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Abstract: We present a realistic numerical simulation of a source of
number-squeezed photon states employing a cavity-based parametric
downconversion (PDC) process. A cavity containing the PDC medium is
pumped repeatedly. The cavity recycles only one of the PDC output modes,
allowing it to be amplified with each subsequent pump pulse. A photon
number resolved (PNR) measurement is made on the other PDC output
mode following each pump pulse. Once the PNR measurements indicate
that the target number of photons has accumulated in the cavity, the
pumping is stopped and the resulting photon state is released. The photon
number uncertainty in the resulting state is ~3 dB below that of a mean-
equivalent coherent state and furthermore the probability of generating the
target photon number is similarly increased.
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1. Introduction

Photon-number states, also known as photon Fock states, have a De Broglie wavelength of
Nph>. They have wide

applicability in quantum metrology [1-3], quantum lithography [4—6], quantum imaging, and
other quantum-enhanced techniques [7,8]. For example, several experiments have
demonstrated super-resolution in position and phase through the use of photon Fock states [9,
10]. The typical signature of this improvement is the observation of an Ny,-fold increase in
interference fringes when using photon Fock states as the light source relative to using a
coherent light source. These “proof-of-principle” experiments typically employ Fock states
with N, = 2 or 4. But even for these small-photon-number Fock states, the low production
rates of these N-photon events significantly reduces the statistical quality of the experimental
data, and losses in photon collection further complicate the scenario by converting the initial
photon Fock state into a mixture of states. As a result, the ultimate benefit of the higher fringe
frequency in determining the system parameter of interest, for example, resolution and
sensitivity in phase or space measurement, is reduced.

Recent experiments have demonstrated significant improvement in photon collection and
detection efficiencies, both approaching unity [11-13]. In particular, advanced detectors, such
as transition-edge sensors and superconducting nanowire systems of near unity detection
efficiencies [14—16] are capable of photon-number-resolving (PNR) detection, which provides
an advantage in these measurement applications. In contrast to these advances, efficient, high-
rate generation of high photon number Fock states remains the bottleneck for many
meaningful applications.

A common means of producing few-photon states is via heralded spontaneous parametric
downconversion (SPDC) [17, 18]. In this scheme, a pump laser beam incident onto a
nonlinear medium ideally produces a two-mode squeezed vacuum state [19]. The two modes
can be separated assuming some non-degeneracy between the modes (such as polarization,
wavelength, or direction). Ideally, performing a PNR detection on one mode (the ancillary
number measurement) projects the other mode into a specific Fock state. The limitations of
using this simple SPDC scheme to produce a specific Fock state are three-fold. First, free-
space SPDC has very low efficiency in wavelength conversion. (We estimated a mean photon
number p = 1 with a 10 nJ pump pulse in a SPDC process based on Ref [20].).) Second,

Z/ Nph , where N, is the number of photons in the Fock state,
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SPDC is inherently probabilistic, i.e., the photon Fock states produced via SPDC follows a
Bose-Einstein distribution, which has a standard deviation of o, =+/g’ + 4 , which is wider

than that of a Poisson distribution (o, = \/; ). Both this probabilistic nature and the high

variance limit the rate of successful production of a desired photon Fock state. Furthermore,
free space SPDC is ordinarily a multi-mode process, with different modes having random
phases with respect to each other. As such, the detected N-photons may exist in different
modes. This additional randomness further reduces the signal-to-noise seen in the interference
fringes used for parameter estimation.

It was recently suggested that enclosing SPDC in a cavity may offer a solution to these
issues [21]. The cavity doubles as a generator and a storage cavity of photons. Furthermore,
operating in a cavity conveniently restricts the generated photons to a bandwidth-limited
single transverse and longitudinal mode, which is ideal for many quantum applications [22].
In this paper, we present the results of a series of Monte Carlo simulations that examine the
performance of such a proposal under realistic physical settings, and clearly establish its
advantage, in comparison to an ordinary SPDC process with the same nonlinear interaction
strength: 3dB photon-number squeezing in the cavity output which translates into an average
2-fold improvement in the probability of obtaining the desired photon Fock state; and more
importantly, achieves that state up to 10 times faster.

2. Monte Carlo simulation

The proposed setup (Fig. 1) consists of a single cavity containing the nonlinear gain medium.
The system operates in pulsed mode. At the beginning of a pump cycle, a pump pulse enters
the cavity, drives the PDC process, and then exits the cavity. In a PDC process, the pump field
excites a pair of daughter fields, i.e., for every pump photon consumed, two daughter photons

are produced satisfying energy conservation ®pump, = ®, + ®p and momentum conservation
Kopump =k, +ky + kg, where kg is a quasi-momentum accounting for periodic modulation of

the crystal domain such as poling.

PNRD

PBS
Pump g Dump
wl

) 4

|

Dump

Control
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Output

Fig. 1. Schematic of the proposed device. Mode a is the storage and accumulation mode.

