  expression and fitting parameters were the same as used in the thick film (bulk) cases. Although the agreement between the measured and calculated data in Figure X. 14a is generally good, the measured  is lower than calculated when  , which may be due to the effects of excited magnetostatic wave mode pairs as in the sphere case [X.21, X.24].
The variation of   with bias field for the thin film PI case is given by [X.38]
 							X.67 
In the PI case it is not necessary to minimize the expression for  with respect to  since the condition  can be satisfied and thus differentiating the spin wave dispersion relation, Eq. X.29, which is also applicable to thin films, gives , where . This expression, together with the spin wave dispersion, defines the lowest threshold spin wave modes. The resulting variation in  for a thin film in the PI configuration is compared with measured data in figure X.14b. Note the excellent agreement between the calculated, full line, and measured, filled circles, data and the absence of the “kink”. Also shown, broken line, is the calculated variation in   if the  condition is not applied and minimization of the   expression is required. The expression for  in a thin film in the PI configuration is then the same as that of the bulk or thick film case, given by Eq. X.64, but with a  multiplier. The   multiplier is a result of the   mode quantization when the  condition is not applied. Both expressions for  in the PI thin film configuration are valid but the one resulting in the lowest threshold provides the best fit to measured data. The expression and fitting parameters were the same as used in the thick film (bulk) cases.
	The previous discussion considered only the configurations of the pumping and static external fields shown in Fig. X.14a and b. However, it turns out that when the sample has a small rectangular shape there is a difference in the butterfly curve for the in-plane II configuration when the static magnetic field is applied along the short and long axes of the rectangle as shown in Fig. X.14c. The extension of the theory that includes the quantization of the spin wavenumbers to these II configurations was done in [X. 39] and enabled an excellent agreement between calculated and measured  variation with bias field for a 7μm thick rectangular YIG film with sides of unequal length (1.1mm x 2.0mm), Fig.X.14c. Measured results showed a difference in    depending on the orientation of the sides of the sample relative to the bias field which was accurately reflected in the theory. The coordinate configurations for the discussed case are shown in Fig. X.12a and d. In the previous PI case the standing modes across the film thickness played an important role. However, here the standing modes across the film thickness are not important because the wavevector k is in the plane of the film, but because of the limited lateral dimensions, the extension of the theory requires that the lateral standing modes are considered. The lateral standing modes have y and z wavevector components Fig. X. 15, in the form  where   are positive integers and  and    length of the y- and z- sides of the rectangular ferrite film. Details of the derivation are quite complicated and an iterative procedure is required with consideration of a certain number of coupled modes close the minimum threshold wavenumber , at around half of the pumping frequency. The alternative approach is to use a limited N x N cluster of lateral modes centered at some = as shown in Fig. X.15. Now, at a specific value of the external applied field  the threshold is obtained by scanning the available states and finding the minimum critical field value. The procedure is still involved but offers more insight into the solution. An interested reader can find the details in [X.36]. Using this approach, only a simple addition to the thick film or bulk theory, Eq. X.65, is necessary for the investigated II thin film case. The  expression for the thin film II configurations is 
                                                                         	 	X.68 
Where   is the complete expression within the brackets in Equation X.65 prior to minimization, the G-factor is
								X.69

