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Relative primary acoustic gas thermometry (AGT)
determines the ratios of thermodynamic temperatures
from measured ratios of acoustic and microwave
resonance frequencies in a gas-filled metal cavity
on isotherms of interest. When measured in a
cavity with known dimensions, the frequencies
of acoustic resonances in a gas determine the
speed of sound, which is a known function of
the thermodynamic temperature T. Changes in the
dimensions of the cavity are measured using the
frequencies of the cavity’s microwave resonances.
We explored techniques and materials for AGT at
high temperatures using a cylindrical cavity with
remote acoustic transducers. We used gas-filled ducts
as acoustic waveguides to transmit sound between
the cavity at high temperatures and the acoustic
transducers at room temperature. We measured
non-degenerate acoustic modes in a cylindrical
cavity in the range 295 K < T < 797 K. The fractional
uncertainty of the measured acoustic frequencies
increased from 2 × 10−6 at 295 K to 5 × 10−6 at
797 K. In addition, we measured the frequencies
of several transverse magnetic (TM) microwave
resonances up to 1000 K in order to track changes
in the cavity’s length L and radius R. The fractional
standard deviation of the values of L deduced from
three TM modes increased from 3 × 10−6 for T <

600 K to 57 × 10−6 at 1000 K. We observed similar
inconsistencies in a previous study.
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1. Introduction
Thermodynamic temperature T, with the SI unit of kelvin, is a measure of the average energy
per degree of freedom in a system at equilibrium. Because accurate measurements of T require
sophisticated techniques that are impractical in commercial applications, approximations to the
kelvin scale have been developed, of which the latest are the International Temperature Scale of
1990 (ITS-90) and the Provisional Low Temperature Scale of 2000 (PLTS-2000) for T < 1 K. ITS-90
is an empirical scale based on a set of fixed points whose temperatures were assigned by an a
priori determination using primary thermometry. Estimates of the difference T − T90 have been
evaluated periodically for temperatures from 0.65 to 1358 K by the Consultative Committee for
Temperature (CCT). The disagreement between different measurements is still significant in the
range from 25 to 273 K and from 600 to 1358 K [1]. Near the copper point (1358 K), Fischer et al. [1]
estimated T − T90 as (0.52 ± 0.02) K. The CCT encourages additional measurements of T − T90 in
these temperature ranges to resolve these discrepancies.

The plan to redefine the kelvin in terms of the Boltzmann constant kB stimulated a
worldwide effort to more accurately determine kB that has advanced primary thermometry [2].
To date, acoustic gas thermometry (AGT) is the most accurate means for determining kB. AGT
determinations of kB require absolute measurements of the speed of sound in a well-characterized
monatomic gas at the temperature of the triple point of water, defined as 273.16 K [3–9]. The
speed of sound is deduced from highly precise measurements of the frequencies of acoustic
resonances in a monatomic gas (with a known average molar mass) confined in a cavity with
known dimensions. In contrast, the ratio of resonance frequencies measured on two isotherms is
a function of the ratio of the thermodynamic temperatures, but the ratio does not depend on the
molar mass of the gas as long as the molar mass does not change. Likewise, the ratio will not
depend on the dimensions of the cavity as long as the dimensions do not change. In reality, the
dimensions of the cavity do depend on the temperature due to thermal expansion, so the ratio
of acoustic resonance frequencies must be corrected by the ratios of the cavity’s dimensions. The
ratios of microwave resonance frequencies measured on the two isotherms are used to correct the
ratio of acoustic resonance frequencies for thermal expansion [6–8]. Finally, the thermodynamic
temperature of one isotherm can be determined from the corrected ratio of measured acoustic
frequencies, if the other isotherm is a known fixed-point temperature. This is the basis of relative
primary AGT.

Rigorous theory for waves in a cavity shows that the measured acoustic and microwave
resonance frequencies must be corrected for small known perturbations to the acoustic and
electromagnetic fields that occur near the cavity’s walls. If the cavity expands isotropically, then
the working equation for relative AGT is

T
Tr

= limp→0 u2(T, p)

limp→0 u2(Tr, p)
= limp→0( fa + �fa)2/( fm + �fm)2

limp→0( fa + �fa)2
r /( fm + �fm)2

r
, (1.1)

in which u(T, p) denotes the speed of sound in the thermometric gas at temperature T and pressure
p; fa and fm are the measured frequencies of acoustic and microwave resonances, respectively;
�fa and �fm are corrections to the frequencies due to known perturbations; the subscript r labels
a quantity measured on the reference isotherm Tr which is often at the triple point of water.
Equation (1.1) relies on the ideal-gas limit, i.e. p → 0. In practice, the measurements are made
on isotherms as a function of p and u2(p, T) is fitted by a physically motivated function which
includes the parameter u2

0(T), the value of the speed of sound at zero pressure. Equation (1.1)
illustrates the principle of relative primary acoustic gas thermometers: T is determined from the
measured ratios of the acoustic resonance frequencies and the microwave resonance frequencies
at the unknown temperature T and at the reference temperature at Tr.

