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The numerical coefficients linearly relating the effects of stress (including pressure), temperature, and composition to shifts in the
energies of the Cr-related fluorescence in alumina (Al,O3) are reviewed. The primary focus is the shift of the R; and R, “ruby”
fluorescence lines under conditions typical for stress determination in polycrystalline Al,Os. No significant experimental difference in
the R; and R; responses is observed for hydrostatic stress (or pressure) conditions (average shift coefficient of about 7.6 cm™'/GPa),
changes in temperature (about 0.140 cm™'/K), or variations in composition (about 120 cm™'/mass fraction of Cr). There are significant
differences in the R; and R, responses for nonhydrostatic stress conditions. In particular, for uniaxial stress along the a and ¢
directions in the Al,Oj3 crystal, the R, piezospectroscopic tensor coefficients (about 3.0 cm™'/GPa and 1.6 GPa cm™'/GPa, respectively)
differ considerably, whereas the R, coefficients (about 2.6 cm™'/GPa and 2.3 GPa cm'/GPa, respectively) do not. Measurements of
the piezospectroscopic tensor coefficients are shown to have interlaboratory relative consistency of about 4 % extending over 30
years, and are consistent with the scalar high-pressure measurements. Measurements of the temperature coefficients are shown to have
interlaboratory relative consistency less than 1 % extending over 60 years. Fluorescence-based measurements of stress in
polycrystalline Al,Os, although requiring temperature adjustment, are shown to have a relative uncertainty of about 2.5 %.
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1. Introduction

It has long been known that optical states in many compounds arise from the incorporation of
“impurities” into the host compound—particularly visible examples are the colors of some oxide minerals
[1]. The energies and transition probabilities of the optical states depend on the local atomic environment
set by the host surrounding the impurity. In minerals, the states are usually well described by crystal field
theory [1], which models the electronic band structure, and hence the optical absorption and emission
spectra, of a positively charged impurity ion surrounded by negatively charged host ions arranged in a
polygon (e.g., cube, tetrahedron, octahedron) set by the crystal lattice. The host negative ions are usually
O?% ions, and the positive impurity ions are usually first transition series outer electron d-shell ions (e.g.,
Fe?* and Fe®*" in garnet and Cr® in emerald and ruby). The crystal field refers to the electric field the host
ions set up at the impurity ion site, thereby perturbing the electronic structure of the impurity ion. Crystal
field effects thus depend sensitively on the size, shape, and symmetry of the negatively charged oxygen ion
array surrounding the positively charged impurity ion. Hence, factors that change the size, shape, or
symmetry of the negatively charged array, e.g., mechanical stress, will change the crystal field and thus the
optical absorption and emission characteristics of a mineral.

In particular, the limited (< 1 % by mol) substitution of Cré* for AI** in the Al,O3 corundum, a-
alumina, structure leads to the formation of ruby. In its pure form, corundum (often known as “sapphire™)
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consists of parallel sheets of triangularly coordinated O% ions with AI*ions in pairs occupying 2/3 of the
octahedral interstices between the sheets [1, 2]. The sheets are perpendicular to the c axis ([0001] direction)
of the structure and parallel to three equivalent a axes, ai, az, az ({2110}), which are in turn are separated
by 120° and perpendicular to the ¢ axis. The structure is trigonal, but often (well-) approximated as
hexagonal. It is convenient to introduce a nonequivalent m axis parallel to the sheets ({0110}) and
perpendicular to as;, such that a-m-c form a right-handed, perpendicular coordinate system. A schematic
diagram is shown in Fig. 1(a). The interstices are trigonally distorted octahedra formed by two triangles of
O?% ions in adjacent sheets; the triangles are rotated by 176° from each other, reducing the symmetry of the
octahedra from Csy to Cs (the symmetry of the lattice is Daq). In corundum, the Al** ions sit off-center in the
octahedra, lying somewhat closer to the “upper,” smaller triangle of O%" ions. Schematic diagrams are
shown in Fig. 1(b) and Fig. 1(c). In ruby, Cr® ions substitute for some AI** ions, occupying similar
octahedrally coordinated, off-center lattice positions. The Cr3* ions are a little bit larger than AI** ions, with
ionic radii of 64 nm and 57 nm, respectively, leading to elongation of the substituted octahedron along the ¢
axis [3].

Fig. 1. (a) Schematic plan view of the a-Al,O3 structure, looking along the ¢ axis and perpendicular to the three equivalent a;, a,, and
as axes. The structure consists of triangularly coordinated O ions (large circles) in sheets that alternate in antiparallel orientation
along the ¢ axis (the triangular coordination of two adjacent sheets is indicated by the solid and dashed lines). The AI** ions (small
disks) occupy 2/3 of the interstices between the sheets and are octahedrally coordinated by the O*" ions. (b) Schematic projection of
the a-Al,O; structure, looking perpendicular to the ¢ axis. (c) Schematic plan view of the trigonally modified octahedral coordination
of AP by O in a-Al,O3 showing one O triangle (lower, dashed) slightly larger and rotated relative to the other (upper, solid).
Figure is after Ref. [1]. The structures in (b) and (c) are idealized as equilateral tringles (see elsewhere for idealized a- and m-plane
elevations).
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The charged O?~ ions form an electric field, a “crystal field,” at the Cr* sites, with near-perfect
(trigonally modified) octahedral symmetry, removing the degeneracy of the five d orbitals of free-ion Cr®*.
An octahedral field leads to a low-energy configuration for Cr®*, consisting of electron occupation of three,
low-energy tygorbitals and two empty, high-energy ey orbitals. Electron-electron interactions lead to
merging of the three tyq orbitals into a singlet ground state labelled (spectroscopically) as *Azq [1]. Two
important excited states for electrons in ruby are the *T15 and #T,q states, leading to broad optical absorption
in the blue (the “Y” band, electron excitation from #Aq to #T1g, about 25 000 cm™ in energy) and in the
yellow-green (the “U” band, electron excitation from #Aq to 4T, about 18 000 cm™) regions of the
spectrum, but leaving a visible “window” in the red (about 16 000 cm™ and less) region of the spectrum,
giving ruby its distinctive red color [2]. The octahedral crystal-field states “Asg, 4T1q, and #Tog are group-
theoretical spin-allowed states deriving from the free-ion *F ground state. The state of great importance
here is the 2E spin-disallowed doublet state derived from the free-ion 2G excited state. Spin-orbit coupling
splits the 2E doublet into two states, leading to two emission lines, Ry and Ry, the “ruby” lines,
coincidentally red, at energies of approximately 14 403 cm™ and 14 443 cm™ (about 1.79 eV, with
wavelengths of about 694 nm [1, 2]). The process of interest here in ruby is Y and U optical absorption of
photons, leading to excitation of electrons from the A,q ground state to the “T1g, and *T,q states, followed
by internal conversion of the energy of the electrons via the thermal phonon bath to the split ?E states, and,
finally, R1 and R, radiative fluorescence as the electrons descend from the 2E states back to the A4 ground
state (fluorescence lifetime of the 2E states is a few milliseconds [4]). A schematic diagram of the relevant
ruby electronic structure is shown in Fig. 2.

Free ion Octahedral crystal field Energy (eV)
(3d%) G 4
24,
(3d%) 4P -
Y
2T » Conversion — 3
2 1
(3d%) 4F
U
— 2
Excitation Luminescence
R,| [R, — 1
4A2g A A A L0

Fig. 2. Schematic diagram of the electronic energy levels of Cr®* substituting for AI** in a-Al,Os (ruby). The levels in the trigonally
distorted octahedral ruby crystal field are shown in the center; the levels of the excited states of the free Cr¥*ion from which the crystal
field levels derive are shown on the left. During ruby fluorescence, electrons are excited from the A4 ground state to two strongly
absorbing bands, in the green and blue regions of the spectrum, “Tyand “Ty4 (these absorptions are responsible for “ruby red”). The
excited electrons interact with phonons in the structure, descending in energy to the split 2E states. The electrons then return to the
ground state, emitting R; and R; fluorescent photons in the process. Figure is after Ref. [2].
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Many spectroscopic studies have been performed on ruby and sapphire, investigating the states
mentioned above and many others. A strong initial motivation, in the 1950s and 1960s, was testing of the
then-nascent crystal field theory using the reasonably well-controlled Cr in Al,O3 ruby as the test vehicle
[5-13]. An additional practical motivation at that time was detailed knowledge of the electro-optical
energies of ruby, so that it could be used as a solid-state maser [14] and laser [15] material. It was clear to
the early investigators that any factors straining the O?" ion arrangement surrounding the Cr®* ion led to
changes in the crystal field and thus changes in the optical absorption and emission. Important factors were
externally applied stress mediated by elasticity, temperature via thermal expansion, and composition via
ionic radius mismatch. In the early 1970s, the process was turned around somewhat, and the details of
crystal field theory were overtaken by empirical advances. In particular, calibrated experimental
determination of shifts in the Ry and R line energies, v, as a function of hydrostatic pressure [16-22]
became the standard method for measuring pressure in high-pressure experiments involving the diamond
anvil cell (DAC)—a method that continues to this day [23-37], although not without debate regarding
calibration coefficients. (Here and throughout, citations within a topic are given in chronological order of
publication.) An example of the fluorescence spectra for ruby and sapphire, demonstrating the composition
effect, is shown in Fig. 3.
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Fig. 3. Fluorescence spectra of single crystal sapphire and ruby, with the R; and R, peaks labelled. Sapphire (a.-Al,Os) usually
contains enough trace Cr®* to observe the peaks as here. The ruby peaks are shifted relative to the sapphire peaks due to Cr**
composition effects. The ionic radius of Cr®* is greater than that of AI**, such that on substitution of Cr®* for AIF*, an internal stress
field is developed in the crystal, which shifts the fluorescence peaks due to a change in the crystal field. The ruby here contained
0.43 % mass fraction of Crin Al,O3:Cr. Spectral intensities were adjusted for ease of comparison.
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In the late 1970s, a mechanical model was developed by Grabner for nonhydrostatic loading (i.e.,
described by a general stress tensor) and applied to polycrystalline alumina [38]. At least part of the
motivation for the polycrystalline research was to investigate the stress fields arising in polycrystalline
alumina responsible for microcracking—the spontaneous localized cracking that occurs in polycrystalline
alumina on cooling as a consequence of the anisotropic structure and thermal expansion of corundum [39-
41]. From the 1990s onward, although there were many notable fundamental studies of the phenomenon
[42-58], the shift in energy of R lines with stress was largely confined to the applied domain, detailed in
numerous works, such as: measurement of stress in bulk Al,O3 polycrystals [42, 58-67]; in bulk Al,Os-
ZrO, composites [68—78]; in sapphire or composite fibers, free or in matrices [79-91]; in single-crystal thin
films [92-95]; (particularly) in polycrystalline thick films on thermal barrier coatings [96-119]; and
adjacent to introduced indentations, cracks, and scratches in Al,O3 and its composites [42, 120-134]. The
works of Clarke and colleagues are notable for their advances in both the fundamental and applied domains
(especially polycrystalline films) and also the works in the applied domain of Young and colleagues
(fibers), Pezzotti and colleagues (cracks), and Todd and colleagues (indentations). An example of the shifts
in the Ry and R» fluorescence peaks arising from stress state changes is shown in Fig. 4.
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Fig. 4. Fluorescence spectra showing the R; and R, peaks obtained from two different locations in a Cr-doped polycrystalline Al,O3
material. The spectra are shifted relative to one another due to microstructural effects, leading to an internal stress field arising in the
polycrystalline material from the thermal expansion anisotropy effects of the constituent Al,Os grains. The spectra have been corrected
for thermal effects and adjusted in intensity for easy comparison. Figure is after Ref. [67].
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A feature of all the above work is that the shift in the R lines with external factors was taken as linear.
That is, the shifts in the R-line energies were taken as simply proportional to the stress, temperature, or
composition, in the first case as a tensor relation and in the last two as scalar relations. It is true that
measured over large pressure or temperature ranges (more than 100 GPa or 100 K, where commonly used
units for pressure are 1 Mbar = 100 GPa, 1 kg/cm? = 9.8 x 10* Pa, and 1 dyn/cm? = 0.1 Pa), the variation of
R-line energies is extremely nonlinear (see equations in Ref. [2] used to generate Fig. 5). However, in the
range of typical fluorescence measurements on typical polycrystalline alumina structures (variations less
than 1 GPa, a few Kelvin), the dependence of the energies on stress, temperature, and composition can be
taken as linear; see Fig. 5 [135].
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Fig. 5. Variations of R; fluorescence energy with (a) hydrostatic pressure and (b) temperature. The slight nonlinearity with pressure is
only observed in high-pressure apparatus that access extremely high pressures. The small stress range (about 2 GPa) observed in
typical Al,Os; microstructures is indicated and well described by a linear response. The nonlinearity with temperature is only observed
in cryogenic apparatus that access extremely low temperatures. The small temperature range (about 20 K) occurring in typical
measurements of Al,O; microstructures is indicated and well described by a linear response.
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Within the small variation approximation, the effects of stress, temperature, and composition are also taken
as separable and additive:

Av = Av, + Avy + Avg, Q)

where Av is the total shift in the (center) energy of an R-line emission peak, and Av,, Avy, and Av, are the
individual contributions to the total shift from stress (o), temperature (T), and composition (C) effects,
respectively [135]. An example detailing the notation is shown in Fig. 6, where the center frequency in an
unaffected system is v, (say, in single-crystal sapphire), such that the total shift is given by Av = v — v,
(say, in polycrystalline alumina). Usually, it is stress measurement that is of the most interest, and hence
Eq. (1) is often thought of as

Avy, = Av — Avy — Avg, (1a)

where temperature and composition effects “correct” the measured total shift to leave the stress effect. This
was the approach taken in two recent papers [66, 67] regarding stress measurement in polycrystalline
alumina. It was emphasized in those papers and elsewhere that the corrections of Eq. (1a) and the selection
of the correct proportionality constants—the coefficients—are critical in accurate and precise stress
measurement [2, 136]. It is the experimental determination of these coefficients that is the subject of this
review. The review has several goals: (1) to provide historical context for the coefficients, so that prior
work can be judged in terms of new results; (2) to guide selection of the “right” coefficients and, where
possible, their accuracy and precision; (3) to guide against wrongly cited or attributed coefficients; (4) to
provide (in one place, with common notation) simple relations for common geometries to show how the
coefficients are used, including for polycrystals; and (5) to assess the importance of temperature and
composition corrections.
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Fig. 6. Fluorescence spectra for sapphire and polycrystalline Al,O3, showing the R; and R, peaks and the notation for peak shift due to
stress, temperature, and composition effects. This review emphasizes that the use of the correct coefficients can relate the shifts to
stress in the Al,O3 structure.
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2. Background Analysis

This section defines the coefficients that linearly relate the changes in energy of the ruby R lines to the
imposition of stress, changes in temperature, and changes in (Cr) composition of a material. The
importance of knowledge of the values of the coefficients (and their uncertainties), which is the focus of the
review and the next section, is made clear. The section begins with an analysis of the stress coefficients
before moving on to the simpler temperature and composition coefficients.