and  
=				X.70
The upper-case subscript K is the center wavevector number indicating an operating point in the center of an array of coupled spin wave modes within  and not as previously a lower-case k indicating an actual single spin wave mode in the array.   and   are the lengths of the sides of the YIG film parallel and perpendicular to the bias field direction respectively. In this case . This is simpler than the expression for  used for spheres or bulk films due to the absence of the  term since it is already incorporated in the  expression. The parameters for the theoretical curves in Fig. X.14c are  A/m (0.35 Oe),   46.4 A/m (0.58 Oe) and . These values are similar those used earlier in the bulk-film case, and  is the same as a cited [X.20] theoretical value.
[bookmark: _Hlk495672329]X.2.2.2 Parallel pumping.
Parallel pumping results for thin ferrite films will now be discussed. Studies of parallel pumping in YIG films [X.43] showed that, at least for films of thickness >10μm, the gross variation of   with magnetic bias field could be explained by the bulk theory developed for YIG spheres. The results of measurements on a 15.9 μm thick YIG film at a pump frequency of 9.4 GHz and magnetized in-plane are shown by the filled circles in Fig. X.16. Also, shown by the continuous line are the results of calculation using Eqs. X.51 and X.52 with the constants ,  and . Closer examination of the measured data showed the presence of a fine periodic structure which was attributed to standing spin wave modes in the YIG film thickness [X.43]. This fine structure is observed below the cusp in the butterfly curve as indicated in Fig. X. 16 [X.44]. Fine structure in thinner 0.5μm and 3.8μm films, had been reported earlier and similarly attributed to spin wave resonance in the film thickness [X.45]. The fine structure implies that is rotated from 0⁰ (in-plane) to 90⁰ (normal to plane), which due to the combination of volume dipole-dipole and thin film shape effects [X.43] results in maximum ellipticity and thus minimum threshold. Interpretation of the fine structure also requires the quantization of the wave vector perpendicularly to the film thickness similar to that discussed earlier for the spheres. Fine structure is not expected in transversely magnetized thick films when  , or in normally magnetized films where the value of  in un-important and  is always in-plane.
X.2.2.3 Dipole-exchange interactions. 
[bookmark: _Hlk500840549]A more rigorous theory for the parallel pumping threshold in thin films has been presented [X.46], which considers exchange interactions in addition to the dipolar interactions already discussed. Dipolar interactions are weakly dispersive but exchange interactions in thin films can, depending on the excitation frequency and corresponding wave number, demonstrate both weakly and highly dispersive properties. These spin wave excitations are called dipole-exchange spin waves. For these waves, it is necessary to consider also the exchange boundary conditions for the dynamic magnetization at the surfaces of the film in addition to electromagnetic boundary conditions. These exchange boundary conditions are also called surface spin pinning conditions. The considered geometry is given in Fig.X.17, where a ferromagnetic film of thickness d in the  direction is shown. The film is infinite in the  and  directions and the -axis is parallel to the direction of spin wave propagation. The film is magnetized to saturation by an external field H0 applied in an arbitrary direction. Another coordinate system (x,y,z) is introduced in which the z-axis is parallel to the direction of magnetization M0 . Transition from the ( coordinate system to the (x,y,z) system is obtained by orthogonal transformation through the angles  and , which are determined by the equilibrium orientation of M0. The boundary conditions can be expressed in general in the form [X.47] 
										X.71
where  is the coordinate perpendicular to film surface,  are the surface spin pinning parameters and d is the film thickness. There are two often used extreme cases; one is when spins at the surface are pinned then 
											X.72
and when the spins at the surface are free to move – unpinned surface spins condition
											X.73
The detailed discussion of the dipole and exchange interactions and anisotropy effects on the critical field conditions is too extensive to be included here and the reader can find the details in [X.46, X. 47, X. 48]. Only, the essential equations for subsidiary absorption and parallel pumping that include dipole-exchange modes are presented. 
The critical fields for the subsidiary absorption considering the dipole-exchange interaction were derived in [X. 48, X. 49, X. 50] 
				X.74
for pinned surface spins and
					X.75
for free surface spins. Film thickness d is along the x-axis and with the film magnetized in-plane. The spin wave propagation is along  as shown in Fig. X. 17. The angle  is between the direction of propagation and the orientation of the static field H0.  represent the excited spin-wave eigenmodes of the tangentially magnetized film.  and  and   is the relaxation frequency of a spin-wave mode with number . Here we assume that k is in the z-propagation direction. The corresponding functions in the above equations are:
								X.76
					X.77
 For spins pinned at the surface and
							X.78
							X.79
for free spins at the surface.
It follows from the  term in the denominator of Eqs. X.74 and X.75 that the lowest parametric threshold (critical field) is for spin waves propagating at an angle  with respect to static field. 
For parallel pumping configuration, the threshold field can be expressed as
									X.80
For parallel pumping, the lowest threshold happens for the k = 0 spin waves. This threshold is the same for standing waves with different numbers n with . If the static field has the value such that  is not satisfied, the generation of k = 0 waves is difficult and then a pair of short-wavelength parallel or transverse to static magnetization spin waves is generated. The waves with strongest ellipticity are generated and this increase of ellipticity appears only if the exchange interactions are considered. Note, that the ellipticity of non-exchange spin waves decreases monotonously with increasing k. The closer the ellipticity of these waves is to circular polarization the higher is the threshold field. The detailed description of the dipole-exchange mode thresholds within and outside regions of dipole-dipole mode hybridization is complex and investigated in [X. 46].  
X.2.3 First order instability - hexagonal ferrites
The first order instability theory for an easy-plane hexagonal ferrite as a function of the DC bias field angle with respect to the plane of the disk was presented in [X.51] and for arbitrary pumping configuration and general anisotropy in [X.14]. The critical fields can be derived from the general theory discussed earlier in this chapter using the Eqs. X.26 a,b,c,d and the corresponding equations of motion Eq. X.30. Detailed calculations are given in [X.14]. 
An example of the calculation of the first order thresholds for an easy plane Zn-Y ferrite thin disk is presented here. Because of the planar anisotropy the anisotropy energy for this case is given by Eq. X.9 with a negative anisotropy constant KU. A similar approach would also apply for the uniaxial anisotropy case. The relevant geometry is shown in Fig. X.18 where the bias field and the magnetization are in the Y-Z plane. For the given configuration, the anisotropy field has only one non-zero component . The angle  is obtained from the static equilibrium condition  that for this case is 	
							X.81	
In the short spin wave wavelength limit the condition of critical mode frequency for the first order instability of  is fulfilled. The condition for the threshold field comes from Eq. X.26. It is to note that coefficients in Eqs. X.26 contain the uniform precession amplitude  and its complex conjugate. As mentioned before the derivation is quite involved and we will present only the results following [X.14].
The threshold for the first order instability can be expressed as 
										X.82
where
					X.83
[bookmark: _Hlk495926313]The coefficients  and  are obtained from X. 26c,d including only the first order of  and its complex conjugate. For special pumping configurations  can be expressed in terms of W’s we used before. As an example we present the results of a calculation of the first order instability threshold for an easy plane Zn - Y hexagonal ferrite disk shown in Fig. X.18. For these calculations, the saturation magnetization Ms was set to 224 kA/m (2800 G) and the anisotropy field Ha was set to -720 kA/m (-9.0 kOe). The calculations were done for 9 GHz driving frequency. Results of the numerical calculation are detailed in Fig. X.19 [X.14] for  5, 10 and 90 degrees. Chart a) gives the critical field as a function of the external bias field, and b) and c) present the dependence of the critical mode spin wavenumber k and the polar angle  as a function of external field. As follows from Fig. X.19a the hcrit curve holds a constant value for up to about 20 kA/m (250 Oe) while the critical mode k-value is nonzero. For other angles hcrit starts at the same value as for Hext =0 and increases slightly as the external field is increased. A constant spin wave linewidth A/m (1 Oe) was considered in calculations shown in Fig. X. 19. Note that  (left most curves in Fig. X. 19) corresponds to the in-plane parallel pumping configuration and that the results are similar to those for parallel pumping in YIG (Fig. X.10) without taking the wavevector dependence of the spin wave linewidth into account.  

