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Abstract
Wedevelop a theoretical framework to characterize the decoherence dynamics due tomulti-photon
scattering in an all-optical switch based onRydberg atom induced nonlinearities. By incorporating the
knowledge of this decoherence process into optimal photon storage and retrieval strategies, we
establish optimized switching protocols for experimentally relevant conditions, and evaluate the
corresponding limits in the achievable fidelities. Based on these results wework out a simplified
description that reproduces recent experiments (Nat. Commun. 7 12480) and provides a new
interpretation in terms ofmany-body decoherence involvingmultiple incident photons andmultiple
gate excitations forming the switch. Aside fromoffering insights into the operational capacity of
realistic photon switching capabilities, ourwork provides a complete description of spinwave
decoherence in a Rydberg quantumoptics setting, and has immediate relevance to a number of further
applications employing photon storage in Rydbergmedia.

1. Introduction

An all-optical switch is a device throughwhich the transmission of one optical ‘target’ field can be regulated by
the application a second optical ‘gate’ field [1]. Recently, significant efforts have been directed to reaching the
fundamental limit of such a device, inwhich only a single incoming gate photon is sufficient to switch the target
field transmission [2–11]. Such a capability is enticing as it would enable a range of novel functionalities, such as
photonmultiplexing [12, 13], photonic quantum logic [14, 15] or nondestructive photo-detection [11, 16–18].

Oneway to achieve the large optical nonlinearities [19, 20] required for single photon switching is bymeans
of electromagnetically induced transparency (EIT) [21]with strongly interacting Rydberg states [22] in atomic
ensembles (see [23–34]). The dissipative optical nonlinearities available with this approach
[24, 26, 28, 29, 31, 35, 36]provide a novelmechanism for single-photon detection [37], generation [31] and
substraction [38, 39] as well as classical switching capabilities, as recently demonstrated in [17, 18, 37, 40]. Here,
the storage of a single gate photon in themedium [41–43] as a collective Rydberg spinwave excitation is used to
cause scattering of all subsequently applied target photons that would otherwise be transmitted (see figure 1).
However, the photon scattering in this case amounts to projectivemeasurements of the stored spinwave state,
resulting in its decoherence, as shown infigures 1(c) and (d). This has a detrimental effect on the ability tofinally
retrieve the gate photon, a crucial capability formost practical applications involving switching.One-body
decoherence due to a single target photon has been considered upon neglecting photon transmission [44], and
reduced retrieval efficiencies with increasing target-field intensities have recently been observed experimentally
[40]. Yet, a complete picture of scattering-inducedmany-body decoherence and its effect on practicalmulti-
photon switching capabilities has not emerged thus far.

Here, we provide such an understanding by deriving an exact solution to themany-body decoherence
dynamics of stored gate photons due to interactionswithmultiple target photons, and showhow this
decoherence affects the gate photon retrieval efficiency. Incorporating the knowledge of the revealed
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decoherence physics into optimal photon storage and retrieval strategies [42, 45], we determine and assess the
maximumoverall switch performance.While photon storage in a shortmedium [44] is expected to offer best
protection against decoherence, we show that this is not the universally optimal approach to photon switching,
particularly for parameter regimes accessible in current experiments [17, 18, 37, 40]. Our results provide a
general framework for optimizing coherence in Rydberg-EIT applications and offer a refined interpretation of
recentmulti-photon switching experiments [40].

2. Switch operation

Outlining the switching protocol inmore detail, it is assumed that a single gate photon isfirst stored [42, 43, 46]
as a collectively excited Rydberg state ¢ñ∣r of an atomic ensemble of length L, as illustrated infigure 1(a).
Subsequently to this, the target field ismade to propagate through themediumunder EIT conditions involving
another long-livedRydberg state ñ∣r and a low-lying intermediate state ñ∣e that decays with a rate constant g2
(see figure 1(b)). Low-loss propagation is ensured if the frequency components of the target pulse fit within the
EIT spectral window~G dEIT , where gG = WEIT

2 is the single-atomEIT linewidth,Ω is the Rabi frequency
of the classical control field that couples ñ∣e and ñ∣r and g= ( )d g nL c2 2 2 is the optical depth of themedium.
Here, g is the light–matter coupling strength of the target photons, n is the atomic density, and c is the speed of
light. The van derWaals interaction between ñ∣r and ¢ñ∣r at positions z and ¢z , however, results in a spatially
dependent level shift - ¢ = - ¢( ) ∣ ∣V z z C z z6

6 for the state ñ∣r that ultimately breaks EIT conditions for target
photonswithin a blockade radius = G( )z Cb 6 EIT

1 6 [25] of the stored excitation. This blockade effect essentially
exposes a locally absorbing two-levelmedium composed of ñ∣g and ñ∣e over a spatial extent 2zb. The targetfield
then experiences an exponential amplitude attenuation of approximately -[ ]dexp 2 b [25] as it propagates
through this region, where g= ( )d g nz c2 2b b

2 is the optical depth per blockade radius. In this case, it is clear that
large values of db are required to significantly suppress the target field transmission in order to achieve efficient
switching.