2.1 Stress

The linear analysis relating the scalar shift in energy, Av,, due to stress effects alone and the stress

tensor acting within a ruby single crystal, a;;, begins with the equation first given by Grabner [38]:

]'y
AVO- = l_[ijo-i*}" (2)

Here, o;; is defined relative to the crystal coordinate system (denoted by the superscript star, *), as is the
stress-optical or piezospectroscopic tensor I1;;. The indices i, j each take the values 1, 2, 3, corresponding
to a, m, ¢ here. The Einstein summation convention is assumed throughout. The piezospectroscopic tensor
is assumed to have the same (trigonal) symmetry as the ruby lattice (Dsq), and consequently the off-
diagonal components of the (symmetric, second rank) tensor are zero in the crystal coordinate system. The
piezospectroscopic tensor is thus

Hi]' = 0 l-[22 0 y (3)
0 0 33
and Eq. (2) reduces to
Avy =1y 071 + 115505, + M33033
= Ha(al*l + O—2*2) + HCO—Z;:S. (4)

Two further reductions are possible, one empirical (and very useful) and the other mathematical (and even
more useful). The first reduction is that, empirically, I1,; = II,,, implying that the piezospectroscopic
effect is uniform perpendicular to the crystal axis and takes on the a-axis value (similar to elastic and
thermal expansion effects). Hence, the notation I1,, = I1,, = 1, is used; the remaining component is
designated I155 = TII.; see the second line of Eq. (4). The second reduction is to note that under hydrostatic
compressive loading conditions, the three stress components are equal, 67, = 03, = 033 = —p, Where p is
the pressure. Thus, Eq. (4) becomes the scalar equation

p = —Avy/llp = = Av,, /(211 + 1), ®)

which is the basis (when calibrated [16, 20, 21, 25]) for ruby pressure measurement in the DAC and other
high-pressure experiments, and which provides insight into the origin of the pressure proportionality
constant I, = (2I1, + I1;). Both IT, and II, are usually positive and hence pressure decreases the
fluorescence energy (or increases the wavelength of the fluorescent light [16, 20]).

Note that a crystal need not be aligned with the x-y-z coordinate system of the sample or laboratory
frame (particularly true in polycrystals, but irrelevant in DAC experiments as the pressure field is frame
invariant). Note also that the (off-diagonal) shear stresses in the crystal frame are not necessarily zero or
assumed to be zero (i.e., that a;; = 0,1 # j is not necessarily true or assumed), just that the energy shift in
Eqg. (4) is not sensitive to them. These two concepts can be put together by relating the stress applied in the
sample or laboratory (or arbitrary) frame (a,,,, no star) to that appearing in the (starred) crystal frame,
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O—i*j = AimAjnOmn, (6)

where a;; is the orthogonal transformation matrix relating the two frames [137] (and is frequently the
product of three rotation matrices based on Euler angles [43]). Combining Egs. (2), (3), and (6), the
empirical equality I1;; = II,,, and the tensor identity a;;a;, = &), where Jj; is the Krénecker delta, leads
to a general expression for the energy shift for a crystal set in a sample or laboratory frame [43],

Av, = 11,(011 + 025 + 033) + (I, = 11,) (3,011 + 5,05, + a33033)
+2(I1 — ,)(az1a3,01; + A3,A330,3 + A31a33031)
= M0y + (Il — [)as;as;0;;. (M

Equation (7) makes clear the role in the sample or laboratory frame of shear stresses and off-diagonal
transformation terms. Equation (7) also makes clear that with the assumption I1,; = I1,, = I, Eq. (7) is
just a recasting of Eq. (4): There are still only two piezospectroscopic degrees of freedom. In the pressure
equation, Eq. (5), which assumes hydrostatic loading, there is only one piezospectroscopic degree of
freedom. Equation (7) is also useful because it provides the fluorescence energy shift when the orientation
of the crystal is known in the sample or laboratory frame, and hence a;; is known. Such an orientation
might be known from X-ray diffraction or electron backscatter diffraction [138] measurements or from
prior knowledge of the material, e.g., a polycrystal in which the grain orientations, and hence the a;;
values, are distributed randomly [43]. Combining Eq. (7) with the specification of a hydrostatic field, o;; =
—p4;j, and the tensor identity a;;a,; = &, recovers the pressure equation, Eg. (5), showing that the
pressure response is indeed frame independent.

Equations (2) and (3) can be combined in a different way, again using the empirical equality I1,; =
I1,,, to give

_ (21, + 1) (07; + 03, + 033) i (I, — M) (2035 — 01 — 053)

3

Av, 3
= (ZHa + HC)O_M + (HC - Ha)as, (8)

where the second line emphasizes that the shift in energy arises from a mean stress contribution (ow) plus a
shear stress contribution (os) [67]:

o = (071 + 05, + 033)/3, (9a)
o5 = (2033 — 071 — 03,)/3. (9b)

It should be recognized that the preceding equations, i.e., Egs. (1-5), (7), and (8), apply to each of the Ry
and R lines separately. Hence, the coefficients for the stresses in Eq. (8) are strictly defined as

ny = @nd” + 1), (10a)
n” = @® - M), (10b)
ny = @nd +n), (10¢)
n® = @® -, (10d)

where the superscript labels  and @ here and throughout indicate parameters associated with the R; and
R. lines, respectively. Equation (10) enables Eq. (8) to be written compactly in matrix form for each
fluorescent line:
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[Av(l) _[my mg? ™ (11a)
AV(Z) H]E/[Z) H§2) g !

noting that there are still only two piezospectroscopic degrees of freedom (for each shift). Consequently,
two components of the stress field (gy, o5) in the crystallographic frame can be specified through inversion
of Eq. (11a) to

@ )
M) _ (@ _ eyt Is7 —Is7 [ay®
[O'S] - (HM Il I Ty ) —H]E,lz) H]E,Il) MA@ (11b)

using the two energy shift measurements (Av(Y, Av(®). A similar analysis can be applied if the stress field
in the crystallographic coordinates is assumed to be rotationally invariant perpendicular to the c axis, such
that only two stress components in the crystallographic frame need be specified, oy, = 05, = g, and g35 =
o.. Equation (4) can then be written and inverted as Eq. (11).

Finally, Egs. (4) and (6) can be combined to give the shift in the sample or laboratory frame, averaged
over a large number of randomly oriented grains:

— 1 — 1 I
Av, = (g) 05 = (;)(Hn + Iy, + M33) (011 + 055 + 033), (12)

where the overbar indicates an ensemble average, and the averages aizj =1/3 and a;;a;, = 0,where j # k
[43], have been used. There is only one piezospectroscopic degree of freedom as the assumption of a
random collection of grains has been made in deriving Eq. (12). One of the simplest examples is the simple
bending of a polycrystalline beam, in which the fluorescent measurement encompasses many grains [42].
In this case, 0, = 0, = Mz/I, and o,, = 033 = 0, where M here is the bending moment applied to the
beam, I is the beam moment of inertia, z is the distance from the neutral axis, and g, is the resulting
uniaxial stress at z. Another simple example is the biaxial stressing of a polycrystalline film on a thermal
expansion mismatched substrate, in which again the fluorescence measurements encompass many grains
[96]. Here, 0,, = 0,5, = 0y, and ag353 = 0, where g, is the film-substrate mismatch imposed biaxial stress.
In the first case,

~ 1

AVU = (g)(zna + l_Ic)au
and in the second,

o 2

Av, = (5)(21'[a + I1.) o,
Both equations apply separately to the R; and Rz lines, although, as will be seen, experimentally the
distinction between the lines is not meaningful. The similarity of these equations to the pressure relation,
Eq. (5), is clear.
2.2 Temperature and Composition

The shifts in the R-line fluorescence energy with temperature and composition in typical
measurements on alumina are simple proportionalities. The shift with temperature, T (K), is given by

AVT = ﬁT (T - Tref)v (13)
where T, is a reference temperature (taken as 298.8 K, following Munro [135]), and S is the

proportionality coefficient. Under normal circumstances, S is negative, such that the fluorescence energy
decreases with increasing temperature (see Fig. 5).
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The shift with composition, C, is given by a relation similar to Eq. (13) but with no reference point:
AVC = ﬁcC, (14)

where C is the Cr composition given by the mass fraction (not percentage [139]) of Cr in the Al,Os:Cr
structure [66]. B is positive, such that fluorescence energy increases with Cr content. Both g and S are
different for the R; and Ry lines.

Although not exhaustive, the applications mentioned in the Introduction and the formulae presented in
this analysis section should make clear that measurement of the energies of the R; and R fluorescent lines
in alumina provides a powerful method for noncontact local measurement of stress. It should be equally
clear that the accuracy and precision of such measurements depend on knowledge of the coefficients
I1,, I, B7, and B, for each line. The following section, which is the focus of the review, examines the
experimental development of the numerical values of these coefficients.

3. Coefficient Measurements

Despite the 65 year period spanned by the papers covered in this review, the many instruments used to
measure the coefficients reviewed here were broadly similar in basic functionality. Each instrument utilized
a visible light source for excitation of the Cr3* fluorescence and high-resolution dispersive detection for
measuring the precise energy of the Ry and R, fluorescence transitions. Early measurements utilized lamp
and filter combinations for excitation (e.g., Ref. [140]); by the early 1980s, visible lasers had replaced the
lamp sources [23]. Spectral measurements were typically made with a scanning grating monochromator
with a single element detector, until parallel spectral detection schemes with diode arrays or charged
coupled devices became common in the late 1990s [141]. Each instrument also employed a cell for
mounting the alumina specimen in a specific geometry with a means for controlling the external applied
stress and the temperature. The majority of instruments used microscope objective lenses of modest
magnification (e.g., 10x) for both the excitation and detection of fluorescence in both transmitted light and
reflection (as in Figs. 3, 4, 6) geometries, yielding spot sizes in the tens of micrometers. A typical
implementation of these instrumental features consisted of a DAC mounted in an upright optical
microscope coupled to a grating monochromator. Barnett and coworkers presented a detailed description of
this type of system [17].

3.1 Hydrostatic Pressure Loading

The measurements of the energy changes of the ruby R-lines with hydrostatic pressure provide not
only useful qualitative background for uniaxial stress measurements (next section), but quantitative
constraints that the uniaxial measurements must meet. Qualitatively, hydrostatic measurements are simple
to understand and compare, Eq. (5) is scalar, and provide a measure of the effect. Quantitatively,
hydrostatic measurements provide a pressure coefficient that constrains the sum of the uniaxial coefficients,
via Eg. (5).

Table 1 gives the first author, year published, citation, R-line coefficients (R1 or R»), and notes for
original works that (experimentally) determined the pressure coefficients in Eq. (5), H,(Jl) and H,(JZ), directly.

Where necessary, the coefficients have been converted to a common set of units (cm™'/GPa). In the linear,
low-pressure range, the coefficient was often given as

A2/Ap,
where 1 is the wavelength of the fluorescence. It is easy to show (using A~1/v) that

Av 1A

o =——==
Ap P A2 Ap
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and calculate the coefficient using 4 = A,, where A, is the wavelength of an unaffected system (here 694.24
nm). In the full, nonlinear range, including high pressure, the variation is often given in the form proposed

by Mao et al. [25],
p= 6 -1

where A and B are empirical fitting parameters. This equation can be inverted to give (as used in Fig. 5)

1
Av B . () )
z-[p(z)+ ] b

which, in the low-pressure limit, reverts to

Av Vo

— =10, =—

Ap PA

to calculate the coefficient. A dash in Table 1 indicates a coefficient was not specified. Where not given,
uncertainties were not specified. Uncertainties in parentheses (+x) represent an estimate based on
information given in the publication. Otherwise, unless noted, uncertainties are those specified in the
publication and represent standard deviations of the means of experimental measurements. Most
determinations used DAC measurements. The pressures given are those up to which the authors observed a
linear variation of fluorescence shift with pressure and reported a coefficient, although, in some cases,
linear behavior to greater pressures (a few tens of gigapascals) [16, 17, 20] was observed. The term
“extrapolated” implies that observations were made over the full pressure range, including high pressure,
and extrapolated into the low-pressure range to obtain a coefficient. As noted by Chijioke [34], this linear,
low-pressure range extends experimentally up to many tens of gigapascals.

Table 1. Pressure coefficients for R-line shifts in alumina.

Author Coefficient, Coefficient, Notes
nem¥GPa) | 1% (cm/GPa)
Paetzold, 1951 [142]
pressure up to 0.1 GPa 94 83 20K
Langer, 1967 [143]
pressure up to 1 GPa 90£05 9.0£05
Forman, 1972 [16]
pressure up to 2.2 GPa 1.7£03 8403
Barnett, 1973 [17] « - »
pressure up to 10 GPa 75(x0.4) 75(x0.4) accurate to approximately 10 %
Piermarini, 1975 [20] 7572 +0.044 _ 95 % confidence interval
pressure up to 19.5 GPa
Adams, 1976 [21] 73402 73402 166.8 K

pressure up to 5 GPa
Mao, 1978 [22] 7.57 (£ 0.45) -
Munro, 1985 [135]

extrapolated from fit function
“total random error ... +6 %”

7.59£0.04 7.615 £ 0.004 “99 % confidence level”
pressure up to 14.5 GPa
Mao, 1986 [25] 7.56 - extrapolated from fit function
Eggert, 1989 [26] 7.6 7.6 extrapolated from graph
Ragan, 1996 [144] 76 _
pressure up to ~15 GPa )
He, 1999 [88]
pressure up to 5 GPa 7.65 7.56 polycrystal
Grasset, 2001 [136] o . .
pressure up to 1 GPa 7.68 (x0.15) 7.79 (£ 0.15) 95 % confidence interval
Chijioke, 2005, Silvera 2007 [34, 35] 7.678 £0.027 7.678 £0.027 extrapolated from fit function
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Table 1 shows that the initial measurements of I1,, were probably overestimates, that the accepted
value, about 7.6 cm™!/GPa, was established in the 1970s, and that the effect of hydrostatic pressure was the
same for both R; and R (i.e., l'[z(,l) = H,(JZ)). In fact, this last observation is now taken as an indication of
pure hydrostatic (i.e., zero shear) loading in high-pressure DAC experiments that make use of Eq. (5) in
determining pressure [34]. The overall (between-laboratory) uncertainty in I1,, can be estimated from Table
1 as about 0.07 cm™!/GPa, and this is consistent with the total variation (about 0.14 cm™'/GPa) of mean “A”
values in two compilations [2, 145] of high-pressure measurements. (The values quoted here are
representative of the historical variability and are not the result of statistical calculation.) On a practical
note, the information in Table 1 states that the numerical proportionality relationships for energy shift in a
random polycrystal under uniaxial stress, equibiaxial stress, and equitriaxial stress (negative pressure) (in
the ratios 1/3:2/3:1, see above) are ¢, = Av,; /2.5, 0, = Av,;/5.1,and p = —Av,/7.6.

