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1 Introduction

Metal-organic frameworks (MOF) have recently emerged 
as a new class of porous materials with potentially wide-
spread use in gas adsorption applications (Li et  al. 1999; 
Ferey 2008; Furukawa et al. 2010; Zaworotko 2008). MOFs 
are modular, crystalline materials composed of metal ions 
and organic linkers that have the particularly advantageous 
properties of high internal surface area, large pore volume 
per unit mass, and frequently high-affinity for gas adsorb-
ates (Wilmer et  al. 2012; Farha et  al. 2012). A subset of 
MOFs are highly flexible and deform in response to a stress 
(Neimark et  al. 2010; Ghysels et  al. 2013; Sarkisov et  al. 
2014), which can be imposed by exposure to an adsorb-
ate gas (Neimark et al. 2011). The prototypical example of 
MOF flexibility is the group of MIL-53 materials with co-
axial pores arranged in a wine rack motif that undergoes 
various transitions between “large pore” and “narrow pore” 
configurations (Serre et al. 2002; Millange et al. 2002; Liu 
et  al. 2008). More recent work has identified a flexible 
MOF (DUT-49) that exhibits spontaneous desorption dur-
ing a pressure increase owing to a structural transforma-
tion of the MOF from high to low porosity, i.e., “negative 
gas adsorption” (Krause et  al. 2016; Evans et  al. 2016). 
Flexible MOFs have been proposed as porous media for 
advanced separation technologies owing to their essential 
adsorption capability combined with size-based sieving 
properties that depend on the thermodynamic conditions 
of the separation (Li et al. 2012). The development of flex-
ible materials for such separations is largely empirical at 
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present, based mostly on the measurement of adsorption 
isotherms. While useful, adsorption isotherms alone do not 
provide sufficient insight into the physics of why a material 
deforms as observed. More specific and tailored design of 
flexible adsorbents requires analytical tools that do not exist 
at present (Neimark et  al. 2010, 2011; Thommes 2015). 
Furthermore, the thermodynamics of adsorption in flex-
ible adsorbents are only beginning to be described in fun-
damental terms (Coudert et al. 2011; Bousquet et al. 2012; 
Shen and Siderius 2014; Balzer et al. 2015; Coudert et al. 
2015; Kowalczyk et al. 2016). Consequently, there is cur-
rently wide opportunity to study the thermodynamics of 
flexible adsorbents from a fundamental point of view with 
the secondary aim of developing new analytical tools for 
characterizing these materials. Interest in flexible materials 
extends beyond MOFs, as elastic deformation is observed 
in other adsorbents including carbonaceous sorbents, 
porous glasses, porous coordination polymers, and zeolites 
(Thommes et al. 2015). Additionally, all real materials must 
exhibit some degree of flexibility (however small), as a per-
fectly rigid material would have an infinite elastic modu-
lus. Hence, insights into material flexibility for compliant 
adsorbent materials may also improve our understanding of 
materials with little adsorbent-induced deformation.

In the work that follows, we discuss the relationship 
between the pore-size distribution (PSD) of a deformable 
adsorbent material and the constraints on such a material 
during an adsorption process. These constraints include 
certain intrinsic mechanical properties (e.g., stiffness and 
compressibility) as well as the adsorbate properties and 
thermodynamic conditions. For this work, we also take an 
expansive definition of adsorbent deformation that encom-
passes any structural changes to an adsorbent, which may 
be generalized into two classes for simplicity. Firstly, we 
allow for macroscopic deformations accompanied by a 
change in the adsorbent’s volume (like those for the afore-
mentioned MIL-53 and DUT-49). Second, we also allow 
for structural/conformational deformations in which the 
adsorbent volume does not change, but in which there is 
an alteration to the pore structure (e.g., at some surface, 
an aperture, etc.) that leads to different adsorption behav-
ior. An example of this second type of deformation is “gat-
ing” reported elsewhere (Espinal et al. 2012; Coudert et al. 
2013). Consequently, our definition of “pore-size” is also 
expansive in that it may be a pore dimension, a pore con-
formation, or both; for simplicity we will retain the “pore-
size” terminology.

Computation of PSDs for rigid adsorbent materi-
als using commercial instruments coupled with various 
adsorption “kernels” is now a common technique for char-
acterizing porous adsorbent materials (Rouquerol et  al. 
1999; Lowell et al. 2004), and the computed PSDs provide 
significant insight into the effect of adsorbent structure on 

observed adsorption behavior. Relationships between an 
adsorbent’s PSD and its structural deformation have been 
considered previously for carbonaceous materials (Ustinov 
and Do 2006; Balzer et  al. 2016), but the alteration of a 
PSD due to structural deformation was not explicitly taken 
into account. Although it should be clear that the PSD of a 
deformable material depends on both the material’s prop-
erties and the imposed thermodynamic conditions, we are 
unaware of any rigorous statistical mechanical description 
of the PSD of a flexible adsorbent material. We derive that 
PSD here and then discuss how those statistical mechani-
cal expressions provide the rudiments of new characteriza-
tion tools tailored to flexible porous materials. Of particu-
lar importance is the relationship between the PSD and the 
intrinsic flexibility of the material, suggesting that physi-
cal measurement of the PSD may allow for indirect deter-
mination of a more fundamental physical property of the 
adsorbent.