3. Spinwave decoherence dynamics

In formally describing the system evolution, we introduce the slowly varying bosonic operator ˆ ( )†� z that creates

a photon in the target field at position z, and similarly introduce the operators ˆ ( )†P z , ˆ ( )†S z and ˆ ( )†C z to
describe the creation of collective atomic excitations in ñ∣e , ñ∣r and ¢ñ∣r , respectively. Thefield operators obey

Figure 1. (a)By storing a single ‘gate’ photon (blue) in an atomicmedium as a Rydberg spinwave excitation, the transmission of all
subsequently incident ‘target’ photons (red) under Rydberg EIT conditions (b) is strongly suppressed. Target photon scattering in this
case amounts to projectivemeasurements of the stored spinwave state, causing it to decohere into a statisticalmixture of localized
excitations. The spatial densitymatrix, r∣ ( ) ∣x y, , of the stored spinwave before and after scattering a single photon is shown in (c) and
(d) respectively.
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Bosonic commutation relations, d= - ¢[ ˆ ( ) ˆ ( )] ( )†� �z z z z, , etc. In a one-dimensional continuum
approximationwith homogeneous atomic density, the EIT propagation dynamics of the targetfield can then be
characterized in a rotating frame according to the following set ofHeisenberg equations ofmotion [25]

¶ = - ¶ -ˆ ( ) ˆ ( ) ˆ ( ) ( )� �z t c z t GP z t, , i , , 1t z

g¶ = - - W - +ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ) ( )�P z t G z t S z t P z t F z t, i , i , , , , 2t

ò r¶ = - W - ¢ - ¢ ¢ ¢ˆ ( ) ˆ ( ) ( ) ˆ ( ) ˆ ( ) ( )S z t P z t z V z z z z S z t, i , i d , , , 3t

L

0

wherewe have introduced the collectively enhanced atom–photon coupling =G g n . The operator ˆ ( )F z t,
describes δ-correlated Langevin noise associatedwith the decay of the intermediate state. Assuming the
incoming noise described by ˆ ( )F z t, is vacuum, any normally ordered correlation function involving ˆ ( )F z t,
vanishes [47, 48]. Since all our results only involve normally ordered expectation values throughout, we can omit
the noise operator ˆ ( )F z t, , as done analogously in [31, 42, 45].

We have also introduced the operator r =ˆ ( ) ˆ ( ) ˆ ( )†x y C x C y, , whichwill later be used to define the elements
of the stored spinwave densitymatrix. In equation (3), the van derWaals interaction between theRydberg spin
wave, described by ˆ ( )S z , and the stored Rydberg density, described by r ¢ ¢ˆ ( )z z, , is whatmediates the effective
interaction between the target photon field and the stored gate photon.We further assume ideal switching
conditions inwhichwe neglect the self-interactions between target photons thatmay arise frommutual van der
Waals interactions between associated Rydberg atoms in state ñ∣r . This approximation is justified provided the
intensity of the inputfield is sufficiently weak [24, 36], and further benefits from choosing the Rydberg states
such that the ñ - ¢ñ∣ ∣r r interactions are enhanced relative to the ñ - ñ∣ ∣r r interactions [49], e.g., byworking close
to a interstate Förster resonance [17, 18]. Finally, the governing equation ofmotion for r̂ ( )x y, can bewritten as

òr r¶ = - - -ˆ ( ) [ ( ) ( )] ˆ ( ) ˆ ( ) ˆ ( ) ( )†x y t z V z y V z x S z x y t S zi , , d , , . 4t

L

0

Firstly, onefinds that the diagonal elements of r̂ ( )x y t, , , i.e. the local spinwave population, are time
independent, reflecting the fact that ¢ñ∣r is not laser coupledwhile the target photons propagate. However, its off-
diagonal elements, i.e. the spinwave coherence, are strongly influenced by target photon scattering, as we shall
now investigate.

To solve the scattering induced decoherence, let us proceed by considering the state Y ñ∣ n in theHeisenberg

picture, containing n photons in themode ˆ ( )†� z within a temporal envelope h(t) ò =( )∣ ( )∣t h td 12 and one

stored spinwave excitation in themode ˆ ( )†C z with spatial profile ( )� z ò =( )∣ ( )∣�z zd 12 . Formally, thismay be
written as

ò òY ñ = - ´ ñ
-¥

¥
∣

!
( ) ˆ ( ) ( ) ˆ ( ) ∣ ( )† †� �

⎡
⎣⎢

⎤
⎦⎥n c

z h z c z z z C z
1 1

d , 0 d , 0 0 . 5n

n L

0

The expectation value of r̂ ( )x y t, , with this state, denoted by r r= áY Y ñ( ) ∣ ˆ ( )∣x y t x y t, , , ,n n n , then defines the
densitymatrix of the stored spinwave and forms ourmain quantity of interest.