3.2 Uniaxial Stress Loading

3.2.1 Quasi-Static Tests
Table 2. Stress coefficients® for R-line shifts in alumina.

Inferred Inferred
Author g’ Iy’ ne cggifsliligit g I,y ne” cggifsliligit
n;l) n;(JZ)
Schawlow, 1961 3.07 % - 183+ 7.97+0.14 275 % - 235+ 7.85+0.09
[140] 0.07 0.01 0.04 0.03
stress to —0.1 GPa
Kaplyanskii, 1962 3.1 14 7.6 2.7 19 7.3
[146]
stress unknown
Sturge, 1965 l'l£1) +
[147] 0.57 +
stress unknown 0.04
Feher, 1968 28+0.1 26+0.2 215+£0.1 28+0.1 26+0.2 215+£0.1
[148] 270 1.83+ 7.23+0.09 228+ 238+ 6.94 +0.05
stress to —0.9 GPa 0.04 0.03 0.02 0.03
Fujishiro, 1988 2939 + 1.616 + 7.49 £0.09 2.062 + 2112 + 6.24 £0.17
[149] 0.041 0.066 0.102 0.094
stress to —1.2 GPa
He, 1995 2.56 35 1.53 7.59 2.65 2.80 2.16 7.61
[45] 312+ 340+ 155+ 8.07 £0.05 2.66 + 281+ 222+ 7.69+0.03
stress to —0.9 GPa 0.04 0.01 0.02 0.02 0.02 0.02
287+ 295+ 165+ 249 + 270+ 219+
Mean 006 055 0.04 7.67+0.11 007 0.10 007 7.20+0.12
Constrained 2.98 - 1.64 7.60 2.64 - 2.32 7.60
Values

3All coefficients are given in (cm Y/GPa).

Table 2 gives the first author, year published, citation, and R-line coefficients (R or Ry) for original
works that (experimentally) determined the stress coefficients for different crystal orientations, l'[,(ll), l'[,(,?,
and Hgl) and l'[flz), H,(,f), and HEZ), directly; see Eqg. (4). Allowance is made for the possibility l'[,(,’f) * l'[,(lx)
where such measurements were made. Values in bold font indicate specification in the original publication.
The compressive stresses given are those to which the authors observed a linear variation of fluorescence
shift with stress and reported a coefficient. A dash indicates a coefficient was not specified. Where not
given, uncertainties were not specified. Where necessary, the coefficients have been converted to a
common set of units (cm~Y/GPa). Values in regular font indicate coefficients and their uncertainties
(standard deviations of fitting parameters) determined from digitizing and linear best-fitting data provided

in graphical form in original publications. The inferred pressure coefficients were determined from l'[,(f) =

n® + 1% + 0 or H;") =21 + 1%, Egs. (4) and (5); uncertainties (standard deviations) for the
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Hé") values were determined by summing uncertainties from the individual coefficients in quadrature. That
is, the uncertainty in IT,, u(p) = [u?(I1,) + u?(I,,) + w*(11.)]*/2, and so forth, where u(I1;) is the
uncertainty in a single coefficient. Mean values were determined by averaging the observed coefficients in
each column. Uncertainties (standard deviations) for the mean values were determined by summing
uncertainties from the column coefficients in quadrature (as stated). The mean values and uncertainties
reflect the broad observations and are for ease of comparison only, and no distinction was made between
column parameters. The constrained values reflect the two-parameter constraint sum of Eq. (5) and the

experimental observations of Table 1; the observed mean HEX) values were multiplied by the ratio of the

observed mean inferred H,f,x) values/7.60, and the H,(f) values were adjusted accordingly to meet the
constraint of Eq. (5).

The stress coefficients of Table 2 display a much weaker historical variation (larger to smaller values)
than the pressure coefficients of Table 1, reflecting more modern measurements. The calculated mean
values thus provide the following broad trends: The pressure coefficients inferred from the uniaxial stress

measurements are very close to those observed in hydrostatic tests (about 7.6 cm™'/GPa); the l'[flx) values

are greater than the HEX) values, though more so for the Ry peaks (nearly a factor of two) than the R, peaks
(nearly equal); where measured, the l'[,(,’f) values are greater than the l'[flx) values, although this observation
is barely significant; and, based on the first and last observations, the constrained values of the ng) and

HEX) coefficients are a faithful representation of all the observations. Within experimental uncertainty, the
off-diagonal terms I1,, = Il,; = I13; = 0 [45], consistent with Eq. (3). (The discrepancies between some

published and digitized values in Table 2, e.g., l'[fll) from Ref. [45], probably arise from fitting the data to a
quadratic equation of the form Av = c;0 + c,02 and publishing c: as I1. This is incorrect within the spirit
of the analysis and inconsistent with measurements over a broad pressure range in which nonlinearity only
appears at very high pressures, e.g., Fig. 5. Uniaxial measurements were typically at peak stress levels,
about 1 GPa, about two orders of magnitude less than the peak pressure levels in hydrostatic measurements,
about 100 GPa, in which nonlinear effects are still small [34]. The single observation in one uniaxial study
might have exhibited nonlinearity, but the small stress level, ~0.4 GPa, suggests it was probably due to
fixture compliance; the observation is unverified. Again, on a practical note, the information in Table 2
states that the numerical proportionality relationships for energy shift in an unconstrained single-crystal c-

axis fiber under uniaxial stress are o, = AvSY /1.6 and o, = Av? /2.3
3.2.2 Shock Tests

The values in Tables 1 and 2 were obtained from quasi-static tests. Values obtained from rapid, shock-
loading tests by Gupta, Sharma, and colleagues agree with those in Tables 1 and 2, but some care is
required in comparisons. First, although cast as uniaxial tests, the shock tests had mixed loading, i.e.,
neither uniaxial nor hydrostatic. The samples were c- or a-oriented single crystals, with much of the
loading (o35 in the laboratory frame) more than 10 GPa, generating substantial o;; or o35 longitudinal
stresses, respectively [150, 151]. However, the shock-loading geometry also generated substantial
simultaneous lateral stresses (o;; and a,,)—up to 24 % of the longitudinal stress in the case of the c crystal
[151] (generating similarly large o7, and o3,) and up to 77 % in the case of the a crystal [150] (large a5,
and o353). A nonlinear third-order stress analysis was used to calculate the stress values [150]; the stress
analysis was unverified. Second, comparisons between the quasi-static and shock experiments were made
by calculating the change in energies of the R lines as a function of relative volume change (dilatational
strain) under hydrostatic and shock loads using a nonlinear (Murnaghan), but isotropic, bulk modulus; the
volume or density change using this nonlinear modulus assumption was unverified. Consistency with the
referenced 7.6 cm™Y/GPa hydrostatic pressure sensitivity [135] was shown, almost ideally so in the case of
the a crystal, which had a greater hydrostatic component, but no uncertainty measure was provided for the
data. The origin of the slight nonlinearity observed in some of the data is unknown given the unverified
analysis methods.
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3.2.3 Fiber Tests

True uniaxial tensile measurements (up to 0.8 GPa) were performed in early experiments by Liu et al.
[79] on a free fiber stated to be single crystal, but which contained twins with ¢ axes at an angle of 20° to
30° to the fiber axis (and thus o35 was similarly misaligned with the applied stress a55). Values in the

laboratory 3-direction of Ht(;)inned ~ 1.7 cm'/GPa and Ht(‘f,)inned ~ 2.3 cm '/GPa were demonstrated, and
consistency was claimed with the published values of Feher and Sturge [148]. (The fiber values were in
fact more consistent with the smaller-value independent data fits to Ref. [148]; see Table 2.) Tests (up to

1.7 GPa) on single-crystal sapphire filaments bound in an epoxy matrix with the crystal c-axis aligned with

the filament axis gave Hgl) =1.31 cm'/GPa and HEZ) =1.90 cm !/GPa [86, 91], which are somewhat
smaller than the consensus values (Table 2). Subsequent tests [89] on single-crystal fibers under uniaxial
tension and compression (3-tensile axis aligned with ¢ axis, stress magnitude up to 0.55 GPa) gave a R;
shift of 877 cm Y/strain + 82 cm™!/strain, which, in concert with the Young’s modulus of 411 GPa + 24

GPa, produced HEZ) =2.13 cm!/GPa + 0.23 cm!/GPa, a value more consistent with the consensus value
(Table 2).

Experimental measurements on free 80Al,03-20ZrO; polycrystalline composite fibers under uniaxial
tension (up to 1.8 GPa) were reported by Yang and Young [82, 83]. These measurements gave sensitivities
of 610 cmY/strain and 700 cmY/strain for Ry and Ry, respectively, which, combined with the Young’s

modulus of 254 GPa, give H}ggy =2.4 cm™'/GPa and l'[[(fjy = 2.8 cm'/GPa. These values, as noted by the

authors, are consistent with the predicted random polycrystalline response under uniaxial loading of (7.6/3)
cm™/GPa = 2.5 cm™!/GPa from Eq. (12). Measurements in which an 80Al,03-20ZrO; fiber was fixed to a
(presumably constraining) substrate [84] gave 2.9 cm™!/GPa.

Measurements on a polycrystalline, single-phase a-Al,Oz fiber fixed to a substrate gave 1330
cm!/strain, and using the greater Young’s modulus value of 380 GPa gave a (probably constrained) value

of H}gi?y = 3.5 cm !/GPa [87]. Uniaxial tensile measurements on a (presumably free, but constraint unstated)

similar polycrystalline a-Al,Os fiber gave H}gi?y = 2.53 cm™!/GPa, noted to be consistent with the predicted
polycrystalline response under uniaxial loading; see previous paragraph and Eqg. (12) [88]. Uniaxial tension

and compression tests [89] on a polycrystalline o-Al,Os fiber gave a R shift of 1178 cm™/strain + 54

cm'/strain, and using a modulus of 375 GPa + 5 GPa gave H}gi?y =3.14 cm™'/GPa % 0.14 cm™'/GPa, which
is larger than the predicted polycrystalline response. Similar tests (up to 2 GPa) on a similar fiber [90] gave

799 cmY/strain and 757 cmYstrain for Ry and R, respectively, which, using the (manufacture) cited

modulus of 260 GPa, give l'[r()gy =3.07 cm'/GPa and Héify =2.91 cm™'/GPa, which are larger than the
predicted polycrystalline response.

In many fiber tests [79, 82, 83, 86, 90, 91], extensive data were provided to characterize the shift in the
fluorescence energy with applied stress or strain. The stress or strain were extremely simple to determine
given the extremely simple (fiber) geometry; in the case of uniaxial strain measurements, the conjugate
uniaxial stress was easily calculated via a simple, linear plane-stress Young’s modulus. Hence, the linear
variation of shift with applied stress (up to a few gigapascals) is well verified by many observations with no
caveats. The numerical agreement with the nonfiber coefficient determinations surveyed above further
supports the observations.

3.2.4 Bulk Polycrystal Tests

There appear to be very few experimental measurements of piezospectroscopic effects in bulk
polycrystals under uniaxial loading. Molis and Clarke [42] measured the R; fluorescence energy shifts,
importantly in compression and tension, in a polycrystalline beam in bending experiments (stress range

+0.17 GPa), obtaining nggy = 2.4 cm!/GPa + 0.1 cm™'/GPa. Similar bending experiments (stress range
+0.25 GPa) on a polycrystalline material were performed by Ma and Clarke [43], obtaining H;(xljy =2.46
cm '/GPa and H;(ij = 2.50 cm!/GPa. Extending their fiber experiments, Dassios and Galiotis [90] tested
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bulk polycrystals under uniaxial compression (stress to —0.15 GPa) and obtained nggy =2.57 cm!/GPa +

0.03 cm™!/GPa and Héify = 2.52 cm™!/GPa + 0.03 cm™'/GPa. Margueron and Clarke [115] tested thin-film
polycrystals under uniaxial tension and compression (stress range +4 GPa, later changed to —8 GPa to 0

GPa [58]) and obtained Héify =2.50 cm™!/GPa £ 0.03 cm™!/GPa. The R, data were similar but exhibited
slightly different coefficients in tension and compression. The observation (especially the strain gauge
measurements) was unverified. All the above measurements agree with the polycrystalline prediction for
uniaxial loading of 2.5 cm™!/GPa from Eq. (12). As with the fiber tests, extensive data were provided for
the polycrystals to characterize the shift in fluorescence energy with stress or strain, where the stress or
strain were extremely simple to determine given the simple (bending or compression) geometries, and the
stress was easily calculated from strain via a Young’s modulus. Hence, the linear variation of shift with
applied stress (up to a few hundred megapascals; one unverified exception) and the numerical agreement
with the non-polycrystal coefficient determinations surveyed above further support the observations. It is
noted that the applied stress range of the polycrystal experiments was about an order of magnitude less than
the single-crystal or fiber experiments (previous sections) and comparable to the intrinsic microstructural
stresses expected and observed in bulk polycrystals [38-42, 58-67].

3.3 Temperature

Table 3 gives the first author, year published, citation, R-line coefficients (R1 or Rz), and notes for
original works that (experimentally) determined the temperature coefficients B(Tl) and B(Tz); see Eq. (13).
Where necessary, the coefficients have been converted to a common set of units (cm™'/K). A dash in Table
3 indicates a coefficient was not specified. Where not given, uncertainties were not specified. Uncertainties
in parentheses (xx) represent an estimate based on information given in the publication. Otherwise, unless
noted, uncertainties are those specified in the publication and represent standard deviations of the mean of
experimental measurements.