X.2.4 Nonlinear excitations in thin films under local pumping
The general first and second order nonlinear threshold excitations that have been addressed so far have historical relevance and are important for understanding the nonlinear effects in ferrite materials that were excited by uniform or quasi-uniform pumping fields such as those in resonant cavities. Measuring small spherical or thin film samples in the uniform RF magnetic field of a microwave cavity biased by a uniform static DC magnetic bias field provides an ideal approach to establishing the basic theory for the instability threshold fields in ferrites. The critical phenomena above and well beyond the threshold have not been addressed but the derivations discussed earlier in this chapter can be extended to above-threshold and are important for understanding the onset of chaotic behavior that can be triggered in these systems. The topic of chaos is out of the scope of this chapter but the interested reader can find a review of this problem in [X.52]. The nonlinear devices of current interest, e.g. frequency selective limiters, Chapter 13, use planar transmission lines such as microstrip, stripline or co-planar wave guides with narrow strips as excitation antennas to maximize the RF magnetic field and hence minimize the threshold power. Another approach to local excitation of propagating spin waves was presented by [X.53 -X.55] where a dielectric resonator was used to locally excite the propagating spin-waves. In these devices, the spin wave propagation out of the region of the excitation antenna has a significant influence on device performance. The narrow transmission lines and dielectric resonators represent a local excitation of these propagating spin waves because the source of the excitation is concentrated in a spatially limited area of the sample. 
In the case of linear excitation by a narrow antenna the excited spin waves propagate perpendicular to the antenna aperture and details of the calculation of the radiation resistance and the corresponding group velocities, for different orientations of the applied static DC bias field with respect to direction of propagation of the excited waves are given in chapter 13. Here, the results related to nonlinear excitations are addressed that are critical for understanding the performance of locally excited thin-film ferrite devices. First, the effect of the dimensions of a local antenna on the nonlinear response of the system are investigated. 
X.2.4.1 Direct excitation by an antenna
Dielectric resonators operating at 9.37 GHz and designed to provide either an in-plane or normal RF magnetic field were attached to the surface of the YIG film as shown in Figure X.20 [X.55]. The internal bias,  , and the RF magnetic field,  , were parallel for longitudinal pumping. It was assumed that the RF magnetic field was uniform over the area of the dielectric resonator in contact with the YIG film and zero elsewhere, i.e., locally uniform pumping. The dimensions of the dielectric resonator area in contact with the YIG were a = b = 3.5 mm and a = b = 1.5 mm for parallel pumping normal to the YIG film and a = b= 3.5 mm and a = 1.5 mm and b= 1 mm for parallel pumping in-plane.
Measurements of the threshold power in thin YIG films with localized pumping provided by small dielectric resonators or narrow wire antennas showed that localized pumping resulted in increased and additional variation in threshold power [X.53 –X.57]. This is not surprising since the excited waves under the antenna can propagate out of the antenna region. In the first approximation, the spin waves propagating out of the pumping area can be considered as contributing to the spin wave loss term represented by the spin wave linewidth in the earlier threshold equation, Eq. X.51. This is a reasonable assumption because the energy/power necessary for the excitation of propagating waves has to be supplied by the external pumping RF field.
Experimental results with pumping normal to a YIG film, are shown in Fig. X.21 for three configurations, 1) cavity resonator, 2) a=b=3.5 mm dielectric resonator and 3) a=b=1.5 mm dielectric resonator. The YIG film dimensions were 5.5 x 7mm with thickness 16 μm and spin wave linewidth, (0.2 Oe). Data for the three different resonators were normalized for  (50 Oe), where . In this case the threshold magnetic fields for  in all three resonator configurations were identical within experimental error. The lower curve, 1, in Fig. X.21, for   shows the lowest thresholds and was obtained with uniform pumping in a cavity. Curves 2 and 3, obtained with dielectric resonators, show threshold fields that increase inversely with the pumping area. The increased threshold field for curves 2 and 3 is, as mentioned before, ascribed to the propagating spin waves carrying energy out of the pumping area and increasing the effective damping of the system. This effect is not significant when  since exchange dominated, half-frequency, spin waves with high wavenumber and low group velocity,, are generated in this region. However, when  low wavenumber spin waves, or magnetostatic waves, with larger group velocity are excited and carry significant energy away from the pumping region. Eq. X.51 can then be modified to give the parallel pumping threshold for locally homogeneous pumping in the form [X.55, X.55 (1994)] 
    							 X.84 
where   is a numerical coefficient between , when   and   in the opposite limit, w is the width of the pumping region and  is the characteristic distance travelled by the spin wave.
    The long wavelength   spin waves, excited when  , are magnetostatic forward volume waves (MFVW) which propagate isotropically in the plane of the normally magnetized YIG film. The lowest order MFVW mode, n = 1, has an approximately half-wavelength field variation through the YIG film thickness with higher order modes having multiple half-wavelengths corresponding to their mode number n.  is determined by the MSFVW mode with the lowest threshold. If the wavenumber normal to the film, i.e., parallel to Hi and hp, is  and the propagating wavenumber in the film is   then  and  . Thus, minimization of Eq. X.96 involves the mode number. The lowest order mode does not necessarily have the lowest threshold. 
Further explanation follows [X.54], presented in connection with an investigation of kinetic instability of spin waves. As far as the authors are aware, a quantitative comparison of results similar to those presented in [X.55] with theory has not been published. While the data in Fig. X.21 is presented as a function of magnetic bias field, since cavity and dielectric resonators have high Q and operate over a narrow frequency range, the following explanation is provided in the frequency domain. However, the characteristic frequencies and magnetic fields are easily translated from bias field to frequency domains. 
The frequency dispersion of the  MSFVW-spin waves as a function of a normalized wavenumber kd is shown in Fig. X.22a,  and external field  (3000 Oe). Mode numbers n = 1, n = 100, n = 190, and n = 240 are shown.   with  (1750 G) and  .   in this figure translates to   in Fig. X.21. The bold line was obtained by calculating the n and kd values that minimize Eq. X.96 at different frequencies. We can see from Fig. X.22a, that for  (corresponding to  for constant  ) the parallel pump instability occurs for relatively large wavenumber,   with n = 1 but when   , ( for constant , where  ) Eq.X.84 is minimized at larger n where the group velocity is smaller. For example, when   the n = 70 mode has the lowest threshold.
The calculated path length, , for   waves normal to the plane of the film, as a function of frequency, is shown in Fig. X.22b. Waves with   (  have a very short path length and are not influenced by the YIG film surfaces. They thus behave as uniform spin waves in an infinite medium. In contrast, for    is greater than the film thickness d and the threshold is determined by the mode number. The path length in-plane is also much longer than for , which results in increased sensitivity to the size of the pumping region as seen in Fig. X.21 for . 
The variation of the threshold field,  , for locally uniform parallel pumping of a YIG film magnetized in-plane is shown in Fig. X.23 [X.55]. Curve 1) was obtained with a cavity and the other curves with dielectric resonators of dimensions, 2)  and 3)   and b. The measurements from the cavity and dielectric resonators were normalized at  (200 Oe). In this transversely magnetized case, there is a stronger dependence of the threshold field on the size of the dielectric resonator for curves 2 and 3 with . The variation of  for   is more complicated than in the previous normally magnetized case due to the interaction with magnetostatic surface waves (MSSW) at   which are not present in a perpendicularly magnetized film. These show a small variation in threshold with resonator size. The waves excited above  are magnetostatic backward volume waves (MSBVW) which also exhibit multiple thickness dependent modes. Again, determination of the threshold fields requires minimization of Eq. X.84. However, MSBVW exhibit anisotropic propagation over a range of angles relative to the bias field direction in the plane of the film which must be considered in the threshold field calculation.
X.2.4.2 Excitation by Magnetostatic Surface Waves
[bookmark: _Hlk495199353]The previous section considered only the direct parallel pump excitation of spin wave by the RF magnetic field of the resonator. Here nonlinear excitation of spin wave by transverse pumping through an intermediate stage of MSSW is discussed. This excitation is relevant to the theory of MSSW FSLs and signal to noise enhancers. If the excitation is represented by a strip antenna of width w and aperture (length) l, Fig.X.24a, it can linearly excite spin waves with wave number perpendicular to the antennas aperture in the interval . The wave number components parallel to the antenna aperture are defined by the antenna length l. Here the derivation of the quasi-surface spin-wave threshold in thin ferromagnetic films excited by localized pumping is summarized [X.50]. The threshold fields for other magnetostatic wave excitations, although computationally involved, can be introduced in a similar way. The sample is a thin film of thickness d in x-direction Fig.X.24a, b with unpinned surface spins. The shaded area represents the antenna on the surface of the film. The film was considered infinite in the y-z plane and magnetized to saturation in the z-direction. The excitation antenna was along the z direction with width w. The analysis considers a two-stage process. First, the quasi surface wave at frequency  and in-plane wave vector  is excited and, in the second stage, when the amplitude of this wave exceeds a certain critical level this wave decays into two waves with frequencies  and  and in-plane wave vectors  and  , Fig. X.24a. The details of the calculation can be found in [X.50] and the threshold field for the process  can be expressed as
						X.85 
 Where in the case of degenerate decay,  
 X.86 
and for the case of non-degenerate decay,  
 = .							 X.87 
coefficient  is on the order of unity.
Here 
					X.88a		
					X.88b	
									X.88c	
[bookmark: _Hlk500922876][bookmark: _Hlk500922414]This determines the general dispersion relation  [X.58]. The dipole-exchange spectrum calculated from dispersion relation illustrating the process of parametric decay of a quasi-surface spin wave with n=0,   into a pair of short  or long   volume spin waves is shown in Fig. 24b. The calculation is done for  Oe),  for f = 3.3 GHz and the linewidth of . As before, Eq. X.85 has to be minimized to get the critical threshold field. The influence of local pumping is introduced into these equations through a simple, but effective, model that is based on the fact that the minimum threshold field is achieved when the conservation laws for frequency and wave vector are fulfilled. For localized pumping, this lead to the conditions [X.50] 
					X.89 
Where  are the group velocities and  where <1 is the “localization parameter. Note that this leads to a similar expression to that for parallel pumping discussed earlier (see Eq. X.84). The three-way parametric process can happen either in the short-wave (k>>1/d) or long-wave (k<1/d) regions of the spin wave spectrum. In the first case, the film boundaries do not play important role and the parametric instability process is essentially the same as in the bulk ferromagnet. Detailed analysis shows that the lowest threshold corresponds to degenerate decay of quasi-surface spin wave with n = 0 and  into short wavelength spin waves at  propagating at  to film normal. In the long wave length region, the lowest threshold corresponds to a non-degenerative decay into pair of modes with m=n+1 propagating parallel to the film surface at the angles  as shown in Fig. X.24c where |. Because these spin waves carry energy away from the pumping region the threshold is significantly increased as in the former case. 
   Although the topic of localized pumping is complex these solutions are required for accurate modelling of practical devices such as frequency selective limiters (FSLs) that are of current interest. 