Since r¶ =ˆ ( )z z, 0t , equations (1)–(3) can be solved straightforwardly in frequency space. The solution to
the Rydberg spinwave operator can then bewritten as (see appendix A)

ò= ¢ - ¢ ¢
-¥

¥ˆ ( ) ˆ ( ) ˆ ( ) ( )�S z t t e z t t t, d , 0, , 6

with the operator - ¢ˆ ( )e z t t, to be discussed below. Substituting this general solution for ˆ ( )S z t, into
equation (4) and taking expectation values with respect to Y ñ∣ n , we obtain the following equation ofmotion for
the spinwave densitymatrix

ò ò òr

r

¶ = - - - ¢ ¢ ´ ´

´ áY - ¢ - ´ Y ñ

¥ ¥

- -

( ) [ ( ) ( )] ( ) ( )

∣ˆ ( ) ˆ ( ) ˆ ( ) ∣ ( )†

*x y t
n

c
z V z y V z x t h t t h t

e z t t x y t e z t t

i , , d d d

, , , , . 7

t n

L

n n

0 0 0

1 1

Toderive this expression, we have used the property Y ñ = - Y ñ = Y ñ-
ˆ ( )∣ ˆ ( )∣ ( ) ∣� �t ct h t n c0, , 0n n n 1

corresponding to the free-space solution of ˆ ( )� z t, prior to entering themedium. This property of the photon
field operator only applies for positive times, i.e. before any target photon has entered themedium,while its
action on Y ñ∣ n gives a vanishing contribution otherwise. By construction, this also implies that there are no
excitations in themedium at times -t 0.

In general, the operator ˆ ( )†e z t, features a nonlinear dependence on the stored spinwave density operator
r̂ ( )z z, . However, when considering Y ñˆ ( )∣e z t, n in equation (7), one can exploit the single occupancy of the
storedmode ˆ ( )†C z to simplify the problem.Uponnormal ordering of the spinwave operators ˆ ( )C z inside
ˆ ( )e z t, , one is left with a linear r̂ ( )x y, -dependence, since all higher order terms give vanishing contributions
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when applied to Y ñ∣ n . One can, hence, linearize ˆ ( )e z t, according to

ò r= + ¢ ¢ ¢ ¢ˆ ( ) ( ) ( ) ˆ ( )�e z t e z t z e z z t z z, , d , , ,0 1 , where ( )e z t,0 and ¢( )e z z t, ,1 are complex valued coefficients
whose explicit forms are derived in appendix A. This procedure forms the key conceptual step in our derivation
and can be straightforwardly extended tomore complexN-body spinwave states, or coherences between
different numbers of spinwaves, by retaining higher order terms, as outlined in appendix B.With the linearized
expression for ˆ ( )e z t, in the current context, the equation ofmotion for r ( )x y t, ,n may ultimately bewritten in
the followingmanner

r r¶ = F -( ) ( ) ( ) ( )x y t n x y t x y t, , , , , , , 8t n n 1

where

ò ò òF = - - - ¢ ¢ ´ ´

´ - ¢ + - ¢ - ´ + - ´

¥ ¥
( ) [ ( ) ( )] ( ) ( )

[ ( ) ( )][ ( ) ( )] ( )

*

* *

x y t
c

z V z x V z y t h t t h t

e z t t e z x t t e z t t e z y t t

, ,
i

d d d

, , , , , , . 9

L

0 0 0

0 1 0 1

With the initial condition r =( ) ( ) ( )*� �x y x y,0 , being the pure state of the initial densitymatrix, the full
hierarchy of equations resulting from equation (8) can be solved recursively in n tofinally yield

òr t t r

r
r

r

= + F

=

( ) ( ) ( )

( )
( )

( ) ( )

⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥

x y t x y x y

x y t

x y
x y

, , 1 d , , , ,

, ,

,
, . 10

n

t n

n
0

0

1

0
0

This result shows that all incident photons decohere the stored spinwave in an identical fashion, so the overall
effect is the samewhether the photons arrive simultaneously or sequentially. Physically, this linearity follows
from the fact that photons only interact with the stored spinwave density, which is a static quantity, such that
there is no effective interactionmediated between the target photons themselves.

To proceed, we numerically solve equations (1)–(4) to obtain the densitymatrix dynamics of the stored spin
wave for the case of a single incoming target photon. Knowing r1, equation (10) immediately yields the density
matrix evolution for any n-photon Fock state. Infigures 2(a)–(f)we show thefinal densitymatrix
r r r= l ¥˜ ( ) ( ) ( )x y x y t x y, , , ,n n 0 for different values of n and db.