A striking feature of Table 3 is that agreement regarding the value of the temperature coefficient of the
R-line shifts in alumina (at 300 K) was achieved from the beginning: Most reported observations fall in the

range ﬁ?) = ;2) = (-0.140 £ 0.007) cm™!/K, with no meaningful distinction between the behavior of Ry
and R or meaningful historical variation. (The values quoted here are representative of the historical
variability and are not the result of statistical calculation.)

3.4 Composition

There are extremely few reports of the effects of variations in the (dilute) Cr concentration on the
energy shifts of the R lines in alumina or ruby. Dilute alumina or rubies are those in which isolated Cr ions
do not interact quantum mechanically, but simply mechanically through the increased ionic volume of Cr3*
relative to AI®* [1, 2, 44]. Early (and later) work showed that Cr ion pair interactions were very important in
the optical properties of (heavily doped) ruby [61, 157-161], but such interactions are excluded here in
consideration of piezospectroscopic effects in dilute ruby. Table 4 gives the first author, year published,
citation, R-line coefficients (R1 or Rz), and notes for original works that (experimentally) determined the

composition coefficients Bgl) and Bgz); see Eq. (14). Where necessary, the coefficients have been converted

to a common set of units (cm™!/mass fraction Cr). A dash in Table 4 indicates a coefficient was not
specified. Where not given, uncertainties were not specified. Uncertainties in parentheses (+x) represent an
estimate based on information given in the publication. Otherwise, unless otherwise noted, uncertainties are
those specified in the publication and represent standard deviations of the mean of experimental
measurements.
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Table 3. Temperature coefficients® for R-line shifts in alumina.

Author Ci?)e ﬁicj?nt, C(g)e fficilent, Notes
BL (cm™/K) B (cm™/K)
Paetzold, 1951 [142] -0.139 -0.141 290 K
McCumber, 1963 [152] —-0.14 (+0.02) —-0.14 (£0.02) interpolated from graph
Powell, 1966 [153] —-0.12 (+0.02) —-0.12 (£0.02) interpolated from graph
Barnett, 1973 [17] —-0.14 (x0.07) -0.14 (£0.07) *“accurate to approximately 10 %”
Yamaoka, 1980 [37] -0.14 - as cited by Ref. [29]
Wunder, 1981 [23] —0.1487 - “confidence level of >99 %”
Munro, 1985 [135] —0.130 £ 0.006 —-0.122 + 0.006 99 % confidence level”
Vos, 1991; Rekhi, 1999 [28, 32] —0.136 (+0.005) —0.136 (£0.005) | from Ry, R, average fit equation; interpolated from graphs
Yen, 1992 [154] —0.153 - interpolated from graph
Ragan, 1992 [155] —0.158 -0.162 linear approximation
Fujishiro, 1994 [29] -0.133 -
Huang, 1994 [156] —0.140 (£0.007) —0.140 (x0.007) interpolated from graph
He, 1995 [45] -0.144 -0.134
Young, 1996 [83] -0.167 - interpolated from graph; composite fiber
Gibson, 1999 [141] —0.133 (+0.007) —0.145 (+0.007) interpolated from graph
Grasset, 2001 [136] —0.140 £ 0.05 —0.137 £ 0.05 95 % confidence interval
Kumari, 2011 [95] —-0.133 —0.133 interpolated from graph and empirical equation
Gao, 2015 [57] —0.1519 + 0.0008 _%%)%Zlii 0.556 % mass fraction of Cr sample

2All measurements were at approximately 300 K.

Table 4. Composition coefficients? for R-line shifts in alumina.

Coefficient, Coefficient,
Author B (em Ymass | BP(cm!/mass Notes
fraction) fraction)

Kaplyanskii, 1969 [139] 96 +5 1015 77K

Yu, 2002 [50] - 82.7 and 136.4 RT"and 77 K

Gao, 2015 [57] 156 (£50) 92 (£20) RT, estimated from graph

Michaels, 2016 [67] 160 (£2) 167 (£3) RT

Margueron, 2017 [162] 100 100

3All values in cm */mass fraction of Cr in Al,O; (i.e., 100 x “wt %” of Cr in Al,O3:Cr [66]).

PRT indicates room temperature.

Despite the few reported values (and caveats regarding the interfering effects of co-doping [50, 57]), a

valid estimation (not a formal mean) seems to be

@ _ p@
c C

~ (120 + 30) cm™!/mass fraction, with no

meaningful distinction between the behavior of R; and Rz or meaningful historical variation. (The values
quoted here are representative of the historical variability and are not the result of statistical calculation.)
Within the experimental scatter, the separability of composition and temperature effects holds (i.e., 8. and

Br are independent).

4. Discussion

Perhaps the most striking feature of the fluorescence energy coefficients cited above is the historical
consistency of the values, particularly those coefficients relating fluorescence energy changes to variations
in pressure (Table 1) and temperature (Table 3). Extending over a 40 year period, most pressure coefficient
measurements fell within a 1 % relative variation, and over a 60 year period, most temperature coefficient
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measurements fell within a 0.5 % relative variation. There are probably several (unsurprising and
interrelated) reasons for this consistency: First, both pressure and temperature are scalars, and thus
formulations relating fluorescence energy shifts to pressure and temperature, both experimentally and
theoretically, are relatively simple. Second, pressure and temperature are fundamental thermodynamic
parameters, and thus the experimental infrastructure is well established (e.g., instrumented DACs) for
measuring their effects. Third, the historical consistency probably reflects an example of “convergent
publication,” in which values are reported only if they are consistent with previously published values.
Notwithstanding the potential absence of some results and the often absence of uncertainties, the
coefficients determining pressure and temperature effects (in the linear range) on fluorescence energies in
alumina are accurate and precise.

The simplest meanings of the pressure and temperature coefficients are embodied in their units. A 1
cm™! of energy shift in the R-lines will be caused by 132 MPa (0.132 GPa = 1 cm™'/[7.6 cm™'/GPa]) of
equitriaxial stress (hydrostatic pressure when negative or compressive); see Eq. (5) and Table 1. This is a
very small pressure for a DAC, and the energy shift is modest (with adequate sampling, this shift is easily
detected, e.g., Ref. [67, 135]; for an Ry shift of 14 403 cm™ to 14 402 cm™', this corresponds to a
wavelength increase from 694.30 nm to 694.35 nm). A 1 cm™! energy shift will also be caused by about 7 K
of temperature excursion (7.1 K = 1 cm™'/[0.140 cm™'/K]; again, easily applied and measured); see Eq. (13)
and Table 3. To place these effects in atomic-scale context, it should be realized that 132 MPa of
equitriaxial stress corresponds to a volume strain of 5.2 x 10~ (using a linear bulk modulus of 253 GPa
[2]). That is, to first approximation, the volume of the O%" octahedron surrounding the substitutional Cr3*
ion undergoes a relative volume change of 5.2 x 107, and the O?"-Cr®* separation undergoes a relative
length change of about 0.08: The spectroscopic effects of stress are large because the changes to the crystal
field (as quantified by the ionic separation) are large. A similar approximation leading to a similar
conclusion can be made using the volume thermal expansion coefficient (about 17 x 1076 K™! [163]),
resulting in a relative ionic separation change of about 0.05 for a temperature change of 7 K.

Historical and between-laboratory consistency is slightly weak in the case of coefficients relating
fluorescence energy changes to changes in the tensor stress field (Table 2) and to changes in composition
(Table 4): Most stress tensor component measurements fell within a 4 % relative variation, and the
composition coefficient measurements exhibited a 25 % relative variation. In both cases, there is a limited
sample set, so it is difficult to draw definitive conclusions regarding accuracy and precision. Ma and Clarke
[44] argued that the value of the coefficient relating energy shift to composition in Table 4 is about right (it
is accurate). They cited an explicit measurement of density variation with composition to arrive at a
dilatational strain that was used in a mechanics analysis for positive comparison with pressure experiments
(in a similar use of relative volume to compare experiments as in the shock work [150, 151]). A1cm™!
energy shift will be caused by changes in composition of about 0.008 mass fraction of Cr in Al,O3:Cr
(0.008 = 1 cm™!/[120 cm~'/mass fraction); see Eq. (14) and Table 4. This composition, about 0.002
substitution of Cr3* for AI**, is too small, even given the ionic radius increase (see Introduction), to
generate the octahedral dilatations inferred for pressure and temperature effects and yet begins to approach
that of “heavily doped” ruby, in which Cr3*-Cr®* pair-wise interaction effects cannot be ignored [160].
Clearly, more research is required on the composition coefficient. (The gross variations in emission color
and intensity with Cr composition were noted in the very earliest—1850s—aobservations of Al,Os:Cr
luminescence [164].)

A constraint is placed on the components of the piezospectroscopic tensor I1;;, in that the trace of this
tensor must yield the piezospectroscopic pressure coefficient from Egs. (4) and (5). However, in only two
cases (Table 2) have the sums T + & + 1% [45] or 218 + 1¥[146] been checked to show

agreement with the known values of H;"), and in both cases, uncertainties in the components were not

given, so the significance is difficult to judge. In both cases in which H,(,’f) was measured separately from

l'[ff) [45, 148], subsequent digitization and fitting to estimate uncertainties (in the work here) led to
different estimates for the mean coefficients, further confusing the significance of the results. Nevertheless,
the mean and constrained value estimates (Table 2) for both the individual coefficients and their sums have
accuracies comparable to their precisions. (Some works have mis-cited other works, leading to more
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confusion. For example: Langer [143] and Forman [16] incorrectly cited Paetzold [142] as l'[fll) =9.5and
N® =8.4and 1Y = 9.3 and 1Y = 8.2, respectively; Grabner [38], Molis [42], and He [45] incorrectly
cited Schawlow [140] for l'[ff), H,E"), and H;") values, when no values were provided; Grabner [38]
incorrectly cited Kaplyanskii [146] as 1$" = 3.2, I{" = 7.8, I = 2.8, and 1?’ = 7.5; Ma [58] incorrectly
cited Kaplyanskii [158] for I1 values, when no values were provided; He [45] incorrectly cited Kaplyanskii
[146] as 1M = 3.2 and 1Y) = 2.8; and Ma [43] and He [45] incorrectly cited Feher [148] as 1" = 2.7,

n® =1.8 1% =24, and 1?9 = 2.2. Other works cited values “to be published” that never appeared, e.g.,
Ref. [59]. The above works should not be cited in support of coefficient values.)

Some tests of apparently uniaxial geometry were in fact tests of single-crystal- or polycrystal-
orientation averaging rather than tests of individual tensor coefficients. It should be noted that the

undifferentiated sum 21'1((1") + H,E") appears as the single-crystal pressure coefficient in Eq. (5), averaging
over all single-crystal loading orientations, and as the polycrystal coefficient in Eq. (12), averaging over all
arbitrarily loaded polycrystal grain orientations. The shock tests [150, 151] make explicit comparison with
the single-crystal pressure tests. Fiber measurements were compared with the predicted polycrystalline
average values, e.g., Refs. [82, 88], as were the uniaxial or bending polycrystal measurements [42, 43, 90].
These tests were good measures of the sum (which is well known; Table 1), but could not distinguish
individual piezospectroscopic components. Similar limited conclusions can be made regarding biaxial tests
and comparison with the polycrystalline prediction [100].

A major goal of this review is to assess the state of fluorescence piezospectroscopic coefficients for use
in measuring and mapping stress distributions in bulk polycrystalline alumina. In addition to considering
the historical context of the coefficients and the likely accuracy and precision as above, it is worth
considering the relative sizes of the effects of stress, temperature, and composition in a typical fluorescence
measurement. Incorporating temperature and composition coefficients explicitly into Eq. (1a) gives

Avy = Av — ﬂT(T —Trep) — :BCC- (1a’)

Assuming that a reference experiment is conducted on a (typically sapphire) specimen of known stress state
(zero), temperature (adjusted to a reference point, often 298.8 K), and composition (near zero Cr), the net
fluorescence shift Av for the target alumina is easily determined (as v, is now well known). Typical large
values are Av®) = -0.80 cm™' and Av® = -0.60 cm™! [67]. A typical value for T is 21 °C = 294.15 K. A
typical value for C for alumina is 0.0001. Equation (1a’) thus becomes (using Tables 3 and 4)

AvEY = —0.80 — (—0.14)(—4.65) — (120)(0.0001) = —0.80 — 0.65 — 0.01 = —1.46 cm™",

AvP = —0.60 — (—0.14)(—4.65) — (120)(0.0001) = —0.60 — 0.65 — 0.01 = —1.26 cm"".

Two features are apparent in the above calculations: Temperature effects (the second terms in the third
equalities) are large comparable to the overall stress effect, and composition effects (the third terms) are
small, probably negligible. Even a range of net shifts (as is observed in Ref. [67], £0.8 cm™!, reflecting a
range of stress states and peak shifts) does not alter these conclusions.

Continuing on to typical calculations for a polycrystal: Using the constrained values in Table 2 and Eq.

(10) yields 11 = 1% = 7.60 cm Y/GPa, NIV = ~1.34 cm Y/GPa, and N1{* = -0.32 cm*/GPa. In

combination with typical values of Avf,l) =-1.46 cm™' and Avf,z) =-1.26 cm™' measured at a single point in
a polycrystal as above, Eq. (11) leads to o = —158 MPa and o5 = 196 MPa. If Av = —1.46 cm™* represents
the shift averaged over many points in a random polycrystal under uniaxial stress, then Eq. (12) leads to

o, =—1.46/(7.6/3) = -577 MPa.