X.2.5 Second order instability processes 
Up to now, the first order instability (or three magnon) processes that happen at half, or close to half, of the pumping frequency has been investigated. Most of the nonlinear device applications discussed in (chapter 13) utilize the first order instability processes. Therefore, we will only briefly address the nonlinear effects that happen at the pumping frequency and that are known as the second order Suhl instability (or four magnon) processes. This means that two uniform-mode magnons, each at driving frequency , transform into two oppositely propagating magnons each at frequency  (if the boundary conditions are not considered). As in the case of the first order nonlinear processes the energy and momentum conservation conditions must be fulfilled. However, in contrast to the first order processes which may not be allowed for certain frequencies, the second order processes are always allowed for fields at or near the ferromagnetic resonance frequency. The theory of second order instability was developed by Suhl [X.13 (1957)]. For the second order instability Eq. X.39 becomes
						X.90 
The relevant task is to obtain the expression for . Only terms of the second order in  are retained in the coefficients from Eq. X.26 and only spin waves for which  are of interest.  The process of obtaining the relations for the critical fields is straightforward but tedious as was the case of the first order instability. Without going into details of this derivation, the equations for the second order instability are listed in the following sections. 
X.2.5.1 Second order instability - Isotropic sphere
The critical threshold field for the second order instability in spheres excited by linearly polarized RF field at FMR frequency can be expressed as [X.10 (1959), X.13]
										X.91 
Where  is the ferromagnetic resonance linewidth.
X.2.5.2 Second order instability – isotropic thin film
The working equations for the second order instability in thin films at ferromagnetic resonance were discussed in [X. 49] for three configurations: in-plane static field and out-of-plane microwave field, IP, both fields in-plane and perpendicular to each other, II, and out-of-plane static field and in-plane microwave field, PI. The corresponding threshold field expressions obtained at ferromagnetic resonance and using the bulk theory, which neglects the boundary conditions at the film surfaces are [X.59] 
   							X.92 
							X.93 
										X.94 
Here,  and the driving frequency  are connected through the corresponding dispersion relations. Note that the bulk theory has significant problems as was shown by Brillouin light scattering (BLS) measurement of the second order instability in a thin YIG film [X.60]. The main problem is that the bulk theory predicts  and  values in the range of 3-4 rad/cm while the BLS measurements reveal a well-defined propagation angle of  and =102 - 4104 rad/cm, a much lower value that expected from the bulk theory. 
A modified bulk theory, that gave a better agreement with the observed experimental data in thin films was presented in [X.61] where the thin film dispersion relation in form of Eq. X.29 was considered. The second order critical field can then be expressed as
								X.95	
where the available k and are obtained from the dispersion relation (Eq. X.29). Because of this constraint the critical field can be obtained as a minimum of only one variable. Then  can be expressed as [X.61] 
				X.96	
Here  and  are given by Eq. X.26a, b and the r, v, s, and u functions are defined as 
							X.97a	
											X.97b	
							X.97c	
and
							X.97d	
X.2.5.3 Second order instability – hexagonal ferrites
Discussion of the basic expressions for the first and second order instabilities excited by a uniform RF field is completed with the expressions for the second order instability in hexagonal ferrites. Again, the approach obtained in [X.14] is followed. The threshold for the second order instability in the bulk approximation can be written in a similar form to the first order instability earlier in this chapter as
									X.98	
 with similar constrains as discussed above. The coupling factor  is defined as 
 									X.99	
The coefficients are given by
							X.100	
			X.101a	
 			X.101b	
and
									X.101c	
The other parameters entering these equations were defined previously. For isotropic ellipsoids of revolution and pure Larmor pumping || reduces to the expression obtained by Suhl [X.13] and the second order instability threshold field is then
							X.98a	
In the case that  the threshold is
								X.98b	

The application of this theory to hexagonal ferrites with in-plane anisotropy can be found in the referenced literature [X.13, X.16].
X.2.5.4 Power absorption – first order instability

	To be able to make a meaningful comparison of the theory with experiment, it is necessary to introduce some relation between the measured absorbed power (peak powers in the case of propagating pulses) and the corresponding spin wave amplitudes. The power relevant relations for power absorption just above the threshold will be considered here. Nonlinear behavior significantly above the threshold will not be considered here as it is complicated by many processes.  
The power absorbed above the threshold level is an important parameter in the operation of frequency selective limiters and can be expressed in terms of the imaginary part of the susceptibility,   as

										X.102	

where  is the pump frequency in radians/sec,  is the ferrite volume and   is the driving RF magnetic field. Discussion so far has been concerned with the calculation of the threshold field strength for instability with nonlinear signal propagation and non-essential non-linear terms in the equations eliminated. Failure to include these non-linear terms results in power absorption that would increase indefinitely, which is physically unrealistic. Higher order terms, or in other words interactions between nonlinearly excited spin waves and their feedback on the excited modes, must now be included to investigate the above threshold state. At least three processes have been identified which characterize the power absorption and place limits on the power absorbed: [X.1] 1) Reaction of the parametric spin waves on the uniform precession, 2) Phase mechanism and 3) Non-linear damping. An excellent discussion of this topic is given in [X.62]. 
	The reaction of the parametric spin-wave mechanism [X.1, X.11(1963), X.13,] applies only to perpendicular pumping since parallel pumping does not involve the uniform precession. The amplitude of the uniform precession is a balance between the RF driving field and spin wave losses at both   and  . With sub-threshold pumping, spin wave losses at  (FMR) dominate and losses due to  spin waves are negligible. However, at threshold the energy transfer to  spin waves, becomes very large which prevents further growth in the precession amplitude i.e. the precession angle is “stuck” or “frozen” at its threshold value. The above-threshold energy transfer to spin-waves, which can be looked at as a power loss, can be represented by an additional damping parameter, which when inserted into the expression for the uniform precession allows calculation of the above threshold susceptibility [X.1, X. 11 (1963), X.13]

