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Abstract—Recent experimental work has demonstrated nano-
textured magnetic Josephson junctions (MJJs) that exhibit 
tunable spiking behavior with ultra-low training energies in the 
attojoule range.  MJJ devices integrated with standard single-flux-
quantum neural systems form a new class of neuromorphic 
technologies that have spiking energies between 10-18 J and 10-21 J, 
operation frequencies up to 100 GHz, and nanoscale plasticity. 
Here, we present the design of neural cells utilizing MJJs that form 
the basic elements in multilayer perception and convolutional 
networks.  We present SPICE models, using experimentally 
derived Verilog A models for MJJs, to assess the performance of 
these cells in simple neural network structures.  Modeling results 
indicate that the tunable Josephson critical current IC can function 
as a weight in a neural network.  Using SPICE we model a fully 
connected two layer network with 9 inputs and 3 outputs.   

Index Terms—Neuromorphic computing, single flux 
quantum, magnetic Josephson junctions. 

I. INTRODUCTION  

Many neuromorphic hardware technologies are being 
explored for their potential to increase the efficiency of 
computing certain problems and thus facilitate machine learning 
with greater energy efficiency or with more complexity. Among 
the technologies being developed, single-flux-quantum-based 
Josephson junctions are a promising choice for their extremely 
low energy consumption and intrinsic spiking behavior.   

The basic element in single-flux-quantum (SFQ) circuits is 
the Josephson junction (JJ)[1], which emits a voltage spike with 
an integrated amplitude equal to the flux quantum ( 	߮଴ =		2.07	 × 	10ିଵହ	V ∙ s ) when the superconducting order 
parameter undergoes a 2π phase slip[2].  These very low energy 
pulses have been demonstrated in circuits at frequencies well 
above 100 GHz[3].   Recently, it has been demonstrated that 
incorporating a nano-textured magnetic barrier into a Josephson 
junction results in a JJ whose properties can be dynamically 
changed via currents and magnetic fields[4].  Here we model 
neuromorphic circuits based on a combination of traditional 
SFQ JJs and tunable MJJs using physically realistic parameters.   

SFQ circuits are being developed on a large scale for digital 
supercomputing because of their high speed and extremely low 
operating energies[5].  This effort can be leveraged in 
neuromorphic SFQ circuits[6-9].  In this case, we model the 
neuromorphic circuits with WRSPICE[10].* a version of SPICE 
that has integrated support for the physics of SFQ circuits.  In 
addition, we used Verilog A to define our own physical model 

of the nano-textured magnetic JJ.  This compact model was 
compiled and integrated with WRSPICE.  

II. DYNAMICALLY TUNABLE JOSEPHSON JUNCTION MODEL 

The resistively and capacitively shunted junction (RCSJ) 
model provides a dynamic equation for the phase evolution of a 
current-biased Josephson junction[11].  A maximum current of 
IC may flow as a supercurrent without any voltage developing 
across the junction.  The relationship between superconducting 
phase and current is given by the Josephson relation:  ܫ ஼ܫ= sinሺ߮ሻ, where φ is the phase difference across the junction.  
In the voltage state, a quasiparticle current contributes to the 
total current according to ܫ = ேሺܸሻܩ × ܸ , where GN is the 
junction conductivity and V is the junction voltage.  The junction 
voltage V can be related to the phase by the Josephson voltage-
phase relationship݀߮ ⁄ݐ݀ = 2ܸ݁ ℏ⁄ , where e is the electron 
charge and ħ is the reduced Planck’s constant.  .  ܩேሺܸሻ can be 
strongly voltage-dependent for tunnel junctions or voltage 
independent for a superconducting-normal-superconducting 
junction.  Here, ܩேሺܸሻ  is assumed to remain constant with 
voltage for the low resistance junctions in this model.  Finally, 
the displacement current is given by ܫ = ܥ ܸ݀ ⁄ݐ݀ , where C is 
the junction capacitance, which can again be related to junction 
phase by the voltage-phase relationship. 