A universally observed feature infigures 2(a)–(f) is the pronounced loss of coherence beyond a blockade
radius from the incident boundary, which turns the initial spinwave into a near classical distribution of the
stored Rydberg excitation. This originates fromprojective positionmeasurements of the stored excitation due to
the spatially dependent nature of the photon scattering. For a scattering event occurring at a position >z zb in
themedium, the stored excitation is projected to a region around +z zb, as absorptionmost likely occurs one
blockade radius away from the position of the stored excitation. Thus, the initially pure spinwave state is
eventually decohered into a statisticalmixture of localized excitations, as reflected by the narrow diagonal stripe
infigures 2(a)–(f).

Thefinite range, zb, of the photon-spinwave interaction, however, offers a certain level of decoherence
protection for the portion of spinwavewithin a blockade radius from the incident boundary. This is because an
excitation stored in this regionwill cause photon scattering right at themediumboundary, irrespective of its
exact location. Such immediate scattering therefore provides little spatial information about the stored spin
wave state over this region, thereby causing less spatial decoherence. However, in response tomany repeated
scattering events, this protection fromdecoherence is sensitively dependent on the optical depth of themedium.
In particular, for 1d 1b , one observes that the initial portion of the spinwave decoheres fairly quickly with an
increasing number, n, of incident target photons (see figures 2(a)–(c)). This is due to the fact that, in this limit,
the absorption length is larger than the blockade radius, so there is an appreciable chance for a given photon to
survive the dissipative interactionwith the stored excitation. The extent of the amplitude attenuation suffered by
a transmitted photon can then be significantly less than the expected amount of» -[ ]dexp 2 b if the stored
excitation is located near themediumboundary, since the length of the exposed effective two-levelmedium can
be less than 2zb. This provides spatial information about the stored spinwave over Î [ ]z z0, b , thus accounting
for the eventual decoherence observed near themediumboundarywith increasing n. On the other hand though,
at large blockaded optical depth, d2 1b � , where the absorption length ismuch shorter than zb, photons scatter
over amuch shorter length scale upon entry into themedium, so cannot probe the excitation position over a
propagation depth~zb. As such, the initial portion of the spinwave then remainsmore robust to decoherence
with increasing n, as shown infigures 2(d)–(f).

We can gain additional insights into this large-db limit from an approximate analytical solution of the
scattering dynamics for <x y z, b for long target pulses. In this limit, we can evaluate the static values of ( )e z t,0

and ¢( )e z z t, ,1 , for which onefinds
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d+ =
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Using this expression, equation (9) can be solved approximately to yield

r » - -˜ ( ) [ ( ) ] ( )x y x y z, 1 8 , 12n b
n6 6 2 12

which agrees well with the numerical results, as shownfigure 2(g). This indicates that

» ( ) ( )N z x8 1 13b
12 �

scattered photons are required to decohere a spinwave component located at a distance <x zb from the
entrance to themedium. Remarkably, this result is independent of db and depends only on the shape of the
potential, which implies that there is a fundamental limit in the protection to decoherence that is available by
increasing db. This limit exists since the blockade is imperfect (i.e. themediumdeviates from a two-level
medium) any nonzero distance away from a stored ¢ñ∣r excitation, so that the imaginary part of the susceptiblity
at the entrance into themedium—and hence the absorption length of the incoming target photons—depends
on the position of the ¢ñ∣r excitation. Similarly, we can also derive thewidth of the diagonal feature, which is
found to scalewith db as~ d1 b

5 11, indicating stronger decoherence beyond the boundary regionwith increasing
db.

4.Optimized switching protocol

Having understood themany-body decoherence dynamics of the system,we are now in a position to optimize
the entire switching protocol involving storage, decoherence and retrieval. Firstly, assuming that the incident
gate photon is contained in a temporalmode ( )h tg , the initial storage can be analytically solved [42, 45] to give

Figure 2. (a)–(c) Show the rescaledfinal state of the stored spinwave densitymatrix r r r= l ¥∣ ˜ ( ) ∣ ∣ ( ) ( ) ∣x y x y t x y, , , ,n n 0 after
having interactedwith =n 1, 10 and 100 target photons respectively for the case of db= 1. (d)–(f) Show the corresponding behavior
for db= 10. (g)The profile of the coherent boundary feature along r∣ ˜ ( ) ∣x, 0n is shown for various indicated values of n at db= 10,
comparing the numeric results (solid lines) to the approximate analytic solution for <x zb (points), according to equation (12).
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òg
g= - W W -g- -W -( ) ( ( ) ) ( ) ( )( )� z

L
t I z T t L h t

d
d e 2 d , 14

T
z L T t

0
g

d
0 g

2
gg

2

where ( )� z is again the spatial profile of the stored spinwave.Here, ( )I x0 is the zeroth-ordermodified Bessel
function of thefirst kind.Without loss of generality, we have assumed a square control field pulse of durationT
and constant Rabi frequency Wg which facilitates the gate-photon storage. The densitymatrix of the stored spin
wave after having interactedwith an n-photon pulse can then be expressed according to equation (10) as
r̃ ( ) ( ) ( )*� �x y x y,n . Finally, the efficiency η of retrieving the stored gate photon in the backward direction, which
is shown to be the optimal strategy [42, 45], can bewritten as