						X.103	

where   is the imaginary part of the small signal RF susceptibility,  is the resonance frequency and   is the relaxation time defined previously. For subsidiary absorption, far from FMR, Eq. X.103 becomes,

								X.104	 

and when FMR and subsidiary absorption coincide, Eq. X.103 becomes,
  	
										X.105	
	
The measured and calculated variation of   with  is shown in Fig. X.25a for a Mn ferrite sphere at 9.3 GHz with subsidiary absorption far from resonance, Eq. X.104 and in Fig. X.25b for a Mn ferrite disc magnetized in-plane at 4.04 GHz where subsidiary absorption coincides with the main resonance, Eq. X105. These results mimic the behavior observed in Fig.X.2. The discrepancy between measured and calculated data in Fig. 25.a is due to the additional contribution of the phase mechanism which is discussed next. Substituting for   in Eq. X.104 and inserting the result into Eq. X.102 yields an expression for the power absorbed due to the reaction of the spin waves on the uniform precession for subsidiary absorption,

 							X.106	 
	
The phase mechanism of limiting the growth of parametric spin waves above threshold [X.1] consists of the change in phase shift between the pump and the parametric spin waves which leads to a decrease in the coupling between the pump and the spin waves as the pump amplitude is increased. This mechanism plays the principal role in parallel pumping, which will be the focus of the discussion here. Expressions have been derived for the real   and imaginary   parts of the susceptibility [X.1, X.63] for parallel pumping due to the phase mechanism,


 								X.107	 


 								X.108		 
Here,  is the demagnetizing factor, which is 1/3 for a sphere, unity for a normally magnetized film and zero for a film magnetized in-plane.
	The variation of measured and calculated (broken lines)   and   as a function of  is shown in Fig. X.26 for a YIG sphere at 9.4 GHz, magnetized along <111>. The internal field was   where . The phase shift mechanism also operates with transverse pumping and is responsible for the difference between measured and calculated data when  in Fig. X.25a. The power absorbed in parallel pumping due to the phase mechanism is given by,

 					X.109	 

	Non-linear damping is due to the increase in the effective temperature of the magnon (or phonon) modes that interact with the unstable spin waves [X.64] and the resulting increase in damping of these modes. Studies of the different interactions, three, four, five magnon etc. showed that different interactions were possible only over specific magnetic field (or frequency) ranges [X.1, X.64, X.65]. Here only the three magnon interaction will be discussed, which is one of coalescence in which a spin wave with wavevector   combines with a spin wave with wave vector   to give a spin wave with  [X.66]. The full lines in Fig. X.26 show the calculated dependence of the real  and imaginary  parts of susceptibility on the pump power for a YIG sphere with the combined action of the phase mechanism and non-linear damping. Also, shown by the broken line is the dependence of   and  on pump power for one magnon pair (phase mechanism above). The threshold of the second magnon pair,  , is shown by the arrow with a propagation angle  .   and  are the threshold fields for the phase mechanism and the second magnon pair respectively. The agreement with measured data is good and in the case of  changes from a continuous growth in the one magnon pair case to a maximum value followed by a decrease in with further increase in pump power [X.63]. Depending on the magnetic bias field and frequency different orders of interaction are possible leading to different dependence on pump power.

X.3 Soliton propagation in thin ferromagnetic films 
     Due to the excellent low loss properties of YIG films, spin wave excitations can propagate through significant distances within these films. This led to an investigation of the propagation of spin wave pulse packages and demonstration of microwave devices based on spin wave propagation. Linear devices utilizing the spin wave propagation were discussed in chapter 13. Here the propagation of nonlinear wave packets with potential applications in a broad range of microwave devices are briefly discussed. The initial focus on nonlinear phenomena with propagating spin wave packages at microwave frequencies was on the propagation of solitons in thin magnetic films. The interest in this propagating nonlinear excitation was due to their unique property of shape preservation during propagation and collision. This soliton property is well-know and observed in shallow waters, nonlinear transmission lines and as nonlinear excitations explored for optical communication. Observation of bright temporal solitons in magnetic films with pinned surface magnetization was first reported by [X.67] and extended to dipole exchange modes in [X.68]. The experiment was performed with a low loss YIG film and the spin wave propagation was in a known delay line arrangement that included 30 micrometers wide and 4 mm long microstrip antennas for excitation and reception, Fig. X.27. The pump electrode in the middle of the propagation path was not included in initial experiments. The results of several investigations on the propagation and properties of these excitations have been published [X.69 – 78]. The solitons are space-localized eigen-solutions of the nonlinear dispersive dynamic equation and in the magnetic case they are stable nonlinear excitations of magnetization. One dimensional propagation is considered initially with the propagation direction in the y-axis, and as discussed previously the dispersion relation is a function of the static field orientation and the microwave amplitude that is of the first order in the form . Following the established procedure [X.69, X.70, X.71] it is possible to derive the constitutive nonlinear dynamic equation through an expansion of the dispersion relation into a Taylor series around the working point in the form 
				X.110	
Through application of the method of envelopes [X.72] and with  and , Eq. X.110 represents an operator that when applied to a new slow-varying envelope variable  leads to a nonlinear Schrödinger equation in the form [X.69] 
							X.111	
Here  is the group velocity,  (note that here D is the dispersion and not the exchange constant) the dispersion coefficient,  is the so called nonlinear coefficient and  is the relaxation rate, which as before represents the dissipation through the half line-width of the ferromagnetic resonance. In general Eq. X.111 represents the propagation of a pulse in a one-dimensional dispersive and nonlinear medium. It can be extended to more dimensions and an arbitrary direction of propagation. If the information carried by the propagating pulse is in its positive amplitude then the signals are called bright. If the pulse propagation is in the form of a dip the signal is labeled as dark. For the present purpose, one-dimensional propagation will provide the necessary insight into for the spin wave soliton propagation in thin ferromagnetic films. All the parameters introduced depend on the excited spin wave spectra, which are discussed as a function of the bias static magnetic field orientation with respect to spin wave propagation and the YIG film surface in chapter 13. 
The nonlinear coefficient N can be expressed for an in-plane magnetized film (surface and backward volume waves) as [X.69] 

										X.112	

with . For backward volume magnetostatic wave (MBVW), . Here only one-dimensional propagation parallel to M along the y-axis is assumed. The condition  is fulfilled for the selected operating point on the dispersion curve for MBVW solitons and therefore this configuration supports the propagation of bright solitons in thin ferromagnetic films. MBVW solitons in thin YIG films were experimentally investigated in [X.73].  
For surface magnetostatic waves in the same approximation it follows from [X.71] that . In this case D and N, for a given operation point, have the same sign with the product  and therefore, the surface waves do not support the propagation of bright solitons. On the other hand, this configuration supports the propagation of dark solitons (propagation of a dip or depression) that like the bright solitons preserve for a certain distance their shape without distortion. 
The amplitude of the dark soliton can be expressed as [X.74, X.75] 

					X.113	

where the soliton group velocity and the other parameters in equation are

,  and 			X.114	

 represents the soliton wavenumber shift,  is the soliton center position at y = 0 and A denotes the dark soliton contrast. A is in within the range .

