
 

 

 
Abstract 

 
If a CAD (Computer-Aided Design) model of a rigid 

object is available, the location of any point on an object 
can be derived from the measured 6DOF (degree-of-
freedom) pose of the object. However, the uncertainty of the 
measured pose propagates to the uncertainty of the point in 
an anisotropic way. We investigate this propagation for a 
class of systems that determine an object pose by using 
point-based rigid body registration. For such systems, the 
uncertainty in the location of the points used for 
registration propagates to the pose uncertainty. We find 
that for different poses of the object, the direction 
corresponding to the smallest propagated uncertainty 
remains relatively unchanged in the object’s local frame, 
regardless of object pose.  We show that this direction may 
be closely approximated by the moment of inertia axis 
which is based on the configuration of the fiducials. We use 
existing theory of rigid-body registration to explain the 
experimental results, discuss the limitations of the theory, 
and practical implications of our findings. 
 

1. Introduction  
The pose of a rigid object is determined by six degrees of 

freedom (6DOF): three angles parametrizing the object 
orientation matrix 𝑹𝑹 and three components of vector 𝝉𝝉 
defining the object’s location. When the Computer Aided 
Design (CAD) model of an object is available, any Point of 
Interest (POI) on the object can be calculated using the 
6DOF data obtained from pose measuring systems. It is 
then important to understand how uncertainty in the 
measured pose propagates to the uncertainty of a POI. In 
manufacturing, when rigid parts are assembled by 
autonomous robots, uncertainty in pose has to be 
propagated to the grasp points or points of contact between 
parts [1-4]. In peg-in-hole testing (routinely used to 
benchmark a robot’s performance [5-8]) uncertainty in the 
hole location directly impacts the test outcome [9-13].  

In [14], it was shown that object orientation uncertainty 
propagates to a POI in an anisotropic way (i.e., it depends 
on the direction in space) and the direction along which the 

propagated uncertainty is the smallest is determined by the 
eigenvector corresponding to the largest eigenvalue of the 
covariance matrix of orientation noise. Prior knowledge of 
this direction would be beneficial in planning assembly 
tasks but three issues need to be addressed. 1) It is not 
known if the direction of the relevant eigenvector is fixed 
in the local object coordinate frame, i.e. whether it depends 
on object orientation (large, unknown variations of the 
direction would negate any potential benefits of exploiting 
the anisotropic propagation of object orientation 
uncertainty). 2) Evaluating the covariance matrix of 
orientation noise is a time-consuming task which requires 
collection of many repeated measurements. Therefore, it 
would be helpful if the direction of the smallest propagated 
uncertainty could be estimated in a more efficient way. 3) 
In practical applications, the need for very accurate 
locations of different POIs may be required in an assembly 
process. To optimize process planning, users may need to 
know if the direction of the smallest propagated uncertainty 
can be controlled and changed based on the location of the 
POI. The objective of this study is to address these issues 
for a certain class of pose measuring systems.  

Orientation components of pose are rarely measured 
directly, and in this paper, we investigate the class of pose 
measuring systems that acquire points (fiducial points) for 
rigid body registration to determine pose.  Some systems 
use rigidly attached markers to the object or can 
automatically identify some characteristic points on the 
object. For these systems, the transformation {𝑹𝑹, 𝝉𝝉} is found 
by minimizing the Fiducial Registration Error (FRE)  

𝐹𝐹𝐹𝐹𝐹𝐹(𝑹𝑹, 𝝉𝝉) = �1
𝐽𝐽
∑ �𝑹𝑹𝑿𝑿𝑗𝑗 + 𝝉𝝉 − 𝒀𝒀𝑗𝑗�

2𝐽𝐽
𝑗𝑗=1  ,   (1) 

where {𝑿𝑿}𝐽𝐽 is a set of 𝐽𝐽 fiducials measured in one coordinate 
frame (working frame, for example CAD frame or other 
predefined local frame) and {𝒀𝒀}𝐽𝐽 is a set of corresponding 
fiducials measured in the second frame (destination frame, 
for example global or instrument’s frame). Pose measuring 
systems track the movement of the object’s frame, and the 
transformation {𝑹𝑹, 𝝉𝝉} defines the pose of the object in the 
instrument’s frame. Once the transformation is known, it 
can be applied to any POI which was not used in the process 
of registration. Such a point (also called a target point) 
located at 𝑼𝑼 may be used to calculate the Target 
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Registration Error 𝑇𝑇𝐹𝐹𝐹𝐹(𝑼𝑼) which is defined as the distance 
between the transformed target and its location in the 
instrument’s frame.  

Uncertainty in the locations of fiducials propagates to the 
transformation {𝑹𝑹, 𝝉𝝉} and, further, to the location of the 
transformed target. Thus, noise perturbing the locations of 
fiducials affects 𝑇𝑇𝐹𝐹𝐹𝐹(𝑼𝑼). Finding an analytic expression 
which relates 𝑇𝑇𝐹𝐹𝐹𝐹(𝑼𝑼) with the statistical properties of 
noise perturbing fiducials has been the subject of extensive 
research for many years [15-19]. The main conclusions 
from these studies can be summarized as follow: 1) 
𝑇𝑇𝐹𝐹𝐹𝐹(𝑼𝑼) depends on the location of target 𝑼𝑼 relative to the 
three main axes of the moment of inertia determined from 
the spatial configuration of fiducials {𝑿𝑿}𝐽𝐽; 2) 𝑇𝑇𝐹𝐹𝐹𝐹(𝑼𝑼) can 
be expressed as the sum of two components: one related to 
uncertainty in position 𝝉𝝉 and the second related to 
uncertainty in the orientation data 𝑹𝑹; 3) both components 
are proportional to the magnitude of noise; 4) the 
orientation component is anisotropic while the positional 
component is isotropic.  

For the class of pose measuring systems which use point-
based rigid body registration to determine the pose of a rigid 
object, uncertainty of any POI on that object will exhibit the 
properties of 𝑇𝑇𝐹𝐹𝐹𝐹 described above. Thus, the propagation 
of the object orientation uncertainty to a POI should depend 
on the location of the fiducials. We verify this by acquiring 
different poses using a two-camera system and small 
spherical targets to get 6DOF data.  