Since 1999, several laboratories have reported AGT measurements of T − T90 spanning the
range 7 to 600 K [10–16]. In the narrower range 90 K < T < 384 K, data from two or more
laboratories overlap; with minor exceptions, the AGT values of (T − T90)/T are mutually
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consistent within the fraction 3 × 10−6. Stimulated by these impressive results, we are dealing
with the technological challenges of extending the measurements of T − T90 above 600 K [17–19].

In the moderate temperature range 90 K < T < 384 K, our previous acoustic transducers
were mounted directly in the walls of the cavity resonators. However, these transducers were
constructed of materials that cannot withstand high temperatures. Instead, following Gillis
et al. [20] and Ripple et al. [18], we are now using acoustic waveguides to transmit sound between
the cavity at high temperature and the transducers at room temperature. Ripple et al. designed
and explored the performance of acoustic waveguides operating from 293 to 600 K. Their novel
sound source contained two identical, bending-mode, piezoelectric lead–zirconium–titanate
(PZT) ceramic transducers that were driven by equal voltages at identical phase. The PZTs were
mounted face-to-face on the side of the waveguide. The symmetry ensures that the vibrations of
the PZTs did not move their centre of mass, thereby minimizing the coupling of the transverse
motions of the PZTs to the waveguides and to the walls of the resonant cavity. The coupled PZTs
also generate stronger sound pressures than a single PZT [21].

Accurately measuring the thermal expansion of the cavity resonator operating above 600 K
is another technological challenge. This can be done by measuring microwave resonance
frequencies [19,22–24]. Feng et al. [19] explored the performance of home-made antennas and
microwave cables up to 1349 K. Underwood et al. [22,23] studied the perturbations arising from
microwave probes and waveguides; they reported techniques for increasing signal-to-noise ratios
and for avoiding currents at the joints between the cylindrical shell and its endplates. They used
looped microwave antennas to measure both transverse electric (TE) and transverse magnetic
(TM) modes. Their antennas were located at the midline of the test cavity in order to probe TE
modes. They showed that the thermal expansion from 303 to 373 K determined by the TE0pq
modes agreed with the thermal expansion determined by the TM0pq modes within three parts per
million. The uncertainties of their measurements were only weakly dependent on temperature.

Guided by these earlier studies, we fabricated a cylindrical resonator cavity with built-in
acoustic waveguides and microwave antennas. Here, we report the acoustic performance of
the acoustic waveguides from 295 to 797 K and measurements of the thermal expansion of the
cavity’s length from 377 to 1000 K. Our objective was to test the techniques and materials at high
temperatures in preparation for future thermodynamic temperature measurements.

2. Experiment set-up for high temperature

(a) Resonant frequencies in a cylindrical cavity
The acoustic resonant frequencies for non-degenerate longitudinal modes in a cylindrical cavity
with length of L and radius of a are

f 0
a,l = ul

2L
, (2.1)

where u is the speed of sound and l = 1, 2, 3 . . . is the longitudinal eigenvalue of the Helmholtz
equation.

The microwave resonant frequencies can be represented as

TM modes f 0
TM,lmn = c

2π

√(nπ

L

)2
+

(χlm

a

)2
(2.2)

and

TE modes f 0
TE,lmn = c

2π

√(nπ

L

)2
+

(
χ ′

lm
a

)2

, (2.3)

where c is the speed of light in vacuum, n = 0, 1, 2, 3 . . . is the longitudinal eigenvalue. For TM
modes, the transverse eigenvalue χlm is the mth root of the Bessel function Jl (x) = 0. For TE modes,
the transverse eigenvalue χ ′

lm is the mth root of dJl (x)/dx = 0.
The superscript 0 in equations (2.1)–(2.3) indicates that the predicted frequency is from a

model that neglects perturbations, such as boundary-layer or skin-depth effects at the wall of
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Figure 1. Schematic of the furnace, the resonator and waveguides.

the cavity, openings in the wall of the cavity and imperfect fabrication. The analyses of acoustic
and microwave measurements for AGT include corrections to account for these perturbations;
however, the corrections will cancel to a large degree in the ratio in equation (1.1).

(b) Experimental system
Our previous work [19] showed the successful use of the Ni–Fe–Cr alloy HR120 (Haynes
International, Kokomo, IN, USA)1 for the fabrication of the cylindrical cavity resonators with
novel home-made microwave antennas and cables operating up to 1349 K. In this work,
we fabricated a new cylindrical resonator that included acoustic waveguides for acoustic
measurements while retaining the same, successful coaxial cables and microwave antennas that
were used in [19] for thermal expansion measurements.