For a thermally grown oxide random polycrystal film under biaxial stress, the stress levels of many
gigapascals lead to fluorescence energy shifts of many wavenumbers [96-119], and the temperature and
composition “corrections” above are unnecessary. Similarly, unless there is a comparison of results from
different measurement methods, e.g., between shock and static pressure [150], or with a model, e.g., Ref.
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[58], temperature and composition corrections are not necessary. In these cases, relative measurements are
adequate, as shown by the large number of application works cited in the Introduction (about 70) compared
with the smaller number of calibration works cited in the Results (about 30). The large stresses observed in
many thermally grown oxide films suggest that nonlinear effects might be important in these systems
(similar to those observed in Fig. 5). Using a refined crystal field model calibrated to the known nonlinear
observations [45, 115, 150, 151], Margueron and Clarke [58] suggested a quadratic fit for the

polycrystalline R> line shift under hydrostatic pressure of about Av,Ez) = —7.62p — 0.0046p?, where the
pressure p has units of GPa. For a pressure of 2 GPa, the quadratic contribution to the shift is about 0.02
cm™!. As a correction to an estimate of stress, this value is negligible relative to the shifts considered above.
When treated as an uncertainty, however, this value is about twice the uncertainty associated with line
position. However, as shown below, both are small (but not negligible) relative to temperature effects.
Raman spectroscopy, electron backscatter diffraction, and X-ray diffraction [138] could all be used on
thermally grown oxide films to independently calibrate nonlinear effects.

For a bulk polycrystal, not only are the corrections necessary, but the uncertainties in the quantities on
the right side of Eq. (1a) must be considered. Assuming that the positions of either peak of the Ry and R;
fluorescence lines can be determined with an experimental uncertainty of w(Av®)=0.01 cm™* [67], and
using the information in Tables 3 and 4, the uncertainty in the stress-related shift, u(Av,), is given by
summing the absolute uncertainties in quadrature [165], taking u(87) = 0.007 cm /K and u(f7) = 30
cm!/mass fraction,

u(Av,) = [u?(Av) + (u(Byr) * 4.65)? + (u(Bc) * 0.0001)2]%/2
~[107* + 1073 + 1075]¥/2 = 0.035 cm ™.

The second line of this equation has been written to make clear that the greatest contribution to the
uncertainty in the stress shift is the uncertainty in the temperature coefficient (the middle term).
Temperature corrections are a necessity for accurate and precise stress determinations by fluorescence
shifts. Nevertheless, the relative uncertainty in the stress shift is only (0.035/1.46) ~ 2.3 %, and Table 2 and
Eg. (11) show that this term dominates the uncertainty in the stress calculation. Hence, the uncertainty in
om = —158 MPa calculated above is u(oy) ~ 4 MPa (given exactly by summing all the relative
uncertainties in quadrature [165]). The stress uncertainty is small, making clear why the fluorescence
method is effective for estimating stress and stress distributions [43, 59, 66, 67] in bulk polycrystalline
alumina.
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The numerical coefficients linearly relating the effects of stress (including pressure), temperature, and composition to shifts in the energies of the Cr-related fluorescence in alumina (Al2O3) are reviewed. The primary focus is the shift of the R1 and R2 “ruby” fluorescence lines under conditions typical for stress determination in polycrystalline Al2O3. No significant experimental difference in the R1 and R2 responses is observed for hydrostatic stress (or pressure) conditions (average shift coefficient of about 7.6 cm−/GPa), changes in temperature (about 0.140 cm−/K), or variations in composition (about 120 cm−/mass fraction of Cr). There are significant differences in the R1 and R2 responses for nonhydrostatic stress conditions. In particular, for uniaxial stress along the a and c directions in the Al2O3 crystal, the R1 piezospectroscopic tensor coefficients (about 3.0 cm−/GPa and 1.6 GPa cm−/GPa, respectively) differ considerably, whereas the R2 coefficients (about 2.6 cm−/GPa and 2.3 GPa cm−/GPa, respectively) do not. Measurements of the piezospectroscopic tensor coefficients are shown to have interlaboratory relative consistency of about 4 % extending over 30 years, and are consistent with the scalar high-pressure measurements. Measurements of the temperature coefficients are shown to have interlaboratory relative consistency less than 1 % extending over 60 years. Fluorescence-based measurements of stress in polycrystalline Al2O3, although requiring temperature adjustment, are shown to have a relative uncertainty of about 2.5 %.
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Introduction



It has long been known that optical states in many compounds arise from the incorporation of “impurities” into the host compound―particularly visible examples are the colors of some oxide minerals [1]. The energies and transition probabilities of the optical states depend on the local atomic environment set by the host surrounding the impurity. In minerals, the states are usually well described by crystal field theory [1], which models the electronic band structure, and hence the optical absorption and emission spectra, of a positively charged impurity ion surrounded by negatively charged host ions arranged in a polygon (e.g., cube, tetrahedron, octahedron) set by the crystal lattice. The host negative ions are usually O2− ions, and the positive impurity ions are usually first transition series outer electron d-shell ions (e.g., Fe2 and Fe3in garnet and Cr3+ in emerald and ruby). The crystal field refers to the electric field the host ions set up at the impurity ion site, thereby perturbing the electronic structure of the impurity ion. Crystal field effects thus depend sensitively on the size, shape, and symmetry of the negatively charged oxygen ion array surrounding the positively charged impurity ion. Hence, factors that change the size, shape, or symmetry of the negatively charged array, e.g., mechanical stress, will change the crystal field and thus the optical absorption and emission characteristics of a mineral.

In particular, the limited (< 1 % by mol) substitution of Cr3+ for Al3 in the Al2O3 corundum, -alumina, structure leads to the formation of ruby. In its pure form, corundum (often known as “sapphire”) consists of parallel sheets of triangularly coordinated O2− ions with Al3+ ions in pairs occupying 2/3 of the octahedral interstices between the sheets [1, 2]. The sheets are perpendicular to the c axis ([0001] direction) of the structure and parallel to three equivalent a axes, a1, a2, a3 (), which are in turn are separated by 120 and perpendicular to the c axis. The structure is trigonal, but often (well-) approximated as hexagonal. It is convenient to introduce a nonequivalent m axis parallel to the sheets ({) and perpendicular to a1, such that a-m-c form a right-handed, perpendicular coordinate system. A schematic diagram is shown in Fig. 1(a). The interstices are trigonally distorted octahedra formed by two triangles of O2− ions in adjacent sheets; the triangles are rotated by 176 from each other, reducing the symmetry of the octahedra from C3v to C3 (the symmetry of the lattice is D3d). In corundum, the Al3+ ions sit off-center in the octahedra, lying somewhat closer to the “upper,” smaller triangle of O2− ions. Schematic diagrams are shown in Fig. 1(b) and Fig. 1(c). In ruby, Cr3+ ions substitute for some Al3+ ions, occupying similar octahedrally coordinated, off-center lattice positions. The Cr3+ ions are a little bit larger than Al3+ ions, with ionic radii of 64 nm and 57 nm, respectively, leading to elongation of the substituted octahedron along the c axis [3].
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Fig. 1. (a) Schematic plan view of the -Al2O3 structure, looking along the c axis and perpendicular to the three equivalent a1, a2, and a3 axes. The structure consists of triangularly coordinated O− ions (large circles) in sheets that alternate in antiparallel orientation along the c axis (the triangular coordination of two adjacent sheets is indicated by the solid and dashed lines). The Al3+ ions (small disks) occupy 2/3 of the interstices between the sheets and are octahedrally coordinated by the O− ions. (b) Schematic projection of the-Al2O3 structure, looking perpendicular to the c axis. (c) Schematic plan view of the trigonally modified octahedral coordination of Al3+ by O− in -Al2O3 showing one O− triangle (lower, dashed) slightly larger and rotated relative to the other (upper, solid). Figure is after Ref. [1]. The structures in (b) and (c) are idealized as equilateral tringles (see elsewhere for idealized a- and m-plane elevations).

The charged O2− ions form an electric field, a “crystal field,” at the Cr3+ sites, with near-perfect (trigonally modified) octahedral symmetry, removing the degeneracy of the five d orbitals of free-ion Cr3+. An octahedral field leads to a low-energy configuration for Cr3+, consisting of electron occupation of three, low-energy t2g orbitals and two empty, high-energy eg orbitals. Electron-electron interactions lead to merging of the three t2g orbitals into a singlet ground state labelled (spectroscopically) as 4A2g [1]. Two important excited states for electrons in ruby are the 4T1g and 4T2g states, leading to broad optical absorption in the blue (the “Y” band, electron excitation from 4A2g to 4T1g, about 25 000 cm−1 in energy) and in the yellow-green (the “U” band, electron excitation from 4A2g to 4T2g, about 18 000 cm−1) regions of the spectrum, but leaving a visible “window” in the red (about 16 000 cm−1 and less) region of the spectrum, giving ruby its distinctive red color [2]. The octahedral crystal-field states 4A2g, 4T1g, and 4T2g are group-theoretical spin-allowed states deriving from the free-ion 4F ground state. The state of great importance here is the 2E spin-disallowed doublet state derived from the free-ion 2G excited state. Spin-orbit coupling splits the 2E doublet into two states, leading to two emission lines, R1 and R2, the “ruby” lines, coincidentally red, at energies of approximately 14 403 cm−1 and 14 443 cm−1 (about 1.79 eV, with wavelengths of about 694 nm [1, 2]). The process of interest here in ruby is Y and U optical absorption of photons, leading to excitation of electrons from the 4A2g ground state to the 4T1g, and 4T2g states, followed by internal conversion of the energy of the electrons via the thermal phonon bath to the split 2E states, and, finally, R1 and R2 radiative fluorescence as the electrons descend from the 2E states back to the 4A2g ground state (fluorescence lifetime of the 2E states is a few milliseconds [4]). A schematic diagram of the relevant ruby electronic structure is shown in Fig. 2.
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Fig. 2. Schematic diagram of the electronic energy levels of Cr3+ substituting for Al3+ in -Al2O3 (ruby). The levels in the trigonally distorted octahedral ruby crystal field are shown in the center; the levels of the excited states of the free Cr3+ion from which the crystal field levels derive are shown on the left. During ruby fluorescence, electrons are excited from the 4A2g ground state to two strongly absorbing bands, in the green and blue regions of the spectrum, 4T2g and 4T1g (these absorptions are responsible for “ruby red”). The excited electrons interact with phonons in the structure, descending in energy to the split 2E states. The electrons then return to the ground state, emitting R1 and R2 fluorescent photons in the process. Figure is after Ref. [2].

Many spectroscopic studies have been performed on ruby and sapphire, investigating the states mentioned above and many others. A strong initial motivation, in the 1950s and 1960s, was testing of the then-nascent crystal field theory using the reasonably well-controlled Cr in Al2O3 ruby as the test vehicle [5–13]. An additional practical motivation at that time was detailed knowledge of the electro-optical energies of ruby, so that it could be used as a solid-state maser [14] and laser [15] material. It was clear to the early investigators that any factors straining the O2− ion arrangement surrounding the Cr3+ ion led to changes in the crystal field and thus changes in the optical absorption and emission. Important factors were externally applied stress mediated by elasticity, temperature via thermal expansion, and composition via ionic radius mismatch. In the early 1970s, the process was turned around somewhat, and the details of crystal field theory were overtaken by empirical advances. In particular, calibrated experimental determination of shifts in the R1 and R2 line energies, , as a function of hydrostatic pressure [16–22] became the standard method for measuring pressure in high-pressure experiments involving the diamond anvil cell (DAC)―a method that continues to this day [23–37], although not without debate regarding calibration coefficients. (Here and throughout, citations within a topic are given in chronological order of publication.) An example of the fluorescence spectra for ruby and sapphire, demonstrating the composition effect, is shown in Fig. 3.
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Fig. 3. Fluorescence spectra of single crystal sapphire and ruby, with the R1 and R2 peaks labelled. Sapphire (-Al2O3) usually contains enough trace Cr3+ to observe the peaks as here. The ruby peaks are shifted relative to the sapphire peaks due to Cr3+ composition effects. The ionic radius of Cr3+ is greater than that of Al3+, such that on substitution of Cr3+ for Al3+, an internal stress field is developed in the crystal, which shifts the fluorescence peaks due to a change in the crystal field. The ruby here contained 0.43 % mass fraction of Cr in Al2O3:Cr. Spectral intensities were adjusted for ease of comparison.




[bookmark: _Hlk494867461]In the late 1970s, a mechanical model was developed by Grabner for nonhydrostatic loading (i.e., described by a general stress tensor) and applied to polycrystalline alumina [38]. At least part of the motivation for the polycrystalline research was to investigate the stress fields arising in polycrystalline alumina responsible for microcracking―the spontaneous localized cracking that occurs in polycrystalline alumina on cooling as a consequence of the anisotropic structure and thermal expansion of corundum [39–41]. From the 1990s onward, although there were many notable fundamental studies of the phenomenon [42–58], the shift in energy of R lines with stress was largely confined to the applied domain, detailed in numerous works, such as: measurement of stress in bulk Al2O3 polycrystals [42, 58–67]; in bulk Al2O3-ZrO2 composites [68–78]; in sapphire or composite fibers, free or in matrices [79–91]; in single-crystal thin films [92–95]; (particularly) in polycrystalline thick films on thermal barrier coatings [96–119]; and adjacent to introduced indentations, cracks, and scratches in Al2O3 and its composites [42, 120–134]. The works of Clarke and colleagues are notable for their advances in both the fundamental and applied domains (especially polycrystalline films) and also the works in the applied domain of Young and colleagues (fibers), Pezzotti and colleagues (cracks), and Todd and colleagues (indentations). An example of the shifts in the R1 and R2 fluorescence peaks arising from stress state changes is shown in Fig. 4.
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Fig. 4. Fluorescence spectra showing the R1 and R2 peaks obtained from two different locations in a Cr-doped polycrystalline Al2O3 material. The spectra are shifted relative to one another due to microstructural effects, leading to an internal stress field arising in the polycrystalline material from the thermal expansion anisotropy effects of the constituent Al2O3 grains. The spectra have been corrected for thermal effects and adjusted in intensity for easy comparison. Figure is after Ref. [67].




A feature of all the above work is that the shift in the R lines with external factors was taken as linear. That is, the shifts in the R-line energies were taken as simply proportional to the stress, temperature, or composition, in the first case as a tensor relation and in the last two as scalar relations. It is true that measured over large pressure or temperature ranges (more than 100 GPa or 100 K, where commonly used units for pressure are 1 Mbar = 100 GPa, 1 kg/cm2 = 9.8 × 104 Pa, and 1 dyn/cm2 = 0.1 Pa), the variation of R-line energies is extremely nonlinear (see equations in Ref. [2] used to generate Fig. 5). However, in the range of typical fluorescence measurements on typical polycrystalline alumina structures (variations less than 1 GPa, a few Kelvin), the dependence of the energies on stress, temperature, and composition can be taken as linear; see Fig. 5 [135].
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Fig. 5. Variations of R1 fluorescence energy with (a) hydrostatic pressure and (b) temperature. The slight nonlinearity with pressure is only observed in high-pressure apparatus that access extremely high pressures. The small stress range (about 2 GPa) observed in typical Al2O3 microstructures is indicated and well described by a linear response. The nonlinearity with temperature is only observed in cryogenic apparatus that access extremely low temperatures. The small temperature range (about 20 K) occurring in typical measurements of Al2O3 microstructures is indicated and well described by a linear response.

