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Abstract

The self-assembly of patchy trimer particles consisting of one attractive site and
two repulsive sites is investigated with nonequilibrium molecular dynamics sim-
ulations in the presence of a velocity gradient, as would be produced by the ap-
plication of a shear stress on the system. As shear is increased, globular-shaped
micellar clusters increase in size and become more elongated. The globular clus-
ters are also more stable at higher temperatures in the presence of shear than
at equilibrium. These results help to increase our understanding of the effect of
shear on self-assembly for a variety of applications.
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1. Introduction

While self-assembly is a promising route to fabricate new materials, practical
length scales for fabrication are limited by the formation of defects [1]. In or-
der to exploit self-assembly in technological applications, self-assembly may be
directed by external fields, templates or specific chemical interactions in order
to promote long-range ordering [2]. One example of directed self-assembly is
the application of shear to block copolymer thin films, which has been shown to
reduce defects and impose long-range order and alignment of the self-assembled
structures as templates for nanolithography [3]. In addition, studies of de novo
materials design of bioinspired silk fibers find that shear enhances alignment of
polymers to improve the mechanical properties of the material [4, 5]. Shear may
also play a role in extrusion of self-assembled materials for industrial applications
[6, 7]. Self-assembly under shear has been the subject of many experimental,
theoretical and computational studies. Experimental studies of shear-induced
self-assembly include block copolymer thin films [8, 3, 9, 10, 11, 12], worm-like
micelles [13, 14], carbon nanotubes [15] and colloidal crystals [16, 17]. Theoret-
ical and particle-based simulations are useful because they elucidate the mecha-
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nism of self-assembly under shear in block copolymers [18, 19, 20, 21, 22, 23, 24]
and micelles [25, 26]. Studies of aggregation under shear also provide insight
into the ability of shear to enhance and hinder cluster formation [27, 28].

While many of the previous studies of self-assembly under shear involved
molecular systems, colloids with anisotropic shapes and interactions under shear
are less well understood. Recent advances in colloidal synthesis have led to the
creation of a variety of patchy colloids including rods, lock and key colloids,
cubic colloids and colloidal clusters [29, 30]. Nikoubashman et al. simulated
the self-assembly of Janus particles under shear, and found that moderate shear
enhances the aggregation of spherical clusters [31, 32]. In addition, DeLaCruz-
Araujo et al. simulated the aggregation of Janus particles under shear into
micelles, wormlike clusters, vesicles and lamellae via Brownian dynamics [33].
In this work, we apply shear to trimers consisting of one attractive site and two
repulsive sites. The trimers in this work are qualitatively similar to the recently
synthesized patchy colloidal trimers consisting of one smooth and two rough
beads, where the smooth beads possess an attractive interaction in the presence
of depletant molecules in solution [34]. While these trimers have been the sub-
ject of thermodynamic studies [34, 35, 36, 37], there have been no studies on
the dynamics of these particles. In addition, the trimer particles geometrically
resemble the Y-shape of monoclonal antibodies, and the study of these particles
under shear may aid in understanding aggregation-driven increases in the vis-
cosity of monoclonal antibody solutions, with an application of improving the
delivery of biological pharmaceuticals [38, 39]. Although the model in this work
is not as short ranged as the protein and colloid systems described above, the
model may be used to capture basic aspects of real systems.

In this work, molecular dynamics simulations of trimers consisting of one
attractive site and two repulsive sites are performed in the presence of a ve-
locity gradient, as would be produced by the application of shear stress. These
trimers were shown previously [35] to self-assemble into globular-shaped clusters
at equilibrium. We find that increasing the shear stabilizes larger clusters, and
shear also leads to an increase in tubular structures.

This paper is organized as follows. In Section 2, the model for the trimer
particles studied in this work is presented. The nonequilibrium molecular dy-
namics simulations are described in Section 3. In Section 4, the distribution of
cluster sizes, the short range spatial order of the trimers in a cluster, and the
potential energy of the system are examined. Finally, conclusions are provided
in Section 5.