This work is based on our recent manuscript in which 
we presented a simulation method for studying adsorption 
of a single-component gas in flexible adsorbent materials 
(Shen and Siderius 2014). In short, our method uses flat-
histogram Monte Carlo methods (Errington 2003; Shell 
et  al. 2004; Rane et  al. 2013) in the osmotic ensemble to 
compute the molecule number-volume joint probability 
distribution for a given set of ensemble constraints, e.g., 
Π
(
N1,V;�1,N2, p,T

)
, where N1 is the number of adsorbate 

molecules, V is the system volume, and 
(
�1,N2, p,T

)
 are 

the adsorbate chemical potential, adsorbent quantity, pres-
sure, and temperature constraints. This probability distribu-
tion is then used to obtain the adsorption isotherm, iden-
tify thermodynamic limits of stability, and determine phase 
coexistence conditions (Siderius and Shen 2013). Further-
more, our method strictly separates the potential energy of 
a particular state into contributions from (1) deformation 
of the material (a property of the bare adsorbent) and (2) 
interactions between the adsorbent material and adsorbate 
fluid. Hence, it is particularly suited to in-depth examina-
tion of the connections between adsorbent flexibility and 
other properties exhibited by the adsorption system. As we 
show here, it is straightforward to derive a PSD using the 
osmotic ensemble description of adsorption in a flexible 
material.

This paper is organized as follows. In Sect. 2, we review 
the essential background for our present work, including 
the adsorption kernel method for computing PSDs, the 
semigrand canonical ensemble description of adsorption 
isotherms for rigid adsorbents, and the osmotic ensemble 
formulation of adsorption isotherms for flexible adsorbents. 
Section 3 derives a mathematical description for the PSD 
of a deformable adsorbent material via a route that allows 
for analogy to the PSD of a rigid porous material. Follow-
ing, Sect. 4 discusses the relationship between the PSD and 
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physical properties of an adsorbent material, along with 
possible applications of this mathematical relationship. 
Finally, we briefly conclude the paper in Sect. 5.

2  Background

Before presenting our statistical mechanical description 
of the PSD of a flexible adsorbent material, we must first 
provide essential background. We first present the conven-
tional description of heterogeneous porous materials in 
terms of the PSD and associated adsorption kernels. Fol-
lowing, we present a statistical mechanical description of 
adsorption in rigid and flexible adsorbents.

2.1  Pore‑size distribution and adsorption kernels

The kernel method of computing PSDs dates to work by 
Seaton et  al. in 1989 in which the adsorption isotherm 
for a material with a nonuniform PSD is approximated by 
a weighted sum of isotherms for the various pore sizes in 
which the weights represent the PSD. The set of adsorption 
isotherms of the individual pore sizes (and, if desired, pore 
geometry) is termed the “adsorption kernel.” Kernels have 
been obtained by both statistical mechanical density func-
tional theory (Seaton et al. 1989; Lastoskie et al. 1993) and 
molecular simulation (Ravikovitch et al. 2000).

In Seaton’s original work, which was adopted by sub-
sequent work, the relationship between the adsorption iso-
therm for a heterogeneous porous material and the PSD 
is given by the integral adsorption equation (Seaton et  al. 
1989):

The terms in Eq. 1 are as follows: ⟨N1⟩(p) is the adsorbed 
number of moles of gas (per unit of adsorbent, see com-
ment below) at pressure p, w represents the pore size and 
geometry, wmin and wmax are the minimum and maximum 
pore sizes, respectively, �1(p,w) is the average molar den-
sity of adsorbate gas in a pore of size w at pressure p, and 
f (w) is the pore size distribution. From Eq. 1, it becomes 
clear that f (w) is the volume probability distribution of 
pores of size w (per unit of adsorbent). The set of �1(p,w) 
comprise the adsorption kernel. While both N1 and f (w) are 
given per unit adsorbent, the actual quantity of adsorbent is 
unimportant as f (w) is normalized to yield a dimensionless 
probability distribution in actual application. The definition 
of f is more clear if the integral equation is converted to a 
discrete summation:

(1)⟨N1⟩(p) = ∫
wmax

wmin

f (w)�1(p,w)dw

(2)N1(p) =
∑

w

 (w)�1(p,w).