As illustrated in figure 1, the cavity resonator consists of a cylindrical shell with two endplates.
The cylindrical shell, 80 mm long with inner diameter (ID) of 63 mm and outer diameter (OD) of
76 mm, was fabricated from a seamless HR120 tube. The endplates were 6.4 mm thick, 76 mm in
diameter, and were fabricated from a HR120 plate. The endplates were welded to the ends of
the cylindrical shell along the outside of the joint. The assembled resonator cavity was placed
vertically in the middle of the furnace chamber. The resonator was not in a pressure vessel. The
furnace chamber had an ID of 170 mm, length of 600 mm and had three independently controlled
zones that provided a region 440 mm long with a temperature uniformity of ±5 K.

Acoustic waveguides leading from the resonator to the acoustic source or detector were
welded into each endplate (figure 1). Each waveguide had an ID of 4.57 mm and was made

1In order to describe materials and procedures adequately, it is occasionally necessary to identify commercial products
by manufacturers’ name or label. In no instance does such identification imply endorsement by the National Institute of
Standards and Technology, nor does it imply that the particular product or equipment is necessarily the best available for the
purpose.
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duct
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Figure 2. Source PZT transducer and housing. (Online version in colour.)

from a nickel-based high-temperature alloy GH747 (Ni 45%, Cr 16%, Al 3%, Fe balance) (CISRI,
Beijing, China). The lengths of the acoustic source and detector waveguides were 340 mm and
500 mm, respectively, measured from the outer surface of the endplates to the transducers. Each
waveguide was connected to a tee fitting at room temperature. The tee provided a tap for the
acoustic transducers and a side port for a longer duct providing a terminal impedance that
reduced acoustic reflections. The side port of the upper tee was connected to the argon supply
manifold through a duct with an ID of 4.57 mm. BIP Plus argon from Air Products [25], with
a claimed purity of 99.9999% was used during the tests. As we have done before [26], a getter,
SAES model GC50 (SAES Pure Gas, Inc., San Luis Obispo, CA, USA), was placed downstream
of the gas supply manifold for further purifying the argon before it flowed into the cylindrical
cavity. The manufacturer specified that the getter reduced the mole fractions of reactive impurities
to 0.05 × 10−6. The top port of the tee fitting connected to the source transducer housing. The
waveguide served two functions: it coupled sound from the source to the cavity and served as a
path for flowing purified argon from the gas manifold into the cavity. We used a flow controller
to maintain a flow rate of about 40 ml min−1.

Figure 2 is a schematic cross section of the acoustic source assembly. The source was a single
piezoelectric transducer (PZT) mounted to face the waveguide. The PZT disc had a diameter of
6 mm and a thickness of 0.5 mm and was bonded with epoxy to a 0.3 mm thick oxygen-free copper
diaphragm. The electrical wires driving the source were attached directly to the surfaces of the
PZT disc.

The detector waveguide (figure 1) was mounted symmetrically with respect to the source
waveguide and it also was mounted on a tee fitting. Like its counterpart, the side port of
the tee was connected to 4.57 mm ID tubing used to exhaust the gas from the resonator and
to provide a terminal impedance to reduce reflections. The bottom port of the tee connected
to the detector housing (figure 3). The detector was a 1/4 inch microphone (G.R.A.S. Sound
& Vibration A/S, Holte, Denmark). The housing ensured that the pressures between the two
sides of the microphone diaphragm were equal. An electrical hermetic feedthrough (LEMO)
rated for operation from vacuum to 6 MPa connected the preamplifier and the power module
G.R.A.S 12 AA.

The thermal expansion of the cavity’s length is a key parameter for a cylindrical acoustic gas
thermometer (c-AGT) operating in relative mode. Underwood & Edwards [23] measured both TE
modes and TM modes using looped antennas. TE modes have significantly higher signal-to-noise
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Figure 3. Microphone and housing.

ratios than TM modes. Their source and detector antennas were mounted at the midline of the
cylindrical shell, separated by an angle of π/2 on the cross section perpendicular to the cylinder’s
axis. The TE modes generated no current at the joint between the endplate and the cylindrical
cavity body. Thus, the measurements of the TE modes are anticipated to be more accurate than the
TM modes. Their measurements showed that the absolute length and diameter of the cylindrical
cavity determined from the TE modes differed from the length and diameter determined from
the TM modes; however, the fractional changes in the length and diameter agreed within several
parts per million as the temperature was changed from 313 to 373 K.