The dynamics in the voltage state depend on the Stewart-
McCumber parameter[2],  

(1)  β஼ = ଶ௘ℏ   ,ܥ஼ܴேଶܫ

where RN is the normal state resistance.  This parameter is equal 
to the squared quality factor, Q2 , of a parallel LRC circuit (here, 
“L” is the small-signal inductance found by linearizing the 
supercurrent phase-current relationship about the zero bias 
phase difference across the junction).  The model described in 
this work uses junctions that are close to critical damping β஼ ≈1 or overdamped ߚ஼ < 1.  For these junctions, a phase evolution 
in the voltage state followed by a return to the zero-bias phase 
will cause the junction phase to evolve through one or multiple 
quantized 2π phase slips.  Each of these 2π phase slips can be 
shown by the Josephson phase-voltage relationship to 
correspond to a voltage pulse of integrated area ܸ׬ሺݐሻ݀ݐ =ℎ 2݁⁄ = Φ଴ .  These phase slips define “single flux quantum 
pulses”[11].  

We modified the RCSJ model that was outlined above to 
include a dependence of the superconducting critical current on 
the magnetic order parameter for our MJJ devices[12]. 
Physically, in the case of the nano-textured magnetic JJs, the 
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critical current of the junction can be tuned by changing the 
order of the magnetic clusters[4].  We model this by defining the 
magnetic order parameter as 

(2) ݉ = ଵெ∑ ሬ݉ሬԦ௜௜  

 
where ݉పሬሬሬሬԦ are the moments of each of the magnetic clusters, and 
M is the total magnetic moment of all clusters in the junction.  
We define the effect of magnetic order on the junction critical 
current as: 

,஼ሺ݉ܫ  (3) ܶሻ = ൫ሺ1 െ݉ሻܫ஼௏ ൅ ஼ெ൯ܫ ൬1 െ ቀ்்೎ቁଶ൰, 

where ICV is the variable portion of the critical current, which is 
influenced by the order of the magnetic particles, ICM is the 
minimum critical current defined when the barrier has a 
maximum magnetic order, and Tc is the superconducting 
transition temperature.  The magnetic order parameter varies 
with the integrated junction voltage according to ݀݉ ∝ܸሺݐሻ݀ݐ	|	ܧ௣௨௟௦௘ ൐  between m = 0 and m = 1, where Epulse is	௠ܧ
the pulse energy and Em is the minimum energy required to 
change the magnetic order.  In other words, a positive voltage 
pulse across the junction, with enough energy, causes the order 
parameter to increase and the critical current to decrease up to a 
saturation point.  In the circuits presented here, we set the 
minimum pulse energy equal to 3 aJ, so that once the weights 
are set, they are not affected by the operational SFQ pulses.  

  

Fig. 1. Circuit diagram of the basic elements connected as 1 input 
through 1 weight to 1 output.  L1 = L2 = 10 picohenry and R = 10 mΩ. 
The voltage pulse schematics indicate the measured nodes for the 
input, middle and output neurons.  

III. NEUROMORPHIC UNIT CELL 

Figure 1 shows the schematic of the basic neuromorphic unit 
cell.  The JJ on the left side is performing the function of an input 
“neuron.”  If the current bias is on, then the junction will spike.  
The spiking rate of this junction has been tuned to be roughly 
0.35 GHz.  The JJ in the center is a “synaptic” MJJ which will 
weight the transmitted pulse from the input “neuron.”  We adjust 
the critical current of these junctions between 1 μA  and 100 μA 
to achieve the desired “synaptic” weighting.  This adjustment 
would be accomplished physically by adjusting the magnetic 
order in the MJJ, something that can be done dynamically in the 
system.  The JJ on the right side of the circuit acts as the output 
threshold “neuron”.  This JJ is also an MJJ but with a higher 

range of critical currents that we can adjust from 100 μA to 500 
μA and is thus analogous to the bias of a neural network.  
Physically, one can adjust the range of the critical currents that 
the MJJ has by changing the size of the junction. For the case of 
1 – 100 μA currents, devices would be approximately 1 μm in 
diameter, while MJJs with a critical current range of 5-500 μm 
can be achieved in MJJs with a diameter of a 3 μm [4]. 