Within the small variation approximation, the effects of stress, temperature, and composition are also taken as separable and additive:



	,	(1)



where  is the total shift in the (center) energy of an R-line emission peak, and , , and  are the individual contributions to the total shift from stress (), temperature (T), and composition (C) effects, respectively [135]. An example detailing the notation is shown in Fig. 6, where the center frequency in an unaffected system is  (say, in single-crystal sapphire), such that the total shift is given by  (say, in polycrystalline alumina). Usually, it is stress measurement that is of the most interest, and hence Eq. (1) is often thought of as



	,	(1a)



[bookmark: _Hlk494868002]where temperature and composition effects “correct” the measured total shift to leave the stress effect. This was the approach taken in two recent papers [66, 67] regarding stress measurement in polycrystalline alumina. It was emphasized in those papers and elsewhere that the corrections of Eq. (1a) and the selection of the correct proportionality constants―the coefficients―are critical in accurate and precise stress measurement [2, 136]. It is the experimental determination of these coefficients that is the subject of this review. The review has several goals: (1) to provide historical context for the coefficients, so that prior work can be judged in terms of new results; (2) to guide selection of the “right” coefficients and, where possible, their accuracy and precision; (3) to guide against wrongly cited or attributed coefficients; (4) to provide (in one place, with common notation) simple relations for common geometries to show how the coefficients are used, including for polycrystals; and (5) to assess the importance of temperature and composition corrections.
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Fig. 6. Fluorescence spectra for sapphire and polycrystalline Al2O3, showing the R1 and R2 peaks and the notation for peak shift due to stress, temperature, and composition effects. This review emphasizes that the use of the correct coefficients can relate the shifts to stress in the Al2O3 structure.

Background Analysis



This section defines the coefficients that linearly relate the changes in energy of the ruby R lines to the imposition of stress, changes in temperature, and changes in (Cr) composition of a material. The importance of knowledge of the values of the coefficients (and their uncertainties), which is the focus of the review and the next section, is made clear. The section begins with an analysis of the stress coefficients before moving on to the simpler temperature and composition coefficients. 



Stress



The linear analysis relating the scalar shift in energy, , due to stress effects alone and the stress tensor acting within a ruby single crystal, , begins with the equation first given by Grabner [38]:



		(2)



Here,  is defined relative to the crystal coordinate system (denoted by the superscript star, *), as is the stress-optical or piezospectroscopic tensor . The indices  each take the values 1, 2, 3, corresponding to a, m, c here. The Einstein summation convention is assumed throughout. The piezospectroscopic tensor is assumed to have the same (trigonal) symmetry as the ruby lattice (D3d), and consequently the off-diagonal components of the (symmetric, second rank) tensor are zero in the crystal coordinate system. The piezospectroscopic tensor is thus



	,	(3)



and Eq. (2) reduces to 



	

	 	(4)



Two further reductions are possible, one empirical (and very useful) and the other mathematical (and even more useful). The first reduction is that, empirically, , implying that the piezospectroscopic effect is uniform perpendicular to the crystal axis and takes on the a-axis value (similar to elastic and thermal expansion effects). Hence, the notation  is used; the remaining component is designated ; see the second line of Eq. (4). The second reduction is to note that under hydrostatic compressive loading conditions, the three stress components are equal, , where  is the pressure. Thus, Eq. (4) becomes the scalar equation



	),	(5)



which is the basis (when calibrated [16, 20, 21, 25]) for ruby pressure measurement in the DAC and other high-pressure experiments, and which provides insight into the origin of the pressure proportionality constant ). Both  and  are usually positive and hence pressure decreases the fluorescence energy (or increases the wavelength of the fluorescent light [16, 20]).

Note that a crystal need not be aligned with the x-y-z coordinate system of the sample or laboratory frame (particularly true in polycrystals, but irrelevant in DAC experiments as the pressure field is frame invariant). Note also that the (off-diagonal) shear stresses in the crystal frame are not necessarily zero or assumed to be zero (i.e., that  is not necessarily true or assumed), just that the energy shift in Eq. (4) is not sensitive to them. These two concepts can be put together by relating the stress applied in the sample or laboratory (or arbitrary) frame (, no star) to that appearing in the (starred) crystal frame,



	,	(6)



where  is the orthogonal transformation matrix relating the two frames [137] (and is frequently the product of three rotation matrices based on Euler angles [43]). Combining Eqs. (2), (3), and (6), the empirical equality , and the tensor identity , where  is the Krönecker delta, leads to a general expression for the energy shift for a crystal set in a sample or laboratory frame [43],



	

	

	.	(7)



Equation (7) makes clear the role in the sample or laboratory frame of shear stresses and off-diagonal transformation terms. Equation (7) also makes clear that with the assumption , Eq. (7) is just a recasting of Eq. (4): There are still only two piezospectroscopic degrees of freedom. In the pressure equation, Eq. (5), which assumes hydrostatic loading, there is only one piezospectroscopic degree of freedom. Equation (7) is also useful because it provides the fluorescence energy shift when the orientation of the crystal is known in the sample or laboratory frame, and hence is known. Such an orientation might be known from X-ray diffraction or electron backscatter diffraction [138] measurements or from prior knowledge of the material, e.g., a polycrystal in which the grain orientations, and hence the  values, are distributed randomly [43]. Combining Eq. (7) with the specification of a hydrostatic field, , and the tensor identity  recovers the pressure equation, Eq. (5), showing that the pressure response is indeed frame independent.

Equations (2) and (3) can be combined in a different way, again using the empirical equality , to give





	 ,	(8)



where the second line emphasizes that the shift in energy arises from a mean stress contribution (M) plus a shear stress contribution (S) [67]:



	,	(9a)



	.	(9b)



It should be recognized that the preceding equations, i.e., Eqs. (1–5), (7), and (8), apply to each of the R1 and R2 lines separately. Hence, the coefficients for the stresses in Eq. (8) are strictly defined as



	,	(10a)



	,	(10b)



	,	(10c)



	,	(10d)



where the superscript labels (1) and (2) here and throughout indicate parameters associated with the R1 and R2 lines, respectively. Equation (10) enables Eq. (8) to be written compactly in matrix form for each fluorescent line:

	,	(11a)



noting that there are still only two piezospectroscopic degrees of freedom (for each shift). Consequently, two components of the stress field (in the crystallographic frame can be specified through inversion of Eq. (11a) to



	,	(11b)



using the two energy shift measurements (). A similar analysis can be applied if the stress field in the crystallographic coordinates is assumed to be rotationally invariant perpendicular to the c axis, such that only two stress components in the crystallographic frame need be specified,  and . Equation (4) can then be written and inverted as Eq. (11).

Finally, Eqs. (4) and (6) can be combined to give the shift in the sample or laboratory frame, averaged over a large number of randomly oriented grains:



	,	(12)



where the overbar indicates an ensemble average, and the averages  and  [43], have been used. There is only one piezospectroscopic degree of freedom as the assumption of a random collection of grains has been made in deriving Eq. (12). One of the simplest examples is the simple bending of a polycrystalline beam, in which the fluorescent measurement encompasses many grains [42]. In this case, where  here is the bending moment applied to the beam,  is the beam moment of inertia,  is the distance from the neutral axis, and  is the resulting uniaxial stress at . Another simple example is the biaxial stressing of a polycrystalline film on a thermal expansion mismatched substrate, in which again the fluorescence measurements encompass many grains [96]. Here, , where  is the film-substrate mismatch imposed biaxial stress. In the first case,



	



and in the second,



	.



Both equations apply separately to the R1 and R2 lines, although, as will be seen, experimentally the distinction between the lines is not meaningful. The similarity of these equations to the pressure relation, Eq. (5), is clear.



Temperature and Composition



The shifts in the R-line fluorescence energy with temperature and composition in typical measurements on alumina are simple proportionalities. The shift with temperature, T (K), is given by



	,	(13)



where  is a reference temperature (taken as 298.8 K, following Munro [135]), and  is the proportionality coefficient. Under normal circumstances,  is negative, such that the fluorescence energy decreases with increasing temperature (see Fig. 5).

The shift with composition, , is given by a relation similar to Eq. (13) but with no reference point:



	,	(14)



where  is the Cr composition given by the mass fraction (not percentage [139]) of Cr in the Al2O3:Cr structure [66].  is positive, such that fluorescence energy increases with Cr content. Both  and  are different for the R1 and R2 lines.

Although not exhaustive, the applications mentioned in the Introduction and the formulae presented in this analysis section should make clear that measurement of the energies of the R1 and R2 fluorescent lines in alumina provides a powerful method for noncontact local measurement of stress. It should be equally clear that the accuracy and precision of such measurements depend on knowledge of the coefficients  for each line. The following section, which is the focus of the review, examines the experimental development of the numerical values of these coefficients.



Coefficient Measurements



Despite the 65 year period spanned by the papers covered in this review, the many instruments used to measure the coefficients reviewed here were broadly similar in basic functionality. Each instrument utilized a visible light source for excitation of the Cr3+ fluorescence and high-resolution dispersive detection for measuring the precise energy of the R1 and R2 fluorescence transitions. Early measurements utilized lamp and filter combinations for excitation (e.g., Ref. [140]); by the early 1980s, visible lasers had replaced the lamp sources [23]. Spectral measurements were typically made with a scanning grating monochromator with a single element detector, until parallel spectral detection schemes with diode arrays or charged coupled devices became common in the late 1990s [141]. Each instrument also employed a cell for mounting the alumina specimen in a specific geometry with a means for controlling the external applied stress and the temperature. The majority of instruments used microscope objective lenses of modest magnification (e.g., 10×) for both the excitation and detection of fluorescence in both transmitted light and reflection (as in Figs. 3, 4, 6) geometries, yielding spot sizes in the tens of micrometers. A typical implementation of these instrumental features consisted of a DAC mounted in an upright optical microscope coupled to a grating monochromator. Barnett and coworkers presented a detailed description of this type of system [17].



3.1 Hydrostatic Pressure Loading



The measurements of the energy changes of the ruby R-lines with hydrostatic pressure provide not only useful qualitative background for uniaxial stress measurements (next section), but quantitative constraints that the uniaxial measurements must meet. Qualitatively, hydrostatic measurements are simple to understand and compare, Eq. (5) is scalar, and provide a measure of the effect. Quantitatively, hydrostatic measurements provide a pressure coefficient that constrains the sum of the uniaxial coefficients, via Eq. (5).

Table 1 gives the first author, year published, citation, R-line coefficients (R1 or R2), and notes for original works that (experimentally) determined the pressure coefficients in Eq. (5),  and , directly. Where necessary, the coefficients have been converted to a common set of units (cm−/GPa). In the linear, low-pressure range, the coefficient was often given as



,



where  is the wavelength of the fluorescence. It is easy to show (using ) that







and calculate the coefficient using , where  is the wavelength of an unaffected system (here 694.24 nm). In the full, nonlinear range, including high pressure, the variation is often given in the form proposed by Mao et al. [25],

,



where A and B are empirical fitting parameters. This equation can be inverted to give (as used in Fig. 5)







which, in the low-pressure limit, reverts to	







to calculate the coefficient. A dash in Table 1 indicates a coefficient was not specified. Where not given, uncertainties were not specified. Uncertainties in parentheses (±x) represent an estimate based on information given in the publication. Otherwise, unless noted, uncertainties are those specified in the publication and represent standard deviations of the means of experimental measurements. Most determinations used DAC measurements. The pressures given are those up to which the authors observed a linear variation of fluorescence shift with pressure and reported a coefficient, although, in some cases, linear behavior to greater pressures (a few tens of gigapascals) [16, 17, 20] was observed. The term “extrapolated” implies that observations were made over the full pressure range, including high pressure, and extrapolated into the low-pressure range to obtain a coefficient. As noted by Chijioke [34], this linear, low-pressure range extends experimentally up to many tens of gigapascals.



Table 1. Pressure coefficients for R-line shifts in alumina.



		Author

		Coefficient, (cm−1/GPa)

		Coefficient, (cm−1/GPa)

		Notes



		Paetzold, 1951 [142]

pressure up to 0.1 GPa

		9.4

		8.3

		290 K



		Langer, 1967 [143]

pressure up to 1 GPa

		9.0 ± 0.5

		9.0 ± 0.5

		



		Forman, 1972 [16]

pressure up to 2.2 GPa

		7.7 ± 0.3

		8.4 ± 0.3

		



		Barnett, 1973 [17]

pressure up to 10 GPa

		7.5 (± 0.4)

		7.5 (± 0.4)

		“accurate to approximately 10 %”



		Piermarini, 1975 [20]

pressure up to 19.5 GPa

		7.572 ± 0.044

		–

		“95 % confidence interval”





		Adams, 1976 [21]

pressure up to 5 GPa

		7.3 ± 0.2

		7.3 ± 0.2

		166.8 K



		Mao, 1978 [22]

		7.57 (± 0.45)

		–

		extrapolated from fit function

“total random error …  ± 6 %”



		Munro, 1985 [135]

pressure up to 14.5 GPa

		7.59 ± 0.04

		7.615 ± 0.004

		“99 % confidence level”



		Mao, 1986 [25]

		7.56

		–

		extrapolated from fit function



		Eggert, 1989 [26]

		7.6

		7.6

		extrapolated from graph



		Ragan, 1996 [144]

pressure up to ~15 GPa

		7.6

		–

		



		He, 1999 [88]

pressure up to 5 GPa

		7.65

		7.56

		polycrystal



		Grasset, 2001 [136]

pressure up to 1 GPa

		7.68 (± 0.15)

		7.79 (± 0.15)

		95 % confidence interval



		Chijioke, 2005, Silvera 2007 [34, 35]

		7.678 ± 0.027

		7.678 ± 0.027

		extrapolated from fit function





[bookmark: _Hlk494868769][bookmark: _Hlk494868521]Table 1 shows that the initial measurements of  were probably overestimates, that the accepted value, about 7.6 cm−/GPa, was established in the 1970s, and that the effect of hydrostatic pressure was the same for both R1 and R2 (i.e., ). In fact, this last observation is now taken as an indication of pure hydrostatic (i.e., zero shear) loading in high-pressure DAC experiments that make use of Eq. (5) in determining pressure [34]. The overall (between-laboratory) uncertainty in  can be estimated from Table 1 as about 0.07 cm−/GPa, and this is consistent with the total variation (about 0.14 cm−/GPa) of mean “A” values in two compilations [2, 145] of high-pressure measurements. (The values quoted here are representative of the historical variability and are not the result of statistical calculation.) On a practical note, the information in Table 1 states that the numerical proportionality relationships for energy shift in a random polycrystal under uniaxial stress, equibiaxial stress, and equitriaxial stress (negative pressure) (in the ratios 1/3:2/3:1, see above) are  , and .