2. Background  
Let column vector 𝑼𝑼 define the location of a POI in the 

CAD coordinate frame and 𝒖𝒖 be a unit vector parallel to 𝑼𝑼 
such that 𝑼𝑼 =  ‖𝑼𝑼‖ 𝒖𝒖. If 𝑹𝑹𝑛𝑛 is the orientation matrix of a 
rigid object and 𝒕𝒕𝑛𝑛 its location obtained from the n-th noisy 
measurement, then 𝑼𝑼𝑛𝑛 is the location of the POI on the 
rotated object in the coordinate frame of the pose measuring 
instrument 

𝑼𝑼𝑛𝑛 = ‖𝑼𝑼‖ 𝒘𝒘𝑛𝑛 + 𝒕𝒕𝑛𝑛 ,       (2) 
where 𝒘𝒘𝑛𝑛 is a unit vector pointing to the rotated POI in the 
coordinate frame of the instrument  

𝒘𝒘𝑛𝑛 = 𝑹𝑹𝑛𝑛 𝒖𝒖 .          (3) 
In the rest of this paper, any unit column vector 𝒂𝒂 will be 
parametrized by two spherical angles as  

𝒂𝒂(𝜗𝜗,𝜑𝜑) = [cos𝜗𝜗 cos𝜑𝜑, cos𝜗𝜗 sin𝜑𝜑, sin𝜗𝜗]𝑇𝑇. (4) 
We investigate the propagation of uncertainty of 𝑹𝑹𝑛𝑛 to the 
uncertainty of 𝒘𝒘𝑛𝑛. We assume that  

𝑹𝑹𝑛𝑛 =  𝑹𝑹𝑎𝑎𝑎𝑎𝑎𝑎  ∆𝑹𝑹𝑛𝑛 ,          (5) 
where 𝑹𝑹𝑎𝑎𝑎𝑎𝑎𝑎 is the averaged orientation obtained from 𝑁𝑁 
repeated measurements, ∆𝑹𝑹𝑛𝑛 is a small random rotation 
(noise), and 𝑛𝑛 = 1, … ,𝑁𝑁. In axis-angle representation 
(𝒂𝒂𝑛𝑛,𝜌𝜌𝑛𝑛), the smallness of the random rotation is gauged by 
small values of angle 𝜌𝜌𝑛𝑛 and this leads to the following 
expression for ∆𝑹𝑹𝑛𝑛 in linear approximation  

 

∆𝑹𝑹𝑛𝑛(𝒂𝒂𝑛𝑛,𝜌𝜌𝑛𝑛) ≈ 𝑰𝑰 + �
0 −𝑞𝑞𝑧𝑧,𝑛𝑛 𝑞𝑞𝑦𝑦,𝑛𝑛
𝑞𝑞𝑧𝑧,𝑛𝑛 0 −𝑞𝑞𝑥𝑥,𝑛𝑛
−𝑞𝑞𝑦𝑦,𝑛𝑛 𝑞𝑞𝑥𝑥,𝑛𝑛 0

� ,  (6) 

where 𝑰𝑰3×3 is the identity matrix, 𝒂𝒂𝑛𝑛 is a unit vector 
defining the axis of rotation, and  

𝒒𝒒𝑛𝑛 = 𝜌𝜌𝑛𝑛 𝒂𝒂𝑛𝑛 .          (7) 
The covariance matrix 𝑪𝑪(𝒒𝒒) of the orientation data is then 
given by  

𝑪𝑪(𝒒𝒒) = 1
𝑁𝑁

[𝒒𝒒1, … ,𝒒𝒒𝑁𝑁][𝒒𝒒1, … ,𝒒𝒒𝑁𝑁]𝑇𝑇 .   (8) 
Repeated measurements of the orientation matrix 𝑹𝑹𝑛𝑛 in 

(3) yield a corresponding set of unit vectors {𝒘𝒘}𝑁𝑁 which are 
tightly distributed around the average direction 𝒘𝒘𝑎𝑎𝑎𝑎𝑎𝑎. If 𝜇𝜇 
denotes the angle between 𝒘𝒘𝑛𝑛 and  𝒘𝒘𝑎𝑎𝑎𝑎𝑎𝑎, then its 
distribution can be described by the Fisher-Bingham-Kent 
(FBK) distribution 𝐺𝐺𝜎𝜎,𝛽𝛽(𝜇𝜇) [20-22]. FBK has two 
parameters: angular uncertainty 𝜎𝜎 and eccentricity 
parameter 𝛽𝛽. Larger values of 𝜎𝜎 indicate larger deviations 
of 𝒘𝒘𝑛𝑛 from 𝒘𝒘𝑎𝑎𝑎𝑎𝑎𝑎(i.e., more noisy data). Larger values of 𝛽𝛽 
correspond to a more elongated elliptical contour of 
constant probability on the (𝜗𝜗,𝜑𝜑) plane (as 𝛽𝛽 → 0, the 
contour approaches a circle). 

If the orientation matrices 𝑹𝑹𝑛𝑛 are obtained by pose 
measuring systems which derive orientation from a set of 
measured fiducial markers and use the rigid-body, point-
based registration, then there are equations which provide 
𝜎𝜎 for certain types of noise disturbing the locations of 
fiducials. For example, for Gaussian, homogenous and 
anisotropic noise (covariance matrix 𝚿𝚿 is the same at each 
point in space but the three variances, i.e. eigenvalues of 𝚿𝚿, 
substantially differ from each other) an expression for 
𝑇𝑇𝐹𝐹𝐹𝐹(𝑼𝑼) is provided in [23]. To study the component of 
𝑇𝑇𝐹𝐹𝐹𝐹 which depends on direction only, the isotropic part of 
𝑇𝑇𝐹𝐹𝐹𝐹  and the linear dependence on the distance of the POI 
to the origin are ignored (i.e., vector 𝑼𝑼 is replaced by the 
unit vector 𝒖𝒖 =  [𝑢𝑢1,𝑢𝑢2,𝑢𝑢3]𝑇𝑇). Then, the variance 𝜎𝜎2 of the 
deviation angles 𝜇𝜇 between instantaneous vectors 𝒘𝒘𝑛𝑛 in (3) 
and their mean 𝒘𝒘𝑎𝑎𝑎𝑎𝑎𝑎 is given by  

 

𝜎𝜎2(𝒖𝒖) = ∑ ∑ �
𝑢𝑢𝑗𝑗
2�Λ𝑗𝑗

2Ψ𝑖𝑖,𝑖𝑖+Λ𝑖𝑖
2Ψ𝑗𝑗𝑗𝑗�

�Λ𝑖𝑖
2+Λ𝑗𝑗

2�
2 + ∑ 𝑠𝑠𝑖𝑖,𝑗𝑗,𝑘𝑘

3
𝑘𝑘≠𝑖𝑖,𝑗𝑗 �3

𝑗𝑗≠𝑖𝑖
3
𝑖𝑖=1  , (9) 

where 

𝑠𝑠𝑖𝑖,𝑗𝑗,𝑘𝑘 = 𝑢𝑢𝑗𝑗𝑢𝑢𝑘𝑘Ψ𝑗𝑗,𝑘𝑘
Λ𝑖𝑖
2

�Λ𝑖𝑖
2+Λ𝑗𝑗

2��Λ𝑖𝑖
2+Λ𝑘𝑘

2�  
 .    (10) 

