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Abstract

Psychrometric properties of humid air are widely used in the analysis and modeling of thermal systems. In this
work, we present a method for obtaining these properties from the multi-fluid mixture formulation of the GERG mixture
model. This mixture model was originally developed to model the thermodynamics of natural gas mixtures, and more
recently has been extended to model thermodynamic properties relevant for carbon capture and storage. The primary
advantage of this formulation is that the dry air composition is not fixed, and can be adjusted to suit the application,
for instance for combustion flue gases, for air in submarines, for Martian atmospheres, etc. Furthermore, this multi-fluid
framework employs the highest accuracy pure-fluid equations of state in the literature.

We present algorithms that can be used to calculate the quantity of water in the saturated vapor in vapor-liquid and
solid-vapor equilibria, and other properties that arise out of these equilibria calculations, such as relative humidity and
humidity ratio. We also present algorithms for converting other common sets of independent variables (e.g., wet-bulb
temperatures), to the natural variables of the mixture model.

Comprehensive discussion of the developed algorithms is provided, as well as sample code in the C++ language.

1. Introduction

Psychrometry is the study of the thermodynamic prop-
erties of mixtures of water and air. There have been a
number of formulations of the psychrometric properties of
humid air proposed over the years, with varying levels of
complexity and accuracy (Wexler et al., 1983; ASHRAE,
2001; Nelson and Sauer, 2002; Herrmann et al., 2009a).
The work of Herrmann et al. (2009b) (page 53) provides
an overview of the models that had been developed as of
2009. In the past, models have primarily used a simple
virial expansion for the vapor-phase thermodynamics, and
considered vapor-liquid and solid-vapor equilibria.

One of the nomenclature-related issues that constantly
bedevils the discussion of psychrometric property evalua-
tion is the fact that in most psychrometric evaluations, the
thermodynamic properties are used on a per-unit-dry-air
basis. Not all works are consistent or clear about their
choice of nomenclature, and the distinction between prop-
erties defined on a per-unit-dry-air or per-unit-humid-air
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basis is one of the most frequent sources of confusion. In
this work, the mixture model always considers the entire
humid air mixture, and never the dry air by itself. There-
fore, all properties derived from the mixture model are on
a per-unit-humid-air basis.

For the subset of thermodynamic properties considered
here, the distinction between per-unit-dry-air or per-unit-
humid-air properties does not generally arise. In contrast,
in many applications (e.g., the evaluation of cycle efficiency
in a Brayton cycle), enthalpies and entropies are required.
In that case, it is important to be explicit about whether
properties are on a per-unit-dry-air or per-unit-humid-air
basis.

This manuscript is laid out as follows: first we describe
the dry air mixture composition and then the humid air
mixture composition. Then we describe the thermody-
namic models used for the pure components, and how these
pure components are combined into a thermodynamic mix-
ture model. Finally, we close with a description of the re-
quired phase equilibrium calculations and the determina-
tion of phase equilibria related properties. The conclusion
of this work is the construction of a psychrometric chart
for humid air at one atmosphere.

2. Air

2.1. Dry air composition

The composition of dry air is given on a mole fraction
basis. Humid air can be modeled as a pseudo-binary mix-
ture formed of water vapor and a fixed-composition dry
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NOMENCLATURE

Variables
A, B,C  Coeflicient for Henry’s law

a Helmholtz energy (J-mol™!)
fe Enhancement factor
fi Fugacity of component i (Pa)
1! Liquid fugacity of component i (Pa)
1Y Vapor fugacity of component i (Pa)
F Residual function
Fy; Binary scaling factor
g Molar Gibbs energy in joules per mole of
humid air (J-mol~1)
h Molar enthalpy of humid air in joules per
mole of humid air (J-mol™!)
h" Molar enthalpy of saturated vapor in joules
per mole of humid air (J-mol~1)
hH,0.,0 Molar enthalpy of pure water or ice in joules
per mole of water (J-mol~1)
J Massieu potential (J-K—1)
J Jacobian matrix
ku Henry’s law constant (Pa)
MH,0 Mass of water (kg)

Mda Mass of dry air (kg)

Mga Molar mass of dry air in kg of dry air per
mole dry air (kg-mol™!)

Mya Molar mass of humid air in kg of humid air
per mole humid air (kg-mol~1)

n Number of moles
N Number of components in the mixture
P Pressure (Pa)

Dsat,,0,0 Saturation pressure of pure water (Pa)

De,i Critical pressure of the i-th fluid (Pa)

T Vector of residuals (-)

R Universal gas constant (J-mol~1-K~1)

T Temperature (K)
Tab Dry-bulb temperature (K)
Tap Dew-point temperature (K)
T Critical temperature of the i-th fluid (K)
T: Reducing temperature (K)

Tr Reduced temperature (-)

Teat 11,00 Saturation temperature of pure water (K)
Tub Thermodynamic wet-bulb temperature (K)
Vda Volume per kg dry air (m3-kg=1!)

Ve Critical volume of the i-th fluid (m3-mol™!)

S

T

X

x

!
7

Humidity ratio in kg HoO per kg dry air
(kgkg™")

Array of mole fraction (-)

Vector of independent variables (-)

Mole fraction (-)

Mole fraction of liquid (-)

Mole fraction of vapor (-)

Greek variables

a  Non-dimensionalized Helmholtz energy (-)
o'  Non-dimensionalized residual Helmholtz
energy ()
af,  Pure fluid Helmholtz energy (-)
of.  Binary departure function (-)
ag Non-dimensionalized ideal-gas Helmholtz
energy ()
B Mixture interaction parameter (-)
] Reduced density (-)
~v  Mixture interaction parameter (-)
g Chemical potential (J-mol~1)
¢  Relative humidity (-)
w Acentric factor (-)
p Molar density of humid air in moles humid
air per cubic meter (mol-m~3)
Pr Reducing density in moles humid air per
cubic meter (mol-m~3)
pe  Critical density (mol-m~3)
7 Reciprocal reduced temperature (-)
7*  Critically reduced temperature 7* = 1—Tg
)
Subscripts
da  Dry air
ha  Humid air
1 Index
ice  Ice
j Index
HoO Water
Ar  Argon
Ny  Nitrogen
O,  Oxygen
CO5 Carbon dioxide
Superscripts
r Residual
0 Ideal-gas

"

!