Feng et al. [19] designed and tested home-made coaxial cables and antennas for measuring the
TM modes from 377 to 1349 K. Figure 4 shows their design. The outer conductor of each coaxial
cable was a tube (3.2 mm OD; 2.2 mm ID) of Ni–Cr–Fe alloy, Inconel-625 (Special Metals Corp.,
Huntington, WV, USA). A line of alternating fused silica beads and fused silica tubes served
as semi-flexible insulation between the outer conductor and the centre conductor. The centre
conductor was a 0.5 mm diameter wire made of Ni–Cr. Each antenna was an extension of a centre
conductor that protruded 1–2 mm into the cavity and coupled to the non-degenerate microwave
modes TMlmn with lmn = 010, 011, 012, 013 and 014. Both the source and the detector antennas
were embedded in one endplate of the cylindrical resonator cavity. As shown in figure 4, each
antenna was insulated from the hole drilled through the endplate by a specially prepared fused
silica tube. This tube had a ‘bump’ near one end that had been formed by a glass blower to act as
a retention ring preventing the tube from sliding into the cavity. In contrast to the loop antenna
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Figure 4. Antenna and feedthrough in the resonator endplate [19].

reported by Underwood & Edwards [23], we chose to use the straight wire antenna by Feng
et al. [19] because of its simplicity and ease of assembly. See [19] for more details.

A standard S-type thermocouple (platinum/rhodium) was used to measure the temperature.
This thermocouple was located approximately 3 mm from the top endplate of the cylindrical
cavity. The pressure was measured with a digital pressure gauge (Druck: DPI 150).

3. Effect of waveguide at high temperature
AGTs rely on the prediction from kinetic theory that the speed of sound in a dilute gas in
thermal equilibrium depends on its thermodynamic temperature. The pressure-dependence of
the speed of sound is accounted for by the acoustic virial relation. AGTs accurately determine
the thermodynamic temperature of a gas from measurements of the acoustic pressure response
as a function of frequency near acoustic resonances in the cavity. Capacitive microphones are
commonly used in AGTs because of their stability, sensitivity, and nearly flat frequency response
over a wide frequency range and because they generate only small, calculable perturbations to
the acoustic resonances in the cavities of typical AGTs. Additionally, PZTs have been used by
the authors as both source and detector in c-AGTs. Both types of transducers have their useful
temperature ranges. At temperatures above these ranges, acoustic waveguides must be used to
bring sound from the source into the resonant cavity and to bring sound out of the cavity to
the acoustic detector. Ripple et al. [18] investigated the performance of acoustic waveguides up
to 600 K. Both the source and the detector were mounted in room temperature enclosures. The
thermodynamic temperature measured by the AGT with the transducer–waveguide system [18]
agreed well with the measurements by AGTs without such a system in the overlapping
temperature range [12,15,17].

When sound propagates through a waveguide, it is attenuated by thermal and viscous
dissipation in the gas and at the boundary between the gas and the walls of the waveguide. Gillis
et al. [27] studied analytically and experimentally sound propagation inside circular, cylindrical
waveguides of various lengths and diameters. Their model predicts that sound propagating
inside a waveguide with radius ad is characterized by the attenuation length la,

la = 1
Re(Γ )

. (3.1)

Here, la is the distance over which the amplitude of sound pressure is attenuated to 1/e of its
initial value and Re(Γ ) stands for the real part of Γ . The propagation parameter Γ is a complex
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function of frequency, given by

Γ = iω
u

√
1 + (γ − 1)Ft

1 − Fv
. (3.2)

Here, ω = 2π f ; γ = Cp/Cv, where Cp and Cv are the specific heat at constant pressure and volume,
respectively. Ft and Fv are the thermal and viscous dissipation functions, respectively, which for
a circular tube are given by

Ft ≡ 2J1(ξt)
ξtJ0(ξt)

, ξt = (1 − i)ad

δt

and Fv ≡ 2J1(ξv)
ξvJ0(ξv)

, ξv = (1 − i)ad

δv
,

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

(3.3)

where δt =
√

2λ/(ρCpω) is the thickness of the thermal boundary layer in the gas having thermal

conductivity λ and mass density ρ; and δv = √
2η/(ρω) is the thickness of the viscous boundary

layer in the gas having shear viscosity η. The attenuation length increases as the duct diameter
increases and decreases as the frequency increases.

When sound propagates a distance x through a duct, the acoustic pressure is attenuated by
the factor e−x/la . That is, when x = la, the sound pressure will be attenuated to 1/e of its initial
pressure (assuming no reflections). Therefore the length of the waveguide between the resonator
and the transducer should be no longer than approximately la to avoid too much attenuation [18].
On the other hand, the waveguide used for the terminal impedance (connected to the side port
of tee fitting sketched in figure 1a) should be much longer than la to ensure that the sound in this
waveguide is greatly attenuated to suppress resonances in the waveguide.