Parameters Λ𝑖𝑖  can be calculated from the Singular Value 
Decomposition (SVD) of the matrix [𝑿𝑿]𝐽𝐽 = �𝑿𝑿1, … ,𝑿𝑿𝐽𝐽� 
where column vector 𝑿𝑿𝑗𝑗 is the location of the j-th fiducial 
in the CAD coordinate frame. Thus,  

[𝑿𝑿]𝐽𝐽 = 𝑼𝑼𝑋𝑋𝚲𝚲𝑽𝑽𝑇𝑇 ,       (11) 
where the diagonal matrix 𝚲𝚲 = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(Λ1,Λ2,Λ3) and 𝑼𝑼𝑋𝑋 is 
the rotation matrix which aligns axes of [𝑿𝑿]𝐽𝐽 with the CAD 
frame axes. The three columns of 𝑼𝑼𝑋𝑋 also define the 
eigenvectors [𝒎𝒎𝑚𝑚𝑖𝑖𝑛𝑛 ,𝒎𝒎𝑚𝑚𝑖𝑖𝑚𝑚 ,𝒎𝒎𝑚𝑚𝑎𝑎𝑥𝑥] of the moment of inertia 



 

 

matrix 𝑴𝑴 where  
𝑴𝑴 = 𝑡𝑡𝑡𝑡𝑑𝑑𝑡𝑡𝑡𝑡(𝒄𝒄𝒄𝒄𝒄𝒄𝑿𝑿) 𝑰𝑰 − 𝒄𝒄𝒄𝒄𝒄𝒄𝑿𝑿    (12) 

and the covariance matrix 𝒄𝒄𝒄𝒄𝒄𝒄𝑿𝑿3×3 = 𝒄𝒄𝒄𝒄𝒄𝒄�[𝑿𝑿]𝐽𝐽𝑇𝑇�. 
Eigenvalues [ℎ𝑚𝑚𝑖𝑖𝑛𝑛 , ℎ𝑚𝑚𝑖𝑖𝑚𝑚 , ℎ𝑚𝑚𝑎𝑎𝑥𝑥] of 𝑴𝑴 are equal   

 (𝐽𝐽 − 1)[Λ22 + Λ32 ,  Λ32 + Λ12 ,  Λ12 + Λ22 ] ,  (13) 
where ℎ𝑚𝑚𝑖𝑖𝑛𝑛 corresponds to the largest while ℎ𝑚𝑚𝑎𝑎𝑥𝑥  to the 
smallest element of 𝚲𝚲, as follows from (12).  

Note that in (9) and (10) only elements of the diagonal 
matrix 𝚲𝚲 are used while covariance of noise 𝚿𝚿 may have 
non-zero off-diagonal elements. This is a consequence of 
the fact that the orientation of the noise matrix is 
independent of the orientation of 𝑴𝑴 matrix (i.e., spatial 
configuration of fiducials). Thus, for any arbitrary 
orientation of a rigid object, three major axes of the moment 
of inertia may be aligned with the rotated CAD frame axes 
(by using rotation 𝑼𝑼𝑋𝑋) but it will not lead to alignment of 
noise matrix 𝚿𝚿 with CAD frame. 

3. Experiment Description 
The 6DOF pose measurements were obtained using an 

OptiTrack Duo system which is a two-camera, motion 
capture system [24]. The system locates small spherical 
markers covered with reflective material in its work volume 
and finds the centers of these spheres. A group of markers 
attached to a rigid object forms a configuration of fiducials. 
When the new configuration is created, the measured 
locations of the markers at that time define the initial object 
pose. Thus, the system tracks the motion of the object by 
tracking these markers. It uses a rigid-body, point-based 
registration (i.e., it minimizes 𝐹𝐹𝐹𝐹𝐹𝐹 in (1)) to calculate the 
current pose of an object relative to its initial pose. As the 
object moves, some markers are occluded, but the system 
tracks the visible markers and use them to determine the 
object pose. The system outputs four components of a unit 
quaternion and three components of the positional part of 
the 6DOF pose data. In addition to object pose, xyz-
locations of each visible marker are also provided. 

In the experiment, spherical markers were glued to a 
rigid object (a piece of aluminum rail). The total of 𝑀𝑀 = 15 
randomly selected poses were measured using two different 
configurations of markers. For poses 𝑚𝑚 = 1 to 5, the same 
configuration consisting of 𝐽𝐽 = 5 markers was used. For 
poses 𝑚𝑚 = 6 to 15, the configuration consisting of 𝐽𝐽 = 7 
markers was used. At each m-th pose, a large number 𝑁𝑁 ≳
50,000 of repeated measurements were obtained.  

Figure 1 shows fifteen average measured poses 𝑹𝑹𝑎𝑎𝑎𝑎𝑎𝑎(𝑚𝑚) 
together with locations of fiducials. For poses 𝑚𝑚 = 1 and 
𝑚𝑚 = 6, the new configurations of fiducials are defined and 
therefore the corresponding orientations 𝑹𝑹𝑎𝑎𝑎𝑎𝑎𝑎(𝑚𝑚) = 𝑰𝑰. 
Black dots represent fiducials which were not visible at a 
given pose and the number of undetected fiducials is 
provided for each pose. The same fiducials were undetected 
for pairs of poses: 𝑚𝑚 =  (4,5), (9,10), (8,14). 

4. Data processing  
For each data file containing 𝑁𝑁 repeated measurements, 

the average rotation 𝑹𝑹𝑎𝑎𝑎𝑎𝑎𝑎 in (5) was calculated first. There 
are different ways of calculating the average rotation and 
not all of them are correct. In this study, we used the mean 
rotation in the Euclidean sense [25]. Once the average 
rotation was determined, small random rotations ∆𝑹𝑹𝑛𝑛 were 
calculated from (5), i.e. 