ò òh r= ¢ - + ¢ ¢ ¢ ¢( ) ˜ ( ) ( ) ( ) ( )*� �⎜ ⎟⎡
⎣⎢

⎤
⎦⎥

⎛
⎝

⎞
⎠z z

L L
z z I

L
zz z z z zd d

d

2
exp

d

2

d
, . 15

L L

n
0 0

0

Since equation (14) already includes the imperfect storage efficiency, equation (15) is in fact the totalfidelity of
the switch, taking into account photon storage, spinwave decoherence and retrieval, and can be readily
optimized using power iterationmethods [42, 45]. Specifically, this procedure yields the optimalmode shape of
the gatefield ( )h tg required to achieve storage into the optimal spinwavemode for a given db.We remark that,
provided the durationT of the control field is sufficiently long to store the entire length of the probefield ( )h tg ,
the optimization is independent of Wg and the optimal storage solution can always be found by choosing ( )h tg

accordingly. Alternatively, one can also optimize Wg for a given pulse shape of the probe field to obtain the same
optimal spinwave profile ( )� z and efficiency η. Note that the overall switching fidelity further depends on the
probability (see appendix C)

ò ò
r

= - ¢
¢ ¢

+- ¢

¥ ( ) ( )
⎛
⎝⎜

⎞
⎠⎟p d z x z

z z

z x
exp 2 d d

,
16b b

z b
sc

11
12 12

to scatter a single photon off the stored gate excitation. Since - p1 sc, thus, ranges between~ -e d4 b and~ -e d2 b,
the efficiency η, however, exponentially approaches the switch operation fidelity with increasing values of db.

Infigure 3(a), we show the efficiency, η, as a function of db for the case of a single incident target photon, and
for variousmedium lengths, L. Figures 3(b) and (c) display the corresponding profiles of the optimal stored spin
wave states at db= 1 and 10, respectively. From the above discussion onewould naively expect that photon
storage in a shortmediumof length ~L zb is the universally optimal strategy [40, 44], since the photon ismost
protected fromdecoherence in this case. As evident from figure 3, this is, however, not the case, since at low
1d 1b the optimal stored spinwave profile ( )� z turns out to be considerably longer than zb. This is because the

total optical depth for a shortmediumwith ~L zb and a small 1d 1b is not sufficient to provide for efficient
storage and retrieval even in the absence of any spinwave decoherence. The optimal strategy is thus tofind a
compromise betweenminimizing decoherence, by storing into a shortmedium,whilemaximizing storage and

Figure 3. (a)The combined efficiency of storage and retrieval after scattering a single target photon is shown as function of db for
various indicated values of themedium length L. Themode profiles of the (un-normalized) optimally stored spinwave for db= 1 and
10 are shown in (b) and (c).
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retrieval efficiency bymaking the gate spinwave longer, despite then suffering from increased decoherence
beyond a distance >z zb from the incident boundary (see figure 3(b)). Only at larger db (seefigure 3(c)), where
the blockaded boundary region provides for sufficient optical depth, does the straightforward strategy of storing
into a shortmedium apply.Here, the optimal spinwavemode is observed to largely fit inside the profile,
r∣ ˜ ( )∣x, 0n , of the low-decoherence region ofmedium. As shown infigure 3(a), η indeed no longer benefits from
increasing themedium length beyond »L z2 b for large db. Related experiments currently realize values of

~d 1b , which are largely limited by broadening effects [37, 50] caused by additional spinwave dephasing at
higher densities.With this current limitation on db, workingwith a smallmediumof length ~L zb [44] does
therefore not present the optimal strategy for switching under experimentally relevant conditions.

Present experiments typically do not operate withwell defined photonic Fock states but use coherent input
fields, i.e.multi-photon coherent states of light añ = å ña a-∣ ∣! nen n

2
n 2

, containing an average number of a∣ ∣2
photons. Thefinal densitymatrix of the spinwave state after decoherence due to its interactionwith such a
coherent target pulse can be straightforwardly obtained as

r a r= -a =˜ ( ) [∣ ∣ ( ˜ ( ) )] ( )( ) x y x y, exp , 1 17n
coh 2

1

from the Fock-state results presented above3. Infigure 4(a), we show the characteristic target-photon number
dependence of the efficiency for different values of db. The efficiency, h( )coh , in this case, is calculated by replacing
the densitymatrix r̃ ( )x y,n in equation (15)with ra˜ ( )( ) x y,coh . Common to all cases, one finds a rapid initial
decrease of η. For small values of db, multi-photon scattering continues to diminish the spinwave coherence (see
figures 2(a)–(c)) such that the efficiency quickly vanishes asα is increased over the depicted interval. At larger
values of db, however, decoherence protection in the boundary region becomesmore robust against the
scattering ofmultiple photons (see figures 2(d)–(f) and equation (13)) such that the efficiency decays only very
slowly as the target-photon number is increased beyond a ~ 12 . This large-α behavior emerges from theweak
dependence of the decoherence protection length on the target photon number, found in equation (13). In this
regime, a strong increase of the targetfield intensity onlymarginally affects the retrieval efficiency, and thereby
enables high-gain photon switchingwith little reduction of the overall operationfidelity.

