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Abstract  Dynamic calibration of force transducers using 

sinusoidal acceleration of load mass objects requires the 

accurate determination of the displacement field in such 

objects, in order to relate accelerations measured at one or a 

few locations on the object to its body-averaged 

acceleration. We present the results of finite element 

calculations of such displacement fields, and show that there 

are significant differences from the results of first-order 

approximations at calibration frequencies above  ≈ 1 kHz for 

typical load mass objects. 

Keywords: dynamic force, force calibration, sinusoidal 

force, harmonic force, elastic waves.  

1.  INTRODUCTION 

The analysis of multi-dimensional elastic wave 

propagation in cylinders has been undertaken since the end 

of the nineteenth century [1, 2] but exact analytical solutions 

can be obtained only for a few cases, with most cases 

requiring numerical modeling for accurate solutions. A 

problem requiring the accurate determination of 

displacement fields in harmonically-driven elastic cylinders 

is the case of sinusoidal force calibration using accelerated 

masses. In this technique, illustrated in Fig. 1, a body of 

known mass is affixed to a force transducer to be calibrated, 

and the two objects are accelerated together sinusoidally. 

The acceleration is measured, and the product of this 

acceleration with the known mass gives the force being 

applied to the transducer. Cylinders are the most-commonly 

used load mass shapes, and the acceleration is often 

measured at a single point on the free end of the load mass, 

such as by a laser vibrometer. The problem is to solve the 

elastic wave equation in a driven, finite, cylinder, with the 

harmonic drive applied to one end and all other surfaces 

free, determining the acceleration at a point on the free end. 

The ratio of this to the body-averaged acceleration gives a 

frequency-dependent correction factor to the single- point 

acceleration measurement. We describe here the solution of 

this problem for general cylinders by finite-element 

analysis, comparing the result to a one-dimensional 

analytical calculation, for drive frequencies up to 5 kHz. We 

also present more-accurate simulations for two specific mass 

objects.    Kumme [3,4] has previously used finite-element 

modelling to determine the correction factor for steel load  

 

 

Fig. 1.  Schematic of sinusoidal force calibration based on an 

accelerated mass. A sinusoidal drive is applied to a transducer-

mass assembly, and the acceleration of the load mass object is 

measured, e.g. using a laser vibrometer. The force applied to the 

transducer is determined as the product of the object mass and its 

measured acceleration. 

mass cylinders up to 1 kHz, and compared this to the one-

dimensional analytical solution. 

2.  APPROXIMATE ANALYTICAL SOLUTION 

A long cylinder may be approximated by a one-

dimensional rod, and thereby the problem may be modeled 

as such a rod with one end driven and the other end free. For 

a rod of length L, density ρ and Young's modulus E, the 

equation of motion is 

 
𝜕2𝑢(𝑧,𝑡)

𝜕𝑡2 =
𝐸

𝜌

𝜕2𝑢(𝑧,𝑡)

𝜕𝑧2  , (1) 

with boundary conditions 

 𝑢(0, 𝑡) = 𝐴 cos(𝜔𝑡) , (2) 

 
𝜕𝑢

𝜕𝑧
(𝐿, 𝑡) = 0 , (3) 

 

where A is the displacement amplitude of the driven end. 

The solution to this model is 

𝑢(𝑧, 𝑡) = 𝐴 [cos (
𝜔𝑧

𝑐𝑙
) + tan (

𝜔𝐿

𝑐𝑙
) sin (

𝜔𝑧

𝑐𝑙
)] cos(𝜔𝑡) ,   (4) 

where cl is the longitudinal wave speed √𝐸/𝜌. This yields 

an acceleration amplitude correction factor of 

 𝐾1𝐷 =
[(

1

𝐿
) ∫ 𝑢̈(𝑧)𝑑𝑧

𝐿
0 ]

𝑢̈(𝐿)
=  [

sin(𝜔𝐿/𝑐𝑙)

𝜔𝐿/𝑐𝑙
]. (5) 
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Fig. 2.  Comparison of the acceleration amplitude correction factor 

determined from a one-dimensional model to the correction factor 

determined from a two-dimensional finite-element model. Results 

are plotted for a cylinder of mass 5 kg, length  5 × diameter, 

Young’s modulus 200 GPa, Poisson’s ratio 0.3, and density 8000 

kg/m3. 