∆𝑹𝑹𝑛𝑛 = 𝑹𝑹𝑎𝑎𝑎𝑎𝑎𝑎𝑇𝑇 𝑹𝑹𝑛𝑛 ,        (14) 
where we used the property that the inverse of rotation 
matrix is equal to the transposed matrix, 𝑹𝑹−1 =  𝑹𝑹𝑇𝑇 . 
Calculating small rotations from experimental data requires 
extra caution. The data file contained four components of 
unit quaternion 𝒈𝒈𝑛𝑛 which can be converted to the rotation 
matrix 𝑹𝑹(𝒈𝒈𝑛𝑛). However, we noticed that due to truncation 
error in the stored values of 𝒈𝒈𝑛𝑛 (six decimal digits), the 
resulting matrix was not orthonormal, i.e. 
𝑹𝑹(𝒈𝒈𝑛𝑛) 𝑹𝑹𝑇𝑇(𝑑𝑑𝑛𝑛)  ≠ 𝑰𝑰 . This caused the resulting matrix on 
the left side of (14) to also violate orthonormality and linear 
approximation in (6) yielding incorrect orientation noise 𝒒𝒒. 
To overcome this problem, we determined the rotation 
matrix 𝑹𝑹𝑛𝑛 directly by minimizing 𝐹𝐹𝐹𝐹𝐹𝐹 in (1). Specifically, 
for pose 𝑚𝑚 = 1 when the configuration of five fiducials was 
defined, we calculated the mean locations of fiducials {𝑿𝑿�}𝐽𝐽 
from 𝑁𝑁 repeated measurements. Then, for poses 𝑚𝑚 =
2, … ,5, for each repeated n-th measurement of fiducials, the 
registration between {𝑿𝑿�}𝐽𝐽(𝑚𝑚) and {𝒀𝒀}𝐽𝐽(𝑚𝑚),𝑛𝑛 was performed 
and the corresponding rotation matrix 𝑹𝑹𝑛𝑛 was calculated as 
in [26]. The matrix determined in this manner satisfied the 
condition of orthonormality, ensuring that linear 
approximation in (6) yielded the correct orientation noise 
𝒒𝒒. The same procedure was repeated for pose 𝑚𝑚 = 6 when 
the new configuration with seven fiducials was defined and 
registration between new {𝑿𝑿�}𝐽𝐽(𝑚𝑚) and {𝒀𝒀}𝐽𝐽(𝑚𝑚),𝑛𝑛 was 
performed for poses 𝑚𝑚 = 7, … ,15 . Due to marker 
occlusions, different poses used different subsets of the 
fiducials, and the registrations were performed using 
varying number of fiducials 𝐽𝐽(𝑚𝑚).  

Once rotations 𝑹𝑹𝑛𝑛 ,𝑛𝑛 = 1, … ,𝑁𝑁 were calculated from the 
experimental data, a set of unit vectors {𝒘𝒘}𝑁𝑁 in (3) was 
formed for a unit vector 𝒖𝒖(𝜗𝜗,𝜑𝜑) parametrized by two 
angles as in (4). For each set {𝒘𝒘}𝑁𝑁, two parameters of FBK 
distribution, 𝜎𝜎(𝜗𝜗,𝜑𝜑) and 𝛽𝛽(𝜗𝜗,𝜑𝜑) were determined as in 
[21]. The calculations were repeated on a grid of angles 
[−90° 90°]×[0° 360°] so that the angular uncertainty 𝜎𝜎 
could be displayed on a unit sphere. In addition, for some 
selected unit vectors 𝒖𝒖, the histograms of deviation angles 
𝜇𝜇𝑛𝑛 between 𝒘𝒘𝑛𝑛 and 𝒘𝒘𝑎𝑎𝑎𝑎𝑎𝑎 were constructed.  

For each m-th pose, the average rotation 𝑹𝑹𝑎𝑎𝑎𝑎𝑎𝑎(𝑚𝑚) was 
evaluated and small random rotations ∆𝑹𝑹𝑛𝑛 were determined 
as in (14). From each ∆𝑹𝑹𝑛𝑛, the corresponding noisy 
orientation perturbation 𝒒𝒒𝑛𝑛 was extracted using (6) and 
from (7) the axis of small random rotation 𝒂𝒂𝑛𝑛 was obtained.



 

 

 
 

 
 

Figure 1. Fifteen measured poses 𝑹𝑹𝒂𝒂𝒄𝒄𝒈𝒈(𝑚𝑚) where dots represent the fiducial locations. Gray dots are visible fiducials, and black dots are 
occluded fiducial(s); numbers in parenthesis provide the total number of occluded fiducials. Configurations of fiducials for rigid-body 
registration were defined in poses m = (1,6) and, therefore, the corresponding rotations 𝑹𝑹𝒂𝒂𝒄𝒄𝒈𝒈 = 𝑰𝑰. 
 
The axis is a unit vector which can be parametrized as in (4) 
so a histogram of axes 𝒂𝒂𝑛𝑛(𝜗𝜗𝑛𝑛,𝜑𝜑𝑛𝑛) could be displayed on a 
unit sphere using a grid of angles, similar to uncertainty 
𝜎𝜎(𝜗𝜗,𝜑𝜑). Once all 𝑁𝑁 random orientation perturbations {𝒒𝒒}𝑁𝑁 
were calculated for the m-th pose, their covariance matrix 
𝑪𝑪(𝒒𝒒) was determined as in (8). Then, its eigenvalues 
[𝑙𝑙𝑚𝑚𝑖𝑖𝑛𝑛 , 𝑙𝑙𝑚𝑚𝑖𝑖𝑚𝑚 , 𝑙𝑙𝑚𝑚𝑎𝑎𝑥𝑥] and the corresponding eigenvectors 
[𝒄𝒄𝑚𝑚𝑖𝑖𝑛𝑛 , 𝒄𝒄𝑚𝑚𝑖𝑖𝑚𝑚 , 𝒄𝒄𝑚𝑚𝑎𝑎𝑥𝑥] were calculated.  

For pose 𝑚𝑚 = 1, SVD of the full configuration of 𝐽𝐽 = 5 
average locations of fiducials [𝑿𝑿�]𝐽𝐽 was performed as in 
(11). Then, for poses 𝑚𝑚 = 2, … ,5, the corresponding subset 
of fiducials detected by cameras was identified and SVD of 
that subset [𝑿𝑿�]𝐽𝐽(𝑚𝑚) was performed. The same procedure 
was repeated for pose 𝑚𝑚 = 6 (where the full configuration 
consisted of 𝐽𝐽 = 7 fiducials) and the remaining poses 𝑚𝑚 =
7, … ,15. Thus, for each m-th pose, the corresponding 
diagonal matrix 𝚲𝚲(𝑚𝑚) and orthonormal matrix 𝑼𝑼𝑋𝑋(𝑚𝑚) in 
(11) was determined. Similar calculations could be done for 
the moment of inertia matrix 𝑴𝑴(𝑚𝑚), yielding equivalent 
results as follows from (12) and (13). We note that 
eigenvectors are defined in the object’s local frame and in 
the instrument’s coordinate frame they follow exactly the 
m-th orientation of the object 𝑹𝑹𝑎𝑎𝑎𝑎𝑎𝑎(𝑚𝑚) if the same set of 
fiducials is detected in each m-th pose. Thus, for the 
instruments which cannot detect all fiducials for every pose, 
the moment of inertia and its eigenvectors will be varying.  