2. Model

The system consists of 500 rigid trimers. Each trimer is composed of an
attractive site and two repulsive sites located at a distance L from the attractive
site with bond angles of 60◦, as shown in Fig. 1 and described in Ref. [35]. The
attractive sites interact via a Lennard-Jones potential φ(r),

φ(r) = 4ǫ[(σ/r)12 − (σ/r)6]. (1)
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Figure 1: The trimer model investigated in this work is illustrated using the Visual Molec-
ular Dynamics program [43]. The blue site is attracted to other blue sites. All other pair
interactions are purely repulsive.

The Lennard-Jones interaction is truncated at r = 3σ in the shifted-force form
[35]. The interaction between all other site pairs is through a repulsive interac-
tion ψ(r) of the Weeks-Chandler-Anderson form [40]

ψ(r) =

{

φ(r) + ǫ : r < 21/6σ
0 : r ≥ 21/6σ.

(2)

Each of the particles in a trimer has mass m. The units of mass, length and
energy used in the simulation have unit values so that m = 1, σ = 1 and ǫ = 1
with the result that the time unit τ =

√

ǫ/mσ2 = 1 as well. The bond length
L is set to 1 in these simulations. Unless noted otherwise, reduced units are
reported. Note that the solvent is modeled via the effective interaction between
the particles. Thus, the effective interaction amounts to a potential of mean
force, as could be obtained by integrating over the solvent degrees of freedom.
Accordingly, the model simulated here lacks explicit solvent and ignores some
solvent mediated phenomena, such as hydrodynamic effects and buffeting due to
random forces. Although hydrodynamics can influence dynamical properties in
non-equilibrium self-assembly processes [41], implicit solvent simulations allow
for the simulation of larger system sizes [42] and have been shown to possess
similar self-assembled structural properties as explicit solvent simulations [41].

3. Methods

The system of 500 trimers was placed in a rigid cubic cell with cell edge of
23.2 units so that the number density of the system was 0.04, or 6% packing
fraction (see Figure 2 for a visualization of this density). Periodic boundary
conditions were applied in all three dimensions. The equations of motion were
integrated using a Velocity-Verlet algorithm [44] modified [45] so that the ori-
entation of the trimers was described using quaternions [46]. The time step for
integration of the equations of motion was δt = 0.01τ for all cases unless oth-
erwise indicated. This time step is sufficiently small, because it is expected to
lead to a root-mean-squared fluctuation in energy approximately on the order
of magnitude of 10−3 [47]. Simulations were performed in the canonical ensem-
ble. The temperature of the system was maintained using separate Nóse-Hoover
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thermostats [44] for the translational and orientational degrees of freedom. The
thermostats had a response time of 1 τ as this provides good control of the
temperature of the system.

In order to examine the influence of shear on the cluster formation, a veloc-
ity gradient was established using the Reversed Perturbation Nonequilibrium
molecular dynamics method [48, 49, 50]. A set of 16 layers was established
normal to the z -direction of the simulation cell. At a specified time interval the
momentum of the particle with the largest positive x -component of momentum
in the first layer was exchanged with the momentum of the particle in the ninth
layer with the largest negative x -component of momentum. This results in a
gradient of the x -component of momentum in the z-direction while conserving
the energy of the system. For the cases considered here, three values of the
exchange interval were used, specifically 1.1 τ for the small gradient, 0.7 τ for
the intermediate velocity gradient, and 0.3 τ for the large gradient case. Note
that care must be taken for constant temperature simulations with Reversed
Perturbation Nonequilibrium molecular dynamics method [48, 49]. In partic-
ular, the thermostat response time was chosen to be slow enough such that it
did not influence the velocity profile, and the exchange interval was chosen to
be long enough such that a large temperature profile did not develop across the
simulation cell.

