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Abstract—Using the multiple-scale homogenization method,
we derive generalized sheet-transition conditions for electro-
magnetic fields at the surface of a metafilm. The scatterers
that compose the metafilm are of arbitrary shape and are
embedded between two different magnetodielectric media. The
parameters in these boundary conditions are interpreted as
effective electric and magnetic surface susceptibilities, which
themselves are related to the geometry of the scatterers that
constitute the metafilm.

Index Terms—Boundary conditions, generalized sheet-
transition conditions (GSTCs), homogenization, interface condi-
tions, magnetodielectric, metafilms, metamaterials, metasurfaces,
multiple-scale techniques.

I. INTRODUCTION

N THIS paper, we consider the interaction of electromag-

netic (EM) waves with a 2-D periodic array of arbitrarily
shaped scatterers partially embedded between two different
magnetodielectric media, as shown in Fig. 1. This type of
surface has been given the name metafilm [1], by which
we specifically mean a surface distribution of separated elec-
trically small scatterers. As far as macroscopic fields are
concerned, the metafilm acts as an infinitesimal sheet—one
that causes a phase shift and/or a change in amplitude in the
fields interacting with it. Scattering by such sheets is best char-
acterized by generalized sheet-transition conditions (GSTCs)
if computationally expensive numerical modeling is to be
avoided [1].

There is currently a great deal of attention being focused
on EM metamaterials [2]-[8]—novel synthetic materials engi-
neered to achieve unique properties not normally found in
nature. Those unique properties promise a wide range of
potential applications in the EM frequency ranges from RF
to optical frequencies. Metamaterials are often engineered by
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Fig. 1. Tllustration of a metafilm consisting of arbitrarily shaped scatterers
placed on the xz plane.

arranging a set of scatterers throughout a region of space in a
specific pattern so as to achieve some desirable bulk behavior
of the material. This concept can be extended by judiciously
placing scatterers in a 2-D pattern at a surface or interface.
Such a surface version of a metamaterial has been given the
name metasurface, and includes metafilms and metascreens as
special cases [9], [10]. Metasurfaces have also been referred
to in the literature as single-layer metamaterials.

The simplicity and relative ease of fabrication of metasur-
faces makes them attractive alternatives to 3-D metamaterials;
in many applications, metasurfaces can be used in place of
metamaterials. Metasurfaces have the advantage of taking up
less physical space than do full 3-D metamaterial structures;
as a consequence, they can also offer the possibility of lower
losses. The application of metasurfaces at frequencies from
microwave to optical has attracted great interest in recent
years [9], [10].

We will call any periodic 2-D structure whose thickness
and periodicity are small compared with a wavelength in the
surrounding media a metasurface. The distinction between a
metasurface and a frequency-selective surface is discussed
in detail in [9]. Within this general designation, we can
identify two important subclasses [11]. Metasurfaces that have
a “cermet” topology, which refers to an array of isolated
(nontouching) scatterers are called metafilms, a term coined
in [1] for such surfaces. Metasurfaces with a “fishnet” structure
are called metascreens [9]. These are characterized by period-
ically spaced apertures in an otherwise relatively impenetrable
surface. Other kinds of metasurfaces exist that lie somewhere
between these two extremes. For example, a grating of parallel
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conducting wires behaves like a metafilm to electric fields
perpendicular to the wire axes, but like a metascreen for
electric fields parallel to the wire axes [12]. In this paper,
we will limit ourselves to metafilms. It is important to note
that the individual scatterers constituting the metafilm are not
necessarily of zero thickness (or even small compared with the
lattice constants); they may be of arbitrary shape, and their
dimensions are required to be small only in comparison to
a wavelength in the surrounding medium, a fortiori because
the lattice constant has been assumed small compared with a
wavelength.

Like that of a metamaterial, the behavior of a metafilm
can be understood in terms of the electric and magnetic
polarizabilities of its constituent scatterers. The traditional and
most convenient method by which to model metamaterials is
with effective-medium theory, using the bulk EM parameters
Hefi and €qfr. Attempts to use a similar bulk-parameter model
for metasurfaces have been less successful. Detailed discus-
sions of this point are given in [13] and [14], where it is shown
that the surface susceptibilities of a metafilm are the properties
that uniquely characterize a metafilm, and as such serve
as its most appropriate descriptive parameters. As a result,
scattering by a metafilm is best characterized by GSTCs [1],
in contrast to the effective-medium description used for a
metamaterial. The coefficients appearing in the GSTCs for
any given metafilm are all that are required to model its
macroscopic interaction with an EM field. The GSTCs allow
this surface distribution of scatterers to be replaced with a
boundary condition that is applied across an infinitely thin
equivalent surface (hence the name metafilm), as indicated
in Fig. 2. The size, shape, and spacing of the scatterers
are incorporated into this boundary condition through the
polarizability densities of the scatterers on the interface. It was
shown in [1] that the GSTCs relating the EM fields on both
sides of the metafilm shown in Figs. 1 and 2 are (under certain
conditions, to be discussed in the following):

ay, X El?Jr:(J— = _J'.CU.HYMS : Hr,av|_\'=0
—ay X VI[X'E\gE_\‘,uv]‘:U

U+ . “—
ay X HI_‘:Q— = jweXEs - Eray

y=0
ax VARl O

where a time dependence e/®' has been assumed. The left
sides of these expressions represent the jump (or difference)
in the tangential components of the fields on the two sides of
the metafilm (at y = 0), and the subscript “av” represents the
average of the field on either side of the metafilm, that is

1
Eﬂ\" = E[El_\‘=0+ + El_\‘:ﬂ_] (2)

and similarly for the H-field. The subscript ¢ refers to
components transverse to y, and a, denotes the unit vector
in the y-direction. The parameters YES and ?MS are the
dyadic surface electric and magnetic susceptibilities, which
have units of meters and are related to the electric and
magnetic polarizability densities of the scatterers per unit area.
These dyadics vanish when the scatterers are absent, in which
case the above-mentioned boundary conditions reduce to the
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Fig. 2. (a) Metafilm and (b) reference plane at which the GSTCs are applied.
ordinary condition of continuity of the tangential components
of E and H. The specific type of metafilm analyzed in [1]
considered only the case where the scatterers and lattice have
sufficient symmetry such that the surface susceptibility dyadics
are diagonal

?ES = ngaxa.\' + nga)'a_\- + xéga:a:
?MS = Xmsarax + Xf:f;i“SaJ‘a." + Xﬁsa:a:- 3)

While this assumption is appropriate for a wide range of
metafilms, more general GSTCs for the case of nonsymmetric,
bi-isotropic, and bianisotropic surface susceptibility dyadics
are possible.

The surface susceptibility dyadics that appear in the GSTCs
are uniquely defined (unlike the thickness and perr and the
parameters €. that appear when a bulk effective parameter
model of a metafilm is attempted). Furthermore, the fields
appearing in the GSTCs are “macroscopic” fields, in the sense
that they exhibit no variations on a length scale comparable
to scatterer dimensions or spacing, but only on larger scales
such as the wavelength in the surrounding medium.

Note that in this paper, we refer to the parameters in (1) as
“surface susceptibilities” (as discussed in [9] and [11]-[14])
and use neither the term “effective surface polarizability
densities” nor the notations EES and EMS for them, as
was done in [1]. This change in terminology was made in
order to be less cumbersome and to be consistent with other
work [15]-[17]. When comparing (1) with the GSTCs given
in [1], it should be noted that ‘fMS corresponds to —EMS,
the minus sign originating from the definition of magnetic
polarizability used in [1]. We should also emphasize that the
GSTCs of (1) are appropriate only for metafilms. Metasurfaces
with other structures will require a different form of the
GSTCs [9], [12].

The GSTCs derived in [1] and given in (1) are limited in
three ways. First of all, the derivation in [1] assumed that the



HOLLOWAY AND KUESTER: HOMOGENIZATION TECHNIQUE FOR OBTAINING GSTCs

scatterers were in infinite free space, while in the analysis to
be carried out in this paper, the scatterers can be embedded in
the interface between two different magnetodielectric media.
Second, the derivation in [1] assumes only dipole interac-
tions between the scatterers. In doing so, Clausius—Mossotti
type models were derived for the surface susceptibilities,
assuming that the scatterers are not “too” closely spaced.
That assumption will break down if the scatterers become
tightly packed. Finally, the derivation in [1] assumes that only
diagonal terms appear in the surface susceptibility dyadics as
in (3). For arbitrarily shaped and/or coated scatterers, we could
expect off-diagonal terms to appear in these dyadics. In fact,
without giving a formal proof, Dimitriadis et al. [18] and
Saleh at al. [19] conjectured that off-diagonal terms should be
present in general. In fact, it has been shown that off-diagonal
terms are present in the GSTCs derived for an arbitrarily
shaped coated wire grating [12], a similar though related
structure.