 

Fig. 2.  Behavior of the basic MJJ neural network.  The input neuron 
is on top in blue, the middle MJJ is in red and the output MJJ is in 
black.  All voltages (left axis) are displayed on top of their respective 
phase evolution (right axis). In this example, the middle MJJ has a 
critical current of 10 μA corresponding to a low weight, and leading 
to no spiking on the output.   

The circuit operates when the input DC bias is turned on.  At 
this point the JJ on the left will start firing with a frequency of 
roughly 0.35 GHz.  These pulses are then seen as current pulses 
by the middle synaptic MJJ.  This MJJ will fire with a pulse 
energy (ܫ஼߮଴ ⁄ߨ2 ሻ that depends on the critical current of this 
MJJ.  The resistor and inductor above the middle MJJ act to 
stabilize the circuit by introducing a recovery time between 
spikes, this acts to desensitize the overall circuit from small 
reflected pulses.  The output JJ has a small constant DC bias that 
is below the spiking threshold.  This JJ will undergo a 2π phase 
slip if the pulse transmitted through the middle JJ is large 
enough.  It should be noted that these bias lines can be shared 
within a layer as the only energy that should be dissipated is the 
SFQ energy when the input or output spikes.  This has 
previously been shown to allow for extremely low energy 
operation in energy efficient rapid single flux quantum 
circuits[13]. 

Figures 2 and 3 show the spiking output and phase evolution 
of the three JJs in the circuit.  In Fig. 2 the critical current of the 
middle MJJ is 10 μA and the output MJJ has an IC = 300 μA.  As 
can be seen in the data, the input and middle JJs are spiking, but 
the output JJ in this configuration is not spiking.  In this example, 
as the middle junction enters the voltage state, it becomes 
resistive and more of the input current spike is shunted to the 
ground above the synaptic JJ.  In Fig. 3, the middle MJJ has an 
IC = 80 μA and the output MJJ has an IC = 300 μA.  As can be 
seen in both the voltage and phase traces, the input and output 
JJs are firing in this configuration.  The weighting JJ in this case 
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is not undergoing 2π phase slips, but rather is remaining in the 
superconducting state, and thus passing the initial input pulse 
through to the output JJ.   

   
 
 

 

Fig. 3. Behavior of the basic MJJ neural network.  The input neuron is 
on top in blue, the middle MJJ is in red and the output MJJ is in black.  
All voltages (left axis) are displayed on top of their respective phase 
evolution (right axis). In this example, the middle MJJ has a critical 
current of 80 μA corresponding to a high weight, and leading to  
spiking on the output. 

IV. NINE INPUT PIXEL EXAMPLE 

These elements (input JJ, synaptic MJJ, output threshold 
MJJ) can be used to implement a neural network in hardware.  
We use an example that was developed as a test for physical 
memristor circuits[14].  With a 3 × 3 input pixel array one can 
define 3 unambiguous letters (z, v, n) and train the neural 
network to identify these letters and report the answer on one of 
three outputs.  Further, one can add 1 pixel of noise to each of 
the letters without duplicating patterns that conflate any of the 
letters.  In our example, we use a standard neural network script 
written in Python to find the weights of a fully connected 9 × 3 
neural network that will be used to solve this example 
problem[15].  Once the weights are found with the script, we use 
linear scaling to map these weights to critical current values in 
the middle layer of the network.  In this example, there are only 
30 unique input sequences and therefore we use all of the 
available data for training.  As one might expect, we are able to 
train a standard neural network to reach 100 % identification for 
this example.  In addition, by mapping the weights to critical 
current values, we are also able to get 100 % correct 
identification in the SPICE simulation of our MJJ network.   

Figure 4 shows the circuit diagram for the JJ neural network.  
There are 9 input JJs each of which has a DC input bias that is 
either off (0 μA) or on (500 μA).  These inputs are connected to 
27 synaptic MJJs which have their critical currents adjusted to 
form the weights of the middle layer.  These are then connected 
to 3 threshold MJJs forming the output layer.   

A SPICE simulation of this circuit was run for 89 ns.  In this 
simulation, the input biases were changed every 2.83 ns to a new 
test case.  After 89 ns, the circuit has gone through all 30 test 
cases.  The circuit correctly identifies the input 100 % of the 
time.  These results are a promising indication that the circuit 
could be run in real time for image recognition with input images 
changing as quickly as every 3 ns in this example.   