When resonances (standing waves) occur in the waveguide, they may couple to resonances
in the cavity, thereby shifting the resonance frequencies of the cavity by an amount that is
difficult to predict, and they may distort the measured frequency response profile. Standing
waves occur at particular frequencies in sections of the waveguide that form quarter-wave or
half-wave resonators, e.g. between the opening into the cavity and the transducer or between
the transducer and the gas handling system. Standing waves in the latter section are suppressed
by making the waveguide much longer than the attenuation length, as previously mentioned.
Standing waves between the cavity and the transducer are suppressed by using tubes with
the same ID for both sections of the waveguide and by designing the input impedance of the
transducer + enclosure to be much higher than the characteristic impedance of the duct. The
source and detector waveguides need not have the same ID.

The ID of the waveguide is important too. Increasing the ID increases the attenuation length,
which favours larger signals at the detector, but also increases the undesirable perturbations
of the cavity modes. These competing effects may be optimized. We experimentally compared
the uncertainty of several resonant frequency measurements at room temperature and ambient
pressure in air with a cylindrical resonator with length of 80 mm and ID of 80 mm. Table 1
compares the results of waveguides with different IDs (all the waveguide were straight,
440 mm long).

The experimental result agrees with the prediction that a waveguide with a larger ID decreases
the attenuation and increases the signal-to-noise ratio, but lowers the quality factors. The
waveguides with IDs of 1.75 mm and 4.57 mm represent two extreme situations. For the (200)
and (500) modes, the quality factors Q = fr/(2g) of the cavity with the 4.57 mm ID were reduced
to 50% and 65% of the Q with the 1.75 mm ID waveguide, respectively. The perturbations caused
by the waveguides of 4.57 mm ID were significantly larger.

At elevated temperatures, the pressure was chosen to keep the density of the gas in the
resonator about the same as the density at the reference temperature (so that the perturbations
would be the same), but there was an unavoidable temperature gradient (and a density gradient)
in the waveguide to room temperature. The presence of the gradient did not adversely affect

 on February 24, 2016http://rsta.royalsocietypublishing.org/Downloaded from 

http://rsta.royalsocietypublishing.org/


9

rsta.royalsocietypublishing.org
Phil.Trans.R.Soc.A374:20150049

.........................................................

Table 1. Waveguide performance at room temperature and ambient pressure in air. The quality factorQ= fl/(2g), δfl/fl is the
fractional uncertainty in the fitted acoustic resonance frequency fl , and g is the halfwidth from the fit. Note: (s) and (d) denote
the source and detector waveguides, respectively.

longitudinal mode (l00)

l = 2 3 4 5

ID of waveguide (mm) Q 106 δfl/fl Q 106 δfl/fl Q 106 δfl/fl Q 106 δfl/fl
(s) 1.75 385 1.2 460 2.8 515 5.8 533 4.3

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(d) 1.75
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(s) 1.75 334 1.0 416 3.1 397 2.6 475 2.8
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(d) 4.57
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(s) 4.57 362 1.8 433 2.4 495 1.3 537 1.2
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(d) 1.75
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(s) 4.57 192 1.8 386 1.6 372 1.5 349 1.3
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(d) 4.57
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Table 2. Calculation of the perturbation to the longitudinal modes of the cylindrical cavity due to a waveguide duct at room
temperature and ambient pressure in air.

longitudinal mode (l00)

l = 2 3 4 5
ID of waveguide
(mm) 106 �f/f 106 g/f 106 �f/f 106 g/f 106 �f/f 106 g/f 106 �f/f 106 g/f

1.75 −12.0 94.9 −2.5 42.9 3.5 40.4 −2.7 30.0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

4.57 −201.7 220.2 305.7 371.5 −130.3 173.9 121.0 183.7
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

the perturbations due to the waveguides because the distance over which the gradient to room
temperature occurred was greater than the wavelength of sound.

Gillis et al. [27] developed and tested a model that predicts the shifts of the resonance
frequencies of a gas-filled cavity that result when a waveguide is attached into the wall of a
cavity resonator. Table 2 lists the calculated perturbations to selected resonant frequencies at room
temperature and ambient pressure in air caused by the 1.75 mm ID and 4.57 mm ID waveguides.
For the 1.75 mm ID waveguide, the fractional perturbations are less than or equal to 3.5 × 10−6

for the modes (300), (400) and (500); the perturbation of the (200) mode is −12.0 × 10−6. The
perturbations for the 4.57 mm ID waveguide are one order of magnitude larger.