The rapid initial drop of h( )coh can be universally accredited to the decreasing vacuumcomponent
aá = ñ = a-∣ ∣ ∣n 0 e2 2

of the target pulse as indicated by the gray shaded region infigure 4(a). For small values ofα
we can thus employ a simplified picture assuming that all scattered target photons entirely inhibit gate retrieval,
which in turn permits to straightforwardly extend the theory to arbitrary numbers of gate excitations. This is
motivated by the general trend infigure 4(a) that the efficiency follows theweight of the vacuumcomponent at
lowα and small db. As described in appendix C, the storage and retrieval efficiency can then be obtained from a
simpleMonte Carlo sampling of the scattering process. If we take the gate spinwave to be a coherent state with
an average number of ag

2 excitations, then for small values of the average number of scattered target photons,
asc, the storage and retrieval efficiency is found to follow a simple exponential decay law

Figure 4. (a) Storage and retrieval efficiency of a single gate photon as a function of the incident target field amplitudeα for various
indicated values of db and d= 50. The shaded area indicates the contribution from the decreasing vacuumcomponent of the target
field, aá = ñ = a-∣ ∣ ∣n 0 e2 2

. (b)Measured (symbols) [40] and calculated (lines) storage and retrieval efficiencies as a function of the
number, asc

2 , of scattered target photons for a coherent-state gate excitationwith an average number of a = 0.5g
2 [51] excitations. The

results are plotted for different,measured values of a asc
2 2. The solid lines show the results of ourMonte Carlo simulations for the

indicated parameters and the dashed line follows from equation (18), which does not depend on a asc
2 2.

3
In the followingwe can, therefore, assumeα to be real without loss of generality.
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h h= a a- ( )( ) e , 18coh
0

sc
2

g
2

where h0 is the storage and retrieval efficiencywithout scattering. Recent experiments [40] havemeasured the
storage and retrieval efficiency for different values of zb (or equivalently different values of a asc

2 2) and reported
a universal exponential decay as a function of asc

2 . Equation (18) explains this universal behavior and, for the
measured value of a = 0.5g

2 [51], quantitatively agrees with the experiment. As shown infigure 4(b), our
correspondingMonte Carlo results reproduce the observed efficiencies even over the entire range of applied
targetfield intensities.With the high level of quantitative agreement, ourMonte Carlo approach also offers a
newunderstanding of the observed deviations from equation (18). In fact, the enhanced efficiency can be traced
back tomutual decoherence protection bymultiple gate excitations, whereby photon scattering off one
excitation then prevents decoherence of subsequent excitations.

5. Conclusion

In summary, we have presented amany-body theory of spinwave decoherence in a single photon switch based
onRydberg-EIT. This has been used towork out an optimal switching protocol and to determinemaximum
achievable switchingfidelities for a given set of all relevant experimental parameters. The presented results are,
thus, of direct relevance to ongoing transistor experiments [17, 18, 37, 40], while the developed theoretical
framework can be applied to a range of other quantumoptical applications involving photon storage in Rydberg
media [25, 52–55] and permits straightforward extensions tomore complexmany-body states of gate and target
photons.

The optimal cloud dimensionswere shown to be sensitive to the available Rydberg atom interactions and
atomic densities, i.e. the achievable optical depth, d2 b, per Rydberg blockade radius.While short opticalmedia
provide for the highest coherence protection, it turns out that choosing a shortmedium just covering a single
blockade radius [44] is not universally optimal and particularly not under conditions of current experiments for
which ~d 1b [17, 18, 37, 40]. This unexpected behavior was shown to arise fromboth the effects ofmultiple
photon scattering as well as the interplay between interaction-induced decoherence and the gatefield dynamics
during storage and retrieval, not considered in previouswork [44].

By extending the presented theory tomultiple gate excitations, we have provided a newunderstanding and
accurate description of recentmeasurements [40] of storage and retrieval efficiencies for photon switching in a
cold rubidiumRydberg gas. Our results show that the observed efficiency is largely dominated by the vacuum
component of the incident target field, but also reveal a new decoherence protectionmechanism that emerges
formultiple gate excitations.We remark that the difference to the interpretation suggested in [40] is rooted in
the coherent-state nature of the gate photons and their finite storage fidelity, disregarded in the theoretical
analysis of [40].