Vapor phase
Liquid phase



air. While the exact composition of dry air varies slightly
with time and location, the composition is dominated by
the contributions from nitrogen, oxygen, and argon, which
form more than 99.95% of the molar composition. The cur-
rent international standard for the composition of dry air
is that of Picard et al. (2008), which gives the composition
presented in Table 1, yielding a molar mass of 0.02896546
kg-mol~'. The molar masses of the minor constituents
have been rounded as in Picard et al. (2008).

Table 1: Composition of dry air according to Picard et al. (2008)

Component Mole fraction
N, 0.780848
0, 0.209390
Ar 0.009332

CO, 0.00040
Ne 18.2x10~6
He 5.2x1076

CH, 1.5x10°6
Kr 1.1x10°6
H, 0.5x1076

N,O 0.3x10°6
CcoO 0.2x10°¢
Xe 0.1x1076

In practice, the minor constituents of air can be ne-
glected as they do not contribute significantly to the ther-
modynamics of the dry air mixture. It is common to keep
only the top three or four constituents. In this work, we
use a four-component dry air mixture with the composi-
tion as given in Table 2. This composition is obtained by
fixing the composition of carbon dioxide at 400 ppm, and
adding the 30 ppm from the eight minor constituents to
the top three components', weighted by the product of
the molar mass and mole fraction for the three primary
constituents.

Table 2: Composition of dry air from its four major components

Component  Variable M (kg-mol~1) Mole fraction
No Zda, Ny 0.0280134 0.780871
O, Zda,0, 0.0319988 0.209397
Ar Zda,Ar 0.039948 0.009332
COq Zda,CO, 0.04401 0.000400

The molar mass of dry air is obtained as a mole-fraction-
weighted average of the molar masses of the constituents
of dry air obtained from the fixed composition of dry air:

Maa = Tqa,N, MN, +2da,0, MO, +Tda, Ar Mar+Tda,co, Mco,,

(1)

1The molar composition in Table 1 does not sum to 1.0. The
missing 2.9x1076 is also included such that the composition of air
used here will sum to unity.

yielding a dry air molar mass of 0.02896570 kg-mol~1!,
or a difference of 8.5 ppm from the value of 0.02896546
kg-mol~! from Picard et al. (2008).

2.2. Humid air composition

The humid air mixture can then be treated as a binary
mixture of water and dry air. For a given water mole
fraction xm,0, the dry air mole fraction is z4. = 1 —zm,0,
and therefore the mixture mole fractions of the dry air
components (in moles of the component per mole of humid
air) are given by

N, = (1 — TH,0)%da,N, (2)
70, = (1 = TH,0)Tda,0, (3)
zar = (1 = 2H,0)%da,Ar (4)
2co, = (1 — H,0)%da,cO,, (5)

where the values of the mole fractions of the dry air con-
stituents can be found in Table 2. The mole fractions of all
the constituents of the mixture (water and the components
of dry air) must therefore sum to unity:

ZH,0 + TN, + 20, + Zar + Zco, = 1. (6)

The molar mass of the humid air is then obtained as a
mole-fraction-weighted average of the dry air and water
molar masses

My = vn,0Mu,0 + (1 — 21,0) Mda, (7)

where the water molar mass M, o is 0.018015268 kg-mol ~! (Wagner

and PruB, 2002). Unless otherwise specified, the composi-
tion of dry air is assumed to be fixed with the composition
in Table 2.

In the C++ code presented in the supplemental mate-
rial, the composition of the humid air can be altered, for
instance, to be able to model the psychrometric properties
of the Martian atmosphere as in Shallcross (2005).

3. Pure fluid thermodynamic properties

8.1. Pure fluid equations of state

The state-of-the-art equations of state (EOS) for pure
substances are all of the Helmholtz-energy-explicit formu-
lation?. This model is formulated in terms of the fun-
damental thermodynamic potential of Helmholtz energy;
from this potential all other properties can be obtained as
derivatives with respect to the independent variables.

The non-dimensionalized Helmholtz energy can be ex-
pressed as

a(r,8) = % = a%(r,8) + ' (1, 9), (8)

2Rigorously, they are expressed in a Massieu-potential-explicit
form, where the Massieu potential J is given as J = —a/T, but the
literature currently describes this model as being of the Helmholtz-
energy-explicit formulation, a convention that we follow.



where the independent variables in the Helmholtz energy
potential (T and p) are transformed into reduced variables
7 =T./T and § = p/p., a° is the ideal-gas contribution
to the Helmholtz energy, and o is the residual contribu-
tion to the non-dimensionalized Helmholtz energy. From
this potential, it is possible to evaluate all other thermo-
dynamic properties; for instance the pressure can be eval-

uated from
oa*
p—pRT<1+5<85)T>7 9)

the molar enthalpy from

h 0al oa* oa*
RT:TKaT)ﬁ(aT)J”(aa)ﬁl’ (10)

and so on. More information on pure fluid equations of
state can be found in the literature (Span, 2000).