In this form, the PSD is given by  (w), which is the vol-
ume fraction of pore space with size w (per unit adsorbent). 
Note that we have not clearly defined the size w and, as a 
consequence, the pore geometry is left ambiguous here. In 
actual application, the pores are assumed to be slits, cyl-
inders, spheres, or some mix of the three; the pore size is 
then either a width or a diameter. We leave w undefined in 
this discussion to retain generality. Lastly, we reiterate here 
that the PSD in Eq. 2 is assumed to be a static, unchang-
ing property of the sorbent, despite any (presumably, small) 
adsorption-induced deformation.

2.2  Statistical mechanics—semigrand canonical 
ensemble

In a rigid adsorbent, the natural ensemble for studying gas 
adsorption is a semigrand canonical ensemble (Shen and 
Siderius 2014; Mahynski and Shen 2016). Adsorption is 
typically presented using a grand canonical ensemble but, 
strictly speaking, adsorption by a rigid material is better 
represented by a semigrand canonical ensemble in which 
the amount of adsorbate (species 1) fluctuates and the 
amount adsorbent (species 2) is fixed. There is no qualita-
tive difference between the two approaches when the adsor-
bent is rigid. We choose to begin our derivations using the 
semigrand version to simplify discussion in the following 
section. The constraints on this ensemble are the chemical 
potential of the adsorbate species �1, the number of adsor-
bent  molecules N2, the system volume Vw where the sub-
script w defines the pore size and/or conformation (w and 
Vw are essentially interchangeable), and the temperature T. 
We note that the amount and conformation of the adsorbent 
are defined through N2 and w, respectively.

Another consideration with more importance when we 
fully address deformation in the following subsection is 
the nature of the macroscopic porous adsorbent. Specifi-
cally, we must choose whether its constituent pores are (1) 
assembled into a monolith in which the pores deform col-
lectively, (2) an ensemble of pores that deform indepen-
dently, or (3) variable-size clusters of pores in which each 
cluster deforms collectively, but independently of other 
clusters. For simplicity, our discussion is for a single, iso-
lated pore, but the mathematics are identical to the first 
option (since the extensive variables N2 and Vw would scale 
linearly with the number of pores). Conversion of our sta-
tistical mechanics to the second option is also straightfor-
ward, via geometric scaling with the number of pores. The 
third option, while more realistic, adds complexity involv-
ing the cluster size probability that detracts from the more 
fundamental discussion we intend here.

The probability of a particular microstate, i.e., a particu-
lar fluid configuration of N1 adsorbate molecules �N1, in the 
semigrand ensemble is
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in which U is the intermolecular potential energy, Λ1 is the 
thermal de Broglie wavelength of species 1, � = 1∕kBT  
where kB is the Boltzmann constant, and csg is a normali-
zation constant. After assuming pairwise additivity for 
the potential energy, the N1-macrostate probability may be 
written as

where F2 is the Helmholtz free energy of the bare adsorbent 
material (i.e., devoid of adsorbate) of pore size w and Q1 
is a canonical partition function that includes the contribu-
tions to the potential energy involving the fluid. Both terms 
are introduced in the appendix, which includes a full deri-
vation of the canonical ensemble partition function appro-
priate to our model system. In this semigrand canonical 
ensemble where the pore volume is fixed, F2 is a constant 
(for a particular T) and could be ignored. We include F2 
here because it allows us to use the same canonical parti-
tion function (cf., the appendix) throughout the present 
work. Finally, the normalization constant csg is related to 
the semigrand partition function via

where we have introduced Ξ1 to represent the portion of 
the semigrand partition function that does not include the 
adsorbent material’s free energy. Using Eq. 5, the N1-mac-
rostate probability distribution is

We note that the macrostate distribution does not depend 
on F2, since w is fixed in this ensemble and the free energy 
associated with the adsorbent conformation should not 
affect the probability of any macrostate. Finally, the molar 
density of adsorbate molecules in the system at pore size w, 
e.g., the adsorption isotherm is

(3)

�sg
(
�
N1 ;�1,N2,Vw, T

)
= csg exp

(
��1N1

)exp
[
−�U

(
�
N1 ,w

)]

Λ
3N1

1
N1!Λ

3N2

2
N2!

,

(4)

Πsg

(
N1;�1,N2,Vw,T

)
= csg exp

(
��1N1

)

× exp
[
−�F2

(
N2,Vw,T

)]
Q1

(
N1,N2,Vw,T

)

(5)

1

csg
= Ξ

(
�1,N2,Vw,T

)
= exp

[
−�F2

(
N2,Vw,T

)]

∑

N1≥0
exp

(
��1N1

)
Q1

(
N1,N2,Vw,T

)

= exp
[
−�F2

(
N2,Vw,T

)]
Ξ1

(
�1,N2,Vw,T

)
,

(6)

Πsg

(
N1;�1,N2,Vw, T

)
=

exp
(
��1N1

)
Q1

(
N1,N2,Vw, T

)

Ξ1

(
�1,N2,Vw, T

)

(7)