To study the consequences of misalignment between the 
moment of inertia matrix and the covariance matrix of noisy 
fiducials, equations (9) and (10) were used for a fixed 

configuration of fiducials (fixed 𝚲𝚲 in (11)) and different 
noise covariance matrices 𝚿𝚿. Specifically, noise matrix was 
set to  

𝚿𝚿(𝜔𝜔) = 𝑹𝑹(𝒂𝒂,𝜔𝜔) 𝚿𝚿0 𝑹𝑹(𝒂𝒂,−𝜔𝜔)     (15) 
where 𝚿𝚿0 was a diagonal matrix and 𝑹𝑹(𝒂𝒂,𝜔𝜔) was a rotation 
matrix in the (axis, angle) representation (we used the 
property that 𝑹𝑹−1(𝒂𝒂,𝜔𝜔) = 𝑹𝑹(𝒂𝒂,−𝜔𝜔) ). For 𝜔𝜔 = 0, matrix 
𝚿𝚿 = 𝚿𝚿0 and all off-diagonal elements  Ψ𝑗𝑗,𝑘𝑘 = 0 in (10). 
This case corresponds to rather exceptional configuration in 
which the object is rotated in such manner that the axes of 
moment of inertia are aligned with the eigenvectors of the 
covariance matrix of the noise. As angle 𝜔𝜔 is gradually 
increased (i.e., the object is gradually turned away from the 
exceptional configuration) absolute values of the off-
diagonal elements �Ψ𝑗𝑗,𝑘𝑘� also increase. Then, depending on 
the values of the elements of the diagonal matrices 𝚲𝚲 and 
𝚿𝚿0, the locations of the extreme points of angular 
uncertainty 𝜎𝜎(𝜗𝜗,𝜑𝜑) may move on a unit sphere (recall that 
a unit vector 𝒖𝒖 in (9) can be parametrized by two angles as 
in (4)). Note that for perfectly isotropic noise, i.e. 𝚿𝚿0 = 𝜓𝜓𝑰𝑰, 
off-diagonal elements Ψ𝑗𝑗,𝑘𝑘 will always be zero, regardless 
of object orientation. 

5. Results  
Figure 2 shows the directions associated with the largest 
and the smallest principal moment of inertia 𝑴𝑴. For poses 
𝑚𝑚 = 6, … ,15, directions associated with the smallest 
moment of inertia (shown as solid, black lines) form four 
groups. For five of the poses, the directions overlap almost 



 

 

exactly; for the remaining five poses, four have three 
occluded fiducials (poses 𝑚𝑚 = 8,11,14,15). All lines are 
plotted in the coordinate frame associated with the first pose 
𝑚𝑚 = 1.  

 
 

Figure 2. Directions associated with the smallest principal 
moment of inertia 𝑴𝑴 (eigenvector 𝒎𝒎𝑚𝑚𝑖𝑖𝑛𝑛, solid lines) and the 
largest one (eigenvector 𝒎𝒎𝑚𝑚𝑎𝑎𝑥𝑥, dashed lines). Blue color marks 
poses m = 1, …, 5 while black marks poses m = 6, ..., 15. 
 

Figure 3 shows the histograms of the orientation noise 𝒒𝒒 
defined in (7) obtained from data acquired for pose 𝑚𝑚 = 5. 
Similar distributions were observed for the other poses. 
Figure 4 shows the histograms of deviation angles 𝜇𝜇𝑛𝑛 
between the mean 𝒘𝒘𝑎𝑎𝑎𝑎𝑎𝑎 and noisy rotated unit vectors 𝒘𝒘𝑛𝑛 
defined in (3). The two histograms correspond to two 
different choices of vector 𝒖𝒖 in (3) which is rotated by noisy 
rotations 𝑹𝑹𝑛𝑛: one is aligned with the direction in which 
propagated uncertainty 𝜎𝜎 is the largest (i.e., 𝒄𝒄𝑚𝑚𝑖𝑖𝑛𝑛), the other 
is aligned with the direction where the propagated 
uncertainty is the smallest (𝒄𝒄𝑚𝑚𝑎𝑎𝑥𝑥). In addition, for each set 
of rotated noisy vectors {𝒘𝒘}𝑁𝑁, two parameters of FBK 
distribution (i.e., orientation uncertainty 𝜎𝜎 and eccentricity 
𝛽𝛽) are calculated. The corresponding values are 𝜎𝜎 =
 (0.161, 0.019) [mrad] and 𝛽𝛽 = (15.4, 1334.2) [mrad-2] 
for the direction of the largest and the smallest propagated 
uncertainty, respectively. Once both parameters 𝜎𝜎 and 𝛽𝛽 are 
known, the theoretical distribution FBK of the deviation 
angles 𝜇𝜇 can be plotted. The experimental histograms and 
theoretical FBK distributions displayed in Figure 4 were 
obtained from data acquired in pose 𝑚𝑚 = 10, 
corresponding plots obtained for other poses are similar. 

Figure 5 shows the histograms of the spherical angles 
(𝜗𝜗𝑛𝑛,𝜑𝜑𝑛𝑛) parametrizing (as in (4)) the rotated noisy unit 
vectors 𝒘𝒘𝑛𝑛 defined in (3) which were used to create the 
plots in Figure 4. The histograms are centered at angles 
�𝜗𝜗𝑎𝑎𝑎𝑎𝑎𝑎 ,𝜑𝜑𝑎𝑎𝑎𝑎𝑎𝑎� which parametrize the mean unit vector 𝒘𝒘𝑎𝑎𝑎𝑎𝑎𝑎, 
so Δ𝜗𝜗𝑛𝑛 = 𝜗𝜗𝑛𝑛 − 𝜗𝜗𝑎𝑎𝑎𝑎𝑎𝑎  and Δ𝜑𝜑𝑛𝑛 = 𝜑𝜑𝑛𝑛 − 𝜑𝜑𝑎𝑎𝑎𝑎𝑎𝑎.  

In Figure 6 histograms of axes 𝒂𝒂𝑛𝑛 of small random 
rotations ∆𝑹𝑹𝑛𝑛(𝒂𝒂𝑛𝑛,𝜌𝜌𝑛𝑛) defined in (6) are shown. In addition, 
the eigenvectors corresponding to the largest and the 
smallest eigenvalue of the covariance matrix of orientation 
noise 𝑪𝑪(𝒒𝒒) given by (8) and the moment of inertia matrix 

𝑴𝑴 defined in (12) are plotted. Histograms were obtained 
from data acquired in poses 𝑚𝑚 = (8, 14). For that poses, 
the same subset of 𝐽𝐽 = 5 fiducials was detected and used to 
perform rigid-body registration. Both graphs are plotted 
from the same view angle in the object’s coordinate frame 
associated with the full configuration of seven fiducials 
(pose 𝑚𝑚 = 6).  