This is plotted in Fig. 2 for a 5 kg stainless-steel (E = 200 

GPa, υ = 0.3, ρ = 8000 kg/m
3
) cylinder of length 10 × its 

radius. This one-dimensional result will become 

increasingly inaccurate as the aspect ratio of the cylinder is 

reduced. 

3. FINITE-ELEMENT SOLUTION 

The three-dimensional elastic wave equation in an 

isotropic, uniform-density (and time-invariant-density) 

material is [5] 

 𝜌ü = 𝜇∇2u + (𝜆 + 𝜇)∇(∇ ∙ 𝐮), (6) 

where u is the displacement of a material point from its 

initial position, and λ and μ are the Lamé elastic constants of 

the material. The problem is reduced to two dimensions by 

assuming axisymmetry. This problem was solved by the 

finite-element method for the case of a cylinder 

harmonically driven at one end, using the COMSOL [6, 7] 

software package. 

3.1 Simulation model 

A cylinder of radius R and height h with uniform, 

isotropic material properties E, υ, ρ is driven by an axial 

sinusoidal force 𝐹0 sin(2 𝜋𝑓 𝑡) applied uniformly over a 

disc of radius ra on one end. The resultant axial acceleration 

is measured at radial position P on the opposite end of the 

cylinder. The nine independent variables (R, h, E, υ, ρ, ra, P, 

f, F0) in the problem are reduced to eight by the assumption 

of linearity, which removes the applied force magnitude as a 

relevant variable. The dependence on ra and P is found to be 

close to quadratic, so solutions are found for two limiting 

cases of each (ra = R/10, R; P = 0, R), with solutions at 

intermediate values found by interpolation. Dimensional 

analysis is applied to reduce the remaining six variables to 

3: 

 𝜋1 ≡
ℎ

2𝑅
; (Aspect ratio) (7) 

 𝜋2 ≡ 𝜈; (Poisson's ratio) (8) 

 𝜋3 ≡ (
ℎ 𝑓

√𝐾/𝜌
)

2

 (9) 

where K is the bulk modulus, 𝐾 = 𝐸/3(1 − 2𝜐).  

Triangular elements were used for meshing and a mesh-

convergence test was performed. The mesh density used in 

the simulations used gave correction factors within 5 × 10
-7

 

of the correction factor calculated with more than 3 × the 

number of mesh degrees of freedom, for frequencies below 

5 kHz, and within 2 × 10
-5

 for frequencies below 10 kHz. 

Simulations were performed for sweeps of π1 from 1.1 to 10 

in 28 steps, π2 from -0.9 to 0.45 in 16 steps, and π3 from the 

value corresponding to 25 Hz to that corresponding to 2.5 × 

f0 in ≈ 300 steps, where f0 is the first longitudinal resonance 

frequency of the cylinder. 

3.2 Results 

The correction factor is the body-averaged acceleration 

for the simulated applied force and cylinder mass, divided 

by the acceleration at the measurement point. An example is 

shown in Fig. 1, and is seen to differ significantly from the 

one-dimensional model at high frequencies (f  > 1 kHz, for 

this aspect ratio and mass). For the plotted case, the 

difference is about 1 % at 2 kHz and about 5 % at 5 kHz. A 

database of correction factors over the range of simulated 

parameters (π1, π2, π3, ra, P) has been assembled, allowing 

interpolation to find the correction factor for a given 

calibration mass. The sensitivity of the correction factor to 

variations in the parameter values was also determined at 

each point, allowing uncertainty in the input parameter 

values to be translated into an uncertainty in the correction 

factor. 