�1
�
�1,N2,Vw, T

�
=

1

Vw

∑
N1≥0 N1 exp

�
��1N1

�
Q1

�
N1,N2,Vw, T

�

Ξ1

�
�1,N2,Vw, T

�

For the present discussion, we consider only the simpler 
case of an isotherm with a single branch, such as adsorp-
tion at supercritical temperature or adsorbent materials with 
exclusively Type I isotherms (Sing et  al. 1985; Thommes 
et al. 2015). This is reflected in Eq. 7 where the summation 
is over all N1 states, i.e., all macrostates belong to a single 
adsorbed phase and Πsg has a single maximum with respect 
to N1 (Siderius and Shen 2013). Modifications to Eq.  7 
(specifically, the bounds of the summation over N1-states) 
are necessary to account for coexisting phases at subcriti-
cal conditions (Siderius and Shen 2013; Shen et al. 2017), 
such as in an isotherm that displays adsorption-desorption 
hysteresis. Lastly, we note that the adsorption isotherm in 
Eq. 7 is given for a particular �1; the associated p is simply 
the pressure of the bulk gas at the same �1 and T.

2.3  Statistical mechanics—osmotic ensemble

For a flexible adsorbent, the natural ensemble is the osmotic 
ensemble, which in this case is a system at fixed �1, p, and 
T, i.e., an isobaric semigrand canonical ensemble. The 
fourth constraint is the fixed amount of adsorbent itself, 
indicated here by N2. The osmotic ensemble is a canoni-
cal ensemble (fixed N1, N2, V, and T) that has undergone 
Legendre transforms with respect to N1 and V. As in the 
previous section, we consider a single isolated pore, but the 
statistical mechanics that follow can easily be converted to 
analyze an adsorbent composed of a network of collectively 
deforming pores or an ensemble of independently deform-
ing pores. The probability of a microstate of N1 adsorbate 
molecules in configuration �N1 at pore size w subject to the 
ensemble constraints 

(
�1,N2, p,T

)
 is:

in which U is the potential energy of the microstate, com-
posed of the adsorbate-adsorbate, adsorbate-adsorbent, and 
adsorbent-adsorbent interactions, and cos is a normaliza-
tion constant. Then, following the previous section, we may 
integrate over the adsorbate and adsorbent degrees of free-
dom to obtain the probability of a macrostate defined by N1 
and w,

Again, the appendix provides details explaining the nec-
essary relations to transform Eq. 8 to Eq. 9. We note that 
F2 appears in Eq.  9 but that it cannot be ignored as was 
the case in Eq.  4. In Shen and Siderius (2014) F2 was 

(8)

�os

(
�
N1 ,Vw;�1,N2,p,T

)
= cos exp

[
−�pVw

]

× exp
(
��1N1

)exp
[
−�U

(
�
N1 ;w

)]

Λ
3N1

1
N1!Λ

3N2

2
N2!

(9)

Πos

(
N1,Vw;�1,N2,p,T

)
= cos exp

[
−�pVw

]
exp

(
��1N1

)

× exp
[
−�F2

(
N2,Vw,T

)]

Q1

(
N1,N2,Vw,T

)
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introduced as the “bonding potential” of the adsorbent 
and it accounts for the flexibility of the adsorbent mate-
rial. For example, in Shen and Siderius (2014) where the 
flexible adsorbent was composed of slit pores, F2 was the 
free energy potential that governs the distance between the 
walls of the pores. Here, where we have left the pore geom-
etry ambiguous, F2 is interpreted as the Helmholtz free 
energy of the bare adsorbent in conformation w. F2 may be 
related to material properties such as the isothermal bulk 
modulus or elastic constants [cf. Section II.A. of Mahynski 
and Shen (2016), Eqs. 3–5 in particular], as these descrip-
tors are reflective of the underlying adsorbent-adsorbent 
interactions in U.

The normalization constant, cos, is simply the inverse 
of the partition function (Shen and Siderius 2014),

Continuing, the 
(
N1,Vw

)
 macrostate probability distribution 

is

Lastly, the adsorption isotherm for the flexible adsorbent 
material is, then,

in which the ⟨⟩ angle brackets indicate an ensemble average.

3  Pore‑size distribution for a flexible material

In this section, we combine the kernel method with the 
statistical mechanics of adsorption in flexible adsorbents 
to obtain a relationship between the PSD of an adsorbent 
and its flexibility. In the first subsection, we derive the 
PSD using statistical mechanics. Following, we make 
substitutions for the partition functions that allow us to 
present the PSD using macroscopic thermodynamics.

