
Chapter 5. Modeling and validation of RF nanoelectronic devices 
 

5.1 Introduction 

The development and engineering of nanoelectronic devices has been characterized by several significant 

technological trends. In addition to the ongoing scaling of feature sizes down to nanoscale dimensions, 

the need for superior performance has driven the integration of novel materials as well as the 

incorporation of additional device functionalities. In turn, these trends require advanced manufacturing 

technologies. At the same time, the clock frequencies of nanolectronic devices have increased into the 

microwave and millimeter-wave range. Importantly, these trends affect not only the engineering of active 

devices, but also the design of interconnects between devices. 

Device and interconnect scaling leads to challenges in device engineering. For example, low-dimensional 

systems such as nanowires manifest new and altered material properties with respect to the bulk phase. 

Quantum effects that may not be evident in bulk material can have a significant influence as the diameter 

of a wire becomes less then several tens of nanometers. In addition, the conductivity can change 

substantially at these scales. In metallic nanowires, this is due to a decrease of the mean free path of 

electrons, while in carbon nanotubes (CNTs) such changes reflect the ballistic nature of electron transport. 

For example, the input impedance of a copper antenna of length 0.47 changes from about 70 –j8 Ohms 

to about 20,000-j20,000 Ohms as the diameter changes from 7.5 m to 4 nm [1]. Clearly, this presents 

significant challenges to scaling of copper-based radio frequency (RF) interconnects. Additional challenges 

arise due to contact impedance. While contact impedance often has a negligible effect at macroscopic 

scales, it can impact or even govern the RF response of nanoelectronic devices.  This is due in large part 

to the fact that the size of a nanoelectronic device and the size of a contact are often comparable. In 

addition, in special cases such as molecular devices, atomically small changes in the positioning of the 

contacts can critically influence the performance of the device. Finally, as we have noted in previous 

chapters, the impedance of nanoscale devices is significantly different from the 50 Ω impedance of the 

measurement equipment, thereby creating an inherently large impedance mismatch. 

In the preceding chapters, we have demonstrated how metrology plays a crucial role in meeting these 

engineering challenges and enabling the understanding of material properties, circuits, interconnects, 

devices and antennas at nanoscale dimensions [2]. In addition to providing insight into new nanoscale 

phenomena, reliable high-frequency measurements can provide a foundation for comparing results and 

building consensus between different research endeavors. The inherent challenges of nanoscale 

measurements are further augmented by the need to make measurements at practical operating 

frequencies in the microwave and millimeter-wave range. In this chapter, we present a crucial piece of RF 

metrology for nanoelectronics: computational modeling and simulations. 

Reliable models are required for the design of reliable and accurate test platforms, measurement 

calibration and verification, as well as the extraction of quantitative circuit and material parameters from 

measurements. In short, without modeling and simulation, we cannot fully address the critical 

measurement challenges of RF nanoelectronics. We present approaches suitable for characterization of 



nanoscale devices, including nanowire-based interconnects and active nanotransistor devices. The focus 

is on the development of measurement models and methods for determination of constitutive material 

and device parameters. In the previous chapter, we investigated the extension of established 

measurement techniques to on-wafer nanoelectronic devices. Here, we use modeling to validate that 

approach, complementing the measurement techniques and establishing a complete measurement 

framework. Both full-wave, finite-element models and circuit models are used to determine the 

properties of nanoelectronic systems. These models are then compared with calibrated measurements in 

order to validate the measurement and calibration procedures. Passive, two-port test structures based 

on Au microbridges and Pt nanowires are used as illustrative examples. As will become evident below, the 

separation of the intrinsic properties of nanowires from the properties of electrical contacts presents a 

significant challenge. To address this problem, we present two approaches based on transmission line and 

circuit models. Though the modeling of any particular problem will present unique aspects, the examples 

presented here should provide a foundation that can be extended to address individual, specialized cases. 

For example, these methods can be extended to RF applications based on semiconducting nanowire 

devices, two dimensional materials, or other emerging materials. 

5.2 Modeling and validation of measurement methods 

5.2.1 Electromagnetic properties of nanoscale conductors 

We begin by addressing the basic question of transport and impedance in one-dimensional systems and 

related devices. One-dimensional systems such as nanowires are a fundamental building block for micro- 

and nanoscale systems with a broad range of applications including sensors, field effect transistors, 

packaging, and flexible substrates [3]-[9]. The electrical properties of such systems depend on elemental 

composition, size, and morphology. If the dimensions of a nanowire are on the order of the quantum 

mechanical wavelength of an electron, the DC resistance is on the order of h/2e2  12.5 k, assuming a 

single conduction channel (h is Planck’s constant and e is the charge of an electron). If the number of 

conduction channels is increased, as when one accounts for spin, then this resistance is divided by the 

number of channels. This extreme resistance is far from the impedance of commercial, 50  test 

equipment and such extreme impedance mismatch influences device design, modeling and 

measurement. In spite of the large resistance, the operating frequency of nano-electronic devices can 

extend to the terahertz regime due to their low capacitance, which is on the order of tens of attoFarads 

to few femtoFarads. This opens the possibility of extremely high-frequency transistor applications. 