Simulations were first prepared at a high temperature of T = 0.5, where the
fluid was homogeneous. The velocity gradient was then imposed over a duration
of 1000 τ using one of the momentum swap rates noted above. After this period,
once the velocity profile became linear, the temperature was reduced using the
procedure described below to the desired temperature of 0.4, 0.375, 0.35, 0.325,
0.3, 0.275, 0.25, 0.225 or 0.2 while maintaining the same momentum swap rate
in order to maintain a linear velocity gradient.

The procedure used to change the temperature of the system was the same
in all cases. First the specified temperature set by the thermostats was changed
and the system was run for 103 time steps with δt = 10−4 τ . Then the time
step was increased to 10−2 τ and run for 1000 τ . At this point, the temperature
stabilized, but the potential energy of the system was not stabilized. As will be
shown, the potential energy requires some additional time before it assumes a
stable value.

As the system evolves from a liquid-like configuration at T = 0.5 to a hetero-
geneous set of clusters for T ≤ 0.3, the potential energy of the system decreases.
Clusters were defined as all trimers having an attractive site within a cut-off dis-
tance, 1.3, from at least one other attractive site in the cluster (see Appendix A)
[51]. Only when the distribution of cluster sizes has stabilized does the potential
energy achieve a stable, time-independent average value with fluctuations about
the mean value. The fluctuations in the potential energy were a consequence of
the variation in time of the distribution of cluster sizes.

The potential energy was monitored by constructing block averages of 10 τ
duration that were recorded for later processing. The “length” and the number
of clusters containing NC trimers, as described in Appendix A, was determined
at 10 τ intervals. The averages of these quantities were recorded at 200 τ
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Figure 2: The system of trimers as described in Section 3 with T = 0.25 and the periodic
cell shown by the blue square for (top) no shear and (bottom) the highest exchange rate
investigated (i.e., high shear). Particles shown in yellow are in clusters of three or less other
particles (see Appendix A for cluster definition). Otherwise, particles in clusters of size four
or greater are colored red and blue. There are noticeably less yellow particles in the shear
case than in the no shear case. Although shear was applied in the horizontal direction, the
clusters have no apparent visual correlation with this shear direction.
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intervals.
In order to obtain a stable value for the potential energy, and therefore for the

cluster size distribution, simulations of at least 20 000 τ following the quench
into the cluster forming region were needed. The results of this process are
labeled “stabilized configurations”. The results discussed here are determined
from simulations of 20 000 τ up to 80 000 τ duration that start from a stabilized
configuration with a velocity gradient. The required length of the simulation
was based on the stability of the block averaged energies.

4. Results and Discussion

The objective of this study was to determine how the presence of a velocity
gradient, as would be developed by the application of shear to the fluid, modifies
the stability of clusters in the model system. Using the Reversed Perturbation
Nonequilibrium molecular dynamics method [48, 49], a momentum flux was
imposed on the system which resulted in a velocity gradient. The shear rate was
then obtained as the slope of the resulting velocity gradient, and the viscosity
was obtained from this shear rate and the momentum flux, shown in Figure 3.
For all temperatures investigated, the fluid has a slight tendency to thicken as
the shear rate increases, but the standard error in the reported viscosity is the
same order of magnitude as the change in viscosity. The possibility that the
viscosity is independent of shear rate (i.e. Newtonian) is shown by the linear
fits in Figure 3, where all of the data fall within 2 standard error of the fits. In
any case, the fluid is either Newtonian, or possesses a slight tendency to shear
thicken. This is consistent with the lower shear rate regimes observed in some
experiments for micellar systems [52, 53].

An illustration of the system with no shear and the highest shear investi-
gated is shown in Figure 2. Clusters appear to be stabilized by the presence of
a velocity gradient under these conditions. There are three quantitative indi-
cators that we used to examine the effects of temperature on the steady state
properties of clusters in a system with a velocity gradient. These are the average
potential energy per trimer, the pair distribution of the attractive sites, and the
distribution of the mass of the system in clusters as a function of the number
of trimers in a cluster.