The calculation of the waveguide-induced perturbations requires accurate values of the
viscosity and thermal conductivity of the test gas. These properties are accurately known for
argon and helium over a wide temperature range from recent advances in state-of-the-art
measurements and from accurate, ab initio, quantum mechanical calculations [28–37]. We estimate
that the frequency shifts caused by 1.75 mm ID waveguides can be calculated with an uncertainty
of 1 ppm in the high-temperature range (1 ppm = 1 × 10−6). For the sake of larger signal-to-
noise ratios, we used 4.57 mm ID waveguide ducts in this first exploration of c-AGT at high
temperatures.

Figure 5 shows the detected in-phase (u) and quadrature (v) acoustic signals for the (300)
mode at two state points: 295 K, 201 kPa (figure 5a) and 797 K, 543 kPa (figure 5b). These pressures
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Figure 5. Comparison of measurements of the (300) acoustic mode and deviations from fits as functions of the frequency at
two state points. (a) 295 K, 202 kPa and (b) 797 K, 535 kPa. The data were acquired by stepping the frequency upward and then
downward through the resonance. In (a,b), the circles are the in-phase signal, triangles are the quadrature signal and squares
are the amplitude. The bottom panels are the deviations from fits summarized by lines 1 and 3 in table 3. (Online version in
colour.)

were chosen so that the gas densities (and the Q values) in both state points were approximately
equal. The results from the fits are given in table 3. The signal-to-noise ratio at 797 K (approx.
370) is smaller than that at 295 K (approx. 870), and the deviations from fitting the resonance
data at 797 K are approximately twofold larger than the deviations at 295 K. We now argue that
temperature drift is responsible for some of the larger deviations from the fitted resonances at
higher temperatures.

The frequency response for every resonance is measured by stepping the frequency both
upward and downward through the resonance. This measurement method removes the effect
of a temperature drift on the fitted resonance frequency fr and halfwidth g to first order. During

 on February 24, 2016http://rsta.royalsocietypublishing.org/Downloaded from 

http://rsta.royalsocietypublishing.org/


11

rsta.royalsocietypublishing.org
Phil.Trans.R.Soc.A374:20150049

.........................................................

Du
/A

m
ax

 o
r 

Dv
/A

m
ax

Du
/A

m
ax

 o
r 

Dv
/A

m
ax

0.01

–0.01

0

0.01 averaged

–0.01

9730 9740 9750
f (Hz)

9760 9770

0

(b)

(a)

Figure 6. Comparison of fits to resonance data with a temperature drift. Deviations of the measured in-phase (circles) and
quadrature (triangles) signals from two fits to data for the (300) mode at 797 K and 535 kPa, while the temperature drifted by
0.015 K. (a) Deviations from a fit when the up and down sweeps were not averaged first. The large systematic deviations give a
poor estimate of the uncertainty in the fitted resonance frequency. (b) Deviations fromafit to the samedata after first averaging
the up and down sweeps. The fit results are listed as (a) and (b), respectively, in table 3. (Online version in colour.)

Table 3. Results from fits to measurements of mode (300) in argon. The 295 K and 797 K data in lines 1 and 3 are plotted in
figure 5. During the time that themeasurements labelled (a) and (b) were acquired, the temperature drifted upward by 0.015 K.
(a) Inconsistency between the up and down sweeps resulted in larger deviations and higher uncertainty than (b) for which the
up and down sweeps were averaged before fitting. Figure 6 compares the deviations for the two fits.

T (K) p (kPa) Vpp (V) fr (Hz) g (Hz) Q 106 δf/f 102 VppQ2 δf/f

295 202 0.3 5976.85 10.46 286 2.0 4.9
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

599 407 0.3 8491.61 14.52 292 2.9 7.4
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

797 535 0.2 9752.25 19.40 251 5.4 6.8
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

797 (a) 535 0.2 9753.23 19.54 250 13.0 16.3
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

797 (b) 535 0.2 9753.23 19.54 250 4.2 5.3
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

one measurement of the (300) acoustic mode at 797 K and 535 kPa, the temperature drifted by
0.015 K. The deviations of the in-phase and quadrature signals from a fit, plotted in figure 6a,
show inconsistencies between the up and down data that are not random and result in a large
uncertainty for fr. The fit results are labelled as (a) in table 3. When the up and down data at each
frequency are averaged before fitting, the systematic effects are removed, and the deviations are
much smaller and more random (figure 6b). Although the two fits give the same value for fr and g,
the estimated uncertainty is much smaller when these data are averaged. The right-most column
in table 3 shows that the values of δf/f at 295 and 797 K are consistent when the changes in the
drive voltage and Q values of the resonances are taken into account. No unexpected problem
appeared when the waveguides were subjected to the temperature gradient from 295 to 797 K.
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Table 4. The relative thermal expansion LT/L0 from 377 K and the inconsistency indicated by the standard deviation of the
thermal expansions obtained from three microwave modes.

T (K) LT/L0 106 s.d.