In this paper, we present a systematic approach based
on the technique of multiple-scale homogenization in order
to fully characterize the field interaction at the surface of
a metafilm shown in Fig. 1. By this derivation, we will
overcome the three limitations of the work in [1] noted
earlier. This method will be used to derive GSTCs: equivalent
(or “averaged”) boundary conditions for the metafilm. Due
to the geometry of the metafilm, the fields at the interface
have both a behavior localized near the scatterers and a
global (or average) behavior. The localized field behavior
varies on a length scale of the order of the spacing of the
scatterers, while the global field behavior varies on a scale
of the order of a wavelength. The local field behavior can
be separated from that of the average field (through multiple-
scale homogenization [12], [20]-[27]), representing the field as
a product of two functions, one carrying the fine structure and
the other the global behavior. A consequence of our analysis
is a set of GSTCs for the average or macroscopic field. Hence,
the EM scattering from a metafilm can be approximated by
applying the GSTCs at the interface between the two different
homogeneous media on either side of the metafilm, as indi-
cated in Fig. 2. These GSTCs, along with Maxwell’s equations,
are all that is needed to determine macroscopic scattering,
transmission, and reflection from the metafilm. If the scale
at which information about the field is needed is significantly
larger than the fine scale of the system under study, we can
discard the information about microscopic field variation, and
use only the macroscopic variation of the field (to which
only the equivalent boundary condition will apply). If desired,
however, the local field behavior can later be reconstructed
from the effective fields and associated boundary conditions.
In this paper, we will show that the homogenization-based
derivation results in GSTCs of the same form as those obtained
from the dipole-interaction model [1], but are not limited to
sparsely spaced scatterers and contain off-diagonal terms for
the surface susceptibilities in the case of arbitrarily shaped
scatterers. We note that multiple-scale homogenization has
recently been used to analyze some aspects of the EM problem
for thin periodic arrays and layers [28], [29], but these authors
have not obtained GSTCs, which is the goal of this paper.
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This paper is organized as follows. After Section I,
Section II lays out the framework of the homogenization
technique; we formulate the problem and present the asymp-
totic expansion of the solution and the boundary conditions
that must be satisfied for each term of the expansion.
In Section III-A, the lowest-order terms of the asymptotic
expansion are obtained, and in Section III-B, we solve for the
first-order terms in the expansion, from which we derive the
GSTCs for the metafilm. Section IV compares results of this
paper to those obtained from a Clausius—Mossotti type model.
Section V summarizes the results obtained in this paper, while
some details of the derivations are presented in the appendixes.

II. FORMULATION AND ASYMPTOTIC EXPANSIONS

The derivation of the GSTCs is largely analogous to the
analysis used in [12] and [25]-[27], and we will omit some
details when they can be found in these earlier works. This
section is divided into several subsections, each covering dif-
ferent aspects of the derivation. Section II-A involves expand-
ing the fields in powers of kgp [where p is the period of the
array, ko = w,/Ho€p is the free-space wavenumber, and  is
the angular frequency corresponding to an assumed exp(jmt)
time dependence] and determining boundary conditions for
various field components. Solution of these boundary-value
problems will eventually lead to the GSTCs for the effective
fields.

A. Asymptotic Expansion of Maxwell’s Equations

Assume that an EM field is incident onto the array of
scatterers, as shown in Figs. 1 and 2. This array of scat-
terers is periodic in the xz plane. For generality, we have
assumed that the two media on either side of the metafilm
are homogeneous and have different dielectric and magnetic
constitutive parameters. In this analysis, we also assume that
the scatterers are perfect electric conductors (PECs). However,
if we assume that the scatterers are composed of more general
materials (i.e., magnetodielectric scatterers with either large
or small material contrasts), the GSTCs will have the same
form and differ only in the specific values of the electric and
magnetic surface susceptibilities of the metafilm. In fact, it can
be shown that the surface susceptibilities for more general
scatterers can exhibit bianisotropic properties. By assuming
PEC scatterers, we can more easily lay out the essential
features of the analysis without the additional encumbrances
that could obscure its understanding. In the case were there
are large field variations inside the scatterers (which would be
the case for either highly conducting scatterers or when there
are resonances in the scatterers), the problem would require
the use of a stiff homogenization method, similar to that used
in [25] and [30]-[33].

Since the period p of the array is assumed to be small,
there are two spatial length scales, one (the free-space wave-
length Zg) corresponding to the source or incident wave,
and the other (p) corresponding to the microstructure of
the periodic array of scatterers. The fields will exhibit a
multiple-scale type variation that is associated with the micro-
scopic and macroscopic structures of the problem. As in
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[12] and [25]-[27], Maxwell’s equations are written as
VxEABT — _joBABT . v HABT — joDABT  (4)
where

DABT _ ¢, EABT . BABT _ 0, gABT (5

where T indicates the total fields (that contain both the
localized and global behaviors), x, is the relative permeability,
and ¢, is the relative permittivity at a given observation point.
The superscripts A and B denote the regions above and below
the plane of the metafilm, respectively.

Continuing as in [25]-[27], a multiple-scale representation
for the fields in both regions is used

E'(r,§) = ET(L. e) ©)
ko
and similarly for the other fields. Here

r= xa,\; + ya)' + Za: (?)

is the slow spatial variable, I is a dimensionless slow variable
given by [26]

P = kor (8)

and & is a scaled dimensionless variable referred to as the fast
variable and defined as
&= = = a.\'i + a_'rl + a:i =a;é +ayéy +ad; (9)
P P P P
where p is the period of the scatterers composing the metafilm,
which is assumed to be small compared with all other macro-
scopic lengths in the problem. The slow variable £ changes
significantly over distances on the order of a wavelength, while
the fast variable shows changes over much smaller distances
comparable to p.

Microscopic variations of the fields in regions A and B with
& should be expected close to the array, but once away from the
array this behavior should die out. This suggests a boundary-
layer field representation for the localized terms. The total
fields can thus be expressed in a form making this boundary-
layer effect explicit, as follows:

E" = E(f) + e(F, §) (10)

and similarly for H”. If necessary, we will add a super-
script A or B to a field to emphasize that it is to be evaluated
iny > 0ory < 0, respectively. The fields E and H are
“nonboundary-layer” fields, to be referred to henceforth as
the effective fields. The fields e and h are the boundary-layer
terms; due to the periodic nature of the array of scatterers,
these fields are assumed to be periodic in &, and &, with
period 1, but to decay exponentially in &

e and h = O(e~©mVISly a5 & — oo.

(1D

Note that the boundary-layer terms are functions of both the
fast and slow variables. Following similar arguments as in [26],
the boundary-layer fields are seen to be functions of only
five variables: the slow variables (%, Z) at the interface that
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we will represent succinctly by the tangential position vector
I, = a,% +a,Z = kor,, and &

e(Fo, §).

To perform the multiple-scale analysis, the del operator
must be expressed in terms of the scaled variables and can
be represented as [26]

(12)

|
V — kgV; + — V¢ (13)
b e
where
0 g fé,
Vi=ay—<+a,— +a;,— (14)
oy 0z
and
0 0 0
Ve=ay,—+ay— +a,—. (15)
0cy T Ogy o¢;

With the del operator defined in this manner, Maxwell’s
equations become

1
V,:XE-I-V,:XE—F—V;XC —jc(B+b)
v

1
VixH+V; xh+-V: xh=je@+d) (16
v

where v is a small dimensionless parameter defined by
v =kop

and c is the speed of light in vacuo.

We now turn our attention to the relative permeability (z,)
and relative permittivity (¢,) of the two media, which are
given by

_Jealy=0| . |EIA(}’ > 0) a7)

r_lfa(,‘f<0)] = wply <0)

where €4 p and p 4 p are the background relative permittivity
and permeability of the upper and lower regions A and B,
respectively. Note that as defined here, they may be discon-
tinuous across the plane &, = 0 (i.e., y = 0). The reference
plane y = 0 is the dividing line between the two values of
background constitutive parameters. It can be chosen to be
any convenient position in the boundary layer, even above or
below the metafilm. For simplicity, we will assume that the
y = 0 plane cuts the scatterers composing the metafilm into
two parts (see Fig. 3). A different reference plane location
would cause a change in the eventual GSTC obtained, which in
turn would result in a phase shift of reflection and transmission
coefficients determined from it. This point is discussed in more
detail in [26], [34], and [35]. With this description of the
material properties, the constitutive equations (5) become

D = ¢y, E: B = pou,H

d = €pee : b= ppuh. (18)

Now, the boundary-layer terms of (16) vanish by (11) as
|&y| = oco. Thus, the fields away from the metafilm obey the
following macroscopic Maxwell equations:

V: xE = —jcB

V:; xH = jcD. (19)
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Fig. 3. Cross section of the period cell at a plane {; = constant. The

interior volume of the scatterer is denoted by V;, which is divided into the
portions V4 and Vg lying above and below ¢y = 0, respectively.

But since the effective fields are independent of &, (19) must
be true for all f, including up to the plane of the metafilm.
Removing the terms of (19) from (16), we get

|
V;xe+—V¢xe:—jcb
Vv

1
Vi xh+ -V: xh= jed. (20)
v

In this paper, we are interested in the case when the period
is small compared with a wavelength, which corresponds to
v <« 1. Thus, it is useful to expand the fields in powers of the
small dimensionless parameter v, that is

E ~ E’(r) + vE' (r) + 0(v?)
e ~ e'(r,, &) +ve'(r,, &) + 0(v?)

and similarly for H, h, and so forth. The lowest-order terms
(E°, H°, and so on) include any incident field that may
be present as well as the zeroth-order scattered field. This
expansion is valid as the product of frequency and period
approaches zero. The limit p — 0 does not represent a
uniform surface, but one where there is an increasing number
of smaller and smaller obstacles—a sort of fractal limit that
may be somewhat nonintuitive.

Let us now substitute (21) into (19) and group like powers
of v. We find that each order of effective fields E” and H"
(m = 0,1,...) satisfies the macroscopic Maxwell’s equa-
tions (19). Similarly, substituting (21) into (18), and grouping
like powers of v, we obtain the sequence of relations

0 p? = ,un,u,-hu and d° = 606,-60 (22)
b = ,ug,u,-hl and d' = fgfrel (23)

(21
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and so on. Furthermore, the different orders of the boundary-

layer fields satisfy the following sets of equations; for

order v

Vexel =0 (24a)
Vexh? =0 (24b)
while for order v* (m =0,1,...)
Ve x et = —jeb” — Vi x e” (25a)
Ve x W+ = jed™ — Vi x W™, (25b)
We can understand (25) to also hold for m = —1 if we put
e’ = 0 and h™' = 0. By taking the fast divergence V-
of (25) and using some standard vector identities, we have
VC ) bm+| — _VF A bm and vf A dHI-H. — _vF . dm (26)
and specifically
V:-b"=0 and V:-d’ =0. 27)

which, along with (25), serve to complete the determination of
the higher order boundary-layer fields. Equations (24) and (27)
show that e’ and h® are static fields that are periodic in
¢y and &, and decay exponentially as || — oo.