(10)

1

cos
= Γos

(
�1,N2,p,T

)

=
∑

w

∑

N1≥0
exp

[
−�pVw

]
exp

(
��1N1

)

× exp
[
−�F2

(
N2,Vw,T

)]
Q1

(
N1,N2,Vw,T

)

(11)

Πos

(
N1,Vw;�1,N2,p,T

)
= exp

[
−�F2

(
N2,Vw,T

)]

×
exp

[
−�pVw

]
exp

(
��1N1

)
Q1

(
N1,N2,Vw,T

)

Γos
(
�1,N2,p,T

)

(12)

⟨N1⟩
�
�1,N2,p,T

�
=
�

w

exp
�
−�F2

�
N2,Vw,T

��
exp

�
−�pVw

�

×

∑
N1≥0 N1 exp

�
��1N1

�
Q1

�
N1,N2,Vw,T

�

Γos

�
�1,N2,p,T

� ,

3.1  Statistical mechanics

First, we acknowledge that the PSD of a flexible adsor-
bent is not a fixed characteristic of the material; for a 
particular temperature, it varies with the imposed pres-
sure (or other mechanical stresses) and chemical poten-
tial of the adsorbate. Thus, a discretized integral adsorp-
tion equation for a flexible adsorbent accounting for these 
dependencies in the osmotic ensemble is

We include the dependence on both �1 and p in , even 
though the constraints are equivalent for a pure adsorbate. 
Second, substitution of the rigid pore isotherm in Eq. 7 into 
Eq. 12 yields

Equation  14 is closely related to the integral adsorption 
equations in Eqs. 2 and 13 as it is the weighted sum of an 
adsorption kernel, �1

(
�1,N2,Vw, T

)
, where the weight is a 

group of terms that contain the size characteristics of the 
flexible adsorbent (along with other thermodynamic terms, 
see below). This group of terms is, effectively, the pore-size 
distribution:

Equation  15 is the mathematical relationship between (1) 
the adsorbent flexibility and (2) the probability distribution 
of the pore size.

The relationship between Eq.  15 and the traditional 
PSD may be clarified by derivation of an additional term. 
Consider, for example, the probability of observing a par-
ticular volume state w, which may be obtained by sum-
ming Eq. 11 over all N1 states,

Finally, substitution of the above in Eq. 15 yields

Using Eq. 17, the PSD of a flexible adsorbent at a particular 
pressure, chemical potential, and temperature is the product 

(13)⟨N1⟩
�
�1, p,T

�
=
�

w

�
w;�1, p,T

�
�1
�
�1,N2,Vw, T

�

(14)

⟨N1⟩
�
�1,N2,p,T

�
=

�

w

Vw exp
�
−�F2

�
N2,Vw,T

��

× exp
�
−�pVw

�Ξ1

�
�1,N2,Vw,T

�

Γos

�
�1,N2,p,T

� �1
�
�1,N2,Vw,T

�

(15)

(
w;�1,p,T

)
= Vw exp

[
−�F2

(
N2,Vw,T

)]

× exp
[
−�pVw

]Ξ1

(
�1,N2,Vw,T

)

Γos

(
�1,N2,p,T

)

(16)

Πos

(
Vw;�1,N2,p,T

)
=

∑

N1≥0
Πos

(
N1,Vw;�1,N2,p,T

)

= exp
[
−�F2

(
N2,Vw,T

)]

exp
[
−�pVw

]Ξ1

(
�1,N2,Vw,T

)

Γos

(
�1,N2,p,T

) .

(17)(
w;�1, p,T

)
= VwΠos

(
Vw;�1,N2, p,T

)
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of the pore volume and the probability of observing a par-
ticular pore size. This is perfectly intuitive and could have 
been derived directly from the macrostate distribution and 
some basic arguments. We derived Eq. 15 first to obtain a 
relationship for the PSD of the flexible adsorbent that was 
mathematically akin to the traditional integral adsorption 
equation. Ultimately, the longer derivation beginning with 
the introduction of an isotherm kernel (Eq. 13) and finally 
arriving at the PSD (Eq. 15) demonstrates that the adsorp-
tion isotherm for a flexible material may be written as a 
weighted sum of the isotherms of individual (rigid) pores, 
where the weighting function is the PSD itself (assuming, 
as done in the Appendix, that the canonical partition func-
tion is separable). Furthermore, the resultant PSD follows 
naturally from the statistical mechanics of adsorption in the 
osmotic ensemble.

3.2  Macroscopic thermodynamics

Thus far, we have written the PSD of a flexible adsorbent 
using statistical mechanical partition functions, which may be 
difficult to interpret for real applications. We can, however, 
further rewrite the PSD using concepts from macroscopic 
thermodynamics. We resume our discussion at Eq.  16 and 
then use three bridge functions that relate the semigrand and 
osmotic partition functions to their associated free energy 
potentials (Shen and Siderius 2014; Mahynski and Shen 
2016):

In the above, F is the Helmholtz free energy and, as noted 
in the appendix, may be decomposed as F = F1 + F2, where 
F1 contains all contributions to that free energy involving 
the fluid-fluid and fluid-solid interactions. To simplify the 
above and following expressions, we drop the dependen-
cies on �1, N2, and T and use subscripts “sg” and “os” to 
identify averages in the semigrand and osmotic ensembles, 
respectively. For example, ⟨�2N2⟩sg