The following substances are considered here, with the
reference to their corresponding equation of state :

o water (H2O) (Wagner and Pruf}, 2002)

e nitrogen (N2) (Span et al., 2000)

e oxygen (Oz) (Schmidt and Wagner, 1985)

e argon (Ar) (Tegeler et al., 1999)

e carbon dioxide (CO3) (Span and Wagner, 1996)

The properties of each of these fluids are represented by
a reference-grade equation of state (meaning the equation
of state can generally replicate the highest accuracy ex-
perimental data to within their experimental uncertainty).
These equations of state are in general valid from the zero-
density limit to the melting and sublimation lines of the
fluid; the range of available data constrains the maximum
temperature or pressure of the EOS.

3.2. Water properties

The potential for equilibria between gaseous and solid
phases must be taken into account for temperatures less
than the triple point temperature of pure water. As a
result, it is necessary to consider the phase of the water
in equilibrium with the gaseous phase. Figure 1 shows a
schematic of the phase boundary for the equilibrium be-
tween water’s phases. For pressures below a few hundred
MPa, the highest temperature at which ice can exist is the
triple-point temperature of pure water, defined to be ex-
actly 273.16 K. Above 208.6 MPa, other forms of ice can
be found. Determination of whether the vapor phase is in
equilibrium with a solid or liquid phase of water is rather
complex, and described in greater detail below.

Feistel and Wagner (2006) give a fundamental reference-
grade equation of state for the ice Ih phase of HoO explicit
in Gibbs energy, with temperature and pressure as inde-
pendent variables. Wagner et al. (2011) give an equation
for the melting line of ice Th, defining the boundary be-
tween liquid and ice (though rigorously, one should find
the melting line as the line satisfying equality of Gibbs

energy between the equations of state of ice Th and liquid
water; the melting line of Wagner et al. (2011) gives only
an approximation to this equilibrium condition). Wagner
et al. (2011) also gives an equation for the sublimation
curve for pure water.

One of the challenges when combining different ther-
modynamic models together, here further complicated by
the application of a mixture model, is that the reference
states for enthalpy (or internal energy) and entropy must
agree for each equation of state. In this case, the three
models (solid, fluid, mixture) all use the IAPWS-95 ref-
erence state, which is that liquid water at the solid(Ice
Ih)/liquid/vapor triple point has entropy and internal en-
ergy equal to zero. As aresult, the enthalpy equals 0.611872
kJ-kg™! at this state point.
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Figure 1: Phase equilibria diagram for pure HoO [A: solid-
liquid-vapor triple point (273.16 K, 611.657 Pa), B: Critical point
(647.096 K, 22.064 MPa)]



Table 3: Binary interaction parameters employed in the EOS-CG model

r

Name; Namep Br.ij VT,ij Bo.ij Vo,ij Fi; Qg
Ny COq 1.005895 1.107654 0.977795 1.047578 1.000000 Gernert and Span (2016)
No H,O  1.048054 0.805147 0.926245 0.733443 1.000000 Gernert and Span (2016)
N, Ar 0.999442 0.989311 1.006697 1.001549 0.000000 Gernert and Span (2016)
N, O, 0.997191 0.995157 0.999522 0.997082 0.000000 Gernert and Span (2016)
COq H>O 1.030538 0.828472 1.021392 0.895156 1.000000 Gernert and Span (2016)
COq Ar 1.027147 0.968781 1.001378 1.029710 1.000000 Gernert and Span (2016)
COq 04 1.000000 1.031986 1.000000 1.084460 0.000000 Gernert and Span (2016)
H50 Ar 0.679104 0.921000 0.940398 1.050952 0.000000 Gernert and Span (2016)
H,O O, 0.798046 0.807842 0.972576 0.873460 0.601700 Gernert and Span (2016)
Ar O, 1.000962 0.988822 0.993540 1.001341 0.000000 Gernert and Span (2016)

Note: Br,; = 1/Br i and By 5 = 1/By ji



4. Mixture thermodynamic properties

The mixture model is used to characterize the thermo-
dynamic properties of the liquid and gaseous phases. In
the case of vapor-liquid equilibrium, the mixture model
is used to model both phases. In the case of solid-vapor
equilibrium, the equation of state for pure ice is used to
model the properties of the ice in equilibrium with the
vapor phase.

4.1. Model formulation

The GERG (Groupe Européen de Recherches Gaziéres)
mixture model is formulated based on mixing rules com-
bining highly-accurate equations of state for the pure com-
ponents forming the mixture as described above. This
mixture model has been extensively described in the lit-
erature (Kunz et al., 2007; Kunz and Wagner, 2012). In
recent years, Gernert and co-workers developed the EOS-
CG model, extending the high-accuracy mixture formula-
tions developed in the GERG model to binary pairs needed
to model carbon capture and sequestration applications
(Gernert et al., 2014; Gernert and Span, 2016).

The mixture model is also formulated in terms of the
Helmholtz energy - as a sum of ideal-gas and residual con-
tributions

a(r,8,x) = % =a%r,8,2) + o (r,0,2).  (11)
Unlike the pure fluids, the mixture model employs reduced
temperatures T = T;(x)/T and densities 6 = p/p,(x) that
are functions of the mixture composition. The empirical

reducing functions can be given by

T, +x;
Zx TH+Z Z 22,15 ————2—T}; (12)
i=1 j=i+1 6T1Jxl+m]
Zm um+z Z 2, %%;fw (13)
i=1 j=i+1 v, J
where
Tij = Brijyr.ij(TeiTe ;)*? (14)
and )
1/3 . 1/3
vij = 5BV, (v ( AR ) , (15)

and where the adjustable interaction parameters Sr.;;, V7,45,
Bu,ij, and 7, ;; weight the critical properties of the pure
fluids (T¢,; and v, ;) that form the ij binary pair.