We will follow the approach of Reference [10] that was developed for CNTs, but is applicable to nanowires 

and other low-dimensional systems. As a starting point, a simple transmission line models is used. In some 

cases, such as single-walled CNTs and THz systems, the model is modified to include a kinetic inductance 

in series with the per-unit-length resistance and per-unit-length inductance. Furthermore, a quantum 

capacitance may be added in series with the per-unit-length capacitance. Values of the per-unit-length 

inductance and per-unit-length capacitance depend on the geometry of the system and can be evaluated 

through analytical calculations, finite-element modeling, or measurement. The kinetic inductance per-

unit-length for one-dimensional systems with a single conduction channel can be expressed as 



𝐿𝐾 =
ℎ

2𝑒2𝑣𝐹
   ,      (5.1) 

where vF is the Fermi velocity. As with the quantum resistance, if the number of channels is greater than 

one, then LK is divided by the number of channels. As an example, LK is about 16nH/m in single-layer 

graphene. The quantum capacitance arises from the fact that for a low-dimensional quantum system one 

can add an electron to the system only if its energy is above the Fermi level. In general, the relation is 

complicated, but the quantum capacitance per unit length is proportional to density of states (DOS): 

𝐶𝑄 ≈ 𝑒2𝐷𝑂𝑆  .      (5.2) 

For a single-walled CNT the expression for CQ is 2𝑒2 (ℎ𝑣𝐹)⁄ , which is about 100 aF/m. The total 

capacitance per unit length is the series combination of the per-unit-length electrostatic capacitance, 

which depends on the geometry of the system, and the quantum capacitance. Note that if one considers 

only the kinetic inductance and quantum capacitance, the characteristic impedance of an individual, 

single-walled CNT is on the order of 12.5 k.  

In general, the effects of kinetic inductance and quantum capacitance must be handled on a case-by-case 

basis. When determining whether these terms must be included in the transmission line model, one must 

consider the distributed resistance of the microwave structure into which nanoscale building block is 

embedded and the relative sizes of the mean free path of the carriers and the device dimensions. Further 

details about the role of quantum capacitance and inductance in transmission line models are discussed 

in References [10] and [11]. Lastly, in many cases the contact impedance in low-dimensional components 

also has to be taken into account [2], [11]. 

5.2.2 An overview of validation 

The validation of high frequency measurement and calibration methods is a critical component of 
quantitative metrology for RF nanoelectronics, particularly if the applications cover a broad range of 
operation frequencies. One cannot simply assume that established approaches for measurement and 
calibration of connectorized and on-wafer RF devices are valid for nanoelectronics. The validation step is 
all the more crucial because of the extreme impedance mismatch of nanoelectronics with respect to host 
structures and commercial test equipment.  Matching networks can ameliorate this problem in a narrow 
frequency range, as discussed in Chapter 3, but for broadband measurements the device will always 
represent an extreme impedance load. Below, we discuss the validation of measurement and calibration 
methods, building upon the introduction of several such measurement approaches in the previous 
chapters. 
 
Modeling and simulation accomplish two main objectives related to measurement of extreme impedance 
loads, in general, and RF nanoelectronics, in particular. The first is the validation of the calibration 
methodology and the second is the extraction of circuit and material parameters from the measurements. 
For example, for metallic nanowires, one may need to extract the wire conductivity and the contact 
resistance. Validation requires the design of appropriate models and the comparison of the models’ 
predictions to calibrated measurements. These models require reliable inputs that accurately represent 
devices and their constituent structures, including geometry and material parameters. In order to focus 
the measurement and modeling problems on the nanoscale components, in most cases the fixtures that 
are the part of the nanoscale test structures are de-embedded and the reference planes are moved as 



close as possible to the nanoscale elements of interest. If significant differences between the model 
predictions and the calibrated measurements are observed, then either the modeling or measurement 
approach must be discarded as unsuitable for characterization of nanoscale devices. For example, an 
established calibration procedure may be unsuitable if the underlying assumptions of the calibration 
process are invalid. One critical question is whether the propagating electromagnetic field corresponds to 
a single mode or if higher order modes are also present. Single-mode propagation is a fundamental 
assumption of multiline thru-reflect-line (TRL) and other established calibration procedures. In addition, 
the field distribution of the fundamental mode must be investigated, as in many nanoscale devices this 
distribution will violate the assumption of pure TEM-mode propagation.  
 
Once the measurement and calibration methods are validated, one can proceed to the extraction of 

device parameters. To extract such parameters, calibrated measurements of the device scattering 

parameters are compared with full wave and circuit model simulations. For example, for conducting and 

semiconducting nanowires a range of the conductivities can be obtained by fitting the contact resistance 

and wire resistance to measured data, minimizing the deviation between the models and measurements. 

Note that if the model has too many unknown parameters, this approach may not have a unique solution 

and therefore additional measurements or methods have to be used, as discussed below. Several 

modeling approaches are applicable here: full-wave finite element models, equivalent lumped element 

circuit models, and transmission line models. 

5.2.3 Validation with finite element models 

As a first example, we focus on the validation of multiline TRL calibration by use of full-wave, finite 

element modeling (FEM), but the techniques can be generalized to other on-wafer calibration techniques. 

We assume that coplanar waveguides (CPWs) of different lengths along with appropriate coplanar short 

and open circuits are used as calibration standards. The on-wafer segment of the fixtures of the 

nanoelectronic devices under test (DUTs) are required to have the same CPW geometry as the calibration 

structures. All calibration structures are assumed to be fabricated on the same substrate as the fixtured, 

nanoelectronic DUTs. 