 
 

Figure 3. Histogram of orientation noise 𝒒𝒒 =  [qx, qy, qz] 
calculated from small random rotations 𝚫𝚫𝑹𝑹𝒏𝒏(𝒒𝒒) in (6) and (14). 
 

 
 

Figure 4. Histograms of the angles of deviation 𝝁𝝁 (markers) and 
the corresponding theoretical FBK distributions (solid lines) for 
two different directions of vector 𝒖𝒖 in (3): a) 𝒖𝒖 aligned with the 
eigenvector 𝒄𝒄𝑚𝑚𝑖𝑖𝑛𝑛 of the covariance matrix 𝑪𝑪(𝒒𝒒); b) 𝒖𝒖 aligned with 
𝒄𝒄𝑚𝑚𝑎𝑎𝑥𝑥. 
 

In Figure 7, the angular dependence of the orientation 
uncertainty 𝜎𝜎(𝜗𝜗,𝜑𝜑) is shown for the same poses as in 
Figure 6, i.e. 𝑚𝑚 =  (8, 14). Eigenvectors corresponding to 
the largest and the smallest eigenvalue of covariance matrix 
𝑪𝑪(𝒒𝒒) are plotted for each data set (black solid and dashed 
lines, respectively) and eigenvectors corresponding to the 
smallest and the largest eigenvalue of the moment of inertia 
matrix 𝑴𝑴 are plotted (grey solid and dashed lines, 
respectively). The plots in Figure 7 are displayed in the 



 

 

same coordinate frame and from the same view angle as the 
plots in Figure 6, so the directions of the axes in both figures 
are the same.  

 
 

Figure 5. Histograms (plotted in log scale) of the spherical angles 
(𝝑𝝑𝒏𝒏,𝝋𝝋𝒏𝒏) parametrizing the same unit vectors 𝒘𝒘𝒏𝒏 which were used 
to create the plots in Figure 4: a) 𝒖𝒖 aligned with the eigenvector 
𝒄𝒄𝑚𝑚𝑖𝑖𝑛𝑛; b) 𝒖𝒖 aligned with 𝒄𝒄𝑚𝑚𝑎𝑎𝑥𝑥. -inf indicates empty bins. 
 

 
 

Figure 6. Histograms of axes 𝒂𝒂𝒏𝒏(𝝑𝝑𝒏𝒏,𝝋𝝋𝒏𝒏) of small random 
rotations (plotted in log scale) for pose: a)  m = 8; b)  m = 14. Black 
lines show directions of eigenvectors of covariance matrix 𝑪𝑪(𝒒𝒒): 
solid lines correspond to 𝒄𝒄𝒎𝒎𝒂𝒂𝒎𝒎 and dashed line to 𝒄𝒄𝒎𝒎𝒎𝒎𝒏𝒏. Blue lines 
indicate eigenvectors of the moment of inertia 𝑴𝑴: solid lines 
correspond to 𝒎𝒎𝑚𝑚𝑖𝑖𝑛𝑛 while dashed lines correspond to 𝒎𝒎𝑚𝑚𝑎𝑎𝑥𝑥. -inf 
indicates empty bins, bin size [1° x 2°]. 
 

Plots similar to Figure 7 are shown in Figure 8 for data 
acquired in poses 𝑚𝑚 =  (4, 9). However, the graph 
presented in a) is displayed in the coordinate frame 
associated with the full configuration of 𝐽𝐽 = 5 fiducials 
defined in pose 𝑚𝑚 = 1 while the graph in b) in coordinate 

frame associated with the full configuration of 𝐽𝐽 = 7 
fiducials defined in pose 𝑚𝑚 = 6. Also, different view angles 
are used to ensure a clear view of relevant features (i.e., 
misalignment of solid black and grey lines).  

 
 
Figure 7. Angular distribution of orientation uncertainty 𝝈𝝈(𝝑𝝑,𝝋𝝋) 
in [mrad] for data acquired in pose: a)  m = 8; b)  m = 14. Black 
lines show directions of eigenvectors of 𝑪𝑪(𝒒𝒒): solid lines 
correspond to 𝒄𝒄𝑚𝑚𝑎𝑎𝑥𝑥 and dashed lines to 𝒄𝒄𝑚𝑚𝑖𝑖𝑛𝑛. Grey lines indicate 
eigenvectors of 𝑴𝑴: solid lines correspond to 𝒎𝒎𝒎𝒎𝒎𝒎𝒏𝒏 while dashed 
lines correspond to 𝒎𝒎𝑚𝑚𝑎𝑎𝑥𝑥. 
 

 
 

Figure 8. Angular distribution of orientation uncertainty 𝝈𝝈(𝝑𝝑,𝝋𝝋) 
in [mrad] for data acquired in pose: a)  m = 4; b)  m = 9. Black 
lines show directions of eigenvectors of 𝑪𝑪(𝒒𝒒): solid lines 
correspond to 𝒄𝒄𝑚𝑚𝑎𝑎𝑥𝑥 and dashed lines to 𝒄𝒄𝒎𝒎𝒎𝒎𝒏𝒏. Grey lines indicate 
eigenvectors of 𝑴𝑴: solid lines correspond to 𝒎𝒎𝑚𝑚𝑖𝑖𝑛𝑛 while dashed 
lines correspond to 𝒎𝒎𝑚𝑚𝑎𝑎𝑥𝑥. 
 

In Figure 9, misalignment angles between eigenvectors 
of the covariance matrix 𝑪𝑪(𝒒𝒒) and the corresponding 
eigenvectors of the moment of inertia matrix 𝑴𝑴 are plotted 
for all poses excluding poses for 𝑚𝑚 =  (1, 6) which were 
used as reference poses. In Figure 9a, 𝛼𝛼𝑚𝑚𝑎𝑎𝑥𝑥 is the angle 
between the eigenvector 𝒄𝒄𝑚𝑚𝑎𝑎𝑥𝑥  of 𝑪𝑪(𝒒𝒒) and the eigenvector 
𝒎𝒎𝑚𝑚𝑖𝑖𝑛𝑛  of 𝑴𝑴. In Figure 9b, 𝛼𝛼𝑚𝑚𝑖𝑖𝑛𝑛 is the angle between the 
eigenvector 𝒄𝒄𝑚𝑚𝑖𝑖𝑛𝑛 of 𝑪𝑪(𝒒𝒒) and one of the eigenvectors 
(𝒎𝒎𝑚𝑚𝑖𝑖𝑚𝑚 ,𝒎𝒎𝑚𝑚𝑎𝑎𝑥𝑥) whichever is closer to 𝒄𝒄𝑚𝑚𝑖𝑖𝑛𝑛. In Figure 9c, 
𝛼𝛼𝑚𝑚𝑖𝑖𝑚𝑚  is the angle between the eigenvector 𝒄𝒄𝑚𝑚𝑖𝑖𝑚𝑚  of 𝑪𝑪(𝒒𝒒) and 
the remaining third eigenvector of the matrix 𝑴𝑴. 