3.3 Uncertainty of correction factor 

If the uncertainty in the input parameter values is 

sufficiently low, the uncertainty in the correction factor will 

be primarily due to un-modeled aspects (for example the 

exact boundary condition of the sinusoidal drive and 

neglected geometrical details of the mass objects) and to 

interpolation in the generated database of correction factors. 

Interpolation between simulated (ra, P) points introduces an 

uncertainty (k = 2) of up to 9.6 %, predominantly (9 %) due 

to the driving area (ra) interpolation. (This uncertainty does 

not apply to the plot shown in Fig. 2, which is for uniform 

drive over the whole cylinder end surface, one of the 

simulated data points.) Note that these uncertainty values are 

the uncertainty in the difference of the correction factor 

from 1. 

4. CORRECTION FACTOR FOR SPECIFIC MASS 

OBJECTS 

4.1 Geometry and boundary conditions 

Higher-accuracy correction factors were determined for 

two specific load mass objects used in the sinusoidal force 

calibration system at NIST. These objects are shown in Fig.  



 

Fig. 3.  Specific load mass objects for which elastic properties were 

measured and more-detailed simulations carried out. The object on 

the left has a mass of approximately 1 kg, a diameter of ≈ 0.06 m, 

and a height of ≈ 0.045 m. The object on the right has a mass of 

approximately 10 kg, a diameter of ≈ 0.12 m, a height of ≈ 0.13 m 

and an internal cavity of depth ≈ 0.06 m. In addition to the holes 

shown, each mass had a threaded hole in its base of diameter 6.4 

mm and depth ≈ 20 mm. 

3 and had masses of 0.99837 kg  and 9.99709 kg 

respectively, with a relative uncertainty (k = 2) of 6 × 10
-5

. 

The 10 kg object has a central cylindrical cavity extending 

the upper half of its height, and both cylinders have small 

screw holes and chamfers. Three-dimensional finite-element 

models of these masses were constructed for determination 

of the acceleration correction factor. 

 

 
 

 

Fig. 4. Distribution of applied force on of 1 kg calibration mass. (a) 

Detail of mass-transducer interface. (b) Force distribution on base 

surface. (c) Force distribution along mounting hole thread. Note 

the different vertical scales. 

The boundary condition at the driven end was modeled 

in much greater detail for these objects. The driving force is 

not simply applied to the base surface of each object, but 

partly to the threads of the mounting screw hole and partly 

to the base surface. The loading stress distribution is 

determined by constructing a two-dimensional finite-

element model of the load object and a coupled force 

transducer as a single object, running the simulation with an 

external force applied to the base of the transducer, and 

probing the stress distribution along the spatial path 

corresponding to the mass object base surface and mounting 

hole threads. The determined stress distribution profiles are 

shown in Fig. 4 for the 1 kg object. We observe that the 

force is applied predominantly to the base of the calibration 

mass and is peaked at the edge of the contact area between 

the calibration mass and the transducer. The determined 

stress distribution has some dependence on the modeled 

transducer structure, and thus the results in this section 

apply to the particular transducer modeled. 

4.2 Elastic moduli determination 

Accurate values for the elastic properties of load masses 

are needed in order for accurate values of the correction 

factor to be determined. The elastic moduli of as-

manufactured steel alloys cannot be assumed to match 

tabulated reference data to better than ≈ 10 %. To improve 

upon this, we determined the elastic constants of the two 

load mass objects from measurements of vibrational mode 

frequencies [8, 9]. 

The 1 kg mass was suspended by a thin wire attached to 

the top center hole with a nylon screw to obtain free-free 

boundary conditions on the mass. A small accelerometer 

(mass = 2.3 g) was mounted on a screw hole near the outer 

edge of the mass such that the accelerometer and the mass 

vertical axis were parallel. The load mass was struck 

transversely with a small ball-hammer and the accelerometer 

output recorded for 1 second. One hundred such impacts 

were recorded, and exported for analysis. These were 

Fourier-transformed and the 100 amplitude spectra 

averaged. Peak fitting using the IGOR Pro [7, 10] software 

package was used to determine the location of the observed 

peaks. The obtained spectrum is shown in Fig. 5. 