For forward volume waves (MFVW), when the film is magnetized perpendicularly to the film surface all directions of propagation within the film are equivalent. In this case the nonlinear Schrödinger equation has the form

						X.115	

Where S is the diffraction coefficient. For MFVW [X.71]  ,  , , and  . The amplitude of the forward volume wave soliton with unpinned surface spins and small damping can be expressed as [X.76]
 
						X.116	

under the assumption that the linear and soliton group velocities are the same. From Eq. X.116 follows that the initial amplitude at t=0, , and initial pulse width are related as

										X.117			
demonstrating the nonlinear characteristic of the soliton. As follows from relations for the dispersion and nonlinear coefficients introduced below Eq. X.115, the product is negative and therefore the MFVW configuration supports the propagation of bright soliton waves. Remember that all the relevant parameters discussed here have to be calculated at the given operating point of interest. 
Based on Eqs. X.115, X.116 it is possible to introduce some important times related to the spin wave propagation. The propagation time between the excitation and receiving antenna separated by a distance  is 
												X.118		
The dissipation is represented by the decay time defined as

												X.119				
The increase in the width of the propagating wave packet from its initial value  due to dissipation can be, in a good approximation, expressed as a dissipation time [X.72, X.73] 
											X.120	
and the nonlinear response time defined as the time for the nonlinear frequency shift to yield 1 radian of phase change between the original low power carrier signal and the high-power level of interest is [X.77, X.78]  

											X.121		
It is interesting to note that the condition  leads to the condition of Eq. X.117 presented earlier in the text. Any pulse (signal) propagating in a dispersive medium will decay and change it shape with distance. To be able to excite stable propagation that conserves the shape of the propagating pulse the dispersion must be compensated by the nonlinearity of the medium. Note, that this does not mean that the amplitude will stay constant. The criteria for bright soliton propagation are the Lighthill criterion [X.79, X.68(1991)] , and the dissipation criteria and  where   is the wave number of the envelope of the input pulse. (For two-dimensional propagation, an additional condition for the so-called diffraction coefficient  defined as  but with the derivative with respect to wave number in the perpendicular to propagation direction must be considered). The power threshold for the temporal soliton formation is given by [X.80].
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The threshold amplitude for the formation of a soliton of the n’th eigenvalue from a square input pulse of width  can be expressed as [X.77, X.81] in the limit of the zero damping as

									X.123	
And the corresponding velocity of the soliton of order n can be expressed as
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Detailed numerical analysis of the soliton phase behavior [X.82] also shows that when the soliton is formed the phase is constant for all the envelope solitons of n’th order (number) across the soliton power profile. Figs. X.28 c-f shows the evolution of the soliton power profiles and the corresponding phase behavior, as a function of the input power. Note, as follows from the presented analysis that the evolution of solitons with higher numbers are dependent on the initial width of the excitation pulse  and the initial amplitude of the pulse. 
From the soliton amplitude dependence discussed earlier it follows, that in the limit of small damping the soliton amplitude decays at twice the rate of the linear dissipation coefficient, although it keeps its shape during the propagation in the nonlinear dispersive medium. This limits the potential device applications of solitons in low loss YIG films to single soliton propagation lifetime on-the order of a few hundred nanoseconds. Therefore, there was a question whether it is possible to compensate for the soliton loss during its propagation along the thin film and thus increase the propagation length or, the propagation time.  It was demonstrated that this could be achieved through a parametric pumping configuration or active feedback loop. Parallel pumping compensation of the soliton propagation loss was proven experimentally in [X.71, X.83] and the experimental configuration is shown in Fig. X.27 with a pump electrode in the middle of the soliton propagation pathway. The amplification of a spectrally narrow backward volume wave packet by parallel pumping was experimentally investigated in [X.84, X.85] and the full theory presented in [X.80]. Soliton amplification by parallel parametric pumping is shown in Fig. X.28a and b. In this case, the input pulse with a carrier frequency of 4.01 GHz was 22 ns wide and the 8.05 GHz pump pulse was applied midway through the pulse propagation with 5W of input power. The dashed pulses at t = 400 ns represent the pulse profiles with and without pumping. The experiment also demonstrated that it is possible to generate a soliton pulse from a linear propagating pulse with this approach. The detailed theory presented in [X.84] gives for the gain coefficient G of the pulse propagating through the pumping zone of width  

   									X.125	
with 
 
.											X.125a			
Here h ,is the amplitude of the microwave pumping field and V is the parallel pumping coupling parameter that for the backward volume wave can be expressed as 

 										X.126			
The effective pumping zone ,  as obtained from Eq. X.125, was calculated to be on the order of 2.3 mm. This is a reasonable value because it is expected that the stray field of a microstrip pumping antenna a few tens of micrometers wide can extend well beyond its physical parameters. 
   Another option for compensation of the soliton decay is to use an active feedback loop [X.86]. The experimental setup is shown schematically in Fig. X.29, with the amplifier feeding the signal from the output antenna of the YIG structure back to the input antenna. The experiments were done in a MBVW configuration that supported soliton formation. A stable sequence of soliton pulses with constant amplitude was generated by regular interruption of the feedback circuit in time intervals corresponding to the delay time of the MSBVW signal around the ring (100ns in the referenced case). The generated sequence is shown in Fig. X.29b. As already mentioned self-generation of the solitons was obtained when the modulation period was given by



where L is the separation of the antennas,  is the group velocity and  is the electronic delay for the rest of the ring. 

X.5 Spin torque nonlinear excitations in ferrites

Recent development in nonlinear magnetic excitations in ferrites due to current-induced spin-torque will be addressed in this section. Studies of spin-torque excitations in ferromagnets started with seminal papers [X.87, X.88] and [X. 89] which showed that when spin polarized current passes through a thin ferromagnetic film it can introduce magnetization precession or switching of the films. This effect is due to transfer of the spin torque from the free spin-carrying electrons to the spins of electrons in the lattice of the ferromagnetic metals. This spin torque transfer can be phenomenologically expressed by a simple generalization of the Landau-Lifschitz equation with Gilbert damping (LLG) that includes a spin-transfer torque term. A thorough investigation of the generalized Landau-Lifschitz equation for the magnetization dynamics in a macrospin model approximation [X.90] explained many but not all the results obtained in the experiments. It is sufficient for the purpose of this chapter to follow that approach. The configuration for the double layered structure is shown in Fig. X.30 where the fixed layer is not shown but is represented by a fixed macrospin M along the z-direction. For the selected configuration, the generalized LLG equation can be expressed as 

 						X.127

Where  is the unit vector in the direction of the dynamic magnetization,   is the effective field introduced previously,  represents a stochastic effective vector that simulates the influence of the finite temperature. The first two terms in the equation represent the classical LLG terms (if  =0). The quantity  in Eq. X.127 represents the spin transfer torque density through the spin valve system considered in Fig. X.30 and represents the concept that a spin polarized current flowing through the free layer will have a component of the angular momentum that is transverse to the magnetization of the free layer. The transfer component is largely absorbed by the ferromagnet [X.91, X.92]. This absorbed angular momentum produces a torque, , in Eq. X.127. This torque can be expressed as [X.90, X.91, X. 93 -5]

									X.128
where  and . J is the current density and d is the free layer thickness.   covers different choices that can be found in the literature [X.90]. 