The potential energy per trimer decreases with decreasing temperature from
T = 0.5 with the steepest change around T = 0.3, the region of the transition
from a fluid-like structure to the presence of clusters plus void regions. This
corresponds to a maximum in the heat capacity near T = 0.3. For a given tem-
perature, the potential energy decreases as the velocity gradient increases. This
is indicated in Fig. 4 for each of the states examined. The resulting specific heat
was larger for larger values of the velocity gradient as the temperature decreases
from 0.5 to 0.3. The limited temperature spacing of the states precludes precise
determination of the magnitude and location of the maximum in the specific
heat indicated in the insert in Fig. 4.

The pair distribution function for the attractive sites of the trimers has a
single maximum for T = 0.5 for near neighbor distances and is flat for larger
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Figure 3: The reduced viscosity as a function of shear rate for the following temperatures:
(blue) T = 0.2, (green) T = 0.3 and (red) T = 0.4. The dashed lines are linear fits with zero
slope, to serve as a guide to the eye. The standard error is shown by the error bars.
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Figure 4: The average potential energy per trimer, u, as a function of temperature, T , for the
case of no velocity gradient (black), small velocity gradient (red), medium gradient (green)
and large gradient (blue). The lines are a guide for the eye. The standard deviation of the
potential energy is smaller than the symbols. The insert displays the heat capacity.
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Figure 5: The radial distribution functions, g(r) at T = 0.35 for the attractive site pairs
are shown for the case of no velocity gradient (black), small velocity gradient (red), medium
gradient (green) and large gradient (blue). The functions are vertically offset for clarity.

separations. This structure persisted as the temperature was lowered until to
about T = 0.35 for the case with the large velocity gradient when a weak
secondary maximum corresponding to the second neighbors appears as shown
in Fig. 5. This feature develops for other cases when T = 0.3, as shown in Fig.
6. Additional structure develops at larger separations as the temperature was
further lowered. This is shown for T = 0.2 in Fig. 7. Thus, structure formation
in the fluid increases with velocity gradients and with lower temperatures, for
the ranges of gradients and temperatures investigated here.

The pair distribution data indicate formation of structure, and this structure
is examined in more detail by computing steady state properties of clusters.
Appendix A contains the details of how the identity and shape of clusters is
determined. The condition that a pair of trimers are members of a cluster is
that the distance between the attractive sites is not more that 1.3 units. For
the conditions studied in this work, clusters composed of 5 to 15 trimers were
globular objects. For larger clusters, the shape is more nearly tubular [35].
The “width” of the clusters was on the order of 2σ to 3σ with the “length”,
l, of the cluster roughly proportional to the number of trimers, NC , in the
cluster. The dependence of the cluster length on Nc, the number of trimers in
the cluster, is illustrated in Fig. 8 for the case of the large velocity gradient at
T = 0.2 as this state provides the largest range of sizes available in this study.
There did not appear to be any strong correlation between the orientation of the
tubular structures and the direction of the velocity gradient for the relatively
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Figure 6: The radial distribution functions, g(r) at T = 0.30 for the attractive site pairs
are shown for the case of no velocity gradient (black), small velocity gradient (red), medium
gradient (green) and large gradient (blue). The functions are vertically offset for clarity.
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Figure 7: The radial distribution functions, g(r) at T = 0.20 for the attractive site pairs
are shown for the case of no velocity gradient (black), small velocity gradient (red), medium
gradient (green) and large gradient (blue). The functions are vertically offset for clarity.
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Figure 8: The average length, l, of clusters versus the number of trimers, NC , in a cluster for
T = 0.20 with the large velocity gradient is shown in Fig. 4. The symbols are the average
length for a given size cluster, and the red line is the standard deviation of the average length.

low particle concentration investigated. For larger numbers of trimers in a
cluster, the growth in the average length, l, is approximately a linear function
of the number of trimers in the cluster, which implies that the clusters grow
approximately linearly in one dimension.