The 10 kg load mass was supported on a rubber o-ring 

for the test. A small accelerometer (mass = 5.8 g) was 

mounted on the 10 kg mass by a screw hole. The load mass 

was struck transversely on its side using a small ball-

hammer, and vertically on the bottom surface of the central 

cavity in it using a half-inch-diameter steel rod. A total of 

512 impacts of each type were recorded for 0.6125 s each, 

and processed using the same procedure as for the 1 kg 

mass. 

The thus-obtained spectra were compared to simulated 

spectra. Details of the cylinders including screw holes and 

chamfers were modeled, as well as the mounted 

accelerometers. These simulations were performed in three 

dimensions in order to accurately accommodate the 

geometry of the object, the rotational symmetry being 

broken by the screw holes and the accelerometers. Newton's 

method was used to iteratively align the simulated resonant  
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Fig 5. Measured vibration spectrum and simulated mode 

frequencies of specific mass objects. 

frequencies with experimentally determined resonant 

frequencies using the cost function 

 𝑅 =  ∑ [
1

𝑢𝑗 𝜔𝑗
(𝜔𝑗 − (

𝜕𝜔𝑗

𝜕𝐸
𝐸 +  

𝜕𝜔𝑗

𝜕𝜐
𝜐))]

2

𝑗 ,  (10) 

where ωj are the experimentally measured resonance 

frequencies, ωj are the differences between the 

experimental resonance frequencies and the corresponding 

simulated resonance frequencies and uj1 is a weighting 

factor corresponding to the uncertainty Δωj of the mode 

frequency ωj: 

 𝑢𝑗1 =
∆𝜔𝑗 𝜔𝑗⁄

√(1 𝑛⁄ ) ∑ (∆𝜔𝑘 𝜔𝑘⁄ )𝑛
𝑘=1

 .   (11) 

Uncertainties due  to the experimental resonant frequency 

measurement, finite simulation convergence and object 

dimensional measurements, contribute to uj1, and these 

uncertainties are described in the next section.  Starting from 

initial guesses (E = 180 GPa, υ = 0.35) for the elastic 

moduli, simulated values of the resonant frequencies were 

determined, and thereby the differences ωj. (
𝜕𝜔𝑗

𝜕𝐸
,

𝜕𝜔𝑗

𝜕𝜐
) were 

computed by slightly varying (2 % difference) each modulus 

in turn and observing the shifts in the simulated resonance 

frequencies
1
. The two equations 𝜕𝑅 𝜕𝐸 = 0⁄ , 𝜕𝑅 𝜕𝜐 = 0⁄  

                                                           
1
 For Young’s modulus E, if the simulated structure is made of a 

single material then the resonant frequencies are proportional to 

E1/2, and ∂ωj/∂E = ωj/2E exactly. However we do not use this as 

the accelerometers in the simulation are not made of the same 

material as the calibration masses. 

were next solved to determine (E, υ), which were added to 

the starting moduli values. The process was repeated until 

the indicated relative change in each modulus was less than 

1 × 10
-5

. 

This process is somewhat computationally intensive, and 

many iterations of the process were required to obtain a 

converged solution. Including the soft o-ring in the 

simulation for the 10-kg object yielded numerous modes of 

the o-ring, making it difficult to find the mass 

eigenfrequencies among them. In the final simulations, the 

o-ring was not included, but a correction to the resonant 

peak frequencies was introduced to account for its effect. 

This correction factor was determined by running the 

simulation once with the o-ring and once without the o-ring, 

for a fixed pair of values for E and υ. The difference of this 

corrective multiplier from 1 ranged from 1.3 × 10
-5

 to 9.9 × 

10
-5

 for the resonance peaks used. 