The residual non-dimensionalized Helmholtz energy o*
is given by the form

o —sz ag,; (1,9) —|—Z Z vx; Fijog; (T, 6),

=1 j=i+1

(16)

where of; is the residual non-dimensionalized Helmholtz
energy contribution from the i-th pure component eval-
uated at the mixture 7 and 9, «;; 1s a mixture depar-
ture function for the ij binary pair, and Fj; is a constant
weighting factor for the ij binary pair.

The interaction parameters and departure functions
used in this work are summarized in Table 3. The inter-
action parameters and departure functions are taken from
the EOS-CG model (Gernert and Span, 2016), which was
developed to yield a comprehensive coverage of all thermo-
dynamic properties relevant to these systems. The work of
Gernert et al. gives a comprehensive listing of the exper-
imental datasets that were considered in the development
of EOS-CG, and the accuracy of reproduction of the ex-
perimental measurements.

It is known that the thermodynamic properties ob-
tained from the EOS-CG model (e.g., enhancement fac-
tors) are not as accurate as some humid air property for-
mulations that focus on humid air alone. In order to bring
the accuracy of this model in line with other libraries, a
fitting exercise is required that focuses exclusively on the
vapor phase and does not attempt to also fit the other
more complex phase equilibria behaviors that are possible
(e.g., liquid-liquid equilibria, vapor-liquid-liquid equilibria,
etc.). Fitting psychrometric-focused interaction parame-
ters and departure functions remains the topic of future
work. The topic of this paper is solely the algorithms that
are required to use this sort of a model.

The range of validity of the proposed model is some-
what difficult to quantify, being a function of composition
of the mixture and the components included in the dry air.
We can state, only roughly, that the range of validity of
the model is for pressures up to 30 MPa. Extrapolation
of the model up to 100 MPa should be possible, but the
user should be quite careful to ensure reasonable extrapo-
lation. Experimental data (Gernert and Span, 2016) exist
at temperatures as high as 1000 K for the mixture of car-
bon dioxide and water. Maximum measured temperature
of the experimental data are much lower for other binary
pairs.

4.2. Derived properties

4.2.1. Humidity ratio
The humidity ratio W is defined as the ratio of the
mass of water in the mixture to the mass of dry air, or

Mmy,0
Mg, 1

™MH,0
W = 22 =

Mda

TH,0
- IHQO

(17)

If the humidity ratio W is known, the water mole frac-
tion zm,o0 can be obtained from

Mda
w
Mu,0

Mgs
1+W
My,0

TH,O = (18)

4.2.2. Relative humidity

There are a number of different definitions for the rel-
ative humidity of humid air available in the literature;
Lovell-Smith et al. (2016) covers the definitions in use.
A thermodynamically rigorous definition of the relative



humidity is that it is the ratio of the fugacity of the wa-
ter vapor in the mixture to the fugacity of the water in a
humid air mixture in equilibrium with the first droplet of
liquid (the definition of the dew point).

For consistency with the existing literature and stan-
dards for humidity measurement, we define the relative
humidity as the ratio (all at the same temperature and
pressure) of the mole fraction of water in the bulk gaseous
phase to the mole fraction of water in equilibrium with
the first frost or liquid droplet. As discussed below, an
iterative solution is required to obtain the mole fraction
of water in the vapor phase at saturation. Thus we can
define the relative humidity ¢ as

d) — 'THQO

= THO (19)
xﬁgo,sat (Tv p)

If the dry-bulb temperature 7" and pressure p are known,
T11,0.¢a0 CAN be obtained through the use of the methods
presented below, and zm,0 can be obtained from Eq. 19
for the given relative humidity ¢.

4.2.8. Dew point

The dew point of humid air is the temperature where
the first droplet of liquid water (or first crystal of ice) con-
denses out of a humid air mixture as it is cooled at constant
pressure and water content. The algorithm used to obtain
the dew-point temperature and/or molar composition is
presented in section 5.

4.2.4. Wet-bulb temperature

The World Meteorological Organization (WMO) de-
fines the thermodynamic wet-bulb temperature by: “The
thermodynamic wet-bulb temperature of moist air at pres-
sure p, temperature T and mixing ratio r is the tempera-
ture Ty, attained by the moist air when brought adiabat-
ically to saturation at pressure p by the evaporation into
the moist air of liquid water at pressure p and temperature
T, and containing the amount of dissolved air correspond-
ing to equilibrium with saturated air of the same pressure
and temperature” (Jarraud, 2008, Eq. 4.A.18). A simi-
lar definition is available for the same process with an ice
phase, yielding the ice-bulb temperature.

From the analysis of the adiabatic saturator, it can be
shown (see Herrmann et al. (2009a) and the supplemental
material of this paper) that the wet-bulb temperature can
be defined by the equality

1— 1—
h+ <m - 1> hi,0.0 = <x}fo> K (20)

"
1— Ti,0 1-— Ti,0

where: h is the humid air specific enthalpy of humid air
evaluated at the dry-bulb temperature Typ, (the usual ther-
modynamic temperature of the given humid-air sample),
the absolute pressure p, and the water mole fraction zy,0;
h'"" is the humid air specific enthalpy of the saturated hu-
mid air in equilibrium with either ice or water, evaluated
at the wet-bulb temperature Ty, the total pressure p, and

the water mole fraction at saturation x’}’lzo; and hu,0,0 is
the enthalpy of either pure water or ice, evaluated at the
wet-bulb temperature Ty,,. The derivation of the equality
in Eq. 20 can be found in the supplemental material. The
equation in Eq. 20 must in general be solved iteratively,
as described below.

