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Abstract

A numerical task of current interest is to compute the effective elastic properties of a random
composite material by operating on a 3D digital image of its microstructure obtained via X-ray
computed tomography (CT). The 3-D image is usually sub-sampled since an X-ray CT image is
typically of order 1000° voxels or larger, which is considered to be a very large finite element
problem. Two main questions for the validity of any such study are then: can the sub-sample size
be made sufficiently large to capture enough of the important details of the random
microstructure so that the computed moduli can be thought of as accurate, and what boundary
conditions should be chosen for these sub-samples? This paper contributes to the answer of both
questions by studying a simulated X-ray CT cylindrical microstructure with three phases, cut
from a random model system with known elastic properties. A new hybrid numerical method is
introduced, which makes use of finite element solutions coupled with exact solutions for elastic
moduli of square arrays of parallel cylindrical fibers. The new method allows, in principle, all of
the microstructural data to be used when the X-ray CT image is in the form of a cylinder, which
is often the case. The appendix describes a similar algorithm for spherical sub-samples, which
may be of use when examining the mechanical properties of particles. Cubic sub-samples are
also taken from this simulated X-ray CT structure to investigate the effect of two different kinds
of boundary conditions: forced periodic and fixed displacements. It is found that using forced
periodic displacements on the non-geometrically periodic cubic sub-samples always gave more
accurate results than using fixed displacements, although with about the same precision. The
larger the cubic sub-sample, the more accurate and precise was the elastic computation, and
using the complete cylindrical sample with the new method gave still more accurate and precise
results. Fortran 90 programs for the analytical solutions are made available on-line, along with
the parallel finite element codes used.
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1. Introduction

Theoretical study of the linear elastic properties of real materials, based on their microstructure,
is an important branch of materials science and physics. Various pure mathematical efforts
include exact bounds, exact dilute limits, exact solutions of simple periodic composites,
approximate effective medium theories based on those exact dilute limits, and many more
empirical formulae whose basis is a plausible mathematical form with constants fit to
experimental results (Milton, 2002; Mura, 1982; Torquato, 2002). Obtaining 2-D images of
microstructure using various forms of microscopy, along with knowledge of the elastic moduli of
various phases, allows the application of finite element and other computational techniques to
directly compute the 2-D elastic moduli of random materials (Langer et al., 2001). With the
advent of experimental techniques like X-ray computed tomography (CT) (Kak and Slaney,
2001), along with image analysis techniques (Russ, 2007), 3-D images of microstructure can be
obtained and 3-D computations can be made directly on real microstructures to compute the
effective elastic properties of the material (Wismans et al., 2010; Faessel et al., 2005; Tsuda et
al., 2008; Geandier et al., 2003; Scocchi et al., 2012).

X-ray CT image sets are typically of order 1000° voxels or larger, which are considered to be
very large finite element problems if every voxel is taken to be a finite element (Garboczi and
Day, 1995; Garboczi, 1998; Bohn and Garboczi, 2003). Adaptive meshing can be used to reduce
the computational size but that usually loses some material resolution, the finite element problem
remaining is still a large computational problem, and solving the random shape and size mesh
usually requires a sophisticated commercial program. Although the size of the problem really
requires parallel processing, licenses for parallel operation on more than a few processors for
commercial codes can be quite expensive. A public domain parallel finite element code is
available that is specialized for 3-D digital images. The code is written in Fortran 90, where each
voxel is a tri-linear finite element (Bohn and Garboczi, 2003) and is used herein.

X-ray CT experiments are usually performed on cylindrical shapes, whether molded or cored
from a larger piece, so that the sample presents a uniform aspect to the X-ray beam as the sample
rotates. Recently, an X-ray tomography technique has been developed called interior tomography
(Yu etal., 2009), where the region of interest is only in the interior of the sample. In this case,
the image becomes exactly cylindrical, regardless of the overall sample shape, because the
Fourier transform mathematics used drills a "virtual core™ through the sample interior. Therefore,
the result of an X-ray study is often a stack of circular images that make up a 3D cylindrical
microstructure. The usual method used to study the elastic moduli of such a large cylindrical
sample is not to use the entire cylinder of data, but to cut out a smaller piece of microstructure to
work on, usually a cube. If such a piece is taken, some of the microstructure is not used and
therefore lost to the elastic moduli computation, making the accuracy of the computation hard to
judge since often the elastic moduli of the material studied is not known very well. One chooses
a cubic shape for numerical ease in the application of boundary conditions. Periodic boundary
conditions are usually thought of as the best boundary conditions to use examining a small
sample of larger microstructure, in order to reduce the effect of the (sometimes) large surface
area to volume ratio encountered in a small sample. Since the sample has been cut out physically
or virtually or molded in some way, it is not periodic, and so periodic boundary conditions
cannot, in principle, be directly applied. The usual solution is to apply fixed load or fixed