Noise characteristics of the measured fiducial locations 
were obtained by calculating the covariance matrix for each 



 

 

visible fiducial in each pose (total of 72 locations). 
Eigenvalues 𝝀𝝀 =  [𝜆𝜆𝑚𝑚𝑖𝑖𝑛𝑛2 , 𝜆𝜆𝑚𝑚𝑖𝑖𝑚𝑚2 , 𝜆𝜆𝑚𝑚𝑎𝑎𝑥𝑥2 ] of each matrix were 
calculated and the magnitude of the noise 𝜅𝜅 = �𝑡𝑡𝑡𝑡𝑑𝑑𝑡𝑡𝑡𝑡(𝝀𝝀) 
and the measure of noise anisotropy 𝜈𝜈 = 𝜆𝜆𝑚𝑚𝑎𝑎𝑥𝑥 𝜆𝜆𝑚𝑚𝑖𝑖𝑛𝑛⁄  were 
determined. The median and the largest magnitude were 
𝜅𝜅𝑚𝑚𝑚𝑚𝑚𝑚 = 0.0375 [mm] and 𝜅𝜅𝑚𝑚𝑎𝑎𝑥𝑥 = 0.1726 [mm]. For 
anisotropy, the corresponding characteristics were 𝜈𝜈𝑚𝑚𝑚𝑚𝑚𝑚 =
10.4 and 𝜈𝜈𝑚𝑚𝑎𝑎𝑥𝑥 = 18.7. 
 

 
 

Figure 9. Misalignment angles between the eigenvectors of the 
covariance matrix 𝑪𝑪(𝒒𝒒) and the eigenvectors of the moment of 
inertia matrix 𝑴𝑴 for different poses; see text for definitions of 
three displayed angles (shown here in degrees). 

6. Discussion  
Repeated 𝑁𝑁 measurements of object pose yield bell 

shaped, Gaussian like distribution of orientation noise 𝒒𝒒, as 
shown in Figure 3. The resulting uncertainty in the object 
orientation propagates to a POI on the object. This 
propagation appears to be anisotropic, dependent on the 
unit vector 𝒖𝒖(𝜗𝜗,𝜑𝜑) pointing in the direction of the POI in 
the object’s local coordinate frame (CAD frame). In 
extreme cases, when 𝒖𝒖 is aligned with the eigenvectors 
corresponding to the largest or the smallest eigenvalue of 
the covariance matrix of orientation noise 𝑪𝑪(𝒒𝒒), the 
resulting uncertainties of the POI may be vastly different, 
as seen in Figure 4 and Figure 5. Such characteristics of 
pose measuring systems may impact processes which rely 
on 6DOF data acquired by these systems, for example part 
assembly in manufacturing. For systems which derive pose 
from raw measurements of fiducial markers attached to a 
rigid object, existing theoretical results provide a link 
between the properties of the covariance matrix 𝑪𝑪(𝒒𝒒), 
propagated orientation uncertainty 𝜎𝜎(𝜗𝜗,𝜑𝜑) and the 
placement of markers on or around the measured rigid 
object. The spatial configuration of fiducials is 

characterized by its moment of inertia 𝑴𝑴 and the 
eigenvectors of 𝑪𝑪(𝒒𝒒) and 𝑴𝑴 are parallel for isotropic noise, 
i.e., Ψ𝑗𝑗,𝑘𝑘 = 0 in (10).  

In our experiments, two different configurations of 
fiducials were defined: in pose 𝑚𝑚 = 1 and pose 𝑚𝑚 = 6. 
These two configurations yielded major axes of the moment 
of inertia 𝑴𝑴 rotated relative to each other by roughly 90° 
around Y axis, see blue and black solid lines shown in 
Figure 2 (this can be understood by looking at actual 
placement of fiducials in Figure 1 for 𝑚𝑚 = 1 and 𝑚𝑚 = 6). 
However, different definitions of the full configuration of 
fiducials are not the only reason for the observed variability 
in the orientation of the major axes of 𝑴𝑴. The instrument 
which we used in our experiment cannot detect all fiducials 
in every measured pose (see Figure 1). This implies that 
even for the same nominal configuration of fiducials 
different moments of inertia could be observed in different 
poses as different subsets of fiducials are used for rigid-
body registration. Thus, the location of a POI relative to the 
major axes of 𝑴𝑴 depends indirectly on object orientation as 
does the uncertainty of that POI propagated from the object 
pose uncertainty. We recall that covariance matrix 𝑪𝑪(𝒒𝒒) is 
calculated from the set of vectors {𝒒𝒒}𝑁𝑁 and each 𝒒𝒒𝑛𝑛 is 
parallel to its respective axis 𝒂𝒂𝑛𝑛 of small random rotation 
∆𝑹𝑹𝑛𝑛(𝒂𝒂𝑛𝑛,𝜌𝜌𝑛𝑛), as follows from (7). Thus, the eigenvector 
𝒄𝒄𝑚𝑚𝑎𝑎𝑥𝑥  of 𝑪𝑪(𝒒𝒒) defines the direction with the highest 
concentration of axes 𝒂𝒂𝑛𝑛, i.e. the spot on a unit sphere 
where histogram of axes 𝒂𝒂𝑛𝑛 reaches its maximum, see 
Figure 6. Similarly, 𝒄𝒄𝑚𝑚𝑖𝑖𝑛𝑛 defines the direction in which the 
concentration of axes 𝒂𝒂𝑛𝑛 is minimum. Furthermore, any 
rotation has the largest impact on vectors perpendicular to 
its axis of rotation and has no impact on vectors parallel to 
the axis. Therefore, the uncertainty 𝜎𝜎 (which accounts for 
the spread of vectors 𝒘𝒘𝑛𝑛 around their mean 𝒘𝒘𝑎𝑎𝑎𝑎𝑎𝑎 in (3)) is 
the smallest in the direction defined by 𝒄𝒄𝑚𝑚𝑎𝑎𝑥𝑥  and the largest 
in the direction aligned with 𝒄𝒄𝑚𝑚𝑖𝑖𝑛𝑛 , see Figure 7 and Figure 
8. Thus, the eigenvectors of 𝑪𝑪(𝒒𝒒) depend on the object 
orientation and so do 𝜎𝜎𝑚𝑚𝑖𝑖𝑛𝑛(𝒄𝒄𝑚𝑚𝑎𝑎𝑥𝑥) and 𝜎𝜎𝑚𝑚𝑎𝑎𝑥𝑥(𝒄𝒄𝑚𝑚𝑖𝑖𝑛𝑛). If the 
configuration of the fiducials does not change, the moment 
of inertia 𝑴𝑴 is fixed and variations of 𝒄𝒄𝑚𝑚𝑎𝑎𝑥𝑥  in the local 
object’s frame would be small.   