4.2.5. Enhancement factor
The enhancement factor is defined as the ratio of the
saturated partial pressure of water in humid air to the
saturation pressure of pure water at the given tempera-
ture. The enhancement factor explicitly appears in many
psychrometric models, while it is exclusively an output
in this model (and can be calculated from the saturation
routines). The enhancement factor f. (normally given the
symbol f, but f is primarily used for fugacity in this work)
is given by
x/}lIQO,satp

fc_

= 21
psat,H20,0 ( )

5. Phase equilibria routines

There are two general types of phase equilibrium cal-
culations to be considered in psychrometric routines:

e For a specified vapor phase composition, determine
the dew-point temperature where the humid air is in
equilibrium with liquid (or ice). This corresponds to
the intersection of a horizontal line and the satura-
tion curve on a psychrometric chart.

e For a specified dry-bulb temperature, determine the
vapor-phase composition that will yield humid air in
equilibrium with liquid (or ice). This corresponds to
the intersection of a vertical line and the saturation
curve on a psychrometric chart.

Figure 2 gives a graphical representation of the two
types of phase equilibria routines that must be developed
for psychrometric calculations.
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Figure 2: Schematic demonstrating the two families of phase equi-
librium calculations needed for humid air routines. The solid line
represent the dew point curve.

Another challenge with psychrometric properties is the
potential for the formation of air hydrates (molecules of gas
trapped in a matrix of water molecules) at high pressures.
The experimental data and modeling results from the liter-
ature (Mohammadi and Richon, 2010; Mohammadi et al.,
2003; Yasuda et al., 2013; Vins et al., 2016, 2017; Jager
et al., 2016) suggest that air hydrates could form at pres-
sures as low as approximately 10 MPa. In spite of the
identified potential for the formation of hydrates, hydrate
formation is explicitly not considered in this model formu-
lation. Several research groups around the world are ac-
tively involved in modeling the formation of air hydrates,
and once their modeling work is complete, their models
could be integrated into the psychrometric property rou-
tines presented here.

In the case of solid water (ice) in equilibrium with hu-
mid air vapor, a simplifying assumption is that the ice is
pure, and has no dissolved gases. In reality, there will be
some gas molecules that will be found in the ice matrix,
but they can be neglected. The essentially zero solubil-
ity of gases in ice is the reason that freeze-evacuate-thaw
cycling is used to remove dissolved gases from liquids.

When a property of humid air is desired as a func-
tion of temperature and pressure, it is necessary to first
determine whether the coexisting saturation water phase
corresponds to a liquid or solid. This determination can
be made based on the melting curve of normal water from
Wagner et al. (2011), where the melting pressure is ex-
pressed as an explicit function of the temperature. The
melting pressure is evaluated from the melting curve for
a given temperature; if the pressure is above the melting
pressure, it is liquid, and if below, it is solid. We explic-
itly only consider the Ih phase of ice, which simplifies the
phase determination (because the complete melting curve
is multi-valued for temperatures below 273.16 K, and the
Th melting line is monotonic).

Algorithm:

1. If T > 273.16 K, pure ice cannot exist below pres-
sures of approximately 630 MPa (according to the ice
phase V melting line (Wagner et al., 2011)), therefore
solid-vapor equilibrium is not possible and liquid-
vapor equilibrium must be considered.

2. Otherwise, either solid-vapor or liquid-vapor equilib-
ria are possible. In this case, carry out both phase
equilibrium calculations, and keep the equilibrium
that results in the lower chemical potential of wa-
ter vapor in the vapor phase. This corresponds to
the phase configuration that is thermodynamically
preferred.

5.1. Liquid-vapor equilibrium evaluation

In a classical mixture dew point calculation (for in-
stance in natural gas mixtures), the vapor-phase compo-
sition is fully specified, and then one of either the tem-
perature or pressure is specified and the other is obtained
iteratively.

While the conventional dew point calculation is re-
quired for psychrometry, it is also necessary to be able
to efficiently carry out the backwards evaluation, where
the dew-point temperature is known, and the composition
of the vapor phase must be obtained through iteration - in
particular, the water mole fraction of the vapor phase must
be determined for the specified temperature and pressure
at saturation.

The algorithm required for the determination of the
vapor-phase composition for a given dew point state for
mixtures with arbitrary dry air composition is somewhat
more complex than the conventional dew point calcula-
tion, and to our knowledge has not been published before.
An implementation of this inverse calculation for air of
fixed air composition is given in the open-source TEOS-10
model (Feistel et al., 2010).

In the calculations in this section, the relative compo-
sition of the dry air (in the vapor phase) is held constant,
as is the absolute pressure. In the liquid phase, there is no
constraint on the relative solubility between dry air con-
stituents.

5.1.1. Temperature specified

In the case of a four-component dry air mixture, the
humid air mixture has N = 5 components. The inde-
pendent variables are N — 1 compositions of the dry air
constituents in the liquid phase (2] to z’y_;) and the wa-
ter mole fraction in the vapor phase xﬁZO. In vector form,
the independent variables can be given by

)
h
x=| : (22)
T
11,0
One of the challenges of this formulation has to do
with the composition derivatives. In the mixture model



and composition derivatives developed by Gernert and co-
workers (Gernert et al., 2014; Gernert and Span, 2016),
the last component in the mixture is a dependent variable,
and is obtained from the summation of the preceding N —1
mole fractions as

(23)

N-1
zy =1— E T;.
i=1

In this formulation, it is not possible to take derivatives
of any property with respect to zy. It is necessary to
take derivatives with respect to the mole fractions of all of
the dry air constituents in the liquid phase (2} to zy_;),
as well as the mole fraction of water in the vapor phase
Ti,0- In the liquid phase, the water mole fraction must
be an independent variable, and in the vapor phase, the
water mole fraction must be a dependent variable.