Wefinally note that the dissipative nature of the switchingmechanism in the current context fundamentally
restricts applications to the domain of classical switching. Anticipated quantum applications [17, 37, 44] are
inherently precluded by target photon scattering, since this fully decoheres any quantum superposition
involving the vacuum component of the stored gate excitation, evenwhen its spatial coherence can be
completely preserved. Extensions into the quantum regime require to control themode intowhich target
photons are scattered, amounting to a coherent switchingmechanism. Aside from enabling true quantum
applications, this would also eradicate scattering induced spinwave decoherence, allowing storage and retrieval
to benefit from the total optical depth of the entiremedium, and, thereby,making efficient switching possible at
much lower values of db. Achieving such a coherent nonlinearity will likely require hybrid architectures offering
strongmode confinement [10, 56, 57] or new schemes altogether.
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Appendix A.Derivation of ¢( )ê z z t, ,

Belowwe outline the solution to the dynamics of the spinwave operator ˆ ( )S z t, for the case inwhich a single
gate excitation has been stored in themedium.We start by Fourier transforming theHeisenberg equations
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(1)–(3) to obtain a set of equations for òw p= w-
¥

¥˜( ) ( ) ˆ ( )� �z t z t, 2 d e ,t1 2 i , etc. Again, this is straightforward

since the stored spinwave density operator r ¢ ¢ˆ ( )z z, is time independent. Solving for w˜( )P z, one obtains a
closed set of equations

w w w
w g

w
w g

w¶ = -
+

-
W
+

˜ ( ) ˜ ( ) ˜ ( ) ˜( ) ( )� � �c z z
G

z
G

S z, i , i
i

, i
i

, , A.1z

2

òw w
w g

w
w g

w r w=
W
+

+
W
+

+ ¢ - ¢ ¢ ¢˜( ) ˜ ( ) ˜( ) ( ) ˆ ( ) ˜( ) ( )�S z
G

z S z z V z z z z S z,
i

,
i

, d , , , A.2
L2

0

for the photon and target spinwave operators.Wewill assume L zb� for the purpose of this derivation. The
general solution for the spinwave operator from equation (A.2) can bewritten as

ò
w

w w g
w

w r
= -

W
W - + + ¢ - ¢ ¢ ¢

˜( )
( )

˜ ( )
( ) ˆ ( )

( )�
S z

G z

z U z z z z
,

i

,

1 d , ,
, A.3

L2

0

wherewe have introduced the effective potential

w
w g
w w g

=
+

W - +
( )

( )
( ) ( )

⎡
⎣⎢

⎤
⎦⎥U z V z,

i

i
. A.4

2

Asmentioned in themain text, the general solution for w˜( )S z, in equation (A.3) is inherently nonlinear in the
stored spinwave density r ¢ ¢ˆ ( )z z, . However, by expanding

òå
ò w r

w r
+ ¢ - ¢ ¢ ¢

= - ¢ - ¢ ¢ ¢
=( ) ˆ ( )

( ) ( ) ˆ ( ) ( )
⎡
⎣⎢

⎤
⎦⎥z U z z z z

z U z z z z
1

1 d , ,
1 d , , , A.5

L
k

k
L k

0
0 0

we can nowmake use of the fact that Y ñ∣ n only contains a single stored excitation and retain only linear terms in
ˆ ( ) ˆ ( )†C z C z after normal ordering the operators. It then follows that

ò
ò w r

w
w

r
+ ¢ - ¢ ¢ ¢

Y ñ = - ¢ - ¢

+ - ¢
¢ ¢ Y ñ
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U z z
z z

1

1 d , ,
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,

1 ,
, , A.6

L n

L

n

0
0

and that the spinwavewave operator w˜( )S z, can bewritten as

òw
w w g

w
w

r w= -
W

W - +
- ¢ - ¢

+ - ¢
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Substitution into equation (A.1) then yields a closed propagation equation for w˜( )� z, whose solution is

ò òw w c w c w
w
w

r= - ¢ - ¢

+ - ¢
¢ ¢˜ ( ) ˜ ( ) ( ) ( ) ( )

( )
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wherewe have introduced the quantities

c w w
w

w w g
= +
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i
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2
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w g w w g

=
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c
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i i
. A.10V

2 2

2

Here, c w( )0 is the optical susceptibility of the EITmedium in the absence of interactions, while c w c w-( ) ( )V0
is that of a resonant two-levelmediumwith the Rydberg state blocked. Expectedly, for large distances - ¢∣ ∣z z
between a target photon and the stored gate excitation, the photons thus experience an EITmedium, while for
small distances - ¢ <∣ ∣z z zb they experience an effective two-levelmediumwith enhanced absorption. In the
limit of long target pulses, equation (16) simply follows from equation (A.8)
as = - ¥∣ ˜( )∣ ∣ ˜( )∣� �p 1 , 0 0, 0sc

2 2.
Linearizing again the nonlinear r ¢ ¢ˆ ( )z z, -dependence in equation (A.8), substituting the result into

equation (A.3), and Fourier transforming back to the time domain then yields the desired expression
equation (6), where the Fourier transforms of the complex coefficients ( )e z t,0 and ¢( )e z z t, ,1 are explicitly
given by

w
w w g

c w= -
W

W - +
˜ ( )

( )
[ ( ) ] ( )e z

G
z,

i
exp i , A.110 2 0
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Equation (11) simply follows from equations (A.11) and (A.12) by setting w = 0. Let usfinally use this result to
derive the scaling relation equation (12). Substitution into equation (9) and carrying out the time integration
yields
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For d 1b � and <x y z, b the exponential function is sharply peaked around z=0, such that we can evaluate
the exponent for ¢ =z 0 and set z=0 everywhere else. The result
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is indeed independent of db and immediately leads to equation (12).