From this multiple-scale representation of the fields, it is
seen that the effective fields are governed by the macroscopic
Maxwell’s equations (19), as expected. On the other hand, the
boundary-layer fields are governed by the static field equations
(24) and (27) at the zeroth order, and by (25) and (26) at the
first order.

In order to complete the mathematical definition of the
problem, boundary conditions must be specified. When this
is done, the effective fields on the metafilm reference plane
can be related to the boundary-layer fields at the metafilm
interface. In Section III-B, it will be shown that to the first
order, the boundary conditions for the effective fields depend
only on the zeroth-order boundary-layer fields. Once the
zeroth-order boundary-layer fields are determined [governed
by (24) and (27)], the desired first-order boundary conditions
for the effective fields can be obtained.

Let us remark here that another approach to the analysis
of this problem would be the use of Bloch-Floquet mode
expansions. The relation between this and the multiple-scale
homogenization has been discussed in [36]-[39]. In essence,
under the condition that only the fundamental Bloch mode(s)
propagate, the nonboundary-layer field will be the leading term
in the low-frequency expansion of the fundamental mode(s),
while all the higher order Bloch modes taken together (again,
taking the leading term in their low-frequency expansion) will
constitute the boundary-layer field.

B. Boundary Conditions at the Interface
and on the Scatterers

The boundary conditions for the fields on the metafilm will
now be applied. Before this is done, we will first define the
surfaces and boundaries that will be needed in the analysis.
In what follows, various integrations will be performed over
portions of the periodic unit cell shown in Figs. 3 and 4.
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Regions V4 and Vp are the portions of the unit cell lying
outside the scatterer surface S5, in &, > 0 or &, < 0,
respectively. The interior of the scatterer is denoted by Vi,
which is divided into the portions Vi 4 and Vi lying above and
below &, = 0, respectively. The entire volume of the period
cell exterior to the scatterer will be denoted as V = V4 U V.
The boundaries of these regions are denoted by A and 8B,
respectively, with the unit normal vector a, always taken
“into” region V4 or Vp; in particular

arr|ﬁAk = _an|r“-3_‘, = ay (28)

in the gap portion of the plane ¢, = 0, denoted by dA, or 0 B,.
The other portions of A and & B are: the portions 6 A; and & B
of the boundary S; of the PEC scatterer that lie in V4 or Vg,
respectively (Fig. 3); hence, S; = 6 A; U 8 B;. Our convention
for a, means that it is always directed outward from Ss. The
remaining portions of dA and 0B are the sidewalls of the
period cell

51 =6A1Ud8B), S2=0AUéB»
§3 = 0A3U0OB3, S4=0A4UdBy (29)
where
0A1: (& =0,&,>0and 0 <& < 1)
0A2: (& =1,4,>0and 0 <& < 1)

0A3: (0 <& <1, &, >0and & =0)
0A4: (0 <& <1,y >0and ;= 1)
0By : (=0, <0and 0 <; < 1)
0By (& =1,{ <0and 0 <&; < 1)
0B3: (0<é < 1,8, <0and & =0)

0By: (0 <& <1,¢, <0and & = 1).
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Various boundary conditions hold on different portions of
the boundaries of these regions. The boundary-layer fields e™
and h" must decay exponentially to zero on 8 A~ (correspond-
ing to the boundary where ¢, — ©0), and on dBs (where
¢y — —00). They must also be periodic in ¢, and ;.

On the remaining parts of the boundary, let us consider the
E field first. In the gap 0A, or 8By, the total tangential field
is continuous, while on the surface of the scatterers, the total
tangential E-field is zero

a, X EA‘T'(’EA&. = —a, X E> Tlr'?Blt. (30)

and

a, X EA‘TIEEA,; =a, X EB’T|EB.; =0. (31)

We can evaluate the effective fields appearing in the expression
for the fields on the scatterers by extrapolation relative to the
reference plane y = 0 (Fig. 3) using a Taylor series in y. Any
function of the slow variables only can thus be expanded in
the boundary layer as

of ('rj}’“) +00Y)
y=0

fr) = f(x,0,2) +vey (32)

where ¥ = koy = v, was used. Using expansions (21) and
(32), (31) can be expanded up to terms of order v to give the
boundary conditions for the tangential E-field on 8A; as

v0 ra, x e, = —a, x EA%r,) (33)
o
vl a, x eMlaa, = —&yay x I:?EAU] —a, x EM(r,)
oy yv=0
(34)
and so on. Likewise, on 8B;, we have
T a, X eBU|ag_,_ = —a, X EBU(rU) (35)
. 0
Vl rap X eBl |¢?B_,- = —¢yay X |:_AEBUi| —a, X EBI (rr))-
6}-‘ v=0
(36)

Using (21) and (30), in the gap [denoted by (0A,/0B,)],
we have

ay x [eM —eP"o4 08, = —a, x [EM(r,) — EP" (r,)]
(37

where m = 0, 1, ... denotes the order of the field in expan-
sion (21). The continuity of the total tangential H in the gap
gives

ay x [h —hB")o, op, = —ay x [HA(r,) — HP" (r,)].
(38)

Static problems require boundary conditions on both tangen-
tial and normal field components to ensure uniqueness (except
when unknown surface charges and current are involved).
Thus, in the gaps, we must also impose that the normal
component of the total D-field is continuous

a, - DM, = —a, - DBT|op (39)

8
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from which we get

a, - [dAm _ dBm“ﬁAg;’E""g = —ay - [Di\m (rn) _ DBm (ra)]-
(40)
Likewise, the normal component of the total B-field on the

scatterers is zero, and across the gaps between the PEC scat-
terers, it is continuous; in the gap, we have

ay BN o4, = —a, BB |55, (41)
while on the scatterers
a, BYT (o4, =a, B> |5 =0. (42)
On dA;, this gives
0, bo,, = —a, - BA(r,) (43)
. 0
UI tay 'bA] |6A_.- = —¢yap - [TBAO] —ay 'BAI (l'{,)
ay y=0
(44)
and on ¢ B;, we have
v’ :a, - bap = —a, - B*(r,) (45)
o
l)l a, hBl |¢"B‘ = _C:\'an . [?BBO] — ay 'BBI (I‘,))
oy y=0
(46)

while in the gap, we have

a, - [bAm _ bB,”]|{?A\g,"’.EHIQ = —ay- [BAm(rn) _ BBm (ro)].
(47)

C. Continuity Conditions on the Zeroth-Order Effective
Fields at the Reference Surface

The solvability constraints obtained in Appendix B can be
used to obtain continuity conditions on the macroscopic fields.
Using (24a) and (96), we have the first of the desired boundary
conditions for the zeroth-order electric field

a, x [EA%(r,) — EP'(r,)] = 0. (48)
In a similar way, from (24b) and (108), we get
ay x [H*(r,) — H*(r,)] = 0. (49)

From the solvability conditions (97) and (103) together
with (27), we obtain the continuity of the normal components
of B” and D at y =0
ay - [DAU(ra) - DB"(ra)] =0
ay - [BA(r,) - B™(r,)] = 0.

(50)
(51

To the zeroth order, the tangential components of the effective
E- and H-fields and the normal components of D and B are
continuous across the metafilm, just as they are at an ordinary
material interface in the absence of surface current and charge
densities.

ITII. DERIVATION OF THE GSTCs

In this section, we will derive generalized transfer-type
boundary conditions for the effective fields at the reference
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surface y = 0, as defined in Fig. 2. The derivation will be
based on some integral identities derived in the appendixes.
We first explicitly state the governing equations for the zeroth-
order boundary-layer fields and introduce some normalized
boundary-layer fields. Then, we express the effective fields at
this surface in terms of surface integrals of these zeroth-order
normalized boundary-layer fields. These integrals are finally
evaluated so as to obtain the desired GSTCs.

A. Lowest-Order Boundary-Layer Fields

With the fields separated into effective and boundary-layer
terms (that obey the appropriate differential equations and
boundary conditions), it is possible to analyze them individ-
ually at each order of v. The zeroth-order boundary-layer
fields e” and h are of particular importance, because integrals
of these fields will turn out to be directly related to the
surface susceptibilities that characterize the metafilm. They are
governed by (24) and (27), together with the relevant boundary
conditions, which for convenience, we gather together here for
the electric field

for& e V:V:xe’ =0 (52a)

for £ € V: Vs - (e,e”) =0 (52b)

a, x [ + EA%r,)]oa, =0 (52¢)

a, x [ + EB(r,)]op, =0 (52d)

a, x [e** —eB%o4, /08, = 0 (52e)

a, - [d*° —d®)o4, /08, = 0 (52f)
and for the magnetic field

for £ € V:Vs x h® =0 (53a)

for £ € ViV - (u,h%) =0 (53b)

a, - [b" + BA(r,)]aa, = 0 (53¢)

a, - [b®° + B®(r,)]o5, = 0 (53d)

ay x [K"" =)oy 05, =0 (53¢)

ay - le(] . an]@AmﬁaB&, = 0. (531)

It will be useful to express the zeroth-order boundary-layer
fields in terms of the effective fields at y = 0. The boundary
conditions for the zeroth-order boundary-layer fields contain
only the macroscopic fields at the reference plane y = 0
as sources (forcing terms), so the boundary-layer fields will
be proportional to these forcing terms. Since the zeroth-order
effective Ey, E;, and D, are continuous at the interface, we
may omit the superscript A or B on these. From (52), we can
see that the sources for e’ are E{(r,), D)(r,), and E(r,),
with an analogous statement holding for h?. By superposition,
we see that €” and h® must, therefore, have the following form:

DU el
e¥ = E%r,)E (&) + -‘Gir)52(5)+52(r,;)53(5) (54)
0 0 B?(]”ﬂ) 0
h’ = H (r,)H1(§) + '#U H2(8) + H. (ro)H3(§) (55)

where £; and H; are dimensionless functions of the fast
variables only, the governing equations needed for whose
determination are given in Appendix D. Hereafter, it will
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sometimes be convenient to use numerical indices i or
k =1,2,3 to denote the coordinates x, y, or z, respectively.
Thus, a; = a,, a; = a,, and a3 = a_. The subscript i in &;
or H; indicates the component of the macroscopic “source”
field that produces it.