The resolution to this problem is to sort the arrays of
components and compositions differently for the liquid and
vapor phases. Therefore, we write the liquid composition
array as

/
z' = [TN,,T0,, TArs TCO,, TH,0) (24)
and the vapor composition array as
1
z" = [T1,0, TNy, TO,, TAr; TCO, - (25)

In this way we can take the necessary derivatives; the only
challenge is associated with some additional bookkeeping
in the code to ensure that the indices in the arrays are
consistently and correctly used.

The residual functions to be driven to zero are N equal-
ities of fugacities (on a natural logarithm basis) for all the
components (dry air and water) given by equations of the
form

Fi = In(f7) —In(f7) (26)

where, as described above, the implementer must be care-
ful to ensure that the correct indices are being used. The
Jacobian matrix is given by

i OF, o OF, oF T
oz} 2 o'y o afﬁgo &
or) . (_om oF,
oz 2 Oy, o 895%20 o

OFy\ [ 9Fw OFy
ax/l 2 8-'1;/]\],1 = 8$/}/120 2!
J J (27)

where all partial derivatives are taken at constant temper-
ature, pressure, and all other compositions held constant.
Algorithm:

1. The first guess for the water mole fraction is given
by xﬁ2o’0 = Psat,1,0,0(T")/p (here assuming an en-
hancement factor of unity).

2. For a given water mole fraction 2y, in the vapor
phase, evaluate the vapor-phase composition through
the use of Egs. 2 to 6.

3. In the first iteration, estimate the liquid composition
through the use of Henry’s law (see section 5.1.3). In
subsequent iterations, skip this step.

4. Calculate p(T, p) for the liquid and vapor phases. In
the first iteration, estimate the liquid density as be-
ing pure saturated liquid water at the specified tem-
perature, and the vapor phase as being a mixture
of ideal gases. Cache calculated densities as initial
estimates for the next iteration. In subsequent iter-
ations, use the cached densities as guess densities.

5. Construct the residual vector r with entries given
from Eq. 26 and the Jacobian matrix from Eq. 27.
All necessary derivatives are explained in Gernert
et al. (2014; 2016); see especially the supplemental
material in Gernert et al. (2014).

6. Solve JAX = —r for AX and update the vector X
with X e = Xoa + AX. Update the liquid and
vapor compositions.

7. Return to step # 2 until convergence is reached (when
the maximal mole fraction change is less than the ac-
ceptable tolerance).

Figure 3 shows the water mole fractions in the vapor phase
at equilibrium. As the temperature approaches the satu-
ration temperature of pure water at the given pressure,
the water mole fraction at equilibrium approaches unity;
the vapor phase at equilibrium becomes pure water.
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Figure 3: Water mole fractions in vapor phase for humid air in equi-
librium with incipient water or ice phase for a range of pressures.
Below 0.01 °C, the solid-vapor equilibrium routines are employed.

5.1.2. Vapor-phase composition specified

In the calculation for a dew point, the pressure and
Ti,0 are given, and it is necessary to obtain the dry-bulb
temperature Ty, at saturation. The numerical analysis
required to evaluate a dew point is quite straightforward.
The algorithm used is nearly identical to the algorithm



for a1}, except that the variable x;  is replaced with
T in the matrix of independent variables and also in the
Jacobian matrix. Thus the vector of independent variables
is given by

'

)

!
TN-1
T

and the Jacobian matrix is given by

< )’l T ( >T ( >
(9.%'/ , ’ 61“/[\/'_ 7z9 er T
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(93}’1 T,(L". (9139\[ 1 T, 3 E T s
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(9:13/ T, ,] ()xﬁv T7£,j 81 x

(20)
where all partial derivatives are taken at constant pressure
and the same residual functions are used as in Eq. 26.

The initialization and estimation of the liquid-phase
composition proceeds in the same fashion as the evalu-
ation of the vapor-phase composition at the dew point.
We obtain a first guess for the dew-point temperature by
assuming a unity enhancement factor, which yields the
partial pressure of water from psat H,0,0 = xﬁgo -p. The
vapor-pressure curve can be inverted (in some cases, like
the TAPWS-IF97 industrial formulation for water (Wag-
ner and Kretzschmar, 2007), without iteration), to yield
the estimated dew-point temperature from

Tdb,est = Tsat,Hzo,O (x/}IIQOp) (30)

by the algorithm described above.

Figure 4 shows the error in the initial estimate of the
dew-point temperature from this scheme. The water sat-
uration composition was calculated by the algorithm de-
scribed above to obtain xﬁQO for the given pressure, and
Tsat,H,0,0 is obtained from the equation of state of Wag-
ner and Pruf3(2002). While the errors are up to approxi-
mately 9 K, this accuracy is sufficient to yield convergence
for pressures from 0.1 MPa to 10 MPa. The liquid-phase
composition is then estimated based on Henry’s law for the
given vapor composition, pressure, and estimated temper-
ature.
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Figure 4: Error in the estimation scheme for the first guess of dew-
point or frost-point temperature as a function of dry-bulb temper-
ature for three pressures as compared with the full phase equilib-
rium calculation for the dewpoint. The dashed lines show the non-
thermodynamically-preferred incipient phase, in this case a liquid
water phase.