Appendix B. Two stored excitations

To illustrate that our derivation can be straightforwardly extended to the case ofN stored excitations and to
coherent superpositions between differentN, we briefly remark in this appendix on the case ofN= 2. In this
case, equation (7) becomes

ò ò ò

¶ áY Y ñ

= - + - - - - - ¢ ¢ ´ ´

´ áY - ¢ - ´ Y ñ

¥ ¥
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n

c
z V z y V z y V z x V z x t h t t h t
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i , , , ,

d d d

, , , , , , . B.1

t n n

L

n n

1 2 1 2

0
1 2 1 2

0 0

1 1 2 1 2 1

Keeping now, inside ˆ ( )e z t, , terms up to second order in r ¢ ¢ˆ ( )z z, , one can reduce the right-hand side to a
recursive dependence on áY Y ñ- -∣ ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( )∣† †C x t C x t C y t C y t, , , ,n n1 1 2 1 2 1 , exactly as in equation (8). The
resulting hierarchy of equations can be solved recursively to give a solution similar to equation (10), confirming
again that the incident photons decohere the stored state in an independent fashion.

Any coherence between different numbersN of stored excitations, e.g. betweenN = 1 andN = 2,
áY Y ñ∣ ˆ ( ) ˆ ( ) ˆ ( )∣†C x t C y t C y t, , ,n n2 1 2 , or betweenN = 1 andN = 0, áY Y ñ∣ ˆ ( )∣C y t,n n1 , can be computed similarly.

AppendixC. Retrieval efficiency for coherent-state gate excitations

The results offigure 4(a) show that the initial drop of the retrieval efficiency largely reflects the decreasing
vacuumcomponent of the target photon pulse. This behavior suggests a simplified picture based on the
assumption that any scattered target photon completely inhibits retrieval, while the gate spinwave remains
virtually unaffected by transmitted photons. Belowwe provide a derivation of equation (18) using this idea.

We consider a coherent state, å ña a- ∣! ne n n
2

g

n

g
g

g
g

g
, of the stored gate spinwavewith an average number of ag

2

excitations. Then the storage and retrieval efficiency

å åh
h
a

a a
= ¢a a- -

¢
¢! !

( )( ) ( )

-n n
P ne e C.1

n n

n n

n n
n n

ncoh 0

g
2

,

2 g
2

g
, g

2
g
2

g

g

g g
g g

can be calculated from a coherent-state average of the surviving excitations, ¢ng , over the number distribution of
the target photons and gate excitations. Here, h0 denotes the storage and retrieval efficiency in the absence of
interactions (a = 0) and ¢

( )Pn n
n
,g g

is the probability that n incident target photons scatter off - ¢n ng g out of ng gate

excitations.
Under typical conditions of low excitation densities [17, 18, 37, 40], we can assume that the blockade

volumes of different gate excitations do not overlap and calculate these probabilities in a sequential fashionwith
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a single photon scattering probability psc per gate excitation. The probability to preserve all excitations then
simply follows as

= -( ) ( )( )P p1 , C.2n n
n n n
, scg g

g

while the probability to decohere exactly one excitation

å= - + - - --
=

-[( ) ( ) ] ( ) ( )( )P p p p p1 1 1 C.3n n
n

k

n
k n n n n

, 1
1

sc
1

sc sc scg g

g

g g

is given by the cumulative probability to scatter off the kth excitation. To linear order in psc, higher order terms
do not contribute andwe canwrite » -( )P n np1n n

n
, g scg g

and »-
( )P n npn n
n
, 1 g scg g

. Substituting these expressions
into equation (C.1) yields
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By re-expressing a2 in terms of the average number a a a a= - »a-( ) p1 e p
sc
2 2 2

g
2

sc
sc g

2
of scattered photonswe

finally obtain equation (18).
In order to verify the involved small- psc expansionwe also performed numerical calculations based on a

random sampling of the scattering probabilities ¢
( )Pn n
n
,g g

and aMonte Carlo integration of the sums in

equation (C.1). Only requiring h0, a asc
2 2 and ag

2 as input parameters, which are all known in the experiment of
[40, 51], the simulations reproduce themeasured retrieval efficiencies remarkably well.Moreover, ourMonte
Carlo results perfectlymatch the small-α prediction equation (18) for any considered combination of
parameters.
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