Using the representations (54) and (55) of e” and hY, the
curl with respect to the slow spatial variable of each of these
fields is expressed as

1
Vi x €' = =& x Vi EL(r)) = —E€2 x Vi ;D) (x)
" _
— &3 % VI.FE;D{ra)
1
Vi x b’ = —H; x V, ;H(r,) — priacie Vi BY(ro)

—H3 x V, :HO(x,). (56)

The subscript “t” corresponds to derivatives with respect
to x and z only: e and h are independent of y, so the
curl expressions on the left-hand side of (56) contain no
y-derivatives.

B. Solvability Conditions for the First-Order
Fields and the GSTCs

Thus far, we have obtained boundary conditions only for
the zeroth-order effective fields. In this section, the first-order
effective fields are investigated, and the essential boundary
conditions for them are derived by enforcing solvability con-
ditions on the first-order boundary-layer fields. These results
will then be used to obtain the GSTCs.

We start by applying (25a) and (98) to get

a_\' X [EA] (r{;) - EBI (ro)]

. aEAﬂ . aEBﬂ
= —ay X |:V5A = + v.'.‘B P ]
oy 03 ly=o

—jc/ b’ dV; — V; x /e“dv.; (57)
Jv Jv

where ‘LA’,,.A and f')_\-g are the scaled volumes of the scatterer that
are above and below &, = 0 (see Appendix A). All integrals
in this paper are understood to be with respect to the fast
variable &. From the components of Faraday’s law transverse
to y, we have

oE" _
ayx —=| = —jnous [a. HO(r,) +a.HO(r,)]

3]
l'”

|
+ —ay, x V, :D%(ry)
€€y :

(58)
where 19 = /uo/€p is the free-space wave impedance, so

expression (57) becomes

a_\' X I_EAI (ru) - EBI (ru)J
= jno(ua ‘)‘}.\‘A + up Q&'B)H?{ra)

1 ((Via Vs
- (;’}‘ + ;‘B)a‘\. X V,,;.D?(I‘“)
€0\ €A €R ’

—jc:] b’ dv: — V; x/ e’ dV:. (59)
Vv Vv
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Using (54) and (55), the two integrals is this expression
become

—jc/bOdV;—V;x /e“dvgw
JV JV

. ' 0 B?(ru) 0
= —jno fr [Hy(ro)Hi+— Ho+H(r,)H3 | d Ve
Vas Ho
DY(r,)
+ | E1dVe x Vi EXx)+ | E2dVe x Vi —
S Vap JVap €0
+ ggdvg X VI_J‘E?(I'(J)- (60)

Vag
Using procedures similar to those in [12, Appendix C], it
can be shown that [ €>dV;: has only a y-component while
JHi13dVs have no y-components. With this and the fact
that the y-component of Faraday’s Law for the zeroth-order
effective field

jeBY(ro) +ay - V; x E) =0 (61)

the y-components of (59) can be shown to cancel. The jump
in the first-order effective E-field across the metafilm becomes

ay x [E* (r,) — EP'(ro)]
~xy i

) fxx ):, B i x",,\':
= —ay /o [ﬁ H_?(l',,} + £MS ) ra} + ﬁH_P(rU)
P P Ho P

~zy p0 -

AzX BY 7z
—az j’h’) MH_?(I.{J} + @_}(rn) + MH?(I'(J)
P P HO P

A VX AYY 0 ANZ
_ay,xV,; [@ g0 4 s D) @E?} (62)
P P €0 2
where the coefficients ygs and yms are define in terms of the
various integrals in (60) and are given in (128) and (129),
see Appendix E. These coefficients have units of meters
and are interpreted as effective electric and magnetic surface
susceptibilities of the metafilm.
We now turn to the derivation of a jump condition for
the first-order tangential H-field, and we start by applying
(25b) and (109)

a, x [HA(r,) — H®'(r,)]
- jc/ d’dv; +jc?€ Ea, d"ds;
JV J 8

-V, ; x/ h”dvg—jé £a, - (V,; x h°)ds;
Vv S

. 6HAU . 6HBO
_a_\' X |:V.\‘A ~ + V.s'B T} .
oy oy Jy=o

(63)

Using (113) for the y-components and (115) for the transverse
components, the first and second terms on the right-hand side
of (63) can be rewritten to give

/ d°dv: + ¢ Ea,-d"ds;
v J S,

=a, / a,-d"dsS;: +a, f a,-d’ds;: (64)
52 Sy

where the surfaces S> and Sy are defined in (29). Taking the
slow divergence of (116) and using some vector identities,
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the third and fourth terms on the right-hand side of (63) can
be rewritten, giving

—V,; x/ h”dt@-j{ £a, - (V; x h")ds;
v ) S5
=axV,,;.-|:a_‘-x] hOa‘S‘;]—f—a;V,‘p-[m /h“ds]
2 Sa
(65)

The last terms on the right-hand side of (63) can be
transformed by using the portion of Ampere’s Law transverse

toy
0 BY
oH _‘(rn}]_ 66)

ay X —
: oy

|
Eo(rf,) + —a, xV,;
’? Hr HO

Iy

Combining (63)—(65), and using (54) and (55), we obtain
ay x [HM (r,) — HP!(r,)]

i | fes DV(F0) | 7
ES EO( r,) + —= ES 2ES E?(l‘n)
P P €0 2

= a_‘.
no
i | 28 i DY) xz-:
ta, L J I:s E“( r,) + I:S re XAES Eg(l‘o)
Ho P P €0 P
.f yx ); vy 0) X ~ VI
—ay x V,; [ﬁ HY + M5 2 B £M3 H:“(r,;)].
P P Ho p
(67)

These remaining effective surface susceptibilities dyadics are
given in (128) and (129). The expressions (128) and (129)
are the components of the 3 x 3 dyadic electric and mag-
netic surface susceptibilities needed to fully characterize the
metafilm.

Now that we have boundary conditions for the zeroth-order
and first-order fields [i.e., (48), (49), (62), and (67)], bound-
ary conditions for the total effective fields can be obtained.
Using (21), the boundary condition for the total effective
E-field at the y = 0 plane is expressed to the first order in v as

ay X [EA (l‘(}) - EB (I‘(})] =ay X [EAU(rrJ) - EBU(rrJ)]

+vay x [EMN(r,) — EBl(r,)] + O (v?). (68)

By (48), the first term of the right-hand side of this expression
is zero. Using v = pk,, (8/(6X)) = (1/ko)(8/(éx)), and
(8/(82)) = (1/ko)(8/(8z)), the boundary condition for the
effective E-field can be written in terms of the original
unscaled variables as

a, x [E4 — Eg]
B_‘?(r )

+ s H: (l'o)]

‘f Fo) + 7 H (rn)“

(0) Yz 0
L 4 FAED
pn XES 2

= —jw;m {ﬂx |:XMSH (ru) + 2;.-1‘9
+3~ |:XMSH (l‘(,) + XMIS

_ayx Y, [,fg_;gﬂ + 2 (69)
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and in a similar way

a, x [Hy — Hp]

DU
= jweg {at I:XESE (ro) + )’Eé_(rr}) + XESEU(I‘(,)]

0
~zx 0 AZY DJ' ~zz g0
+a; [}(Es E;(ro) + }(Esg(ru) + XisE; (ru)] }
By .
—a, XV, PMSH% T ——— 4 Z3sHY . (70)
Although the zeroth-order fields (E EU H0 BU

and H”) appearing in the right-hand sides of lheqc cxprc«;elom
are continuous across the interface, the same is not true
of terms of higher order (m > 1), so there remains some
ambiguity about how to express these right-hand sides in terms
of the total effective fields E*, EB, and so on. It can be shown
(the details will not be given here, but are analogous to the
derivations done in [40] and [41]) that if we replace the fields
E" and H° by the average fields at the interface as in (2)

Ey = %(EA +EP) (71)
and similarly for H,y, Dy, and By, the resulting boundary
conditions are still correct to the same order [O(k% p?)], and
will satisfy reciprocity and conservation of energy exactly.
This modification will ensure that numerical or analytical
difficulties will not arise when these boundary conditions
are employed. Moreover, use of this symmetric average has
been shown to produce greater accuracy in numerical simula-
tions [42] (see also [43]). Thus, the final forms of the jump
conditions on the tangential effective fields are

a, x [EM —EP],—

= —jouo(Xms - Hav)r — a, x V(ay - Xes - Ew)  (72)
and
ay X lHA - HBJ_\':U
= joweo(XEs - Eay)r —ay x Vi(ay - Xms - Hay)  (73)
where we have used the notations
. Day.y(r,)
Euv = ay Euv,.\’ (rr;) + a_\‘% + a; Eav..: (ra) (?4)
- Bay (1
H,, = a,Hyy ((r,) + a_\'%{f“} +a;Hyy - (ry) (75)
and the surface susceptibility dyadics are defined as
XES = rEsanay + rp3aedy + rpsaca;
+ XEsAyax T 2p32yay + Yisaya:
+ YEsAxdy + (gAY + (Egaza; (76)
XMs = xnisrar + XnisArdy + (iisAra;
+ fusArax + AnisAyay + Aysaya:
+ Xns@rdr + (vs:ay + isdaz.  (77)

The GSTCs (72) and (73) are the main results of
this paper, and we see that they have the same basic
functional form as (1), which were derived in [1] using
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an approach based on the approximation of only dipole
interaction of the scatterers. One difference from (1) is
that the material parameters €4, 3 and w4 p of the half-
spaces on either side of the metafilm are now embed-
ded in the definitions of the susceptibilities ()_(ES and YMS
rather than being displayed (less appropriately) as explicit
factors in the GSTCs. Another difference between (1),
and (72) and (73) is that our new expressions can have
off-diagonal terms in both the electric and magnetic sur-
face susceptibilities. These expressions show that full dyadic
surface susceptibilities (including off-diagonal elements) are
needed to fully characterize a metafilm composed of arbitrarily
shaped scatterers. These off-diagonal terms should be different
from zero was conjectured in [18] and [19], but no proof
was given. The results in [18] and [19] show the importance
that these off-diagonal terms can have in the reflection and
transmission at a metafilm.