5.1.8. Liquid-phase composition estimates

One of the challenges in the evaluation of the dew point
is that the conventional means used to estimate the com-
position of the incipient liquid phase are significantly in-
correct. Most commonly, Wilson’s method (1968) is used
to predict the liquid-phase composition. Wilson’s equation
yields an explicit solution for the liquid-phase composition
given the vapor-phase composition and the temperature
and pressure. While Wilson’s method was originally de-
veloped for hydrocarbon mixtures, it remains the default
estimation scheme for a wide range of mixtures due to a
lack of better alternatives of equivalent simplicity. Less
accurate initial estimates for the liquid-phase composition
hinder the convergence of the numerical solvers commonly
applied to dew point calculations. More accurate initial es-
timates for the liquid-phase composition can be obtained
through the use of Henry’s law, because the liquid phase
is very nearly pure water. Henry’s law constants for the
solubility of component ¢ in pure water are defined as the
ratio of the pure component’s fugacity in the vapor phase
to the mole fraction of that constituent in the liquid phase
in the infinite-dilution limit. Mathematically, this can be
expressed as

fi

k= lim —, (31)

and by dropping the limit, the solute mole fraction can be
estimated from
o fi

T, = —,

ky
where the fugacity f; and the Henry’s law constant kg are
both given in the same unit of pressure. If the vapor phase
is furthermore assumed to be a mixture of ideal gases, then
the solute mole fraction can be given by
o 3?;/])

€T, =
'3 9
ku

(32)

(33)



because the fugacity of a component in an ideal gas mix-
ture is simply its partial pressure. In this case, we are only
looking to obtain a reasonably good estimate of the water-
phase composition, and the use of the ideal gas assumption
for the vapor phase is entirely appropriate.
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Figure 5: Liquid-phase compositions for dew points calculated from
the full mixture model, Henry’s law, and Wilson’s method estima-
tion schemes at 101.325 kPa (1 atmosphere). At each temperature, a
dew-point calculation is carried out to obtain the vapor-phase com-
position and the incipient liquid-phase composition.

In the work of Ferndndez-Prini et al. (2003), the Henry’s
law constants for the components of dry air have been fit-
ted to the form proposed by Harvey (1996) in terms of

reduced temperatures:
k
1 +C - (Tr) " exp 7,

Psat,H>0,0

where the reduced temperature Ty is given by Tg = 7'/ T,
T. is the critical temperature of pure water (647.096 K),
T* is given by 7* = 1 —TR, and psat,H,0,0 is the saturation
pressure of pure water at temperature 7. Through the
use of this form, the Henry’s law constants are evaluated
for the components of dry air, and Eq. 33 is used to es-
timate the liquid-phase composition, with the assumption

_ A—i_ B(T*)O.355
- Tw Tr
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that the solubility of one air constituent has no impact on
the solubility of another air constituent. The water mole
fraction in the liquid phase then becomes simply

N-1
Ty = 2,0 =1-— Z x. (35)
i=1

Figure 5 shows the comparison of the liquid-phase com-
positions as calculated with the entire mixture model pre-
sented in section 5.1.1 as well as the liquid-phase compo-
sitions calculated by Henry’s law constants at 101.325 kPa.
While the quantitative agreement is not excellent, the qual-
itative agreement is entirely sufficient to use this model as
an initial guess for the Newton-Raphson solver that is used
to solve for the saturation state.

5.2. Solid-vapor equilibrium evaluation

The equilibrium of pure ice and humid air vapor is
achieved when the chemical potential of water vapor in hu-
mid air equals that of the chemical potential of the pure ice
at the same temperature and pressure. The definition of
the chemical potential of the i-th component in a mixture
(see for instance Jager (2015, Eq. 3.14)) is

i = (5[n : g(T,p,w)])TWj ’

67’1@
and because the molar Gibbs energy of a pure fluid g is not
a function of the number of moles n; in a one-component
mixture in which n; = n, i ice = Gice-

In the vapor phase, for a given temperature and pres-
sure, the chemical potential of water vapor can be eval-
uated from the mixture model, the details of which are
described in the GERG models (Kunz et al., 2007; Kunz
and Wagner, 2012).

(36)

5.2.1. Vapor-phase composition specified

If the composition of the vapor phase is known, the
frost-point temperature must be obtained. For this case,
the residual function for the frost-point temperature to be
driven to zero is given by

F(Tfp) = gice(Tfp7p) - :LI’HQO(Tfp7p)' (37)

As in the case of vapor-liquid equilibrium, the first
guess for the frost-point temperature is that the enhance-
ment factor is one, and therefore, the estimated frost-point
temperature is obtained from

Tfp,est = ﬂce,subl(xifIQO 'P) (38)
where the sublimation curve of Wagner et al. (2011) is
inverted numerically to evaluate the Ticesub1 function for
the partial pressure of water vapor given by :c’P’Izo - p.



5.2.2. Temperature specified

If the frost-point temperature is specified, and the wa-
ter vapor composition is to be obtained, the residual to be
driven to zero is given by

F(21,0) = gice(Tip, p) = 11,0 (Thp, s 21,0)- (39)

The first guess for the composition of the vapor phase is

again that the enhancement factor is one, and therefore

that the water mole fraction can be estimated from
_ Dice,subl(Ttp)

"
JUHgO,est - ’

) (40)

where the sublimation curve of Wagner et al. (2011) is
used to evaluate the picesupl function for the frost-point
temperature Tfp,.

6. Flash routines

Dew and bubble-point calculations form but a subset
of the types of mixture calculations that are possible. An-
other type of calculation that is commonly required is that
of flash calculations. In flash calculations, variables other
than the natural variables of the mixture model (here 7,
0, and x) are transformed into the natural variables of the
mixture model.