Mode b is the ancillary monitoring mode. The EOM-PBS in the pump path allows pump
pulses to enter the cavity and modulates their power. The intra-cavity EOM-PBS releases the
stored state upon reaching the goal number.
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In our scheme, it is assumed that the modes @ and b are non-degenerate in at least one
degree of freedom (e.g., polarization), allowing for their separation. While mode a is stored

(on resonance with the cavity), mode Bimmediately exits the cavity for PNR measurement
(the ancillary number measurement). The number of photons detected in this measurement is
reported as N, and added to the total N,,. Mode a is circulated in synchronization with the
next pump pulse to seed the PDC process, and is amplified by the next pump pulse. When N,y
reaches or exceeds Ny, the photon number of desired Fock state, the stored state is released,
e.g. by polarization rotation via an electro-optical modulator (EOM). In the following, we
model this setup for a variety of settings and examine the statistics of the output states.

A single pump cycle can be described using a succession of three operators: gain, loss, and

detection. The gain operator is G, , = exp [ ;((a”l;T - &I;)] . The loss is modeled with a unitary

operator U, = exp [i%-(cfﬁj - Aé)], with . Mode ¢ represents the loss and is traced out.

Coefficients #, and r, are transmission and reflection (loss) amplitudes, with
|ta|2 =|cos(6/2)|2 and |r|° =|sin(9/2)|2. Mode b is treated similarly. The PNR detection of

ra

mode b, represented by a set of positive-operator-valued-measurements (POVM),

1" =Y in" (1-1)""]i), (i| for detecting m-photons, with > 1" =1 and ITy" >0,
i=m m=0

where 77 captures the loss of mode b in the travel and detection. Setting the initial input state

to vacuum, the state reentering the process after the first pass is given as,

p, =Tt|U:G,0,00°0:G;,0,[0),, (0] ]|0), (0] (1)
conditioned on an m-photon detection by the PNRD with the probability of,
Pb (m) = Tra Lélbﬁ£M)éa,b 0>a,b <O|J (2)

Equations (1) and (2) form the basis of our Monte Carlo simulation. During the
measurement phase of each pump cycle, we derive a set of probabilities {P,, (m)} for the

corresponding states {p,,} for all possible PNR detections of mode b . As the input state for
the next pump cycle, we choose a state randomly from {p, ]} based on the probability
distribution of {Pb (m)} The pump cycles continue until N, the sum total of all photons

detected in mode 13, reaches Ny, the target photon number; then that particular trial is
concluded. The final Fock state density distribution for mode @ was converted into a

probability distribution P(Nph). A single simulation run consisted of 100 000 such trials.

Individual probability distributions were then averaged together, producing P,

avg

(Nph). Rate
of success P(Ngoal
P,(N,).

avg

) and the standard deviation of photon numbers o, Were calculated from

3. Simulation results and discussion
We first examined the amplification of a photon Fock state through the PDC process. Figure

new

2(a) shows the expected increased number of photons (N ) in mode b (assuming no loss)

immediately following a single pump cycle. Figure 2(b) shows the standard deviation
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o(N,

new

) for the same case. Figure 2(c) shows the expected number of pump cycles (NC>

needed to add one or more photons to mode b . Cases for several values of amplification gain
y are presented. We note that increasing both the seeding number and the gain have the same
effect: the new photons are created with fewer trials and in greater numbers. But while
increasing the seeding number and gain increase the absolute uncertainty of the photon

number, the mean added number (Nnew> grows faster than o (N, ), so the relative standard

deviation of the added photon numbers actually decreases as the process progresses.

These observations suggest that starting with higher gain and ending with lower gain may
increase the state delivery rate and reduce the photon-number uncertainty of the photon pulses
output from the cavity. In addition to fixed-gain operation, we considered two adaptive gain
strategies in the simulation — a fixed-risk strategy and a genetic algorithm optimization, both
of which created a gain schedule, which consisted of gain values for each value of N.
Crystal’s nonlinearity and focusing geometry were assumed fixed, so gain variation was
achieved by varying the pump power. Separate gain schedules were generated for each Ny
and each cavity performance level. In the fixed-risk strategy, a risk factor Py defined as the
probability of exceeding the N,yo, was chosen. Then for each value of N,y (for a given Nyy,), a
value of gain was chosen to satisfy the below condition:

P(Nnew 2 Ngoal - Ntot) < })risk (3)
10? 104 10%:
(@) (b)l A ©
=0. [ ] % =0.1
100 =08, m M e i . A
]
A ] = ] A |
;loo—. r=¢%e @ EIQO_ X=0.-4 o © Aol()l_
z Z ® z
AV [ ) [2) [ ] Vv [ ]
10- i re O
1 =0.1 =
=90 A XAO-i A ° .
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Fig. 2. Statistical properties of a state produced by seeding a PDC process of gain y with a
Fock state containing N, photons. (a) Expected number of new photons measured after a single
pump cycle. (b) Standard deviation of the new photon numbers measured after a single pump

cycle. (c) Expected number of pump cycles to have the first non-vacuum detection in mode b .