While the results of this paper give a rigorous prediction
of the existence of off-diagonal surface susceptibilities that
were conjectured in [18] and [19], the relative strength of the
off-diagonal term in comparison to the diagonal terms is
a function of the shape of the scatterer used to construct
the metafilm, and as such, one cannot say, in general, what
the relative strengths of the diagonal and off-diagonal terms
will be. However, for highly symmetric scatterers, the diagonal
terms will dominate in general. As shown in [19], when the
scatterers are highly asymmetric, the off-diagonal terms can
be of comparable size to the diagonal terms.

Off-diagonal terms have also been found to be gener-
ally present in the GSTCs derived for an arbitrarily-shaped,
material-coated wire grating [12]. We may finally remark
that our homogenization approach does not require some of
the assumptions and approximations inherent in the dipole-
interaction approach—in particular, we can allow the scatterers
to be closely packed.

IV. COMPARISONS TO THE DIPOLE APPROXIMATION

To compare the results of this paper to those of [1],
which are based on dipole interactions only and thus lim-
ited to sparsely spaced scatterers, we investigate an array
of perfectly conducting spheres of radius a. To determine
the susceptibilities as derived in this paper, solutions of
the boundary problems for the normalized boundary-layer
fields given in Appendix D are required, and then various
integrals of these fields must be carried out as described
in Appendix E. We used the commercial numerical program
COMSOL (mention of this software is not an endorsement
but is only intended to clarify what was done in this paper)
to numerically solve these static boundary problems and to
evaluate the various integrals for the case of the sphere
array.

The surface susceptibilities obtained from the dipole
approach are given in [13, eqs. (17)—(22)], where they are
expressed in terms of the electric and magnetic polarizabilities
of the spheres. When using [13, eqs. (17)—(22)], note that
the normal direction to the interface in [13] is z, while in
this paper, the normal direction has been taken as y. For a
perfect conducting sphere, the electric polarizability is 3V
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Fig. 5. Comparison of surface susceptibilities for an array of perfectly
conducting spheres. (a) )(é% /p and x£3/p. (b) XI%/in /p and x{is/p-

and the magnetic polarizability is —3V /2, where V is the
volume of the sphere. Fig. 5 shows the calculated values for
Xég /Py X3/ P Xl\vdys /p, and yyis/p as functions of the sphere
radius (a) normalized to the period (p). The susceptibilities
from the dipole approach are also shown for comparison.
We see good agreement between the numerically calculated
values and the dipole-interaction results when a/p < 0.25,
but beyond that filling density, the dipole approach breaks
down and is inaccurate for closely packed scatterers. The
multiple-scale approach presented here does not have this
limitation. Indeed, the multiple-scale results show that the
values of ypg and Xl\y/[ys become very large as a/p — 0.5.
It is known that the effective permittivity of a 3-D array
of spheres becomes infinite in the limit as the spheres
touch [44]-[46]; it seems likely that a similar assertion is true
for these surface susceptibilities of the metafilm.
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Fig. 6. Reflection and transmission coefficients for an array of conducting

spheres with p = 25.59 mm and a = 0.475 p for an incidence angle of 20°.

A further justification of this multiple-scale homogenization
approach for these GSTCs was given in [12] where we
compared the surface susceptibility for a 2-D wire grating
to those obtained from a different approach. The surface
susceptibilities obtained for the 2-D wire grating are analogous
to those obtained from the 3-D approach given here. In fact,
in [12], it is shown that the term for the wire grating that is
equivalent to that of ygg/p for the metafilm also becomes
very large as a/p — 0.5 (see [12, Fig. 7]).

We have used the results in Fig. 5 and the expressions
for the reflection (R) and transmission (7) coefficients given
in [9] in order to calculate |R|?> and |T|*> for an array of
perfectly conducting spheres of radius a = 0.475p (where
p = 25.59 mm). Fig. 6 shows a comparison for |R|? and |T'|?
obtained by using the surface susceptibilities given in Fig. 5.
These results are for a TE polarized plane-wave incident at an
angle of 20°. Also shown in Fig. 6 are the results obtain from
an HFSS (a commercial numerical program) simulation of the
array. From the comparison, we see that the results obtained
using the surface susceptibility given in this paper compare
very well to the HFSS results, while those using the dipole
approximation have poorer agreement.

V. CONCLUSION AND DISCUSSION

We have shown how a multiple-scale homogenization
method can be used to derive GSTCs for EM fields on the
surface of a metafilm. The parameters in these boundary
conditions are effective electric and magnetic surface suscep-
tibilities, which are related to the geometry of the scatterers
that constitute the composite. We have shown that full dyadic
surface susceptibilities are needed to fully characterize a
metafilm composed of generic, arbitrarily-shaped scatterers.

While in this paper, we have considered only the case of
PEC scatterers, a similar but more involved derivation can be
carried out for the case of non-PEC scatterers, but the final
form of the desired GSTCs will be the same. In examining
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how this paper might be further extended, we have shown that
expressions for the surface susceptibilities can be even more
complicated, and exhibit very interesting properties, such as
bianisotropy. Bianisotropy can also arise when a metafilm is
located near a material interface [47]—[49], but it can be shown
that this effect is of a higher order, 0(v2), and, therefore, does
not appear at the order of approximation reached in this paper.
Also not covered by our results here is the effect of resonance
in the scatterers. To handle this would require modification
of our technique to what is sometimes called “stiff”” homoge-
nization; examples of this can be found in [25] and [30]-[33].
While bianisotropy is an interesting aspect of metafilms, this
effect is not covered in this paper. Bianisotropy can arise for
various reasons, including the material makeup or geometry of
the scatterers and the metafilm construction, as well as from
the nature of the metafilm lattice. These effects have been
observed in [18], [48], and [49] for metafilms/metasurfaces,
and an analogous behavior has been observed in metamaterials
[47], [50]-[53]. These effects will be the topic of a future
publication.

Using the homogenization technique, we have laid out a
framework for the calculation of the surface susceptibilities,
which requires the solution of a set of static field problems.
As illustrated by the example of Section IV, calculating these
static fields and surface susceptibilities will, in general, have to
be done by numerical means. However, the GSTCs, as derived
here, can be used as the basis of a technique to retrieve these
surface parameters from measured or computed reflection and
transmission data; the results then used in applications to
analyze various problems of interest. This is analogous to
what was done in characterizing metasurfaces and interface
problems in [9], [13], [14], and [27].

Finally, we have extended this paper presented here by
adapting it and combining it with ideas developed for wire
gratings [12] to derive a set of GSTCs for metascreens. The
assumption of a cermet topology for the types of metafilm
considered in this paper is essential to our derivation, which
cannot be directly extended to other types of metasurface
(such as metascreens). The scatterer surface is assumed not
to intersect any of the sidewalls of the period cell; otherwise,
the nature of the static problems on the cell is fundamentally
changed. This will be the topic of another publication.

APPENDIX A
GEOMETRIC INTEGRALS AND OTHER IDENTITIES

We collect here several integrals whose values depend only
on the geometry of the scatterer. All integrals in the appendixes
of this paper are understood to be with respect to the fast
variable &. We have the elementary result

/ ds =S5, (78)
9A4 /3B,

where
S,=1-8, (79)

is the area of the gap region intersected by the plane &, =0,
and S, is the area of the cross section of the scatterer
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intersected by the plane &, = 0, both in scaled dimensions
(the actual areas are S, = S,p? and S; = Sgp?). The next
identities follow from the divergence theorem. First

/ a,dS =a,§, and / a,dS = —a,S,. (80)
JOA JdBy
Second

/ Cra,dS = Viaag + Spépray
24,

[ ands = Vonae - $yepea, (81)
JAB,

for k = x, y, or z, where ‘i:’_\-,q and f’,,-g are the scaled volumes
of the scatterer that are above and below the &, = 0 reference
plane, respectively (so that V; = Vi 4+ V,p), and .ﬁp = {pray+
&pza; is the centroid of S, (note that &, = 0)

!
§,= « [ &as
s, 5,,5

(82)

5:_\' =0

We will need two further identities that were presented in
[27, eqgs. (145) and (151)]. If F(§) is any vector function whose
tangential components are continuous on a closed surface S,
then

%a,,‘v@-.- x FdS =0 (83)
J§

and
5{&,, deS:%&a,,‘Vg x FdS. (84)
JSs M

Two final identities are also useful that are proved by
elementary means

A [A2 x (A3 x Ag)] = —Az - [(A] x A2) x Aq]  (85)
for any vectors Ay, ..., A4, and
Vs [(a; x &) x F] =2a; - F (86)

for any vector function F that obeys Vs x F = 0, where
a; = ay,a, or a.