 

Fig. 4. Schematic of the 9 x 3 MJJ neural network connections.   

Figure 5a shows the results of the 89 ns full input image test.  
The output pulse state for each of the 3 output MJJ neurons is 
plotted as a function of time.  The pattern input is changing every 
2.83 ns to the next image input.  The output is shown on the 
graph.  The blue output shows spiking on the “z” output neuron, 
which correctly spikes with the first 10 input cases of “z” or 1 
pixel of noise away from “z”.  The red output shows the spiking 
on the “v” output neuron, which correctly spikes with the middle 
10 input cases of “v” or one pixel away from “v”.  The black 
output shows the spiking on the “n” output neuron, which 
correctly spikes with the last 10 input cases of “n” or 1 pixel of 
noise away from “n”.   

V. DISCUSSION 

We consider the energy used in this model of spiking JJs by 
measuring the voltage and current output of each JJ.  The value 
we measure agrees, as expected, with the SFQ pulse energy of ܫ஼߮଴ ⁄ߨ2  for each of the JJs.  This energy is about 70 zJ for the 
input JJs, 35 zJ for each of the synaptic JJs and approximately 
150 zJ for each of the output JJs. Thus, if we consider only the 
pulse energies in our network of 39 JJs, this yields an energy 
dissipation of 2 aJ per classification.   

It should be noted however, that this is not the total energy 
of the system.  In a large-scale implementation, there would be 
an overhead of approximately 1 kW of cooling power consumed 
per watt dissipated at 4 K.  Such a large scale implementation 
would be capable of processing~ 1018 spikes per second in the 
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ideal case where all energy is dissipated only by spike energy. 
In our current demonstration there are two other energy 
dissipation sources that should be considered.  The first is that 
each of the “neuron” layers is DC biased.  Since the bias level is 
not being changed between JJs, this bias current should be able 
to be shared with a common line on each layer (for example).  
The other source of power dissipation that should be considered 
is the resistor in the RL filter that is used to stabilize the circuit.  
In the current configuration, this resistor is somewhat 
problematic because it is a source of current dissipation.  When 
the MJJ in the middle layer is firing, this resistor dissipates 
power that is similar to an additional SFQ pulse energy, which 
is not problematic, as this would represent a factor of two loss in 
spike processing.  However, there is a small quiescent current 
that also flows through the resistor in the stabilization element 
in the present model.  The current is a result of the on condition 
being represented using a constant current.  By averaging the 
current and voltage across this resistor for the entire simulation, 
we observe a dissipation on this resistor of about 5 pW.  This 
amount of dissipation in a stabilizing element will need to be 
changed if the networks are going to be implemented on a large 
scale.  One potential solution would be to use a switched input 
where only one pulse is transmitted for the input on condition.  
In this case, the resistor should dissipate at most an additional 
SFQ pulse energy, which would not be problematic for energy 
scaling since this energy is already accounted for as the input 
spike energy.   

 

Fig. 5. Voltage spike and phase slip results of the trained 9 x 3 MJJ 
neural network.  10 spikes in each of the top middle and bottom output 
MJJs (in that order) corresponding to 100 % classification after 
training. 

   

VI. SUMMARY 

We have demonstrated a 9 input pixel simulation of a neural 
network based on a combination of traditional JJs and tunable 
MJJs.  We have shown that, with physically realistic parameters, 
we can solve a simple image recognition problem including 
recognition in the presence of 1 input pixel of noise.  We used 
standard neural network training techniques to find the weights 

and biases which we mapped to the critical current in the MJJ 
elements.  The total spiking energy for the computation of one 
input is roughly 2 aJ (≈ 2fJ with refrigeration), which is 
comparable to the energy of a single human synaptic event ≈ 10 
fJ. To realize this potentially ultralow power computational 
scheme, we need to significantly reduce or eliminate the need 
for the stabilization resistor, which currently dominates the 
power consumption of the circuit. Given, the scalability of 
neural nets, we expect that large images can be processed in ns 
time scales using this technology. 
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