Fig. 5.1(a) shows an example of a nanoelectronic DUT: a gold (Au) microbridge embedded in a two-port, 

CPW host structure. The center conductor of the CPW host is tapered such that it is just a two-micrometer-

wide, four-micrometer-long strip at its narrowest point. The structure is fabricated on a quartz substrate 

by use of lithographic patterning, thin film sputtering, and liftoff. Fig. 5.1(b) shows a second test structure: 

a bridge-free, empty device that serves as a reference device for measurements and modeling as 

described below. For the purpose of validation, it is instructive to start with the modeling of simple 

structure like the Au microbridge. The microbridge represents a DUT with extreme impedance, albeit an 

extremely low impedance with respect to 50 Ω. Further, the Au bridge is continuous with the host 

structure, removing any complicating contact effects. The empty structure is identical except for the 

removal of the Au bridge and serves as a complementary DUT with an extremely high impedance. Using 

these two simple configurations, one can investigate both impedance extremes and test different 

numerical methods. Like many RF nanoelectronic devices, the reflection coefficient is high for both of 

these device configurations, thus providing further confidence that the validation methods may be 

applied to a broad range of nanoscale systems. 



Figure 5.1. Au microbridge device and an empty reference device. (a) Optical microscope image of a 

lithographically-patterned, two-port Au device in which a 2 μm-wide bridge connects tapered segments 

of a CPW center conductor. The inset illustrates the device geometry. (b) Optical microscope image of a 

Au reference device without the Au bridge. 

It is possible to model the broadband characteristics of this device by use of a number of commercial 

software packages, including RF finite-element-based software such as HFSS [12], CST Microwave Studio, 

AWR Microwave Office, COMSOL, and JCMSuite [13], as well as circuit-based software such as Spice, 

ANSYS Designer [14], and AWR Microwave Office [15].1  Among these packages, the full-wave numerical 

methods such as finite element electromagnetic solvers are advantageous due to their three-dimensional 

modeling capability. FEM methods are based on the solution of three-dimensional wave equations and 

enable accurate analysis both of open and closed boundary value problems. They offer the possibility to 

treat inhomogeneous materials and a wide variety of shapes over a broad frequency range. The calculated 

field expansion is done using polynomials of different orders and users have access and control at different 

stages of the solution process. For on-wafer problems such as those treated here, it is useful to reduce 

the computational overhead associated with meshing by replacing the on-wafer probes with ideal wave 

ports. 

The detailed steps of FEM calculations require familiarity with the modeling software, device layout and 

calculation steps. Such details are beyond the scope of this book, but it is instructive to present results 

from numerical modeling of example nanoelectronic devices. Following References [16] and [17] the 

scattering parameters of the Au microbridge and empty DUTs were modeled by a commercial FEM 

package over a frequency range of 50 MHz to 50 GHz. The results were compared to broadband, on-wafer, 

multiline TRL calibration results, as shown in Fig. 5.2. The results of the comparison show excellent 

agreement between the model and the calibrated measurement can be achieved, confirming that the 

FEM approach is suitable for modeling of nanoelectronic devices with dimensions much smaller than the 

wavelength of the electromagnetic field. The agreement further suggests that there is no significant 

generation of higher order modes in these devices. Calculation of the electric field distribution in the 

vicinity of the microbridge and additional analysis shows that higher order modes transmit less than 10% 

of the incident power [18]. 

Figure 5.2. Comparison of finite-element model and measurements for a gold microbridge device and 

an empty reference device. Measured and simulated scattering parameters for (a) an “empty” device and 

(b) a gold microbridge device (labeled “Au short”). In the empty device, a dielectric (SiO2) layer has been 

deposited in the CPW gap. Simulations (black squares) were carried out with commercial full-wave, finite-

element modeling software. Measurements (open circles) were calibrated with the on-wafer, multiline 

TRL method. © 2010 IEEE. Reprinted, with permission from K. Kim, T. M. Wallis, P. Rice, C.-J. Chiang, A. 

Imtiaz, P. Kabos, and D. S. Filipovic, IEEE Microw. Compon. Lett. 20 (2010) pp. 178 – 180. 

 

                                                           
1 The use of trade names is intended to provide clarity and does not constitute endorsement by NIST. 



5.2.4 Validation with circuit models 

Full-wave FEM solvers require significant computational resources due to large memory requirements and 

long computation times. Therefore, circuit models, which require less memory and have significantly 

shorter computation times, have their place in the toolbox of methods for high frequency device 

evaluation. However, it must be noted that circuit models often require input in the form of 

experimentally-determined or FEM-simulated parameters. Once again, the Au microbridge and the empty 

devices shown in Fig. 5.1 serve as the example test structure. Circuit models of the empty and nanowire 

devices are shown in Fig. 5.3. It is useful to introduce the parasitic gap capacitance in parallel with the 

contacted nanowire, as shown in the lower panel of Fig. 5.3, to represent the coupling between the two 

tapered waveguide segments of the host structure.   

Figure 5.3. Circuit models for an empty reference device and a gold microbridge device. Circuit models 

for the empty device and the microbridge device are shown in the top and bottom panels, respectively. 

The test platform, including the fixtures and host structure are represented by an ideal port connected to 

a segment of transmission line, followed by a tapered transmission line on either side of the device. The 

empty device is represented by a capacitive coupling while the microbridge is represented by the same 

capacitive coupling in parallel with a transmission line and resistive contacts. In the case of the continuous 

microbridge, the resistance of the contacts is negligible. © 2011 IEEE. Adapted, with permission from K. 