APPENDIX B
INTEGRAL CONSTRAINTS (SOLVABILITY CONDITIONS)
FOR THE BOUNDARY-LAYER FIELDS

Stokes” theorem can be applied to the curl of e™ by
integrating it over the volume V4 shown in Figs. 3 and 4

to give
/ Ve xe"dV = — % a, xe"dSs. (87)
JVy JIA
The integral over the boundary of V4 breaks up into
4
f:f +/ +[ +Z/ (88)
aA aA, 8A;  JoAx = /oA

where 0A, represent the four vertical sides of V4. Due to
periodicity, the integrals over the four sides (3 faA ) cancel,
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and because ¢” — 0 as [£;| — oo, the third term on the
right-hand side of (88) vanishes. Thus, (87) reduces to

a, X / eAnldS+ / a, X eAmdS — _/ vf x e"dV.
T JaA, JaA, Va
(89)

In a similar manner, we carry out an integral of Vs x e over
the volume Vg shown in Figs. 3 and 4. With the indicated
directions of the surface normals a,, we find

—a\- % / eBmdS_,’_/ an % eBmdS — _/ vé % emdv
© JaB 2B Vg

By JOBy

(90)
having used the fact that a, = —a, on dB,. By adding (90)
to (89), we obtain
a, x / [eM" — B dS+f a, xe"dS
o JoA, o8, J 8,
_ _/ Ve x " dV. 1)
1%

Finally, using (78) and the boundary condition (37) in the gap,
we have

Seay x [EM(r,) — EP" (r,)] = jﬁ a, x €"dS
J 8

+j Vexe"dV  (92)
v

which is a solvability condition for the boundary-layer
field e”. An exactly similar derivation using the boundary
condition (38) in the gap leads to a solvability condition for h™

.§'ga_\. % [HA”’(TU] _ HBm (l‘(})]
=f a, x h”’d5+/ Ve xh™dVv.
5 v

In an analogous way, we can obtain solvability conditions by
use of the divergence theorem on V¢ - (¢,.e™) and Ve - (u,h"™),
together with the gap boundary conditions (40) and (47).
We have for d™

(93)

nga‘\_ . [DAm {l“,,) _ DBm (rn)]
=€ [} €ra, -€"dS +/ Ve - (e€™) dv] (94)
Ss Vv
and for b™

S‘ga_\‘ : [BAm (ro,) — BB (ro)]
= 1o [% ura, -h"dS + / Ve (u/h™) dV] . (95)
J 8 JV

We can make further progress in the reduction of the solv-
ability conditions (92) and (95) by employing the boundary
conditions (33)-(36) together with (79)—(81) to express the
integrals over S; in terms of the macroscopic fields. For m = 0,
we have

a, % (BY(,) ~ E®(r)] = [ Ve xeav (96)
JV

ay - [B(r,) — B(r,)] = 1o / V- (uh0)dv  (97)
Vv
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and form =1

a, x [EA (r,) — EPl(r,)] =j Ve x el dv
Vv

. 6EAI . aEB]
—ay X Via — + Vi ~ (98)
oy oy Jyo
a 1BV 1) = B8 (0,01 = o [ Ve Gy av
. aBA] . aBBl
—ay - {.VSA P + Vip - ] . (99)
oy oy 1=

However, there are no analogous boundary conditions for
normal d” or tangential h™ on S;, so a different approach
must be used.

As in [27], we can use (83) to show that

jéean-ETdS=0. (100)
S.\'

This states that the total surface charge on each scatterer is
zero. Now the integrand of (100) can be expanded in powers
of v using (21) and (32). If we take only terms of order v” in
this equation, we get

){ea,,-eOdS:—a)-‘[DAO—DBU]S}, (101)
b S.u
whereas if we take terms of order v', we get
55 ca,-e'dS = —a, - [DM -DP|§,
S
. @DAO . @DBU
— ay [V’:’A — + V.s'B Py :| (102)
ay 9y ly—o

since D) are independent of & Therefore, from (94),
we obtain solvability conditions for m = 0

a, - [D(r,) — DPO(r,)] = ¢ / Vi (6%)dV  (103)
Vv
and form =1
ay - [D*(r,) = DP'(r))] = o / Vi - (e,e”)dV
v

. aDAU . 5DBO
—a, - |:V.-,-A — + Vip— :| -
oy 5_v y=0

(104)

An analogous result for h™ is achieved starting by taking
F = h + H in identity (84) to obtain

% a, x hdS +}( a, X HdS=ﬁ§ £a, - V: xhdS  (105)
£ £ S.\'

because Vs x H = 0. Once again, the integrands in (105) can
be expanded using (21) and (32), so grouping terms of order
v? and v! separately and using (80) and (81), we obtain at
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orders m =0 and m = 1
}( a, x h®ds = —a, x [HA? — HP'] §,
+ ¢ Ea, Ve xh'ds (106)
»S.i'
555 a, x h'dS = —a, x [HA' —HP'|§,
' . 6HAU . aHBU
—ay x | Vsa - + Vip—
oy ay y=0
+j§ ga, - V: x h'ds. (107)
S,

Substituting these into (93), we get a solvability condition
form =0

a, x [HA(r,) — H®(r,)] = / Ve x h'av
V
+j£ £a,-V: xh’dS (108)
S
and for m = 1

a_\' X [HAI(rU) - HBl{ra}J
= / v,:xh'dv+)£ £a, - V: xh'ds
JV J 8¢

. 6HAU . 6HBU
—ay X |:V,5'A = + VJB - ] . (109)
ay oy y=(
APPENDIX C

OTHER INTEGRALS OF THE ZEROTH-ORDER
BOUNDARY-LAYER FIELDS

A number of integrals of the zeroth-order boundary-layer
fields over the period cell can be evaluated by appropriate
use of Stokes’ theorem or the divergence theorem, by meth-
ods similar to those used in Appendix B. This will allow
simplification of the expressions in the main derivations. For
example, by (52a), we can write Vg x (&%) = ay x e”.
Integrating this equation over the volume V4 or Vg and using
the generalized Stokes theorem and relevant boundary and

periodicity conditions gives
ay x/ e?dv = —j Eoa, x edS. (110)
Via.m (6As.08By)
Using (52c¢), (52d), and (81), we have finally

a, x/ e*dV = Vyamay x EAPOw)  (111)
Via.B)

In a similar manner, starting from the relation V¢ - (&, #-h°) =
Hray - hY that follows from (53b) and using the divergence
theorem, we can obtain the result:
ay - / hav = ViamHM0@,).  (112)
Via.m

Finally, by analogous techniques, we also obtain the relations

ac [ Sav=- [ ga.as a1y
Via.p) J(0As.0By)
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and
a, x / hWav = —[ &a, xh'ds  (114)
JViam J(A;,0By)

which are not explicit evaluations because the values for
normal e’ and tangential h” are not known a priori on the
boundary of the scatterer.

Alternative formulas for some integrals can be evaluated by
integrating expressions containing ¢, or ¢; over V4 or Vg and
using the divergence theorem as mentioned earlier. Many of
the steps are similar, except that now the presence of & . in the
integrand means that not all integrals over sidewall boundary
pairs (6A; and 8A,, for example) will cancel. The details
will be omitted, and we will present only the final results
needed in this paper. From the volume integral of V- (& .d),
we get

Arze /dodV:—% é\',;au'dodS'l'a,\-‘z- d’4s.
Jv J 8 824
(115)
Integration of Vg x (g]-,zh"} leads to
a.r,:X[hOdVZ_?( Cr,z8n Xhod5+3x,;x hlds.
SV /S5 J 824
(116)

Integration of Vg x (&,.-eY) gives

Ay ; x/e”dv =a,,; x/ eV ds
4 S24

. V. V. DY(r
+ay; X [VS-E?(r,,) +a_\-( A4 ”’) 2 ")] (117)

€ €R €0

and from Vg - (&:.-bY), we obtain

a - / b’dV =a,_ - / b’ds
Vv S24

+ﬂ0(ﬂA‘)‘}.\'A + ﬂB‘:{\'B)ax,z : H?(ra)-

(118)

Two final relationships involving a component of the last
term of (116) can be obtained by integrating Vg x (&ch%) over
the surface Sy = 8A4 U 8B4 at & = 1 and using Stokes’
theorem to obtain

(s o]
a_\-x] hUdSzaxx] h' dé,
54 — )

Similarly, by integrating Vg x (&h%) over the surface
S» =0A2Ué6B> at & = 1, we obtain

(119)

Cx=¢:=1

o0
a.x [ h'dS=a. x / h’ a¢g, (120)
J 82 - cr=¢:=1
The z-component of (119) gives
o0
a/ h'ds =a, - / h° d¢, (121)
' 54 o J—0 Clg=g =1
while the x-component of (120) gives
o0
a, / hds =a,- f h’ ag, (122)
S4 —o0 Sr=¢:=1
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Since both line integrals are along the same path, equating
(121) and (122) gives

a\--/ hOdS=a‘--/ h'ds.
’ Ry ’ Sy

An exactly similar relation holds for e".

(123)

APPENDIX D
NORMALIZED BOUNDARY-LAYER FIELDS

All the normalized boundary-layer fields must be periodic
in { and ¢, and decay exponentially to zero as ¢, — Zoc.
The subscript i = 1,2, or 3 indicates in what direction the
“source field” is for the given normalized field; i = 1 for x,
i =2fory,and i =3 for z.