478 1.001524 3.6
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

569 1.002949 2.9
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

673 1.004651 46.6
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

772 1.006368 11.8
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

871 1.008225 13.3
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

1000 1.010788 57.2
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

4. Thermal expansion measurement by the microwave resonant method
As sketched in figure 1, the resonator cavity has two built-in antennas used for the source and
the detector of microwaves inside the cavity. Similar to Feng et al. [19], we used the TM010, 011,
012 and 013 modes for the measurements of the thermal expansion of the cavity length from 377
to 1000 K with flowing argon at the pressure of 200 kPa. To measure each resonance profile, we
swept the frequency upward and downward in 5 MHz steps for a total of 201 points. The quality
factors of the cavity modes ranged from 1600 to 2200. The signal-to-noise ratios varied from 6500
to 33 500. We calculated the radius of the cavity at each temperature from the TM010 mode, which
does not depend on the cavity length. Using this radius, we obtained three measurements of
the length of the cavity from the TM011, 012 and 013 modes at each temperature. Because AGT
generally operates in the relative mode for measuring thermodynamic temperature, knowing the
thermal expansion is necessary. The consistency among the thermal expansions extracted from
the measurements of the modes is key for evaluating the microwave method. Table 4 lists the
relative thermal expansion from 377 K at six temperatures and the fractional standard deviation
of the thermal expansions among the modes. The measurements of the microwave frequencies
were corrected from the perturbations using formulae from the literature [22,23].

The extracted thermal expansions show only small inconsistencies at 478 and 569 K, but the
inconsistency increases to 57 × 10−6 at 1000 K. Except for the anomaly at 673 K, the increasing
inconsistency with temperature is similar to that reported by Feng et al. [19], whose cavity and
microwave feedthroughs were similar to the present design. The primary difference is that the
new cavity is equipped with acoustic waveguides. We speculate that the anomalously large
inconsistency at 673 K resulted from an undetected temperature change. Below, we will discuss
the cause for the increasing standard deviation with increasing temperature.

We also measured the temperature dependence of the ratio of the cavity’s length to its radius
(L/a) (figure 7). Below 900 K, L/a depends linearly on temperature with a negative slope that is
consistent with the linear slope observed by Feng et al. [19]. However, when we heated the present
cavity to 1000 K, we observed an increase in the slope in figure 7 that was not reported in [19]. One
difference between the present cavity and the previous cavity is the thermal history. The previous
cavity had been thermally cycled between room temperature and 1350 K; the present cavity was
never heated above 1000 K, where it appeared to ‘age’ rapidly. A certain amount of annealing may
take place at elevated temperature. We will test to see if the cavity stabilizes after thermal cycling
multiple times to a temperature higher than the intended range for AGT.

5. Discussion and summary
We measured the performance of the acoustic waveguides at 295 and 797 K near the argon density
82 mol m−3. The deviations from the fitted resonance function at 797 K were approximately five
times larger than the deviations at 295 K. By sweeping the frequency both upward and downward
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Figure 7. Temperature dependence of the ratio of the cylindrical cavity dimensions (length)/(radius) obtained frommicrowave
measurements. Note that the vertical scale is parts per million.

to measure the resonance, we observed good reproducibility at 295 K but not at 797 K because the
temperature drifted. Averaging the sweeps improves the fits, reduces the systematic deviations
and lowers the estimated uncertainty of the resonance frequency. Shorter data acquisition time
also reduces the effects of temperature drifts at the expense of less averaging. We plan three
improvements to accurately measure T − T90 at high temperatures. First, we will use a heat pipe
inside the furnace to reduce the temperature instabilities from ±5 K to approximately ±(0.1 to
0.5) K. Second, we will place the resonator inside a pressure vessel whose temperature will be
controlled on the order of a few tens of millikelvin. Third, a heater on the surface of the resonator
will control the temperature of the resonator to within a few millikelvin. We also will replace the
4.57 mm ID waveguides with 1.75 mm ID waveguides.

For argon-based AGT, Moldover et al. [24] recommend using argon densities in the range
40 mol m−3 < ρ/M < 200 mol m−3, where ρ is the mass density and M is the average molar mass
of the gas. In order to maintain constant ρ/M, the gas pressure must increase with increasing
temperature. However, increasing the gas pressures has the undesirable effect of increasing the
perturbations caused by the recoil of the solid resonator shell in response to the oscillating gas
within the resonator. Previous studies [25,26] discuss perturbations from four families of normal
modes of a cylindrical shell with cylindrical endplates. These include longitudinal and radial
oscillations of the cylindrical body of the shell, the bending of the endplates and the recoil of the
entire shell, considered as a rigid body. The frequency perturbations from the first three families
of modes are predicted to have the functional form