Kim, P. Rice, T. M. Wallis, D. Gu, S. Lim, A. Imtiaz, P. Kabos, and D. S. Filipovic, IEEE Trans. Microw. Theory 

Techn. 59 (2011) pp. 2647-2654. 

The value of the parasitic gap capacitance Cgap may be obtained from the comparison of the circuit model 

results with either the FEM simulation or the experiment. From FEM modeling, Cgap is 0.6 fF for the Au 

microbridge device, in good agreement with the value obtained by fitting calibrated measurements. In 

contrast, the value of Cgap from calculation of the electrostatic capacitance for the given device dimensions 

by use of standard circuit model libraries results in an estimated value of 5.3 aF, leading to poor agreement 

with the measurements. The reason for this discrepancy is that the circuit model fails to account for stray 

fields and the resulting parasitic coupling in devices with multiple, closely-spaced signal lines. This 

underscores the fact that for RF nanoscale devices, the impedance of the environment surrounding the 

nanoscale element plays an important role. For the circuit model approach, it is necessary to take care in 

estimating the circuit parameter values of nanoscale elements and their surrounding structural 

environments.  Standard circuit libraries that are reliable for modeling more traditional microelectronics 

may be insufficient for modeling some nanoelectronic devices. When a reliable, experimentally-

established estimate of the parasitic capacitance Cgap is used, the circuit models are found to be in good 

agreement with experimental results for the empty device, but the agreement is poorer for the Au 

microbridge. Furthermore, there are significant differences between the circuit model results for different 

software packages [18]. In summary, circuit models may serve as a useful, complementary tool in the 

validation process for RF nanoelectronic devices, but such models have significant limitations.  

5.3 Extracting circuit parameters from measurements 

5.3.1 Nanowire device parameters 



With the validation of measurement methods demonstrated, one can proceed with the de-embedding of 

circuit and material parameters from broadband measurements of nanoscale devices. Without loss of 

generality, we will demonstrate extraction of circuit parameters for example devices that incorporate 

single nanowires and nanowire-like structures such as carbon nanotubes. The properties of several types 

of nanowire devices are summarized in Table 5.1. Note the wide variation in resistivity as well as contact 

resistance. For example, a Pt nanowire deposited on Au has a contact resistance of about 138 , while a 

similar nanowire attached to Pt electrodes has a significantly higher contact resistance of 700 k to 800 

k [24]. 

 

Table 5.1 Resistivity and contact resistance for selected metallic nanowire devices. Adapted from [18], 

with permission. 

[Citation] 
(Year) 

[19] 
(2000) 

[20] 
(2003) 

[21] 
(2003) 

[22] 
(2004) 

[23] 
(2007) 

[24] 
(2008) 

NW Material Au Cu Pt Pt Pt Pt 

NW Diameter 
(nm) 

70 60 60 70 ± 5 60 – 360 80 – 150 

Resistivity 
(μΩ cm) 

4.5 
(bulk: 2.5) 

17.1 
(bulk: 1.72) 

61.5 (5.9 μm) 
482 (13 μm) 
545 (20 μm) 

(bulk: 10.8) 

33 ± 5 860 – 3078 Not 
Reported 

Contact 
Resistance 

Not 
Reported 

Not 
Reported 

Not Reported 138 Ω Up to 100 Ω 700 kΩ – 
800 kΩ 

 

 

For nanowire structures these two quantities - the resistivity (or conductivity) of the nanowire and the 

contact resistance to the wire - are usually the parameters of greatest interest. The conductivity of the 

wire primarily reflects the specific material properties of the nanowire, though a full understanding of the 

device performance may require consideration of the kinetic inductance and quantum capacitance in 

selected cases, as described above and in References [2], [10], and [11]. Broadly speaking, contact 

resistance is a critical parameter for most nanoscale devices operating at RF and may vary strongly from 

device to device. One central problem of extracting these parameters is that the contact resistance is 

measured simultaneously with the intrinsic resistance of the device [16], [17], [20].  Additional 

measurements or alternative approaches are required to uniquely determine the wire conductivity and 

the contact resistance. 

The example device we will discuss here incorporates an oxide-supported Pt nanowire deposited on Au 

electrodes, as shown in Fig. 5.4. It is nearly identical to the Au microbridge shown in the Fig. 5.1, but with 

the nanowire now serving as a bridge across a gap in the CPW center conductor. Pt nanowires with 

diameters of 150 nm and 250 nm were used. This two-port device is a useful model system as it represents 

a high impedance. In addition, this is an example of a system where the properties of the nanoscale 



element must be fully de-embedded from the on-wafer test fixtures in order to extract material and circuit 

parameters.  

Figure 5.4. Pt nanowire device. Scanning electron microscope image of a lithographically-patterned, two-

port device that incorporates and oxide-supported Pt nanowire that bridges a gap in the CPW center 

conductor. The inset illustrates the device geometry. 

 

5.3.2 Full-wave, finite element approach 

As a first example of parameter extraction, we discuss estimation of the conductivity and contact 

resistance of the two-port Pt nanowire device by use of a full-wave, three-dimensional solver [9], [25]. 