During a simulation, the number of clusters containing NC trimers was de-
termined and the average number of each size cluster, P (NC) was obtained. The
distribution of the amount of material in clusters containing NC timers provides
an indication of the types of clusters in a system. This is represented by the
distribution, f(NC), which is NC times the number of clusters containing NC

trimers, P (NC), divided by the total number of trimers in the system. When
f(NC) is mostly confined to values of NC less than 5, as shown in the T = 0.4
panel Fig. 9, then few, if any, clusters are formed and the fluid is homogeneous.
Also, the fraction of “free” trimers not satisfying the cluster criterion was large
for T = 0.4 and decreases with decreasing temperature.

The presence of a velocity gradient significantly changes the distribution
of mass in the clusters. At a given temperature, the mass distribution shifts
to larger clusters as the velocity gradient increases. This effect first becomes
noticeable at T = 0.35. For T ≤ 0.275, the mass fraction of tubular clusters
becomes a significant part of the total mass distribution. In general, the mass
fraction, f(NC), shifts toward larger clusters for a given temperature as the
magnitude of the shear increases.
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Figure 9: The distribution of the amount of material in clusters is shown for several temper-
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indicated at the left of the panels.
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5. Conclusions

The self-assembly of trimers consisting of one attractive site and two re-
pulsive sites was computationally investigated with nonequilibrium molecular
dynamics simulations in the presence of a velocity gradient. Both the magni-
tude of the shear and the temperature were varied over a range of conditions.
Structural quantities were computed to investigate the stability of the resulting
globular and tubular self-assembled structures. These quantities include the
radial distribution functions, distribution of the amount of material in clusters
and the cluster length.

The results of the simulations indicate that the presence of a shear-induced
velocity gradient increases the amount of clustering over a wide range of con-
ditions. This may be observed by examining the radial distribution functions,
where the second and third peaks become more pronounced with increasing ve-
locity gradient. The amount of clustering in the system also increases as the
temperature was lowered, as observed previously [35]. This is reflected by de-
creases in the internal energy and the heat capacity. A significant indication
of clustering is the mass distribution as both functions of temperature and of
imposed velocity gradient. An analysis of the clusters indicated that both glob-
ular clusters and tubular clusters are formed. The tubular clusters are favored
at lower temperatures as indicated in Fig. 9. The feature to emphasize is that
tubular clusters containing more than 20 trimers are produced only when a
shear is imposed. The presence of a velocity gradient has two consequences.
The first is that clusters form at higher temperatures than for the quiescent
(e.g., no shear) case. The second is that the formation of tubular clusters is en-
hanced, in that longer tubular structures are formed at lower temperatures when
compared to the case with no velocity gradient. These results on the stability
of self-assembled structures under shear may have implications for shear rate
sensors and extrusion of self-assembled materials in biomedical and industrial
applications [31, 32].

The results in this work are consistent with those observed in a recent sim-
ulation study of Janus particles under shear [31, 32]. In particular, cluster
sizes were also found to increase with increasing shear rate for the Janus par-
ticles. Thus, we show that this effect may also be observed in particles with
non-spherical geometries. Note that in Ref. [31], higher shear rates eventu-
ally led to a non-monotonic effect where clusters became smaller. Although
this shear-induced breakup was not observed in this work, this interesting phe-
nomenon may be observed for trimers in future work at higher shear rates than
investigated here [54]. Some hypotheses for the mechanism of increased clus-
ter size with increased shear rate are similar to those postulated for nucleating
systems under shear: shear may create defects in ordered structures that serve
as nucleation sites which encourages further growth, or promotes coalescence
[27, 55, 16, 56]. For all temperatures investigated, the fluid has a slight ten-
dency to thicken as the shear rate increases, which is consistent with the lower
shear rate regimes observed in some experiments for micellar systems [52, 53].
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Appendix A. Characterization of clusters in molecular dynamics and