(�fl)shell,i

fl
≈ −(ρu2)gas

Gi,l

1 − ( fl/fshell,i)2 , (5.1)

where u is the speed of sound of gas; fl is the gas resonant frequency at the eigenvalue l;
fshell,i is a resonance frequency of the shell’s motion at mode index i; �fl is the shift of the
resonant frequency fl; Gi,l is a compliance of the shell that depends upon the geometry and elastic
properties of the shell and on the geometry of the gas mode l. The perturbations predicted by
the above equation increase with gas pressure at constant density ρu2 ≈ (5/3)p, where the factor
(5/3) applies to monatomic gases. To counteract the undesired increase of these perturbations
with temperature, we considered increasing the ratio (thickness of the shell)/(radius of cavity).
However, increasing the outer dimensions of the shell or decreasing the radius of the cavity will
degrade the performance of a c-AGT. Thus, a high-temperature c-AGT will rely on the general
principle that perturbations from shell motions vanish linearly with the pressure at low pressures.
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The acoustic resonance frequencies of the gas-filled cavity increase as T1/2. For each gas
mode, the frequency at 1300 K is twice the frequency at room temperature. The elastic constants
of metallic cavity walls are only weakly dependent on temperature, and the frequencies fshell,i
in equation (5.1) decrease only slightly with increasing temperature. Therefore, the acoustic
resonances of the gas may cross some of the frequencies fshell,i as the temperature increases. Near
such crossings, equation (5.1) is a poor approximation and the crossing gas mode cannot be used
to determine an accurate value of T. This is one of the challenges that acoustic thermometry at
temperatures up to 1350 K will encounter.

We recall that the microwave frequency ratios (fm + �fm)p,T/(fm + �fm)p,Tref are not exactly
equal to length ratios such as L(p, T)/L(p, Tref). When gas is admitted into a cavity at the
temperature T, the microwave frequencies will decrease by the factor 1/n, where n(p, T) is
the refractive index of the gas at the temperature and pressure of interest. Furthermore, the
microwave frequencies will increase because the cavity shrinks under the applied hydrostatic
pressure. If the walls of the cavity are made of an isotropic material with a temperature-dependent
isothermal bulk modulus BT(T) ≡ −V/(∂p/∂V)T, each linear dimension shrinks by the factor
[1 + p/(3BT)]. If AGT is conducted at the copper point (1358 K) using argon at pressures up to
1.5 MPa, the product ℘ = n(p, T)[1 + p/(3BT)] reaches a maximum value of approximately 1.0016.
However, ℘ is very nearly a linear function of pressure. Therefore, when the pressure-dependent
ratio data in equation (1.1) are fitted by a physically motivated function of the pressure that
includes a term proportional to p, the temperature and pressure dependences of ℘ will be
accounted for and the correct value of u2

0(T)/u2
0(Tref) will be determined. Thus, accurate AGT

does not require values of the difficult-to-measure quantity BT(T).
We used the TM modes to measure the thermal expansion of the cavity because they coupled

to the cavity with the simplest, most-easily modelled antennas: straight wires. Our coaxial cables
had a small diameter; therefore, they made only very small perturbations to the acoustic modes
of the cavity. Our thermal expansion measurements, except for the anomaly at 673 K, agree with
the results reported by Feng et al. [19]. Both studies indicate that the inconsistencies among the
measured thermal expansions by different TM modes are at the level of 3 ppm for temperatures
below 600 K; 10 ppm from 600 to 900 K; and 50 ppm at 1000 K and above. These data suggest
three possible causes responsible for the phenomenon. First, the thermal expansion of the cavity
may be anisotropic due to stresses in the metal from machining. If this is the case, we will use
acoustic modes and TE modes with identical wavenumbers, so that the anisotropy of the thermal
expansion exactly cancels out of the frequency ratios in equation (1.1). This choice completely
circumvents the need to characterize the anisotropy of the thermal expansion. Second, there may
be errors in the calculated corrections to the measured frequencies due to unknown current paths
through the joints at the endplates. For example, a slit at this joint may open or close as the
temperature changes. The sensitivity of the microwave frequency perturbations to such a slit
varies from TE mode to TM mode. The effective resistance of the slit is sensitive to the slit’s
geometry; therefore it might explain the increasing dispersion of the TM modes with increasing
temperature. We plan to eliminate this possible problem by using a new cylindrical cavity that has
a single joint in the symmetry plane perpendicular to the cylinder’s axis. (This joint is analogous to
the joint at the ‘equator’ of a quasi-sphere formed by joining two quasi-hemispheres.) Third, there
may be a structural change in the metal above 1000 K. The possibility can be tested by measuring
the thermal expansion of the alloy using a dilatometer.

Finally, we note that thermal cycling might reduce the stress in the alloy and slow the time-
dependence of the cavity’s dimensions at high temperatures.
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