											X.129		
where q, A and B are material and geometric parameters. This equation applies for a symmetric case when the ferromagnetic layer thicknesses are the same. In a general spin valve case [X.90]
  
									X.130

Eqs. X. 129, and X. 130 represent the minimal model for the description of the transfer torque. In practical applications, the spin transfer is not 100% and in that case, it is necessary to modify  by an additional factor. The additional terms for the extended models are discussed in detail in [X.90] and the references presented there. Note that this process is nonlinear and that there is a threshold current density (current) that has to be applied to observe the discussed spin-torque effects. This limits the practical applications to magnetic nanostructures so that critical currents are in a reasonable range. Most research in this area has been done on metallic multilayers [X.96], but the effect was also observed in magnetic tunnel junctions with nonmagnetic spacers [X.97 – X.100]. 

X.6 Spin Hall Effects

   Other relevant nonlinear effects in ferromagnetic insulators will be only briefly addressed in this chapter. These processes are based on the so-called spin-Hall or inverse spin-Hall effects. The spin-Hall effect describes the conversion of a longitudinal charge current density Jc into a transverse spin current density  originating from spin-orbit scattering leading to deflection of conduction electrons with opposite spin orientation into opposite directions. We are dealing with ferromagnetic insulators and it was shown in [X.101] that spin waves can be generated and detected in a magnetic insulator through the spin-Hall effect in hybrid magnetic insulator/normal metal structure. Note that no electric current is flowing through the magnetic insulator. The spin wave generation occurs through the conversion of angular momentum from the electric current, , in a normal metal with large spin orbit coupling such as Pt or Pd, into a pure spin current  that can be pumped into the magnetic insulator or vice versa. If the spin current is injected from the magnetic insulator into the normal metal it is converted there into electric voltage through the inverse spin Hall effect. Therefore, these hybrid structures may have an important role in potential linear and nonlinear electronic devices discussed in chapter 13. 

Modeling of spin pumping into a magnetic insulator from the attached metal, or vice versa is also based on the generalized LLG equation discussed above. The only difference is that in this case the last term in Eq. X.127 has to be replaced by the term that represents the spin current injected into the system, which can be expressed by the term 
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where  is a spin current that has field-like as well as anti-damping-like torque terms [X.102]. As in the case of the spin torque there are several different representations of the spin current .  Models of spin transport introduce the spin mixing conductance  that describes the magnitude and phase of the interface spin current [X.103]. The corresponding spin current can be expressed as 
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 is the spin accumulation at the magnetic insulator metal interface. A detailed calculation is given in [X. 104]. If it is assumed that the direct spin pumping by the magnetization precession, into the neighboring magnetic material excites ferromagnetic resonance, the spin current can be expressed as [X. 105]

									X.133

 is the direction of the injected spin moment, C is a phenomenological coefficient that takes into account the properties at the normal metal magnetic isolator interface such as the mixing conductance, and  is the density of spin current related to spin Hall angle with  the area of interface,  the cross section of the normal metal,  the injection efficiency, and  is the current density in the normal metal. The injection efficiency can be expressed as [X.106]

					X.134

with thicknesses  ), the electrical conductivity  () and the spin diffusion length  ()
 of the normal (N) and magnetic (F) layer. A more detailed calculation of  for this case is given in [X.104]. In an investigation of the voltage generated in a Pt Layer by the inverse-spin-Hall effect, the spin current at ferromagnetic resonance generated by the spin pumping effect [X.103], which results in the excitation of ferromagnetic resonance and related linear and non-linear effects was defined as [X.107]

									X.135

For the interested reader, another detailed calculation of spin orbit induced magnetization dynamics in multilayered nanostructures is given in [X.108]. For practical applications, the important parameter is the critical spin current required to excite the magnetization oscillations. Due to the spin-orbit interaction, the charge current flowing in-the plane of a Pt film produces spin current flowing out of its plane. Through this process a spin angular momentum is transferred through the interface into an insulating oxide such as YIG, observed for the first time in [X.101]. The authors of [X.101] also reported that a spin current produced by FMR can be converted into a charge current through the inverse spin Hall effect. The reciprocal effect of a spin current produced in Pt and transferred to YIG though the direct spin Hall effect resulting in damping compensation was also predicted but could not be confirmed, at that time. Experimental results on metallic structures [X.101] showed that the critical current densities necessary for the onset of spin torque induced oscillations were about an order of magnitude larger than could be injected into Pt. One of the reasons was the relative large dimensions of the investigated devices. This issue was addressed in [X.109] where measurement and calculation of the threshold spin current for the onset of auto-oscillations of magnetization were investigated on a 5 μm in diameter patterned disk. The predicted critical spin current is  where  represents the natural relaxation time of the material. The authors demonstrated that the proper device configuration and prediction of the critical spin current can control the spin wave damping but additional improvements can be expected by further decreasing the sample dimensions. Nevertheless, the utilization of the spin orbit interactions at the metal/oxide interface opens the possibility of an improved performance of dielectric oxide devices. 
In [X.110], it was shown that this effect also applies for nonlinear excitations. Excited spin waves in subsidiary absorption process were detected by the inverse spin Hall effect. The results in the short-wavelength exchange spin wave region indicated a strong coupling between exchange spin waves and spin currents at the interface due to efficient spin transfer. The inverse spin Hall measurements showed hysteresis effects like those observed in thin films and discussed in [X.111] for nonlinear device applications.
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Figure Captions Nonlinear excitations in ferrites
X.1 The laboratory (X, Y, Z) reference frame for sample with anisotropy. The external static field Hext is applied at a polar angle and an azimuthal angle . The static magnetizationMs lies at a polar and an azimuthal angle . [X.10]
X.2 Variation of the imaginary part of the susceptibility (power absorption) with magnetic bias field, low power (triangles) and high power (circles), for a single crystal nickel ferrite sphere at 9.4 GHz [X.7].
X.3 Variation with the internal magnetic bias field (Hint)  of ferromagnetic resonance (FMR) frequencies for sphere (ω0=γ(Hint+Ms/3)), and parallel (ω0=γ(Hint(Hint+Ms))1/2) and perpendicular (ω0=γHint) resonance in ferrite thin films. ω/2 spin waves are available at frequencies higher than ω= γHint/2.

X.4 Spin wave manifold at half the pump frequency, , showing transverse pumping wavenumber and polar angle variations for (I) low and (IIa,b) intermediate static external field. 

X.5 Calculated threshold assuming is constant, and measured data for subsidiary absorption in a YIG sphere.

X.6 Calculated threshold with best fit  coefficients, and measured data for subsidiary absorption in a YIG sphere.