The device dimensions, as determined from scanning electron microscope images, and the wire 

conductivity are inputs for the simulation. To simplify the analysis, excitation ports are used in place of 

the probe tips. Initially, the contact between the NW and the electrodes is assumed to be ideal, i.e. the 

contact resistance Rc = 0 . When the conductivity of the wire σ is set to the macroscopic, bulk Pt 

conductivity σ = σbulk = 9.3x106 S/m, there is an enormous discrepancy between the measurement and the 

calculations. For example, broadband, calibrated measurements from 100 MHz to 50 GHz reveal that |S21| 

for the Pt nanowire device is between -17 dBm and -20 dBm, while the finite element simulation with the 

bulk value of conductivity predicts that |S21| is about -2 dBm over the same frequency range.  Even when 

the conductivity is reduced to 0.5 σbulk, this discrepancy remains. To remove this discrepancy, σ must be 

further reduced and a nonzero contact resistance Rc can be introduced. To introduce the contact 

resistance into a full wave model, it is necessary to apply lumped element boundary conditions. 

Unfortunately, full-wave, finite-element simulations do not allow a unique separation of the contact 

resistance and conductivity. In other words, σ and RC can vary over a large range and still fit the 

experimental data. This ambiguity is illustrated in Fig. 5.5(a). When the conductivity is bulk, agreement 

with the experimental data is found with RC = 315 . When the contact resistance is set to zero, agreement 

with the experimental data is found with σ = 0.014 bulk.  In this latter case, σ may at best be interpreted 

as an effective conductivity parameter that reflects the combined effects of wire conductivity, contact 

resistance, and other parasitic effects. 

Figure 5.5. Pt nanowire conductivity and contact resistance extracted by use of finite element models. 

(a) Scattering parameter magnitudes |S11| and |S21| as a function of frequency. Two solution pairs of the 

conductivity σ and contact resistance RC that simulate the measured data are shown. Reprinted from [18], 

with permission.  (b) Sets of solution pairs for a 150 nm-diameter nanowire device and a 250 nm-diameter 

nanowire device. Literature A, B, and C correspond to References [21], [22], and [23], respectively. © 2011 

IEEE. Reprinted, with permission from K. Kim, P. Rice, T. M. Wallis, D. Gu, S. Lim, A. Imtiaz, P. Kabos, and 

D. S. Filipovic, IEEE Trans. Microw. Theory Techn. 59 (2011) pp. 2647-2654. 

This simple example serves as something of a cautionary tale. The contact resistance and the wire 

conductivity are in series and there is no possibility to separate them by use of a single measurement of 

a single device. Although the range of possible solutions is broad, the contact resistance and the wire 

conductivity are coupled. Specific solution pairs are shown in Fig. 5.5(b). This problem persists 



independently of the calibration method used to de-embed the wire properties. As with full-wave, finite 

elements models, comparisons of circuit models to experimental data lead to a wide range of solution 

pairs for σ and RC. Measurement strategies for separation of the contact resistance form the conductivity 

include measurement of wires of different length or measurements of a single device before and after 

treatment that systematically alters contact resistance or conductivity. These measurement strategies 

may be supplemented by alternative modeling approaches, such as transmission line and lumped element 

models, as described below. 

5.3.3 Transmission line approach 

Next, we outline a strategy for extraction of device parameters by use of a transmission line model. 

Importantly, the transmission line model requires an assumption that the characteristic impedance and 

propagation constant do not vary over the length of the wire. The first step in this strategy, as with several 

other approaches that we have described, is to translate the reference planes as close as possible the 

nanowire contacts. We denote the translated S-parameter matrix of the nanowire device as Stot and for 

an empty, nanowire-free device as Sempty. Following the “empty device method” from Chapter 4, we 

convert these matrices to admittance matrices, Ytot and Yempty and then obtain the intrinsic admittance 

matrix for the nanowire and contacts, YNW by subtraction of Yempty from Ytot (Alternatively, an approach 

based on the conversion of S parameter matrices to impedance matrices may be developed in a similar 

way). It is useful to transform YNW into ABCD-matrix form: ABCDNW. We assume that the two contact 

resistances Rc are identical and in series with the nanowire. If the nanowire is represented by a 

transmission line of length l,  

𝑨𝑩𝑪𝑫𝑵𝑾 = [
1 𝑅𝑐
0 1

] ∙ [
cosh(𝛾𝑙) 𝑍0sinh(𝛾𝑙)
1

𝑍0
sinh(𝛾𝑙) cosh(𝛾𝑙)

] ∙ [
1 𝑅𝑐
0 1

]   , (5.3) 

where Z0 and γ and are the characteristic impedance and propagation constant of the nanowire 

transmission line, respectively. To separate the conductivity and contact resistance, we require two 

measurements on devices with nanowires of different lengths, l1 and l2. Simple algebraic treatment leads 

to expressions for Z0 and γ: 

𝑍0 = √
𝐵𝑁𝑊𝑖

𝐶𝑁𝑊𝑖
        (5.4) 

and  

𝛾𝑖 =
1

𝑙𝑖
ln(𝐴𝑁𝑊𝑖 ±√(𝐴𝑁𝑊𝑖)

2 − 1 .    (5.5) 

ANW
i, BNW

i, CNW
i are elements of the measured ABCD matrix ABCDNW and the index i =1,2 enumerates the 

measurements made with the nanowires of different lengths. The propagation constant is assumed to be 

the same for both lengths (γ= γ1= γ2). Expanding the sinh and cosh functions in equation (5.3) into Taylor 

series and retaining the terms to second order gives simplified expression   



𝑅𝑐 = ℜ{
(𝑙1)

2(𝐴𝑁𝑊2−1)−(𝑙2)
2(𝐴𝑁𝑊1−1)

(𝑙1)
2𝐶𝑁𝑊2−(𝑙2)

2𝐶𝑁𝑊1
} .    (5.6) 

With Rc established, it is now possible to independently determine the conductivity of the nanowire by 

use of a full wave or circuit model. 