From the definitions given in (52) and (54), the £; values
are found to obey

for§ e ViVe x &€, =0 (124a)
for £ € V:V:-(E) =0 (124b)
|

a, X (8,‘ -+ —3;) =0 (124¢)

qi S,
a, - [ea&l — 535?”%/@& =0 (124d)
ay x [E} —EP]|,4 o5 =0 (124e)

where

gi=1 fori=1o0r3

=¢ fori=2. (125)

Similarly, from the definitions given in (53) and (55), the
H; values are found to obey

for§ e V:VexH; =0 (126a)
for € V: Ve (u,Hi) =0 (126b)
1

a, - (H: + —af) =0 (]26(.)

Fi 08,
ay x [H} =M}y 05, =0 (126d)
ay [t = usMP)| oy jop, =0 (126€)

where
ri=1 fori=1or3

=y, fori=2. (127)

We will denote the values of g; and r; in V(4 py as gi(a.p)
and rica, ), respectively.

APPENDIX E
SURFACE SUSCEPTIBILITIES

The electric surface susceptibilities are given by

vix,z) A B
XES = _p[at'_\‘(.\'.:) + t“-':;‘:'_\‘(Jl":)]

Xl%‘:} _p[ag_\‘_\' + ag_\‘_\' - ":"]

78 = plea(@ie = Vaa) +en(af, = Vin)]

155 = plealofz, = Via) + es(af; — Vis)]
x5 = pleaatcy + fﬂﬂf'(.r‘z),v]
xé,;:,.:x) =r [Eﬂag(x:.:.r) + éf”ag(.\':,:x}] (128)
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and the magnetic surface susceptibilities are given by

Ii)/I(Sx,Z) = _p[a?/ly(x,z) + alﬁy(x,z)]
Xﬁfs = _p[all?/lyy + alelyy - ‘75]
XI)\C/[% = P[#A(af/[xx - ‘,}SA) + #B(aielxx - VSB)]

lellzs = p[ﬂA(af/[zz - VSA) + luB(allE[zz - VSB)]

(x,2)) A B
s = Pluaaiy + 1o, ]
XISICSZ,ZX) = p[ﬂAalAW(xz,zx) + /‘Balﬁl(xz,zx)] (129)
where the various terms ar and ays are defined as
(A,B
aEy(x,)y,z) =4ay / 8(1,2,3)6[‘/'5
Via.B)
(A,B
aMx(x),y,z) =ax- H,2,3dVe
Via.B)
A,B
1(14£(x),)‘,z) =ag- Ha23dVe  (130)

Via,B)

(A.B)  _ /
oy =ay- H(1,2,3dS2(A, B)
My(x,y,2) y S2(A.B) ( )

(A,B)

Up iy, = B / £(1,2,3d52(A, B)
$2(A,B)

agid :az-/ Ea.23dSs(A, B)  (131)
S4(A,B)

where the planes S>4 and Ss4p correspond to the portions of S
in regions A and B, respectively, and S44 and S4p correspond
to the portions of S4 in regions A and B, respectively. The sub-
scripts and superscripts in these parameters have the following
meanings. The superscript (A, B) corresponds to an integral
over either V4 or Vp. The first subscript (E or M) indicates
an integral of either an £-field or an ‘H-field. The second
subscript corresponds to the x- or y-component of ag y. The
third subscript corresponds to the component of the excitation
field that generates £; or H;.

In deriving these surface susceptibilities, we used a pro-
cedure similar to those in [12, Appendix C] to show that
J €2dV has only a y-component while [H;3dV have no
y-components, so that some of the integrals of the fields can
be simplified as

/ E1dVe = a, Vg +ay[a2yx + agyx]
AB

E2dVe = a)’[aéyy + agyy]

AB
£3dV: = a.Vy +ay[ap,. +ap,.]| (132)
AB
HidV; = oy +acalp)
(4,B)
A A,
H2dVe = ayVia,p) + axaj(w;f) + azal(l/lzf)
(4,B)
Hid Ve = aalp? +aal)?. (133)

(1]

(2]

(3]
(4]

[5]

(6]

(7]
(8]
(91

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

4685

REFERENCES

E. F. Kuester, M. A. Mohamed, M. Piket-May, and C. L. Holloway,
“Averaged transition conditions for electromagnetic fields at a metafilm,”
IEEE Trans. Antennas Propag., vol. 51, no. 10, pp. 2641-2651,
Oct. 2003.

S. Zouhdi, A. Sihvola, and M. Arsalane, Eds., Advances in Electro-
magnetics of Complex Media and Metamaterials. Boston, MA, USA:
Kluwer, 2002.

C. Caloz and T. Itoh, Electromagnetic Metamaterials: Transmission Line
Theory and Microwave Applications. New York, NY, USA: Wiley, 2005.
G. V. Eleftheriades and K. G. Balmain, Negative-Refraction Metamate-
rials: Fundamental Principles and Applications. New York, NY, USA:
Wiley, 2005.

N. Engheta and R. W. Ziolkowski, Electromagnetic Metamaterials:
Physics and Engineering Explorations. New York, NY, USA: Wiley,
2006.

R. Marqués, F. Martin, and M. Sorolla, Metamaterials With Negative
Parameters: Theory, Design and Microwave Applications. Hoboken, NJ,
USA: Wiley, 2008.

F. Capolino, Ed., Metamaterials Handbook: Theory and Phenomena of
Metamaterials. Boca Raton, FL, USA: CRC Press, 2009.

T. J. Cui, D. R. Smith, and R. Liu, Eds., Metamaterials: Theory, Design,
and Applications. New York, NY, USA: Springer, 2010.

C. L. Holloway, E. F. Kuester, J. A. Gordon, J. O’Hara, J. Booth,
and D. R. Smith, “An overview of the theory and applications of
metasurfaces: The two-dimensional equivalents of metamaterials,” IEEE
Antennas Propag. Mag., vol. 54, no. 2, pp. 10-35, Apr. 2012.

A. A. Maradudin, Ed., Structured Surfaces as Optical Metamaterials.
Cambridge, U.K.: Cambridge Univ. Press, 2011.

C. L. Holloway, D. C. Love, E. F. Kuester, J. A. Gordon, and D. A. Hill,
“Use of generalized sheet transition conditions to model guided waves on
metasurfaces/metafilms,” IEEE Trans. Antennas Propag., vol. 60, no. 11,
pp. 5173-5186, Nov. 2012.

C. L. Holloway, E. F. Kuester, and A. Dienstfrey, “A homogenization
technique for obtaining generalized sheet transition conditions for an
arbitrarily shaped coated wire grating,” Radio Sci., vol. 49, no. 10,
pp- 813-850, 2014.

C. L. Holloway, A. Dienstfrey, E. F. Kuester, J. F. O’Hara, A. K. Azad,
and A. J. Taylor, “A discussion on the interpretation and characterization
of metafilms/metasurfaces: The two-dimensional equivalent of metama-
terials,” Metamaterials, vol. 3, pp. 100112, Oct. 2009.

C. L. Holloway, E. F. Kuester, and A. Dienstfrey, “Characterizing
metasurfaces/metafilms: The connection between surface susceptibilities
and effective material properties,” IEEE Antennas Wireless Propag. Lett.,
vol. 10, pp. 1507-1511, 2011.

A. Stahl and H. Wolters, “Elektromagnetische randbedingungen und
oberflicheneffekte in phénomenologischer sicht,” Zeitschrift Phys.,
vol. 255, pp. 227-239, Jun. 1972.

P. Guyot-Sionnest, W. Chen, and Y. R. Shen, “General considerations on
optical second-harmonic generation from surfaces and interfaces,” Phys.
Rev. B, vol. 33, pp. 8254-8263, Jun. 1986.

R. Atkinson and N. F. Kubrakov, “Magneto-optical characterization of
ferromagnetic ultrathin multilayers in terms of surface susceptibility
tensors,” Phys. Rev. B, vol. 66, p. 024414, Jul. 2002.

A. 1. Dimitriadis, D. L. Sounas, N. V. Kantartzis, C. Caloz, and
T. D. Tsiboukis, “Surface susceptibility bianisotropic matrix model for
periodic metasurfaces of uniaxially mono-anisotropic scatterers under
oblique TE-wave incidence,” IEEE Trans. Antennas Propag., vol. 60,
no. 12, pp. 5753-5767, Dec. 2012.

A. M. Saleh, K. R. Mahmoud, I. I. Ibrahim, and A. M. Attiya, “Analysis
of anisotropic metasurfaces using generalized sheet transition condition,”
J. Electromagn. Waves Appl., vol. 30, no. 5, pp. 661-676, 2016.

E. Sanchez-Palencia, “Comportements local et macroscopique d’un type
de milieux physiques heterogenes,” Int. J. Eng. Sci., vol. 12, no. 4,
pp- 331-351, 1974.

E. F. Kuester and C. L. Holloway, “A low-frequency model for wedge
or pyramid absorber arrays—I: Theory,” IEEE Trans. Electromagn.
Compat., vol. 36, no. 4, pp. 300-306, Nov. 1994.

E. Sanchez-Palencia, Non-Homogeneous Media and Vibration Theory
(Lecture Notes in Physics), vol. 127. Berlin, Germany: Springer-Verlag,
1980, pp. 68-77.

A. Bensoussan, J.-L. Lions, and G. Papanicolaou, Asymptotic Analysis
for Periodic Structures. Amsterdam, The Netherlands: North Holland,
1978.

N. S. Bakhvalov and G. Panasenko, Homogenisation: Averaging
Processes in Periodic Media. Dordecht, The Netherlands: Kluwer, 1989.



4686

[25]

[26]

[27]

(28]

[29]

[30]

[31]

(32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

(48]

IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. 64, NO. 11, NOVEMBER 2016

C. L. Holloway and E. F. Kuester, “Impedance-type boundary con-
ditions for a periodic interface between a dielectric and a highly
conducting medium,” /EEE Trans. Antennas Propag., vol. 48, no. 10,
pp. 1660-1672, Oct. 2000.