X.7 Spin wave manifold at half the pump frequency, , showing transverse pumping wavenumber and polar angle variations resulting from the best fit  coefficients.


X.8 Parallel pump at couples to elliptical spin precession at .





X.9 Spin wave manifold at half the pump frequency, , showing parallel pumping wavenumber and polar angle variations for (I) low and (II) intermediate static external field.  Starting at low fields with increasing field, follows the limit (region I) until  which it maintains (region II) until the limit is reached.


X.10 Calculated threshold assuming constant , full line, and with best fit  coefficients, broken line, and experimental data for parallel pumping of a YIG sphere.

X.11 Experimental (filled circles) and theoretical threshold field variation for oblique pumping at .




X.12 Coordinate system and directions for external bias field , magnetization , spin wave wavenumber  and propagation directions , for different sample orientation and pumping configurations: (a) coordinate system, (b) IP configuration, (c) PI configuration, and (d) II configuration.  and are the relative amplitudes of the uniform precession magnetization [X.35, X.36].


X.13 Variation of threshold field with external magnetic field for subsidiary absorption in thick YIG films at 9.4 GHz: (a) IP configuration, (b) PI configuration and (c) II configuration.


X.14 Variation of threshold field with external magnetic field for subsidiary absorption in thin YIG films at 9.4 GHz: (a) IP configuration, (b) PI configuration and (c) II configuration [X.35, X.36].
X.15 Schematic reciprocal lattice wave vector diagram showing 6 x 6 array of lateral standing modes for a YIG film. Solid dots indicate the discrete standing wave wavenumber components, ky and kz for the array centered at a wavenumber K and polar propagation angle . The wavenumber separations in y and z directions are  and . [X.36]


X.16 Variation of threshold field  with external magnetic field for parallel pumping at 9.4 GHz in a 15.9μm thick YIG film [X.40]. 
X.17 Definition of the coordinate system for the dipole-exchange mode calculation [X.43]
X.18 Geometry for the easy plane hexagonal ferrite disk threshold analysis. The disk is in the X-Y plane of the laboratory frame. The external static field H0 is in the Z-Y plane at an angle  relative to Z. The static magnetization Ms is in the Y-Z plane at an angle  relative to Z. [X.10]
X.19 Threshold and critical mode parameters as a function of the external field H0 for an easy plane hexagonal ferrite disk with 9 GHz microwave excitation. The graphs show (a) first order spin wave instability threshold hcrit vs. H0 , (b) critical mode spin wave wavenumber k vs. H0, and (c) polar spin wave propagation angle vs. H0. The parameter is , as indicated.  [X.10]
 X.20 Experimental configuration for homogeneous local parallel pumping with a dielectric resonator bonded to the surface of the YIG film. (a) Pumping perpendicular to YIG film. (b) Pumping in plane of YIG film. [X.57] 
X.21 Variation of threshold field for parallel pumping with magnetic bias field applied normal to the YIG film. Pump frequency is 9.37 GHz. 1) Cavity resonator. 2) Dielectric resonator with a=b=3.5 mm. 3) Dielectric resonator with a=b=1.5 mm [X.55] 
X.22 (a) Dispersion of magnetostatic volume waves in a normally magnetized YIG film for modes n=1, 100, 190 and 240. YIG film thickness is 20 μm and external bias field 240 kA/m (3000 Oe). Bold line corresponds to modes with a minimum threshold for local parallel pumping. (b) Path length of spin waves directed normal to the YIG film surface for waves indicated by the bold line in (a) [X.54] 
X.23 Variation of threshold field for parallel pumping with magnetic bias field applied in the plane of the YIG film. Pump frequency is 9.37 GHz. 1) Cavity resonator. 2) Dielectric resonator with a=b=3.5 mm. 3) Dielectric resonator with a= 1.5 mm and b=1 mm [X.55].
X.24 (a) and (c) The ferromagnetic film showing the coordinate axes, the direction of bias magnetic field H, and the zone of localization of microwave pumping field. k2' and k3' are the wave vectors of the spin waves parametrically excited in the short-wave region of the SW spectrum. The wave vector of quasi-surface SW k1 which is small compared to k2', k3' is not shown. (b) The dipole-exchange spectrum, calculated from dispersion relation illustrating the process of parametric decay of a quasi-surface spin wave with n=0,   into a pair of short  or long   volume spin waves, is shown in Fig. 24b. The calculation is done for  Oe),  for f = 3.3 GHz and the linewidth of  [X.47]
X.25 (a) Imaginary parts of the susceptibility- above- threshold vs pump power above threshold for first order parametric spin wave excitation under transverse pumping: (a) off-resonance at 9.3 GHz with a Mn ferrite sphere and (b) on resonance at 4.04 GHz with a Mn ferrite disk magnetized in-plane. Full circles represent experimental data [X.9].
X.26 Variation of the real and imaginary parts of susceptibility above threshold vs pump power above threshold, for parallel pumping. Solid curves include both the phase mechanism and excitation of the second group of spin-waves. The broken lines are for the phase mechanism alone. Full circles show experimental data for a YIG sphere at 9.4 GHz [X.63]. 
X.27 Diagram of YIG film and transducer setup for soliton transmission and pumping experiments. The structure consists of two 30 m wide microstrip transducers and a few tens of micrometers wide microstrip pumping resonator on a single ground plane dielectric substrate. The YIG film on a gadolinium gallium garnet (GGG) substrate is placed across the transducers, with input, output, and parametric pumping signals as indicated. The static magnetic field was parallel to the propagation direction for backward magnetostatic wave excitation. [X.85] 
X.28 Representative soliton pulse data with and without parametric pumping. The 4.01 GHz input pulse was 22 ns wide. The resonator pulse was at 8.05 GHz and 5 W. The dashed lines at 200 ns show the MME pulse profile at the resonator position. The dashed pulses at 400 ns show the output signals without pumping. The solid line pulses at 400 ns show the output signal with pumping. For (a) the input pulse power was 50 mW and the resonator pulse width was 15 ns. For (b) the input pulse power was 4 mW and the resonator pulse width was 23 ns. [X.85] and (c) – (f) Experimental phase and power profiles for a MSBVW signal detected at the output transducer. The YIG film thickness was 7.2 . The solid curves show phase and the dashed curves show power. The input pulse width was 26 ns, the carrier frequency was 5 GHz, and the static field was 87.04 kA/m (1.088 kOe). [X.82] 
X.29 (a) Diagram of YIG film system for ring amplification and self-generation of microwave magnetic envelope solitons, (b) Charts (a) and (b) show detected microwave voltage vs time for the signal in the MSBVW ring structure for a 22 ns pulse modulation at a 10 MHz rate with a loop gain of 14 dB. Chart (c) shows the phase profile corresponding to (b). For (b) and (c), a 0.2 mW CW microwave synchronization signal at 5.1555 GHz was applied to the ring. [X.86] 
X.30 The ellipsoidal cross section of the free layer (shaded) lies in y-z plane. We represent its magnetization by a macrospin m that can point in any direction. The fixed layer (not
shown) is represented by a fixed macrospin . [X.90]
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Figure X.18
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