Monte Carlo simulations

The task is to determine the members of clusters composed of particles simu-
lated in a molecular dynamics or Monte Carlo study of a fluid state. The follow-
ing discussion is based on the positions of the attractive sites of the trimers. The
positions of the non-attractive sites are ignored. The criterion for membership
in a cluster is that a particle is a “near neighbor” of a particle in the cluster
with perhaps some other feature such as species taken into account. Here, a
pair are neighbors if the distance between the attractive sites is less than 1.3
units [51]. While it is a straightforward task to determine the near neighbors
of a given particle, deciding when two well separated particles are in a cluster
requires more effort. One approach is described here.

The first step in the process is to construct the neighbor list for each of
the N particles in the system. Note that if particle j is a neighbor of particle
k, then particle k is also a neighbor of particle j. One also creates an array,
mclus(N), that will indicate to which cluster a given particle belongs and an
array, nmember(j,k), that contains the list of particles j in cluster k.

Now starting with particle 1, enter the neighbors, j, of 1 in nmember(j,1)
and assign 1 to mclus(j). Then the neighbors of the neighbors of 1 that are
not already in the list are added. This is continued until no further unlisted
neighbors are possible. Then this process is repeated with the next particle that
is not in a cluster list until all particles have been examined.

The list of clusters is now complete and available for analysis. The feature
of interest is the “shape” of the clusters and how the “shape” depends on the
presence/absence of shear in the form of a velocity gradient. Our approach is
that used by Theodorou and Sutter [57] where the radius of gyration tensor is
used to determine the approximate shape of a cluster.

Since the clusters are generated using periodic boundary conditions, it is
necessary to first make sure that the cluster is compact. This is done by creating
separate lists of the x -, y-, and z -coordinates of the particles in a cluster. These
lists are then sorted into increasing order and checked for a difference of more
than 1.3 between adjacent entries in the sorted list. If a gap of that magnitude
is found, the x -, y-, or z -coordinates of the particles to the right of the gap
are shifted to the left by the size of the simulation cell. When this process is
finished, the cluster is compact. Clearly, this procedure is appropriate provided
the dimensions of the cluster are less than the dimensions of the simulation cell.
If this is not the case, the results are system size dependent and will not provide
reliable estimates of the cluster size.
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The center-of-mass of the compact cluster is determined and the cluster
coordinates are rescaled so that the center-of-mass is at the origin of the cluster
coordinate system. Next the radius of gyration tensor, S, is constructed where
the ij component of S is

Sij = N−1

C

∑

rkirkj (A.1)

where NC is the number of particles in the cluster and rki is the ith spatial
component particle k in the cluster. The tensor is diagonalized with eigenvalues
λ2
1
, λ2

2
and λ2

3
and corresponding orthonormal eigenvectors e1, e2, and e3. The

largest eigenvalue is λ2
3
and e3 specifies the orientation of the major axis of the

cluster.
A snapshot of the clusters reveals that the smaller clusters are globular and

that the larger ones are roughly cylindrical tubes. The long axis of a cluster
is along the unit vector e3 so the ‘length’ of a cluster is the distance between
the trimers at opposite ends of the cluster that are farthest from the center-of-
mass. Specifically the length is taken to be rj · e3 − rk · e3 where |rj | is the
largest positive distance from the center-of-mass and |rk| is the largest negative
distance.

An estimate of the ‘width’ of a cluster is provided by the moment of inertia
of the cluster about the e3 axis. If one assumes that the density of the cluster
about the e3 axis is uniform with radius R, the moment of inertia, I3 is R2/2
and the width, W , is then W = 2

√
2I3. For the clusters discussed here, I3 is on

the order of 0.6 to 0.9, so the width is on the order 2 to 3.
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