C. L. Holloway and E. F. Kuester, “Equivalent boundary conditions for
a perfectly conducting periodic surface with a cover layer,” Radio Sci.,
vol. 35, no. 3, pp. 661-681, 2000.

C. L. Holloway and E. F. Kuester, “Corrections to the classical continuity
boundary conditions at the interface of a composite medium,” Photon.
Nanostruct., Fundam. Appl., vol. 11, pp. 397-422, Nov. 2013.

B. Delourme, “On the well-posedness, stability and accuracy of
an asymptotic model for thin periodic interfaces in electromagnetic
scattering problems,” Math. Models Methods Appl. Sci., vol. 23,
pp. 2433-2464, Dec. 2013.

B. Delourme, “High-order asymptotics for the electromagnetic scattering
by thin periodic layers,” Math. Methods Appl. Sci., vol. 38, no. 5,
pp- 811-833, 2015.

G. Bouchitté and D. Felbacq, “Homogenization near resonances and
artificial magnetism from dielectrics,” Comp. Rendus Math., vol. 339,
pp- 377-382, Sep. 2004.

G. Bouchitté, C. Bourel, and D. Felbacq, “Homogenization of the
3D Maxwell system near resonances and artificial magnetism,” Comp.
Rendus Math., vol. 347, pp. 571-576, May 2009.

D. Felbacq, B. Guizal, G. Bouchitté, and C. Bourel, “Resonant homog-
enization of a dielectric metamaterial,” Microw. Opt. Technol. Lett.,
vol. 51, no. 11, pp. 2695-2701, 2009.

G. Bouchitté¢ and B. Schweizer, “Homogenization of Maxwell’s equa-
tions in a split ring geometry,” Multiscale Model. Simul., vol. 8, no. 3,
pp. 717-750, 2010.

L. A. Wainstein, “On the electrodynamic theory of grids,” in Engl.
Transl. in High-Power Electronics, (in Russian), vol. 2, P. L. Kapitza
and L. A. Wainstein, Eds. Oxford, U.K.: Pergamon Press, pp. 14-48,
ch. II, 1963.

T. B. A. Senior and J. L. Volakis, Approximate Boundary Conditions in
Electromagnetics. London, U.K.: IEE, 1995, p. 163.

G. C. Papanicolaou, “Diffusion in random media,” in Surveys
in Applied Mathematics, J. B. Keller, D. W. McLaughlin, and
G. C. Papanicolaou, Eds. New York, NY, USA: Springer, 1995,
pp. 205-253.

C. Conca, J. Planchard, and M. Vanninathan, Fluids and Periodic
Structures. Cichester, U.K.: Wiley, 1995, ch. 3.

D. Sjoberg, C. Engstrom, G. Kristensson, D. J. N. Wall, and
N. Wellander, “A Floquet—-Bloch decomposition of Maxwell’s equations
applied to homogenization,” Multiscale Model. Simul., vol. 4, no. 1,
pp. 149-171, 2005.

G. Allaire, M. Briane, and M. Vanninathan, “A comparison between
two-scale asymptotic expansions and Bloch wave expansions for the
homogenization of periodic structures,” SeMA J.,vol. 73, pp. 237-59,
2013.

M. L. Pereyaslavets, “Relationship between tensors in the joining
boundary conditions at semitransparent surface,” (in Russian), Engl.
Transl. J. Commun. Technol. Electron., vol. 37, no.9, pp. 1559-1564,
1992.

M. L. Pereyaslavets, “The reciprocity and power conservation principles
for boundary conditions on a semitransparent surface,” IEEE Trans.
Antennas Propag., vol. 42, no. 4, pp. 449-452, Apr. 1994.

M. Duruflé, V. Péron, and C. Poignard, “Thin layer models for electro-
magnetism,” Commun. Comput. Phys., vol. 16, pp. 213-238, Jul. 2014.
S. Chun, H. Haddar, and J. S. Hesthaven, “High-order accurate thin layer
approximations for time-domain electromagnetics, part II: Transmission
layers,” J. Comput. Appl. Math., vol. 234, pp. 2587-2608, Aug. 2010.
J. B. Keller, “Conductivity of a medium containing a dense array of
perfectly conducting spheres or cylinders or nonconducting cylinders,”
J. Appl. Phys., vol. 34, no. 4, pp. 991-993, 1963.

A. S. Sangani and A. Acrivos, “The effective conductivity of a periodic
array of spheres,” Proc. Roy. Soc. London A, vol. 386, pp. 263-275,
Apr. 1983.

I. Andrianov, V. Danishevskyi, and S. Tokarzewski, “Two-point qua-
sifractional approximants for effective conductivity of a simple cubic
lattice of spheres,” Int. J. Heat Mass Transf., vol. 39, pp. 2349-2352,
Jul. 1996.

D. A. Powell and Y. S. Kivshar, “Substrate-induced bianisotropy in
metamaterials,” Appl. Phys. Lett., vol. 97, no. 9, p. 091106, 2010.

M. Albooyeh and C. R. Simovski, “Substrate-induced bianisotropy in
plasmonic grids,” J. Opt., vol. 13, no. 10, p. 105102, 2011.

[49] M. Albooyeh, D. Morits, and C. R. Simovski, “Electromagnetic
characterization of substrated metasurfaces,” Metamaterials, vol. 5,
pp. 178-205, Dec. 2011.

A. Bossavit, “On the homogenization of Maxwell equations,” Int. J.
Comput. Math. Electr. Electron. Eng., vol. 14, no. 4, pp. 23-26, 1995.
M. El Feddi, Z. Ren, A. Razek, and A. Bossavit, “Homogenization
technique for Maxwell equations in periodic structures,” IEEE Trans.
Mag., vol. 33, no. 2, pp. 1382-1385, Mar. 1997.

[52] J. A. Reyes-Avendaio, U. Algredo-Badillo, P. Halevi, and
F. Pérez-Rodriguez, “From photonic crystals to metamaterials: The
bianisotropic response,” New J. Phys., vol. 13, p. 073041, Jul. 2011.
A. Ciattoni and C. Rizza, “Nonlocal homogenization theory in meta-
materials: Effective electromagnetic spatial dispersion and artificial
chirality,” Phys. Rev. B, vol. 91, p. 184207, May 2015.

[50]

[51]

[53]

Christopher L. Holloway (5’86-M’92-SM’04-
F’10) received the B.S. degree from the University of
Tennessee at Chattanooga, Chattanooga, TN, USA,
in 1986, and the M.S. and Ph.D. degrees in elec-
trical engineering from the University of Colorado
at Boulder, Boulder, CO, USA, in 1988 and 1992,
respectively.

He was a Research Scientist with Electro Magnetic
Applications, Inc., in Lakewood, CO, USA, in 1992.
His responsibilities included theoretical analysis and
finite-difference time-domain modeling of various
electromagnetic problems. From 1992 to 1994, he was with the National
Center for Atmospheric Research, Boulder, CO, USA, where he was involved
in wave propagation modeling, signal processing studies, and radar systems
design. From 1994 to 2000, he was with the Institute for Telecommunication
Sciences, U.S. Department of Commerce in Boulder, CO, where he was
involved in wave propagation studies. Since 2000, he has been with the
National Institute of Standards and Technology, Boulder, CO, where he is
involved in electromagnetic theory and atom based metrology. He is also
serving on the Graduate Faculty with the University of Colorado at Boulder,
Boulder, CO. His current research interests include electromagnetic field
theory, wave propagation, guided wave structures, remote sensing, numerical
methods, metamaterials, measurement techniques, EMC/EMI issues, and atom
based metrology.

Dr. Holloway is a member of URSI Commissions A, B, and E. He served
as the Chair of the USNC Commission A of URSI from 2012 to 2015.
He is currently serving as an Associate Editor of the IEEE TRANSACTIONS
ON ELECTROMAGNETIC COMPATIBILITY. He was the Chairman of the
Technical Committee on Computational Electromagnetics (TC-9) of the IEEE
Electromagnetic Compatibility Society from 2000 to 2005. He served as the
Co-Chair of the Technical Committee on Nano-Technology and Advanced
Materials (TC-11) of the IEEE EMC Society from 2006 to 2011. He served
as the IEEE Distinguished Lecturer of the EMC Society from 2004 to 2006.

Edward F. Kuester (S’73-M’76-SM’95-F’ 98-
LF’16) received the B.S. degree from Michigan State
University, East Lansing, MI, USA, in 1971, and
the M.S. and Ph.D. degrees from the University
b of Colorado at Boulder, Boulder, CO, USA, in
T 1974 and 1976, respectively, all in electrical
. _ . engineering.

gy [ 4 He has been with the Department of Electrical,
Ay, T /J/ Computer and Energy Engineering, University of
"\i"‘ '\: s / Colorado at Boulder, since 1976, where he is cur-
. - " rently a Professor. In 1979, he was a Summer
Faculty Fellow with the Jet Propulsion Laboratory, Pasadena, CA, USA.
From 1981 to 1982, he was a Visiting Professor with Technische Hogeschool,
Delft, The Netherlands. In 1992 and 1993, he was an Invited Professor at the
Ecole Polytechnique Fédérale de Lausanne, Lausanne, Switzerland. He was
a Visiting Scientist with the National Institute of Standards and Technology,
Boulder, CO, USA, in 2002, 2004, and 2006. His current research interests
include the modeling of electromagnetic phenomena of guiding and radiating
structures, and applied mathematics and applied physics. He has co-authored
two books. He has authored a chapters in two others, and translated two books
from the Russian. He is co-holder of the U.S. patents, and author or co-author

over 90 papers in refereed technical journals.
Dr. Kuester is a member of the Society for Industrial and Applied Mathe-
matics and Commissions B and D of the International Union of Radio Science.