For the 1 kg object, nine simulated modes were found to 

line up with the experimental data, as shown in Fig. 5.  

These included four pairs of transverse modes and one 

single transverse mode (determined by looking at the 

simulated mode deformation pattern). For the 10 kg object, 

comparing simulation to experimental data yielded five 

peaks with good correlation. One of these four peaks was 

the first longitudinal mode, while the remainder were 

transverse modes. The corresponding elastic moduli were 

determined as (E = 198.5 ± 0.36 GPa, υ = 0.275 ± 0.0033) 

for the 1 kg object and (E = 197.9 ± 1.63 GPa, υ = 0.290 ± 

0.037) for the 10 kg object. The quoted uncertainties are k = 

2 expanded uncertainties, determined as discussed next. 

4.3 Uncertainty of measured elastic properties 

The relative uncertainty for each elastic modulus was 

determined by a weighted sum of the contributions from all 

used resonant frequencies,  

 
∆𝜂

𝜂
=

√∑ [
1

𝑢𝑗2
(

𝜕𝜂

𝜕𝜔𝑗

𝜂

𝜔𝑗
⁄ )

∆𝜔𝑗

𝜔𝑗
]

2
𝑛
𝑗=1

𝑛−2
  ,              (12) 

where η is the elastic modulus (E or υ), n is the number of 

vibrational modes used, ωj are the mode frequencies, ∆ωj 

are the uncertainties assigned to each mode frequency, and 

the 2 in the denominator is because two elastic constants are 

determined by the optimization. The quantity uj2 is similar to 

uj1, but includes an additional uncertainty contribution to the 

mode frequency due to residual mismatch between the 

experimental and simulated frequencies, discussed further 

below. 

There are four contributions to the ∆ωj, namely: 

experimental uncertainty – uncertainty in the measured 

vibrational mode frequencies; simulation uncertainty – 

numerical uncertainty in the calculated mode frequencies; 

dimensional uncertainty – uncertainty in the calculated 

mode frequencies due to uncertainty in the measured object 

dimensions and mass; and residual uncertainty – an 

additional uncertainty added to account for residual 

mismatch between measured and simulated resonant 

frequencies. These contributions and the resulting mode 

frequency uncertainties are shown in Table 1. The 

experimental uncertainty ∆ωj,exp is determined as the  



Table 1. Resonant mode frequencies used in the elastic property 

determination, and uncertainties in these frequencies. 

ωj 

[Hz] 

∆ωj,exp

/ωj 

∆ωj,sim

/ωj 

∆ωj,dim

/ωj 

∆ωj,res/

ωj 

∆ωj/ωj 

1 kg mass resonances: 

40665 2.9E-5 2.0E-5 1.2E-4 7.3E-4 7.4E-4 

40751 2.9E-5 1.9E-5 1.2E-4 1.2E-3 1.2E-3 

49381 3.0E-5 3.8E-5 1.3E-4 9.2E-4 9.3E-4 

49492 2.9E-5 3.8E-5 1.3E-4 9.4E-4 9.5E-4 

50852 1.1E-4 4.2E-5 1.4E-4 2.6E-4 3.2E-4 

50941 7.7E-5 2.6E-5 1.4E-4 5.9E-4 6.1E-4 

51325 4.2E-5 5.1E-5 1.1E-4 3.6E-4 3.8E-4 

57575 2.6E-5 7.4E-5 1.2E-4 5.3E-5 1.5E-4 

57656 1.9E-5 6.8E-5 1.2E-4 7.0E-4 7.1E-4 

10 kg mass resonances:  

8798.2 3.0E-5 3.2E-4 1.1E-4 3.7E-4 5.0E-4 

8813.0 1.7E-5 3.0E-4 1.1E-4 3.4E-3 3.4E-3 

13085 4.8E-5 1.0E-3 6.7E-5 6.1E-4 1.2E-3 

16046 1.1E-5 2.2E-5 6.2E-5 6.4E-4 6.4E-4 

27897 1.7E-5 3.5E-5 6.0E-5 2.1E-4 2.2E-4 

 

 

standard deviation of the fitted peak center. The simulation 

uncertainty ∆ωj,sim is determined as the difference between 

the simulated frequencies at the used mesh density and at a 

mesh density with a factor of 2 fewer degrees of freedom
2
. 