�
Vw

�
 in Eq. 18 is prop-

erly ⟨�2N2⟩
�
�1,N2,Vw, T

�
. Additionally, we lump �2 and 

N2 together as a single term since N2 generically represents 
the adsorbent, as noted previously. With Eqs. 18–20, Eq. 16 
may be written as:

(18)−kBT lnΞ
�
�1,N2,Vw, T

�
= F

�
Vw

�
− �1⟨N1⟩sg

�
Vw

�

(19)
−kBT lnΞ1

(
�1,N2,Vw, T

)
= F2

(
N2,Vw, T

)
− kBT lnΞ

(
�1,N2,Vw, T

)

(20)−kBT lnΓos

�
�1,N2, p,T

�
= ⟨�2N2⟩os(p)

(21)

Πos

�
Vw;�1,N2,p,T

�
= exp

�
−�F2

�
Vw

��
exp

�
−�pVw

�

×
exp

�
−�F1

�
Vw

�
+ ��1⟨N1⟩sg

�
Vw

��

exp
�
−�⟨�2N2⟩os(p)

� ,

Lastly, we introduce the substitutions F1 = U1 − TS1, where 
U1 and S1 are the fluid potential energy and entropy, respec-
tively, and ⟨N1⟩ = �1Vw and note that ⟨�2N2⟩os(p) is inde-
pendent of w and is effectively a normalization constant. 
Consequently,

The end result is that Πos(w) is a function of F2, pVw, U1,  
S1, and �1, and F2. Since, as shown in the Appendix, the 
fluid-fluid potential energy, U1, was decoupled from the 
adsorbent-adsorbent potential energy (U2, see Eqs. 29–33), 
the adsorbent free energy, F2, is the sole remaining term 
related to the pore flexibility. Ultimately, the full PSD  
can be expressed in terms of the pore flexibility encoded 
in F2

(
Vw

)
, pVw, and three kernels: the individual rigid-pore 

isotherms 
{
�1
(
Vw

)}
, the potential energy kernel 

{
U1

(
Vw

)}
 

and the entropy kernel 
{
S1
(
Vw

)}
.

Lastly, one final form of Πos

(
Vw;�1,N2, p,T

)
 can be 

written with an alternate form of the bridge function for Ξ:

Substitution of the above along with Eqs.  19 and 20 into 
Eq. 16 yields

For p = ⟨p⟩sg, one finds the interesting result:

Since �2N2 is a Gibbs free energy for the empty adsorbent, 
one finds that the probability for a pore of size w is equal 
to the ratio of the free energy of the adsorbent at that pore 
width to the free energy of the adsorbent when it is allowed 
to deform against the adsorbate fluid.

4  Discussion

In the previous sections, the two main results are the sta-
tistical mechanical expression for the PSD and the integral 
adsorption equation for a flexible material. To aid further 
discussion, the PSD given in the previous section can be 
reorganized as:

(22)
Πos

(
Vw;�1,N2,p,T

)
∝ exp

[
−�F2

(
Vw

)]
exp

[
−�pVw

]

× exp
[
−�U1

(
Vw

)
+ S1

(
Vw

)
∕kB + ��1�1

(
Vw

)
Vw

]

(23)−kBT lnΞ
�
�1,N2,Vw, T

�
= −⟨p⟩sgVw + ⟨�2N2⟩sg

�
Vw

�

(24)

Πos

�
Vw;�1,N2,p,T

�
= exp

�
−�

�
p − ⟨p⟩sg

�
Vw

�

×
exp

�
−�⟨�2N2⟩sg

�
Vw

��

exp
�
−�⟨�2N2⟩os(p)

�

(25)Πos

�
Vw;�1,N2, p,T

�
=

exp
�
−�⟨�2N2⟩sg

�
Vw

��

exp
�
−�⟨�2N2⟩os(p)

�
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Thus, the PSD of a flexible material contains information 
describing the material’s deformation physics, though it 
is multiplied by other terms. The terms in Eq.  26 are, of 
course, related to all of the factors that affect the pore size. 
First, the �F2 term accounts for the intrinsic flexibility of 
the adsorbent. Second, the volume term is a necessary scal-
ing factor. Third, the �pVw term accounts for the thermody-
namic pressure of the fluid reservoir. Finally, the confined 
fluid effects are contained in the last term, though it also 
includes effects of the reservoir pressure, chemical poten-
tial, and adsorbent constraints. The important point is that 
the description of the interaction of the adsorbate fluid with 
both itself and the adsorbent material is contained in this 
term. It is the balance of the terms listed here that deter-
mines the PSD.