6.1. Density
If dry-bulb temperature, pressure, and density are known

(for instance when constructing psychrometric charts), the
mole fraction of water zm,0 must be obtained through the
use of an iterative solver, which in this case could be a
bounded solver like Brent’s method (Brent, 1973) as it is
known that the mole fraction of water is between zero and
T1,0 00 (1) inclusive. The residual function to be driven
to zero by the numerical solver could be given by

F(tzo) = p(T, P xH2O)/pgiven - 1. (41)

If density, pressure, and the mole fraction of water are
known, the dry-bulb temperature Ty, must be determined.
In the gas phase, it is known that the compressibility factor
Z is very nearly unity. Thus, an initial guess for the tem-
perature is Tyuess = p/(pR) (for Z = 1), and the residual
function could be given by

F(T) = p(Ta P, xHQO)/pgivcn - 1,

which can be reliably solved with a secant solver.

(42)

6.2. Wet-bulb temperature

By definition, the thermodynamic wet-bulb tempera-
ture Tp must be less than the dry-bulb temperature Ty,
and both temperatures are equal when the air is saturated
(equivalently, when ¢ = 1, rn,0 = ¥fy,g, or W = W7 ).

There are a few common evaluations that involve the
use of wet-bulb temperature (each for total pressure im-
posed):
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e Wet-bulb and dry-bulb temperatures are known, xm,0
is desired (the classic psychrometric calculation).

e Dry-bulb temperature and zp,o are known, wet-
bulb temperature is desired.

o Wet-bulb temperature and xp,0 are known, dry-
bulb temperature is desired (for determining the wet-
bulb temperature of dry air).

For each evaluation, the algorithm involves the evalua-
tion of saturated air properties in combination with humid
air properties. Here we describe each algorithm in detail.

6.2.1. xm,0 from Ty, and Ty

For the given wet-bulb temperature Ty, and total pres-
sure p, the pure water (or ice) enthalpy hu,0,0 is evalu-
ated as described in section 3.2. The phase equilibrium
routines of section 5 are used to obtain xy o (and sub-
sequently h”’) for the given Typ,. Therefore, the unknown
variables in Eq. 20 are h and zm,0. The water mole frac-
tion xp,o0 is known to be between zero and the saturation
water vapor fraction obtained from zfj, o (T\). Therefore,
a bounded solver, here Brent’s method with quadratic up-
dating (Brent, 1973), is used to solve for the water mole
fraction zp,o that satisfies Eq. 20.

6.2.2. Ty, from Tyy, and zm,0

For the given dry-bulb temperature Ty, total pressure
p, and water mole fraction xp,o, the humid air enthalpy h
is obtained. The unknowns in Eq. 20 are then z{j o, 2",
and hp,0,0. The wet-bulb temperature Ty, is known to
be less than the dry-bulb temperature and greater than a
very low temperature (here 100 K); a bounded solver, here
Brent’s method with quadratic updating (Brent, 1973),
is used to solve for the wet-bulb temperature Ty, that
satisfies Eq. 20. At each step in the iteration for Ty, the
pure water/ice enthalpy hp,0 0 is evaluated as described in
section 3.2, and the phase equilibrium routines of section 5
are used to obtain xj;, o and subsequently A" for the given
Twb-

6.2.3. Tay, from xm,0 and Typ

For the given wet-bulb temperature Ty, the pure wa-
ter/ice enthalpy hp,o0,0 is evaluated as described in sec-
tion 3.2. The phase equilibrium routines of section 5 are
used to obtain zfj,o and subsequently A" for the given
Twb- Therefore, the only remaining variable in Eq. 20 is
h. The dry-bulb temperature Ty is known to be above
the wet-bulb temperature Ty, and below the saturation
temperature of pure water or ice at the total pressure p.
Therefore, a bounded solver, here Brent’s method with
quadratic updating (Brent, 1973), is used to solve for the
dry-bulb temperature Ty, that satisfies Eq. 20. At high
values of Ty, it is sometimes impossible to solve for Ty,
because the dry-bulb temperature is above the saturation
temperature of pure water.



7. Implementation and Results

7.1. Implementation

The algorithms described here have been implemented
into a C++4 library, with native wrappers available for
Python through the use of the pybind11 ? package. Wrap-
pers for additional high-level programming languages can
be readily constructed through the use of the SWIG (Sim-
plified Wrapper and Interface Generator) package.

The source code of this library is provided as supple-
mental material as well as instructions for compiling stan-
dalone examples and the wrappers.

7.2. Psychrometric chart

The algorithms presented above can be used to con-
struct the psychrometric chart, as seen in Figure 6. This
chart represents the links between the thermodynamic vari-
ables for a humid air mixture. In this variant of the psy-
chrometric chart, we plot the lines of constant relative hu-
midity, lines of constant wet-bulb temperature, and the
lines of constant specific volume (on a per-kg-dry-air ba-
sis). The density (on a per-kg-humid-air basis) can be
obtained from the specific volume per kilogram dry air
from

W+1
VdaMna

(43)

In this psychrometric chart we have used orthogonal
axes for ease of plotting, while the ASHRAE standard psy-

chrometric charts have slightly non-orthogonal axes (ASHRAE,

2001). The lines of constant relative humidity were con-
structed by first determining the saturation (¢ = 1) hu-
midity ratio and multiplying by the relative humidity (and
subsequently converting from water mole fraction to hu-
midity ratio). Lines of constant dry-air-specific volume
were constructed by first interpolating the saturation curve
to determine the value of zm,0 corresponding to this spe-
cific volume, then evaluating T(p, Vda, T1,0) between the
saturation water mole fraction 7%, ¢,¢(vda) and dry air
(JL‘H2Q = 0).

Conclusions

In this work, we have developed the necessary algo-
rithms to carry out the most important psychrometric cal-
culations for mixtures modeled with the multi-fluid GERG
formulation. This framework can be applied to mixtures
of arbitrary air composition, and can be applied to the
construction of psychrometric charts, among other calcu-
lations. A C++-based implementation of the algorithms
is presented in the supplemental material.

3https://github.com/pybind/pybind11l
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