It is necessary to consider the results from this approach very carefully: simple results can be deceiving. 

The result is sensitive to the terms in the denominator of equation (5.6) that are usually quite small. Highly 

accurate measurements are required and any noise introduced into the measurements makes it almost 

impossible to get reliable information about the device parameters. In addition, the transmission line 

model accounts only for a single propagating TEM mode, but full-wave modeling reveals that there may 

be multiple modes. In the case of multimode propagation, it is necessary either to use the multimode 

calibration procedure discussed in Chapter 2 or consider the single-mode results as a first approximation 

to the corrected measurements. Also note that the use of redundant measurements, introduced in 

Chapter 3, can further decrease the statistical uncertainty of the measurement. In summary, this 

approach, though analytically straightforward, may be practically unreliable for extracting the properties 

of the wires and contacts, even if multiple devices of different lengths are measured.     

5.3.4  Lumped element approach 

Because the length scale of nanoscale devices is usually much smaller that the wavelength of the 

propagating microwave signal, meshing in FEM simulations presents significant challenges related to 

memory requirements and computation times. On the other hand, the interaction of electromagnetic 

waves with a nanoscale device is described well in the electrostatic limit. Therefore, it is reasonable to 

assume that if one moves the calibrated reference planes as close as possible to the nanoscale device that 

a lumped element approach may work well. A hybrid approach that combines transmission lines and 

lumped elements may also be effective. 

Figure 5.6. Lumped element model of a two-port nanoelectronic device. The contact resistances are 

represented by resistors Rc at either end of the device. The nanowire (or other nanoscale element) is 

represented by a T model with impedances Z1, Z2, and Z3. 

In the lumped element approach, a simple two-port “T” or “” model can be used to represent the 

nanowire. To the extent that nanowire devices can be assumed to be symmetric, such circuits can be 

significantly simplified.  A schematic of a nanowire device represent by a two-port T model in series with 

contact resistances is shown in Fig. 5.6. Once again, we will require measurements of two (or more) 

devices of different lengths, indexed by i = 1,2 (Z11 is the value of Z1 for device of length l1, Z21 is the value 

of Z1 for device of length l2, and so on). If each device is symmetric, Zi1= Zi2 and together with the shunt 

impedances Zi3 this fully characterizes each nanowire device. The ABCD matrices in terms of these 

impedances are 

𝑨𝑩𝑪𝑫𝑵𝑾
𝒊 = [

1 +
𝑍𝑖1

𝑍𝑖3
2𝑍𝑖1 +

𝑍𝑖1
2

𝑍𝑖3
1

𝑍𝑖3
1 +

𝑍𝑖1

𝑍𝑖3

] .   (5.7) 



 

Following a similar procedure as in the transmission line approach and replacing the nanowire 

transmission line matrix in equation (5.3) with equation (5.7), the impedances associated with this model 

are related to the elements of the measured ABCD matrices through  

 

𝑍𝑖3 =
1

𝐶𝑁𝑊𝑖
        (5.8) 

and 

𝑍𝑖1 =
𝐴𝑁𝑊𝑖−𝑅𝑐𝐶

𝑁𝑊
𝑖−1

𝐶𝑁𝑊𝑖
  .     (5.9) 

Again using simple algebra, the contact resistance can be expressed as     

𝑅𝐶 = ℜ{
𝑙2𝐶

𝑁𝑊
2(𝐴

𝑁𝑊
1−1)−𝑙1𝐶

𝑁𝑊
1(𝐴

𝑁𝑊
2−1)

(𝑙2−𝑙1)𝐶
𝑁𝑊

1𝐶
𝑁𝑊

2
} .   (5.10) 

In a similar way, by taking the imaginary part instead of the real part of the expression in equation (5.10), 

the contact reactance is obtained. Since the wire’s resistance is part of Zi1, the wire conductivity can be 

obtained directly from the calculated impedances of the equivalent lumped-element T circuit in Fig. 5.6. 

Furthermore, validation of this approach can be done with a modified version of the circuit model in Fig. 

5.3(b) in which the nanowire element is replaced by the T circuit. Validation with a full wave model is also 

possible, with little change to the procedure. The full-wave model validation shows that the simple circuit 

model approach works well and can be used for extraction of the nanowire and contact resistance with 

reasonable precision. 

Following the lumped element approach, the extracted values of the conductivity and the contact 

resistance for the Au microbridges and Pt nanowire devices are shown in Fig. 5.7(a) and Fig. 5.7(b), 

respectively. Two device lengths were fabricated and measured for each system: 4.0 μm and 8.0 μm. To 

reduce statistical contributions to uncertainties, multiple devices were measured and multiple 

measurements were made of each device. The Pt nanowire conductivity was calculated assuming that the 

wires have a circular cross section. While the contact resistance of the Au microbridge is expected to be 

zero, the obtained result of 0.5  is reasonable and well within estimated uncertainties. 