Despite the elegant similarity of the integral adsorp-
tion equations in Eqs.  13 and 14, there is a major differ-
ence between the two. In the conventional usage of the 
PSD in combination with an adsorption kernel, a core 
assumption is that the PSD is invariant with respect to the 
thermodynamic state of the system (i.e., �1, p, or T); it is 
a static property of the adsorbent. For a flexible material, 
however, the PSD contains a direct dependence on the ther-
modynamic constraints (�1 and p). As noted in the intro-
duction and elsewhere, this is entirely expected, as the PSD 
must necessarily vary as the adsorbent material deforms in 
response to the adsorbate gas and its surrounding environ-
ment (for instance, an applied external stress).

The key result shown in Eq. 26 is that there is a math-
ematical relationship between the flexibility of an adsor-
bent and the pore size distribution exhibited by that mate-
rial. Since the PSD is, at least conceptually, an observable 
property of an adsorbent material, measurements of the 
PSD could be used to indirectly describe the deformation 
characteristics of the material. The important distinction 
from contemporary interest in the PSDs of adsorbent mate-
rials is that the PSD itself is not the quantity of interest; 
instead the PSD provides the (theoretically) determinable 
deformation free energy of the adsorbent. This distinc-
tion from contemporary kernel-based characterization of 
adsorbent materials is critical, despite the deep similar-
ity of the two methods. Furthermore, one may question 
the importance of the flexibility-related terms throughout 
our analysis (Eqs. 21 and 22 in particular) of the PSD of 
a flexible adsorbent material. The importance lies largely 
in the scale of any adsorbent deformation. For a material 

(26)

(
w;�1,p,T

)
= exp

[
−�F2

(
N2,Vw,T

)]

× Vw exp
[
−�pVw

]Ξ1

(
�1,N2,Vw,T

)

Γos
(
�1,N2,p,T

)

= exp
[
−�F2

(
N2,Vw,T

)]
Vw exp

[
−�pVw

]

×
exp

[
−�U1

(
Vw

)
+ S1

(
Vw

)
∕kB + ��1�1

(
Vw

)
Vw

]

Γos
(
�1,N2,p,T

)

that deforms only a small amount, e.g., an adsorbent whose 
pores do not undergo structural transitions, the flexibility-
related terms might very well be neglected. However, for 
an adsorbent material that does undergo a structural transi-
tion, these flexibility-related terms should prove essential. 
For example, when MIL-53 transforms from its lare-pore 
configuration to its narrow-pore, its pore volume is reduced 
by approximately 30% (Serre et  al. 2002; Neimark et  al. 
2011). Clearly, adsorbent deformations such as this could 
not be described by a static, pressure-independent PSD; the 
flexibility-related terms are necessary for a proper descrip-
tion of the adsorption isotherm.

Using PSD measurements to determine adsorbent defor-
mation characteristics is, at present, complicated by the fact 
that several terms in Eq.  26 are not directly measurable, 
specifically the partition functions, the potential energy, 
the entropy, and the (hypothetical, fixed volume) adsorp-
tion isotherm, the latter three of which depend on w. In the 
spirit of contemporary adsorption kernels used to obtain 
a PSD, this method might be made feasible by introduc-
ing new kernels for the potential energy and entropy of a 
confined fluid via computational models like density func-
tional theory or molecular simulations alongside adsorp-
tion isotherm kernels. If, for example, one assumes ideal 
gas-like behavior for adsorbate in a dilute state, U1 would 
be approximately the fluid-solid interaction energy and 
S1 ≈ N1kB lnVw. An additional challenge is that the meas-
urement of the PSD (

w,�1, p,T
)
 would necessitate meas-

urements of the PSD at single pressures, which is not pos-
sible with existing adsorbent characterization techniques. 
Recent work (Gor 2014; Gor et al. 2015; Gor et al. 2016) 
discusses relationships between pore size and the compress-
ibility of a liquid-like confined fluid, measured at a single 
pressure, which might be further developed to compute the 
PSD of a material using single-pressure measurements. 
Such a method could provide the single-pressure measure-
ments essential to application of the statistical mechanics 
presented here. Alternatively, since F2 is itself independent 
of pressure and characteristics of the adsorbate fluid, one 
could envision estimating F2 via an optimization procedure 
that utilizes measurements at several pressures. Elimination 
of the remaining terms in Eq. 26 is still necessary, possibly 
through clever ratios or scalings of (

w;�1, p,T
)
 at differ-

ent pressure conditions.
Lastly, the integral adsorption equation in Eq. 13 dem-

onstrates that a kernel-based approach to adsorption in a 
flexible adsorbent material is consistent with a statistical 
mechanical description of the adsorption isotherm, under 
the assumption that the canonical partition function is sepa-
rable. The major difference with the existing kernel-based 
approach to determining PSDs is that, at least in principle, 
the adsorption isotherm of a flexible adsorbent may be 
described via kernels of isotherms, energies, and entropies 
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for a rigid adsorbent. The aforementioned complicating 
factor is that the PSD is dependent on pressure and (or) 
chemical potential. Thus, solution for the PSD using a 
rigid-material kernel is an ill-formed problem and would 
require some layer of assumptions or constraints on the 
PSD. Future work is necessary to develop a solution tech-
nique that could measure the pressure-dependent PSD.