During optimization, the value of Py was varied. For the strategy based on the genetic
algorithm, it was the gain value for each N, value that was varied (except for N, =0, in

which case the gain was fixed at maximum, its value discussed below). For the case of fixed-
gain operation, the value of the fixed gain was the optimization parameter. For all strategies,

the value of P(N goa,) was maximized.
When comparing the two adaptive-gain strategies, it was found that while they produced
nearly equivalent rates of success in terms of P(Ngoal), the genetic algorithm provided a

higher degree of squeezing in photon-number distribution. The adaptive-gain data discussed
below was generated using the genetic algorithm optimization.
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We studied cavity-PDC processes with N, varying from 4 to 12 for two different
experimental conditions in the simulation: one labeled medium-performance (7, =95%,

=99% ,7,, =95% ). The range of y

was limited to less than 0.8. This limit corresponds approximately to the generation of on
average 2 photon pairs in an SPDC process. This limit is based on the single-pass SPDC
efficiency reported in [20], a 10 nJ pulse producing, on average, a single SPDC pair. A
commercially available, non-amplified ultra-fast system can deliver approximately 20 nJ per
pulse, therefore this was chosen as a reasonable limit on the pump power available in the
simulation. Operation settings were individually optimized for each performance level and
Ngoa value. The simulation results shown in Figs. 3(a)—(c) are for high-performance and low-
performance defined systems. The performance results are compared to three references:
coherent light with a mean equal to Ny, mean-equivalent thermal light, and power-
equivalent thermal light. The power-equivalent thermal distribution is defined as the output
resulting from a single-pass SPDC process pumped at maximum allowed power. Given the
above SPDC efficiency approximation, this corresponds to a mean photon number of two.

Figure 3(a) shows that rate of success in all cases exceeded coherent and thermal light
sources; fixed-gain and adaptive-gain strategies were similar, with a small advantage going to
the adaptive gain. On average, the high-performance system improved on a coherent source’s
rate of success by a factor of 2.6, while the medium-performance provided an average
improvement factor of 1.7.

Figure 3(b) shows that photon-number uncertainty was similar for the fixed- and adaptive-
gain systems, but in all cases below the mean-equivalent Poisson distributions. On average,
the high-performance system offered 3.2 dB (x2.1) of squeezing relative to a mean-equivalent
Poisson source, while the medium-performance system provided 1.6 dB (x1.4) of squeezing.

N4 =90% ) and another labeled high-performance (7,

av

100 400
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Fig. 3. Performance of the proposed scheme for a high-performance system (solid symbols),
and a medium-performance system (open symbols). Fixed gain results (blue circles), and
adaptive gain using genetic algorithm optimization (red squares). Shown for comparison:
mean-equivalent Poisson distribution (black) and thermal distributions — mean-equivalent
(solid grey) and power-equivalent (dashed grey). <cycles> is the expected number of pump
cycles until Ny is measured on the output using a perfect PNRD.

The main advantage of an adaptive-gain system can be seen in Fig. 3(c). On average, the
adaptive-gain system delivered target states approximately twice as fast as a fixed-gain
system. The rate of delivery was thus about equal to a mean-equivalent thermal distribution,
and up to ten times faster than a power-equivalent thermally-distributed source.
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Fig. 4. Probability distribution produced by the proposed device. Nya = 4, (a) high-
performance and (c¢) medium-performance, and Ny = 12, (b) high-performance and (d)
medium-performance. Fixed-gain shown in blue and adaptive-gain in red. Included for
comparison are what is possible with single-pass sources: shown are mean-equivalent Poisson
distributions (black), thermal mean-equivalent (solid grey) and thermal power-equivalent (grey
dashed) distributions.

An adaptive-gain system, on average, required 28 pump cycles to deliver a 12-photon state
for the high-performance case, and 41 pump cycles for the medium-performance case. By
comparison, a single-pass power-equivalent SPDC on average required 389 pump pulses to
produce a 12-photon state.

Figure 4 shows the photon number distributions produced by the scheme with Ny, set to 4
or 12, exhibiting much reduced uncertainty compared to classical sources for both high and
medium performance systems.

4. Conclusions

We have used Monte-Carlo simulation to examine a cavity-based PDC amplification process
controlled by ancillary PNR measurements as a source of number squeezed states. The
simulation included realistic system loss and detector efficiency, as well as typical pump
power constraints. When targeting photon numbers in the range from 4 to 12, we observed 3
dB of squeezing with respect to mean-equivalent coherent states. The probability of
generating the target number on the output state was 4 to 10 times greater than for a mean-
equivalent thermal distribution. When taking into account the number of pump pulses
expected to pass before the target number is achieved, the method presented was comparable
to a mean-equivalent thermal distribution and significantly faster than a power-equivalent
thermal source; the advantage grew for higher target numbers. We expect this approach, in
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combining with other approaches, such as photon-multiplexing [23], may provide a
significant and enabling technology in many quantum-enhanced schemes in such fields as
metrology, communication, imaging, and sensing.
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