3.2 Uniaxial Stress Loading



3.2.1 Quasi-Static Tests

Table 2. Stress coefficientsa for R-line shifts in alumina.



		[bookmark: _Hlk494782249]Author

		

		

		

		Inferred Pressure Coefficient, 

		

		

		

		Inferred Pressure Coefficient, 



		Schawlow, 1961 [140]

stress to 0.1 GPa

		3.07 ± 0.07

		–

		1.83 ± 0.01

		7.97 ± 0.14

		2.75 ± 0.04

		–

		2.35 ± 0.03

		7.85 ± 0.09



		Kaplyanskii, 1962 [146]

stress unknown

		3.1

		

		1.4

		7.6

		2.7

		

		1.9

		7.3



		Sturge, 1965

[147]

stress unknown

		

		

		

		

		

		

		

0.57 ± 0.04

		



		Feher, 1968

[148]

stress to 0.9 GPa

		2.8 ± 0.1

2.70 ± 0.04

		2.6 ± 0.2

		2.15 ± 0.1

1.83 ± 0.03

		

7.23 ± 0.09

		2.8 ± 0.1

2.28 ± 0.02

		2.6 ± 0.2

		2.15 ± 0.1

2.38 ± 0.03

		

6.94 ± 0.05



		Fujishiro, 1988 [149]

stress to 1.2 GPa

		2.939 ± 

0.041

		

		1.616 ± 

0.066

		7.49 ± 0.09

		2.062 ± 

0.102

		

		2.112 ± 

0.094

		6.24 ± 0.17



		He, 1995

[45]

stress to 0.9 GPa

		2.56

3.12 ± 0.04

		3.5

3.40 ± 0.01

		1.53

1.55 ± 0.02

		7.59

8.07 ± 0.05

		2.65

2.66 ± 0.02

		2.80

2.81 ± 0.02

		2.16

2.22 ± 0.02

		7.61

7.69 ± 0.03



		Mean

		2.87 ± 0.06

		2.95 ± 0.55

		1.65 ± 0.04

		7.67 ± 0.11

		2.49 ± 0.07

		2.70 ± 0.10

		2.19 ± 0.07

		7.20 ± 0.12



		Constrained Values

		2.98

		–

		1.64

		7.60

		2.64

		–

		2.32

		7.60





aAll coefficients are given in (cm−1/GPa).



Table 2 gives the first author, year published, citation, and R-line coefficients (R1 or R2) for original works that (experimentally) determined the stress coefficients for different crystal orientations, , , and  and , , and , directly; see Eq. (4). Allowance is made for the possibility  where such measurements were made. Values in bold font indicate specification in the original publication. The compressive stresses given are those to which the authors observed a linear variation of fluorescence shift with stress and reported a coefficient. A dash indicates a coefficient was not specified. Where not given, uncertainties were not specified. Where necessary, the coefficients have been converted to a common set of units (cm−1/GPa). Values in regular font indicate coefficients and their uncertainties (standard deviations of fitting parameters) determined from digitizing and linear best-fitting data provided in graphical form in original publications. The inferred pressure coefficients were determined from  or , Eqs. (4) and (5); uncertainties (standard deviations) for the  values were determined by summing uncertainties from the individual coefficients in quadrature. That is, the uncertainty in , , and so forth, where is the uncertainty in a single coefficient. Mean values were determined by averaging the observed coefficients in each column. Uncertainties (standard deviations) for the mean values were determined by summing uncertainties from the column coefficients in quadrature (as stated). The mean values and uncertainties reflect the broad observations and are for ease of comparison only, and no distinction was made between column parameters. The constrained values reflect the two-parameter constraint sum of Eq. (5) and the experimental observations of Table 1; the observed mean  values were multiplied by the ratio of the observed mean inferred  values/7.60, and the values were adjusted accordingly to meet the constraint of Eq. (5).

The stress coefficients of Table 2 display a much weaker historical variation (larger to smaller values) than the pressure coefficients of Table 1, reflecting more modern measurements. The calculated mean values thus provide the following broad trends: The pressure coefficients inferred from the uniaxial stress measurements are very close to those observed in hydrostatic tests (about 7.6 cm−/GPa); the  values are greater than the  values, though more so for the R1 peaks (nearly a factor of two) than the R2 peaks (nearly equal); where measured, the  values are greater than the  values, although this observation is barely significant; and, based on the first and last observations, the constrained values of the  and  coefficients are a faithful representation of all the observations. Within experimental uncertainty, the off-diagonal terms  [45], consistent with Eq. (3). (The discrepancies between some published and digitized values in Table 2, e.g.,  from Ref. [45], probably arise from fitting the data to a quadratic equation of the form  and publishing c1 as . This is incorrect within the spirit of the analysis and inconsistent with measurements over a broad pressure range in which nonlinearity only appears at very high pressures, e.g., Fig. 5. Uniaxial measurements were typically at peak stress levels, about 1 GPa, about two orders of magnitude less than the peak pressure levels in hydrostatic measurements, about 100 GPa, in which nonlinear effects are still small [34]. The single observation in one uniaxial study might have exhibited nonlinearity, but the small stress level, ~0.4 GPa, suggests it was probably due to fixture compliance; the observation is unverified. Again, on a practical note, the information in Table 2 states that the numerical proportionality relationships for energy shift in an unconstrained single-crystal c-axis fiber under uniaxial stress are and .3.



3.2.2 Shock Tests



The values in Tables 1 and 2 were obtained from quasi-static tests. Values obtained from rapid, shock-loading tests by Gupta, Sharma, and colleagues agree with those in Tables 1 and 2, but some care is required in comparisons. First, although cast as uniaxial tests, the shock tests had mixed loading, i.e., neither uniaxial nor hydrostatic. The samples were c- or a-oriented single crystals, with much of the loading ( in the laboratory frame) more than 10 GPa, generating substantial  or  longitudinal stresses, respectively [150, 151]. However, the shock-loading geometry also generated substantial simultaneous lateral stresses ( and )―up to 24 % of the longitudinal stress in the case of the c crystal [151] (generating similarly large  and ) and up to 77 % in the case of the a crystal [150] (large  and ). A nonlinear third-order stress analysis was used to calculate the stress values [150]; the stress analysis was unverified. Second, comparisons between the quasi-static and shock experiments were made by calculating the change in energies of the R lines as a function of relative volume change (dilatational strain) under hydrostatic and shock loads using a nonlinear (Murnaghan), but isotropic, bulk modulus; the volume or density change using this nonlinear modulus assumption was unverified. Consistency with the referenced 7.6 cm−1/GPa hydrostatic pressure sensitivity [135] was shown, almost ideally so in the case of the a crystal, which had a greater hydrostatic component, but no uncertainty measure was provided for the data. The origin of the slight nonlinearity observed in some of the data is unknown given the unverified analysis methods.





3.2.3 Fiber Tests



True uniaxial tensile measurements (up to 0.8 GPa) were performed in early experiments by Liu et al. [79] on a free fiber stated to be single crystal, but which contained twins with c axes at an angle of 20 to 30 to the fiber axis (and thus  was similarly misaligned with the applied stress ). Values in the laboratory 3-direction of   1.7 cm−/GPa and   2.3 cm−/GPa were demonstrated, and consistency was claimed with the published values of Feher and Sturge [148]. (The fiber values were in fact more consistent with the smaller-value independent data fits to Ref. [148]; see Table 2.) Tests (up to 1.7 GPa) on single-crystal sapphire filaments bound in an epoxy matrix with the crystal c-axis aligned with the filament axis gave  =1.31 cm−/GPa and  = 1.90 cm−/GPa [86, 91], which are somewhat smaller than the consensus values (Table 2). Subsequent tests [89] on single-crystal fibers under uniaxial tension and compression (3-tensile axis aligned with c axis, stress magnitude up to 0.55 GPa) gave a R2 shift of 877 cm−1/strain ± 82 cm−/strain, which, in concert with the Young’s modulus of 411 GPa ± 24 GPa, produced  = 2.13 cm−/GPa ± 0.23 cm−/GPa, a value more consistent with the consensus value (Table 2).

Experimental measurements on free 80Al2O3-20ZrO2 polycrystalline composite fibers under uniaxial tension (up to 1.8 GPa) were reported by Yang and Young [82, 83]. These measurements gave sensitivities of 610 cm−1/strain and 700 cm−1/strain for R1 and R2, respectively, which, combined with the Young’s modulus of 254 GPa, give  = 2.4 cm−/GPa and  = 2.8 cm−/GPa. These values, as noted by the authors, are consistent with the predicted random polycrystalline response under uniaxial loading of (7.6/3) cm−/GPa = 2.5 cm−/GPa from Eq. (12). Measurements in which an 80Al2O3-20ZrO2 fiber was fixed to a (presumably constraining) substrate [84] gave 2.9 cm−/GPa.

Measurements on a polycrystalline, single-phase -Al2O3 fiber fixed to a substrate gave 1330 cm−/strain, and using the greater Young’s modulus value of 380 GPa gave a (probably constrained) value of  = 3.5 cm−/GPa [87]. Uniaxial tensile measurements on a (presumably free, but constraint unstated) similar polycrystalline -Al2O3 fiber gave  = 2.53 cm−/GPa, noted to be consistent with the predicted polycrystalline response under uniaxial loading; see previous paragraph and Eq. (12) [88]. Uniaxial tension and compression tests [89] on a polycrystalline -Al2O3 fiber gave a R2 shift of 1178 cm−1/strain ± 54 cm−/strain, and using a modulus of 375 GPa ± 5 GPa gave  = 3.14 cm−/GPa ± 0.14 cm−/GPa, which is larger than the predicted polycrystalline response. Similar tests (up to 2 GPa) on a similar fiber [90] gave 799 cm−1/strain and 757 cm−1/strain for R1 and R2, respectively, which, using the (manufacture) cited modulus of 260 GPa, give  = 3.07 cm−/GPa and  = 2.91 cm−/GPa, which are larger than the predicted polycrystalline response.

In many fiber tests [79, 82, 83, 86, 90, 91], extensive data were provided to characterize the shift in the fluorescence energy with applied stress or strain. The stress or strain were extremely simple to determine given the extremely simple (fiber) geometry; in the case of uniaxial strain measurements, the conjugate uniaxial stress was easily calculated via a simple, linear plane-stress Young’s modulus. Hence, the linear variation of shift with applied stress (up to a few gigapascals) is well verified by many observations with no caveats. The numerical agreement with the nonfiber coefficient determinations surveyed above further supports the observations.



3.2.4 Bulk Polycrystal Tests



There appear to be very few experimental measurements of piezospectroscopic effects in bulk polycrystals under uniaxial loading. Molis and Clarke [42] measured the R1 fluorescence energy shifts, importantly in compression and tension, in a polycrystalline beam in bending experiments (stress range ±0.17 GPa), obtaining  = 2.4 cm−/GPa ± 0.1 cm−/GPa. Similar bending experiments (stress range ±0.25 GPa) on a polycrystalline material were performed by Ma and Clarke [43], obtaining  = 2.46 cm−/GPa and  = 2.50 cm−/GPa. Extending their fiber experiments, Dassios and Galiotis [90] tested bulk polycrystals under uniaxial compression (stress to 0.15 GPa) and obtained  = 2.57 cm−/GPa ± 0.03 cm−/GPa and  = 2.52 cm−/GPa ± 0.03 cm−/GPa. Margueron and Clarke [115] tested thin-film polycrystals under uniaxial tension and compression (stress range ±4 GPa, later changed to 8 GPa to 0 GPa [58]) and obtained  = 2.50 cm−/GPa ± 0.03 cm−/GPa. The R1 data were similar but exhibited slightly different coefficients in tension and compression. The observation (especially the strain gauge measurements) was unverified. All the above measurements agree with the polycrystalline prediction for uniaxial loading of 2.5 cm−/GPa from Eq. (12). As with the fiber tests, extensive data were provided for the polycrystals to characterize the shift in fluorescence energy with stress or strain, where the stress or strain were extremely simple to determine given the simple (bending or compression) geometries, and the stress was easily calculated from strain via a Young’s modulus. Hence, the linear variation of shift with applied stress (up to a few hundred megapascals; one unverified exception) and the numerical agreement with the non-polycrystal coefficient determinations surveyed above further support the observations. It is noted that the applied stress range of the polycrystal experiments was about an order of magnitude less than the single-crystal or fiber experiments (previous sections) and comparable to the intrinsic microstructural stresses expected and observed in bulk polycrystals [38–42, 58–67].



3.3 Temperature



Table 3 gives the first author, year published, citation, R-line coefficients (R1 or R2), and notes for original works that (experimentally) determined the temperature coefficients  and ; see Eq. (13). Where necessary, the coefficients have been converted to a common set of units (cm−/K). A dash in Table 3 indicates a coefficient was not specified. Where not given, uncertainties were not specified. Uncertainties in parentheses (±x) represent an estimate based on information given in the publication. Otherwise, unless noted, uncertainties are those specified in the publication and represent standard deviations of the mean of experimental measurements.

A striking feature of Table 3 is that agreement regarding the value of the temperature coefficient of the R-line shifts in alumina (at 300 K) was achieved from the beginning: Most reported observations fall in the range  = (0.140 ± 0.007) cm−/K, with no meaningful distinction between the behavior of R1 and R2 or meaningful historical variation. (The values quoted here are representative of the historical variability and are not the result of statistical calculation.)