Figure 5.7. Circuit parameters extracted by use of the lumped element approach. A lumped element 

approach was used to extract the contact resistance and conductivity for (a) Au microbridge device and 

(b) Pt nanowire device. © 2011 IEEE. Reprinted, with permission from K. Kim, P. Rice, T. M. Wallis, D. Gu, 

S. Lim, A. Imtiaz, P. Kabos, and D. S. Filipovic, IEEE Trans. Microw. Theory Techn. 59 (2011) pp. 2647-2654. 

This lumped element approach assumes that there is little if any variation of the contact resistance from 

device to device and from contact to contact within a device.  If we are only interested in isolating the 

properties of a nanowires or another nanoscale building block, it is desirable to design a device in such a 

way that the contact resistance would not come into play. One way to eliminate the contact resistance is 



to contact the measured nanowire to the host structure by use of capacitive coupling. Such coupling can 

be realized through a dielectric layer between the nanowire and the signal line or by cutting slots in in the 

signal line and positioning the nanowire between these slots. In principle, the use of capacitive contacts 

requires measurement of a single device rather than multiple devices of different lengths. The 

disadvantage of this approach is the underlying assumption that the contact reactance can be accurately 

determined from knowledge of the structural form and material properties of the contacts. In addition, 

all dielectric layers have to be well-characterized, uniform, and free from contaminants in order to 

estimate dielectric constants. Little if any DC current will flow through the device. Further, with increasing 

separation of the nanoscale element from the host, sensitivity to nanowire properties are decreasing 

rapidly.  

The layouts of the Au microbridge and Pt nanowire devices can be modified to have capacitive contacts. 

The inset in Fig. 5.8 shows a scanning electron microscope image of a Au microbridge structure that has 

been modified with a focused ion beam such that there are slots that electrically separate the bridge 

element from the host CPW’s center conductor. Calibrated measurements are compared with full wave 

simulations in Fig. 5.8. The high-level of agreement is encouraging, at least for this case of an extremely-

low impedance device. In order to examine the case of extremely high impedance devices, Pt nanowire 

devices were fabricated with a dielectric layer between the wire and the conductive signal line of the host 

structure. For this case the critical parameter is the thickness of the dielectric separation layer and the 

length of the overlap of the nanowire with the signal line [17]. Measurements for the capacitively coupled 

Pt nanowire devices yielded values of Pt nanowire conductivity consistent with the results from the 

lumped element approach. Simulations further reveal that the frequency-dependent amplitudes of S11 

and S21 are significantly more sensitive than the phases of S11 and S21 to changes in nanowire conductance. 

Figure 5.8. Au microbridge device with capacitive contacts. Calibrated measurements and finite-

elements simulations of the scattering parameters of a Au microbridge device. The inset shows a scanning 

electron microscope image of the device. The gold layer has been cut by use of a focused ion-beam in 

order to produce slots near the contact region, yielding contacts that are primarily capacitive. (Data 

courtesy of D. S. Filipovic, University of Colorado, Boulder)   

5.3.5 Modeling and parameter extraction for carbon nanotube devices  

Historically, nanoelectronic devices based on CNTs have been of widespread interest, due to their 

potential applications as high-frequency transistors, nanoantennas and interconnects. Single-walled 

carbon nanotubes present special problems that are not present in the more general case of nanowires. 

Previously we have discussed some of these problems, including high contact impedance and quantum 

mechanical effects. In order to extract reliable information from RF measurements of single-walled CNT 

devices, models must be altered by the modification of circuit and material parameters. The complex 

conductivity of metallic CNTs can be expressed as: 

𝜎𝐶𝑁𝑇(𝜔) = −𝑗
2𝑒2𝑣𝐹

𝜋2ℏ𝑎(𝜔−𝑗𝜐)
 [S] ,    (5.11) 



where e is the charge of electron,  is the relaxation frequency as defined in [26],  is the angular 

frequency, ℏ is the reduced Planck’s constant and 𝑣𝐹 is the Fermi velocity. It is important to notice that 

the units of σCNT are S, not S/m. Equation (5.11) is derived under the assumption that the thickness of the 

CNT wall is zero and therefore only surface currents are present. Based on this definition, the surface 

impedance of the CNT can be expresses as 

𝑍𝐶𝑁𝑇 =
1

2𝜋𝑎𝜎𝐶𝑁𝑇
(

Ω

𝑚
)   .    (5.12) 

As with nanowire devices, in order to de-embed the properties of CNT devices, it is necessary, in most 

cases to measure an empty, CNT-free device structure. The intrinsic, frequency-dependent impedance of 

a CNT vary widely from a few to hundreds of k [27], which is consistent with theoretical predictions [28]. 

Note once again that the performance of CNT devices may critically depend on the quality of the electrical 

contacts.   

So far, we have exclusively discussed nanoelectronics devices that incorporate a single CNT or other 

nanoscale building block. To reduce device impedance and loss, CNT bundles may be used in place of 

individual CNTs in interconnects as well as vertical vias in multilayered integrated circuits [29], [30, [31]. 

A CNT bundle may consist of as many as hundreds of CNTs. The resistance and inductance of the bundle 

are found to be inversely proportional to the number of CNTs [29], providing an avenue to produce device 

impedances that match 50 Ω test equipment. A distribution of CNT types must be assumed. For example, 

in References [32] and [33], the distribution is assumed to be about one third metallic and two thirds 

semiconducting. For many applications, further improvement in electrical performance can be achieved 

by use of bundles made exclusively from metallic CNTs.  

Figure 5.9. Scattering parameters of a GaN nanowire device simulated with a genetic algorithm. 

Simulated scattering parameters of the circuit models of a two-port GaN NW device compared to 

calibrated measurements: S11 (a,b) and S21 (c,d). A schematic of the circuit model obtained with the 

genetic algorithm is shown in the inset of (b). © 2011 IEEE. Adapted, with permission from T. M. Wallis, 

2011 78th ARFTG Microwave Measurement Symposium (2011) pp.1-5. 