5  Conclusion

In this work, we derived a statistical mechanical descrip-
tion of adsorption in a flexible adsorbent material, which 
yielded both the PSD of a flexible adsorbent material 
(Eq.  26) and an associated integral adsorption equation 
(Eq. 13). Of key importance is the appearance of the adsor-
bent deformation potential, F2

(
N2,Vw, T

)
, in the math-

ematical description of the PSD. The important implication 
is that a measurement of the temperature- and pressure-
dependent PSD of a deformable adsorbent contains infor-
mation that might be used to indirectly describe certain 
material properties related to flexibility and deformation, 
through a kernel-based approach. We stress that experi-
mental measurements necessary to support calculation 
of F2, specifically measurement of the PSD at fixed pres-
sure, must be developed first. With such tools, Eq. 26 might 
then be the basis of a new tool for characterizing adsorbent 
materials and, thus, aid future development of porous mate-
rials for various applications in chemical processing.

6  Appendix: Canonical Ensemble partition 
function

Here we derive a form of the canonical ensemble parti-
tion function specific to our model of a flexible adsorbent 
material, which simplifies and streamlines our discussion 
in Sect. 2.3. It is an essential characteristic of our model, 
as it allows us to separate the canonical partition function 
of the full system (adsorbate and adsorbent) into one part 
describing the adsorbent degrees of freedom and another 
containing all other degrees of freedom. First, we write the 
partition function for a canonical ensemble for a classical 
bicomponent system as

in which U
(
�
N1 , �N2

)
 is the intermolecular potential energy 

of the particular configuration. The system is contained in 
a volume Vw and is in thermal equilibrium with a reservoir 

(27)

Q
(
N1,N2,Vw,T

)
=

1

Λ
3N1

1
N1!

1

Λ
3N2

2
N2!

× ∫
Vw

��
N1��

N2 exp
[
−�U

(
�
N1 ,�N2

)]

at temperature T. It contains N1 molecules of the adsorb-
ate (species 1) and N2 is an extensive constraint identifying 
the amount of adsorbent (species 2). As in the main paper, 
we do not necessarily specify a “number” of molecules of 
the adsorbent but, importantly, it establishes extensivity 
with respect to the adsorbent material. For completeness, 
we include the kinetic degrees of freedom of the adsorbent 
material (contained in Λ3N2

2
) in the partition function.

In our model of a flexible adsorbent system, we assume 
that the potential energy may be separated into fluid-fluid, 
solid-solid, and fluid-solid contributions. The solid-solid 
potential energy in our model is solely a function of the 
adsorbent pore size or conformation (i.e., w). Furthermore, 
the fluid-fluid contribution is only a function of the fluid 
configuration, but the fluid-solid contribution depends 
on both �N1 and w. Thus, we may write the total potential 
energy for a particular state (�N1 ;w) as

where U11, U12, and U22 are the fluid-fluid, fluid-solid, and 
solid-solid contributions to the potential energy, respec-
tively. Equation 27 may be rewritten as

We now make the following definitions (following Mahyn-
ski and Shen 2016):

Q2 in Eq.  31 is, effectively, the canonical partition func-
tion of the solid in conformation w and may be separated 
from the full Q because the adsorbent-adsorbent potential 
energy is entirely decoupled from the fluid degrees of free-
dom. The Helmholtz free energy of the adsorbent material 
is given by

Using Eqs.  30 and  32, we may rewrite the full canonical 
partition function in Eq. 29 as

(28)U
(
�
N1 ;w

)
= U11

(
�
N1

)
+ U12

(
�
N1 ;w

)
+ U22(w)

(29)
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Λ
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2
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N2 exp

[
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]

×
1

Λ
3N1

1
N1!

∫
Vw

��
N1 exp

[
−�

(
U11

(
�
N1
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+ U12

(
�
N1 ;w

))]

(30)

Q1

(
N1,N2,Vw,T
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=

1

Λ
3N1

1
N1!

× ∫
Vw

��
N1 exp
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−�
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(
�
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(31)Q2

(
N2,Vw, T
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1

Λ
3N2
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N2!

∫Vw
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N2 exp

[
−�U22(w)
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(32)F2

(
N2,Vw, T

)
= −kBT lnQ2

(
N2,Vw, T

)

(33)
Q
(
N1,N2,Vw, T
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= exp
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In the form of Eq. 33, the partition function is compactly 
written as a product of the Boltzmann factor of the free 
energy of the adsorbent and Q1. We find this expression for 
the canonical partition function useful as it is a reminder 
that the energy associated with the adsorbent conformation 
may be decoupled from the fluid-fluid and fluid-solid con-
tributions to the energy.
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