This difference is larger than the difference between the 

simulated frequencies with the used mesh density and with a 

mesh density with a factor of 2 increase in the number of 

degrees of freedom. The dimensional uncertainty ∆ωj,dim is 

determined as  

  
∆𝜔𝑗,𝑑𝑖𝑚

𝜔𝑗
= √∑ [(

𝑑𝑖

𝜔𝑗

𝜕𝜔𝑗

𝜕𝑑𝑖
)

∆𝑑𝑖

𝑑𝑖
]

2
𝑛𝑑
𝑖=1  , (13) 

where di is the i
th

 dimension, Δdi is the uncertainty of the 

dimensional measurements, and nd is the number of 

dimensions. The final component ∆ωj,res is equal to the 

residual mismatch between the simulated peak frequency 

and experimental peak frequency after the iterative 

optimization. For most of the resonant frequencies this 

residual difference is the largest component of the 

uncertainty. This residual difference may result from 

unmodeled phenomena.   

4.4 Correction factor results 

Results for the simulated correction factors for these two 

mass objects are shown in Fig. 6 up to 5 kHz. For the 1 kg 

mass, the correction factor for measurements at the center of 

the top surface is ≈ 1.2 % at 5 kHz. For the 10 kg mass, the 

correction factor for measurements at the inner diameter 

edge is ≈ 16 % at 5 kHz. The k = 2 relative uncertainty of 

the difference of the correction factor from 1 is 0.007 for the 

1 kg mass and 0.016 for the 10 kg mass. These uncertainties 

are determined by considering the uncertainty in the mass  

                                                           
2
 The exception to this is the 13085 Hz mode of the 10 kg mass, for 

which two nearly-degenerate modes were found in the simulation. 

There was no means to select one of the two as the correct one, and 

therefore the uncertainty in the peak frequency is taken as half the 

frequency difference between the two modes. 

 

Fig. 6. Calculated correction factors from detailed simulations of 

specific 1 kg and 10 kg mass objects. 

object parameters (dimensions, mass and elastic properties) 

and the sensitivities of the calculated correction factors to 

these input parameters. The uncertainty in the elastic 

properties (especially υ) is the dominant contribution. 

5.  CONCLUDING REMARKS 

We have observed that sinusoidal force calibration based 

on the acceleration of kilogram-range load mass objects in 

the kilohertz frequency range requires multidimensional 

solutions of the elastic wave equation for accurate 

determination of the acceleration distribution. Acceleration 

amplitude correction factors for generalized cylinders with 

aspect ratios ranging from 1.1 to 10 were calculated by two-

dimensional finite-element modelling. More-detailed 

simulations to determine more-accurate correction factors 

were performed for the two objects shown in Fig. 3, which 

included geometrical details such as chamfers and axial 

holes, and detailed modelling of the distribution of the 

applied force on the bottom surface and mounting thread. 

The remaining uncertainty in the correction factor in 

these detailed simulations is set by uncertainty in the input 

parameters, predominantly uncertainty in the elastic moduli, 

and is in the range of 1 % of the difference of the correction 

factor from 1 (thus at most a few parts in 1000 of the 

measured calibration mass acceleration for the frequency 

range up to 5 kHz). This uncertainty can be reduced by more 

accurate determination of the input parameters, but will 

ultimately be limited by modelling approximations. In the 

present case such approximations included neglecting 

damping, the assumptions of linear elasticity and material 

isotropy, and modelling the undriven surfaces as free (i.e. 

neglecting air drag). 
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