Measurement of CNT bundle devices may be performed by use of the same calibration and de-embedding 

techniques as discussed for individual nanowires and CNTs. For modeling and validation, it is assumed 

that each CNT has a four conduction channels and a corresponding quantum resistance of 6.45 k. The 

kinetic inductance for each CNT is about 16 nH/μm and quantum capacitance is about 100 aF/μm. 

Coupling between the wires is assumed to be negligible. Thus, the total resistance, inductance, and 

capacitance for a bundle may be determined from a simple model where all of the CNTs are in parallel. 

Additional, complementary approaches include multi-conductor transmission line models, equivalent 

single-conductor transmission line models [34], [35], and equivalent multi-shell models [36]. Incorporating 

the quantum mechanical behavior of CNT’s with a transmission line model leads to a hybrid approach 

[37]. Further, full-wave, finite element models can include both the quantum mechanical properties of 

CNTs as well as mutual interactions between CNTS in the bundle [29], [38], [39], [40]. 

5.3.6  Iterative optimization approach  



Biologically-inspired, iterative optimization approaches such as genetic algorithms and neural networks 

provide another strategy for extraction of circuit parameters from device measurements [41]. Such 

approaches do not replace, but rather complement the development of and validation of models that has 

been described above. Iterative optimization approaches have been widely used before to design RF 

circuits [42], [43], calculate two-port error boxes in calibrated measurements [44] and generate models 

of nonlinear, large-signal devices [45]. They are especially well suited for generation of simple RF circuits 

from calibrated broadband measurements because it is not likely that the inverse problem is going to 

have a unique global solution. There is a multitude of different possible circuits consistent with the 

measured data. Iterative optimization approaches provide an automated way to explore this wide space 

of possible circuit models without invoking full wave simulations.  

We illustrate a basic example of and iterative approach with a genetic algorithm that generates a lumped 

element model of a GaN nanowire device from calibrated scattering parameter measurements [41]. 

Though the nanowire device is used as an example here, iterative optimization approaches may be 

extended to materials characterization, such as frequency-dependent determination of parameters like 

complex permittivity and permeability of ferroelectric, ferromagnetic or multiferroic materials, especially 

in thin film forms [46]. These methods may also be extended to interconnects, such as CNT bundle devices 

discussed above [47], as well as active devices. In the basic example discussed here, the circuit parameters 

are represented by a small number of cascaded elements, each representing a circuit element. For a given 

circuit model, the scattering parameters are calculated by generating an ABCD matrix for each element, 

cascading all of the elements, and transforming the resulting matrix to a scattering parameter 

representation. Initially, the algorithm randomly generates a population of candidate circuit models from 

a pool of available elements. For the GaN nanowire devices, this pool included lumped elements such as 

series resistors, shunt capacitors, and transmission line elements, with possible ranges of parameter 

values defined based on reasonable values found in the literature [16], [48, [49]. 

For each generated model within the population, the scattering parameters are simulated and compared 

with the calibrated device measurements.  The genetic approach culls the circuits from the population 

with the best agreement with the experiment by minimizing a cost function such as 

𝑐𝑓 = ∑ ∑ ((∆𝑟(𝑓𝑁))
2 + (∆𝑖(𝑓𝑁))

2)𝑁𝑚,𝑛  ,    (5.13) 

where 

∆𝑟(𝑓𝑁) = ℜ(𝑆𝑚,𝑛
𝑚𝑒𝑎𝑠(𝑓𝑁)) − ℜ(𝑆𝑚,𝑛

𝑠𝑖𝑚(𝑓𝑁))    (5.14)  

 and 

∆𝑖(𝑓𝑁) = ℑ (𝑆𝑚,𝑛
𝑚𝑒𝑎𝑠(𝑓𝑁)) − ℑ(𝑆𝑚,𝑛

𝑠𝑖𝑚(𝑓𝑁)) .   (5.15) 

In Equations (5.13) through (5.15), m and n are scattering parameter indices (m=1,2; n=1,2) and 𝑓𝑁 

represents the N frequencies the measurements were taken. Smeas and Ssim are the measured and 

simulated scattering parameters, respectively. The algorithm generates new circuit models by “mating” 



and “mutating” the circuit models with the lowest cost function𝑐𝑓. This process is repeated over many 

cycles till the results from the generated circuit model are in a good agreement with the calibrated 

measurements. The process is terminated when the average cost function 𝑐𝑓 is equal to or less than a 

target cost set by the user.  

The simple algorithm was used to generate a model for a two-port, GaN nanowire similar to the Pt 

nanowire device discussed earlier. The comparison of the measured S parameters with the simulated 

parameters from the circuit model is shown in Fig. 5.9. A schematic circuit model obtained for the GaN 

nanowire is show in the inset of Fig. 5.9(b). The model lends itself to a simple and reasonable physical 

interpretation. The central 24.9 k resistor may be interpreted as the intrinsic resistance of the nanowire 

while the combination of 1.3 k resistances in parallel with the capacitances may be interpreted as 

contact impedances to the nanowire. That said, one should be wary of over-interpretation of the results. 

Though this circuit model is empirically found to be consistent with the measurements, but it does not 

guarantee that the chosen model is globally optimal or the “best” circuit model that could be used. Still, 

an approach such as this provides some insight into overall device behavior. Further, it may be useful to 

have a model that is consistent with the measurements, independent of the physical interpretation.  
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