3.4 Composition 



There are extremely few reports of the effects of variations in the (dilute) Cr concentration on the energy shifts of the R lines in alumina or ruby. Dilute alumina or rubies are those in which isolated Cr ions do not interact quantum mechanically, but simply mechanically through the increased ionic volume of Cr3+ relative to Al3+ [1, 2, 44]. Early (and later) work showed that Cr ion pair interactions were very important in the optical properties of (heavily doped) ruby [61, 157–161], but such interactions are excluded here in consideration of piezospectroscopic effects in dilute ruby. Table 4 gives the first author, year published, citation, R-line coefficients (R1 or R2), and notes for original works that (experimentally) determined the composition coefficients  and ; see Eq. (14). Where necessary, the coefficients have been converted to a common set of units (cm−/mass fraction Cr). A dash in Table 4 indicates a coefficient was not specified. Where not given, uncertainties were not specified. Uncertainties in parentheses (±x) represent an estimate based on information given in the publication. Otherwise, unless otherwise noted, uncertainties are those specified in the publication and represent standard deviations of the mean of experimental measurements.











Table 3. Temperature coefficientsa for R-line shifts in alumina.



		Author

		Coefficient, (cm−/K)

		Coefficient, (cm−/K)

		Notes



		Paetzold, 1951 [142]

		0.139

		0.141

		290 K



		McCumber, 1963 [152]

		0.14 (±0.02)

		0.14 (±0.02)

		interpolated from graph



		Powell, 1966 [153]

		0.12 (±0.02)

		0.12 (±0.02)

		interpolated from graph



		Barnett, 1973 [17]

		0.14 (±0.07)

		0.14 (±0.07)

		“accurate to approximately 10 %”



		Yamaoka, 1980 [37]

		0.14

		–

		as cited by Ref. [29]



		Wunder, 1981 [23]

		0.1487

		–

		“confidence level of >99 %”



		Munro, 1985 [135]

		0.130 ± 0.006

		0.122 ± 0.006

		“99 % confidence level”



		Vos, 1991; Rekhi, 1999 [28, 32]

		0.136 (±0.005)

		0.136 (±0.005)

		from R1, R2 average fit equation; interpolated from graphs



		Yen, 1992 [154]

		0.153

		–

		interpolated from graph



		Ragan, 1992 [155]

		0.158

		0.162

		linear approximation



		Fujishiro, 1994 [29]

		0.133

		–

		



		Huang, 1994 [156]

		±

		±

		interpolated from graph



		He, 1995 [45]

		0.144

		.134

		



		Young, 1996 [83]

		0.167

		–

		interpolated from graph; composite fiber



		Gibson, 1999 [141]

		±0.007)

		0.145 (±0.007)

		interpolated from graph



		Grasset, 2001 [136]

		0.140 ± 0.05

		0.137 ± 0.05

		95 % confidence interval



		Kumari, 2011 [95]

		

		

		interpolated from graph and empirical equation



		Gao, 2015 [57]

		0.1519 ± 0.0008

		0.1522 ± 0.0014

		0.556 % mass fraction of Cr sample





aAll measurements were at approximately 300 K.



Table 4. Composition coefficientsa for R-line shifts in alumina.



		Author

		Coefficient, (cm−/mass fraction)

		Coefficient, (cm−/mass fraction)

		Notes



		Kaplyanskii, 1969 [139]

		± 

		

		77 K



		Yu, 2002 [50]

		

		and 

		RTb and 77 K



		Gao, 2015 [57]

		±50)

		

		RT, estimated from graph



		Michaels, 2016 [67]

		±

		

		RT



		Margueron, 2017 [162]

		

		

		





             aAll values in cm−1/mass fraction of Cr in Al2O3 (i.e., 100 × “wt %” of Cr in Al2O3:Cr [66]).

             bRT indicates room temperature.



Despite the few reported values (and caveats regarding the interfering effects of co-doping [50, 57]), a valid estimation (not a formal mean) seems to be   (120 ± 30) cm−/mass fraction, with no meaningful distinction between the behavior of R1 and R2 or meaningful historical variation. (The values quoted here are representative of the historical variability and are not the result of statistical calculation.) Within the experimental scatter, the separability of composition and temperature effects holds (i.e.,  and  are independent). 



Discussion



Perhaps the most striking feature of the fluorescence energy coefficients cited above is the historical consistency of the values, particularly those coefficients relating fluorescence energy changes to variations in pressure (Table 1) and temperature (Table 3). Extending over a 40 year period, most pressure coefficient measurements fell within a 1 % relative variation, and over a 60 year period, most temperature coefficient measurements fell within a 0.5 % relative variation. There are probably several (unsurprising and interrelated) reasons for this consistency: First, both pressure and temperature are scalars, and thus formulations relating fluorescence energy shifts to pressure and temperature, both experimentally and theoretically, are relatively simple. Second, pressure and temperature are fundamental thermodynamic parameters, and thus the experimental infrastructure is well established (e.g., instrumented DACs) for measuring their effects. Third, the historical consistency probably reflects an example of “convergent publication,” in which values are reported only if they are consistent with previously published values. Notwithstanding the potential absence of some results and the often absence of uncertainties, the coefficients determining pressure and temperature effects (in the linear range) on fluorescence energies in alumina are accurate and precise.

The simplest meanings of the pressure and temperature coefficients are embodied in their units. A 1 cm− of energy shift in the R-lines will be caused by 132 MPa (0.132 GPa = 1 cm−/[7.6 cm−/GPa]) of equitriaxial stress (hydrostatic pressure when negative or compressive); see Eq. (5) and Table 1. This is a very small pressure for a DAC, and the energy shift is modest (with adequate sampling, this shift is easily detected, e.g., Ref. [67, 135]; for an R1 shift of 14 403 cm− to 14 402 cm−, this corresponds to a wavelength increase from 694.30 nm to 694.35 nm). A 1 cm− energy shift will also be caused by about 7 K of temperature excursion (7.1 K = 1 cm−/[0.140 cm−/K]; again, easily applied and measured); see Eq. (13) and Table 3. To place these effects in atomic-scale context, it should be realized that 132 MPa of equitriaxial stress corresponds to a volume strain of 5.2 × 10− (using a linear bulk modulus of 253 GPa [2]). That is, to first approximation, the volume of the O− octahedron surrounding the substitutional Cr3+ ion undergoes a relative volume change of 5.2 × 10−, and the O−-Cr3+ separation undergoes a relative length change of about 0.08: The spectroscopic effects of stress are large because the changes to the crystal field (as quantified by the ionic separation) are large. A similar approximation leading to a similar conclusion can be made using the volume thermal expansion coefficient (about 17 × 10− K− [163]), resulting in a relative ionic separation change of about 0.05 for a temperature change of 7 K.

[bookmark: _Hlk497895265]Historical and between-laboratory consistency is slightly weak in the case of coefficients relating fluorescence energy changes to changes in the tensor stress field (Table 2) and to changes in composition (Table 4): Most stress tensor component measurements fell within a 4 % relative variation, and the composition coefficient measurements exhibited a 25 % relative variation. In both cases, there is a limited sample set, so it is difficult to draw definitive conclusions regarding accuracy and precision. Ma and Clarke [44] argued that the value of the coefficient relating energy shift to composition in Table 4 is about right (it is accurate). They cited an explicit measurement of density variation with composition to arrive at a dilatational strain that was used in a mechanics analysis for positive comparison with pressure experiments (in a similar use of relative volume to compare experiments as in the shock work [150, 151]). A 1 cm− energy shift will be caused by changes in composition of about 0.008 mass fraction of Cr in Al2O3:Cr (0.008 = 1 cm−/[120 cm−/mass fraction); see Eq. (14) and Table 4. This composition, about 0.002 substitution of Cr3+ for Al3+, is too small, even given the ionic radius increase (see Introduction), to generate the octahedral dilatations inferred for pressure and temperature effects and yet begins to approach that of “heavily doped” ruby, in which Cr3+-Cr3+ pair-wise interaction effects cannot be ignored [160]. Clearly, more research is required on the composition coefficient. (The gross variations in emission color and intensity with Cr composition were noted in the very earliest—1850s—observations of Al2O3:Cr luminescence [164].)

A constraint is placed on the components of the piezospectroscopic tensor , in that the trace of this tensor must yield the piezospectroscopic pressure coefficient from Eqs. (4) and (5). However, in only two cases (Table 2) have the sums  [45] or [146] been checked to show agreement with the known values of , and in both cases, uncertainties in the components were not given, so the significance is difficult to judge. In both cases in which  was measured separately from  [45, 148], subsequent digitization and fitting to estimate uncertainties (in the work here) led to different estimates for the mean coefficients, further confusing the significance of the results. Nevertheless, the mean and constrained value estimates (Table 2) for both the individual coefficients and their sums have accuracies comparable to their precisions. (Some works have mis-cited other works, leading to more confusion. For example: Langer [143] and Forman [16] incorrectly cited Paetzold [142] as  = 9.5 and  = 8.4 and  = 9.3 and  = 8.2, respectively; Grabner [38], Molis [42], and He [45] incorrectly cited Schawlow [140] for , , and  values, when no values were provided; Grabner [38] incorrectly cited Kaplyanskii [146] as  = 3.2,  = 7.8,  = 2.8, and  = 7.5; Ma [58] incorrectly cited Kaplyanskii [158] for  values, when no values were provided; He [45] incorrectly cited Kaplyanskii [146] as  = 3.2 and  = 2.8; and Ma [43] and He [45] incorrectly cited Feher [148] as  = 2.7,  = 1.8,  = 2.4, and  = 2.2. Other works cited values “to be published” that never appeared, e.g., Ref. [59]. The above works should not be cited in support of coefficient values.)

Some tests of apparently uniaxial geometry were in fact tests of single-crystal- or polycrystal-orientation averaging rather than tests of individual tensor coefficients. It should be noted that the undifferentiated sum  appears as the single-crystal pressure coefficient in Eq. (5), averaging over all single-crystal loading orientations, and as the polycrystal coefficient in Eq. (12), averaging over all arbitrarily loaded polycrystal grain orientations. The shock tests [150, 151] make explicit comparison with the single-crystal pressure tests. Fiber measurements were compared with the predicted polycrystalline average values, e.g., Refs. [82, 88], as were the uniaxial or bending polycrystal measurements [42, 43, 90]. These tests were good measures of the sum (which is well known; Table 1), but could not distinguish individual piezospectroscopic components. Similar limited conclusions can be made regarding biaxial tests and comparison with the polycrystalline prediction [100].

A major goal of this review is to assess the state of fluorescence piezospectroscopic coefficients for use in measuring and mapping stress distributions in bulk polycrystalline alumina. In addition to considering the historical context of the coefficients and the likely accuracy and precision as above, it is worth considering the relative sizes of the effects of stress, temperature, and composition in a typical fluorescence measurement. Incorporating temperature and composition coefficients explicitly into Eq. (1a) gives



	.	(1aʹ)



Assuming that a reference experiment is conducted on a (typically sapphire) specimen of known stress state (zero), temperature (adjusted to a reference point, often 298.8 K), and composition (near zero Cr), the net fluorescence shift  for the target alumina is easily determined (as  is now well known). Typical large values are = 0.80 cm− and  = 0.60 cm− [67]. A typical value for T is 21 C = 294.15 K. A typical value for C for alumina is 0.0001. Equation (1aʹ) thus becomes (using Tables 3 and 4)



 cm−



 cm−



Two features are apparent in the above calculations: Temperature effects (the second terms in the third equalities) are large comparable to the overall stress effect, and composition effects (the third terms) are small, probably negligible. Even a range of net shifts (as is observed in Ref. [67], ±0.8 cm− reflecting a range of stress states and peak shifts) does not alter these conclusions.

Continuing on to typical calculations for a polycrystal: Using the constrained values in Table 2 and Eq. (10) yields  =  = 7.60 cm−1/GPa,  =  cm−1/GPa, and  = 0.32 cm−1/GPa. In combination with typical values of  = 1.46 cm− and  = 1.26 cm−measured at a single point in a polycrystal as above, Eq. (11) leads to  = 158 MPa and  = 196 MPa. If  = 1.46 cm−1 represents the shift averaged over many points in a random polycrystal under uniaxial stress, then Eq. (12) leads to
 = 577 MPa.

[bookmark: _Hlk494882420]For a thermally grown oxide random polycrystal film under biaxial stress, the stress levels of many gigapascals lead to fluorescence energy shifts of many wavenumbers [96–119], and the temperature and composition “corrections” above are unnecessary. Similarly, unless there is a comparison of results from different measurement methods, e.g., between shock and static pressure [150], or with a model, e.g., Ref. [58], temperature and composition corrections are not necessary. In these cases, relative measurements are adequate, as shown by the large number of application works cited in the Introduction (about 70) compared with the smaller number of calibration works cited in the Results (about 30). The large stresses observed in many thermally grown oxide films suggest that nonlinear effects might be important in these systems (similar to those observed in Fig. 5). Using a refined crystal field model calibrated to the known nonlinear observations [45, 115, 150, 151], Margueron and Clarke [58] suggested a quadratic fit for the polycrystalline R2 line shift under hydrostatic pressure of about , where the pressure p has units of GPa. For a pressure of 2 GPa, the quadratic contribution to the shift is about 0.02 cm−. As a correction to an estimate of stress, this value is negligible relative to the shifts considered above. When treated as an uncertainty, however, this value is about twice the uncertainty associated with line position. However, as shown below, both are small (but not negligible) relative to temperature effects. Raman spectroscopy, electron backscatter diffraction, and X-ray diffraction [138] could all be used on thermally grown oxide films to independently calibrate nonlinear effects.

For a bulk polycrystal, not only are the corrections necessary, but the uncertainties in the quantities on the right side of Eq. (1a) must be considered. Assuming that the positions of either peak of the R1 and R2 fluorescence lines can be determined with an experimental uncertainty of = 0.01 cm−1 [67], and using the information in Tables 3 and 4, the uncertainty in the stress-related shift, , is given by summing the absolute uncertainties in quadrature [165], taking = 0.007 cm−/K and = 30 cm−/mass fraction,



	 

	    cm−



The second line of this equation has been written to make clear that the greatest contribution to the uncertainty in the stress shift is the uncertainty in the temperature coefficient (the middle term). Temperature corrections are a necessity for accurate and precise stress determinations by fluorescence shifts. Nevertheless, the relative uncertainty in the stress shift is only (0.035/1.46)  2.3 %, and Table 2 and Eq. (11) show that this term dominates the uncertainty in the stress calculation. Hence, the uncertainty in M = 158 MPa calculated above is   4 MPa (given exactly by summing all the relative uncertainties in quadrature [165]). The stress uncertainty is small, making clear why the fluorescence method is effective for estimating stress and stress distributions [43, 59, 66, 67] in bulk polycrystalline alumina.
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