However, the variability in the directions of the major 
axes of 𝑴𝑴 only partially explains why eigenvectors of 𝑪𝑪(𝒒𝒒) 
depend on the object orientation. For example, the 
misalignment angle 𝛼𝛼𝑚𝑚𝑎𝑎𝑥𝑥 between 𝒄𝒄𝑚𝑚𝑎𝑎𝑥𝑥  and 𝒎𝒎𝑚𝑚𝑖𝑖𝑛𝑛  is small 
for pose 𝑚𝑚 = 8 in Figure 7a and large for pose 𝑚𝑚 = 14 in 
Figure 7b (solid black and grey lines) although the same 
subset of fiducials was used to perform registration for both 
poses. Furthermore, for pose 𝑚𝑚 = 4 in Figure 8a and pose 
𝑚𝑚 = 9 in Figure 8b both misalignments between 𝒄𝒄𝑚𝑚𝑎𝑎𝑥𝑥  and 
𝒎𝒎𝑚𝑚𝑖𝑖𝑛𝑛  are small, although different subsets of fiducials were 
used for registration, see Figure 1. As shown in Figure 9, 
for most poses (except for poses 𝑚𝑚 = 11, 13, 14) angle 
𝛼𝛼𝑚𝑚𝑎𝑎𝑥𝑥 < 15° while the other two misalignment angles 𝛼𝛼𝑚𝑚𝑖𝑖𝑚𝑚  



 

 

and 𝛼𝛼𝑚𝑚𝑖𝑖𝑛𝑛 are larger. Thus, another factor must be 
responsible for the observed dependence of 𝑪𝑪(𝒒𝒒) on object 
pose. We note that noise perturbing fiducials is strongly 
anisotropic, i.e., Ψ𝑗𝑗,𝑘𝑘 ≠ 0 in (10). This means that for 
different object orientations in the instrument frame, 
different degrees of misalignment between the covariance 
of fiducial noise 𝚿𝚿 and matrix 𝑴𝑴 are expected. This impacts 
uncertainty 𝜎𝜎 as shown in Figure 10 where theoretical 
model (9) of 𝜎𝜎 for homogenous and anisotropic noise 
affecting fiducials is plotted for increasing misalignment 
angle 𝜔𝜔 in (15). (Arbitrary axis of rotation 𝒂𝒂 in (15) was 
used and diagonal noise matrix 𝚿𝚿0 = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(13, 17, 1080) 
[𝜇𝜇m2], diagonal matrix 𝚲𝚲 in (9) equal to 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(160, 81, 17) 
[mm].) Experimental noise in fiducials is strongly non-
homogeneous and therefore the theoretical 𝜎𝜎 does not 
exactly replicate experimental 𝜎𝜎 (compare Figure 10 with 
Figure 7 and Figure 8). Nevertheless, the angle 𝛼𝛼𝑚𝑚𝑖𝑖𝑛𝑛 
between the dashed black and grey lines in Figure 10 clearly 
increases with the increasing angle 𝜔𝜔 (i.e., increasing 
absolute values of off-diagonal elements of noise matrix 
�Ψ𝑗𝑗,𝑘𝑘� in (10)).  

 
Figure 10. Theoretical uncertainty 𝝈𝝈(𝝑𝝑,𝝋𝝋) in [mrad] from (9) for 
different noise covariance matrix 𝚿𝚿(𝝎𝝎) from (15): a) 𝜔𝜔 = 5°; b) 
𝜔𝜔 = 40°; c) 𝜔𝜔 = 50°; d) 𝜔𝜔 = 110°. Black lines show directions 
where 𝝈𝝈 is the smallest (solid lines) and the largest (dashed lines). 
Grey solid lines are aligned with 𝒎𝒎𝑚𝑚𝑖𝑖𝑛𝑛 and grey dashed lines with 
𝒎𝒎𝑚𝑚𝑎𝑎𝑥𝑥.  
   

In summary, the direction along which the propagated 
uncertainty is the smallest corresponds to the eigenvector 
associated with the largest eigenvalue of the covariance 
matrix of orientation data. For the class of instruments 
investigated in this study, this direction is closely aligned to 

the direction of the axis corresponding to the smallest 
moment of inertia, for most of the measured object 
orientations. Even for poses 𝑚𝑚 = (11, 13, 14) where the 
misalignment angle 𝛼𝛼𝑚𝑚𝑎𝑎𝑥𝑥 is large, as shown in Figure 9a, 
𝒎𝒎𝑚𝑚𝑖𝑖𝑛𝑛  points in the direction where the propagated to POI 
uncertainty 𝜎𝜎 is still small, see Figure 7b. This feature has 
a practical consequence: if a given POI is important, it is 
possible to attach fiducial markers to the rigid object so that 
the resulting axis of the smallest moment of inertia is 
aligned with the direction of the vector pointing to the POI. 
This will ensure that the POI will be in the area of the 
smallest possible uncertainty. If the propagated uncertainty 
needs to be minimized for different POIs on the same 
object, the system may dynamically select different subsets 
of fiducials to ensure that each POI is paired with the 
appropriately oriented 𝒎𝒎𝑚𝑚𝑖𝑖𝑛𝑛 . The system in this study does 
dynamically select different subsets of fiducials for 
different object poses because of occlusions of some of the 
markers. However, the operator cannot control this 
selection and optimal choice of fiducials for multiple POIs 
is not possible. Our study also shows that the direction 
along which the propagated uncertainty is the largest, 
corresponds to the eigenvector associated with the smallest 
eigenvalue of the covariance matrix of orientation data. 
However, this eigenvector is not aligned with the axis of the 
largest moment of inertia, i.e. the angle between the 
eigenvector and the axis of moment of inertia varies greatly 
for different object orientations. The large variations of 
angle can be attributed to the misalignment between the 
moment of inertia axes and the eigenvectors of the 
covariance matrix of fiducial noise.  

7. Conclusions  
For most manufacturing applications, not all points on an 

object are of equal interest. If a given point is important, 
then the uncertainty propagated to that point should be 
minimized. For pose measuring systems that determine 
pose by measuring fiducials, this can be achieved by 
strategic placement of fiducials so that the moment of 
inertia axis, 𝒎𝒎𝑚𝑚𝑖𝑖𝑛𝑛 , is aligned with a vector pointing to that 
point. We expect systems that are trained to extract points 
on object will show similar results. Other systems which 
use different methods for pose determination (e.g., fitting 
point cloud to CAD model) will require further 
investigation.  
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