displacement conditions on the piece of random microstructure (i.e. all sides have fixed
displacements or fixed stresses or some combination). The effect of the choice of boundary
conditions on the accuracy of the computation is also hard to judge, for the same reason as when
choosing sub-sample size.

This paper introduces a new technigue that both enables the total microstructure to be used for
cylindrical images, and gets around the problem of applying boundary conditions to the edge of
the sample. It shows how the entire cylinder-shaped X-ray CT data can be embedded into a
uniform medium in a rectangular unit cell and the whole system solved with a finite element
solver using periodic boundary conditions for the composite unit cell. The effective properties of
the real material can then be accurately extracted using an analytical solution for the elastic
moduli of square arrays of parallel cylindrical fibers. The accuracy of this technique is dependent
on having highly accurate numerical solutions of these geometrical arrangements, which are
available (Kushch, 2013). This method can also be used with spherical pieces of microstructure
and exact solutions for cubic arrays of spheres (see Appendix). This alternative approach could
be useful for spherical particles, where the elastic properties of the whole particle need to be
analyzed, not just a rectangular prism-shaped piece. For both these new methods, which avoid
applying boundary conditions to the actual sample, we have made both the analytical solutions
and the parallel finite element Fortran 90 programs available on-line (Garboczi and Kushch,
2014).

To evaluate the accuracy and uncertainties of our new method and various shape and size sub-
samples and choices of boundary conditions, a large three-phase random composite system with
geometric periodic boundary conditions is used whose elastic moduli are very accurately known
numerically for two different sets of phase moduli. This is the “material” data. A cylinder is
taken out of this system, which then becomes the “X-ray CT” data. The elastic moduli of
different size cubic sub-samples of this cylindrical microstructure are computed, using the new
method for the entire cylindrical piece and forced periodic vs. fixed displacement boundary
conditions for the cubic sub-samples. The results are quantitatively compared to show the
differences between the boundary conditions sub-sample sizes used and to display the
advantages of the new method.

2. Computational finite element procedures

We use a digital-image-based finite element method (FEM) to solve for the elastic properties of
random microstructures (Garboczi and Day, 1995; Garboczi, 1998; Bohn and Garboczi, 2003).
This technique was designed to operate on periodic random microstructures, although it can be
successfully used to study simple shapes like the dilute limit of rectangular blocks (Garboczi et
al., 2006; Garboczi and Douglas, 2012) embedded in a periodic unit cell. If the random
microstructure comes from a model, then digital resolution scaling (Roberts and Garboczi, 2000;
2002) can be successfully used to obtain more accurate solutions for effective elastic properties.
The code uses Message Passing Interface (MPI) parallelization (Bohn and Garboczi, 2003) to
enable computations on large systems. Currently, the largest size we have tried has been
approximately 1000° voxels, where each cubic voxel is a tri-linear finite element. The system is
broken up into a number of layer stacks oriented normal to the z direction, where the number of



processors used is typically nz/4 to nz/2, where nz = the total number of layers in the z direction.
Each processor controls one stack that is several voxels thick and communicates with the
processor below and above it. Details of the parallelization process can be found in the manual
for the parallel program (Bohn and Garboczi, 2003). The manual for the scalar version of the
code gives more theoretical and computational details (Garboczi, 1997) of the finite element
portion of the computation. Both the scalar and parallel versions are freely available on-line
(Garboczi, 1997). A strain is applied and the average stress, averaged over each voxel and then
the entire system, is computed. The average strain is just equal to the applied strain, because of
the periodic displacement boundary conditions, so the effective moduli are taken from the
components of the average stress tensor. For example, if all the applied strains were zero except
for g; then all six components of the elastic moduli tensor with the first index equal to one could
be determined, since

<O'i>:Cij<€j> (1)

By processing a cylindrical stack of X-ray CT images, a rectangular prism-shaped piece can be
clipped out and either periodic boundary conditions or fixed displacement boundary conditions
are imposed. Although the piece is not really periodic, one can still use periodic boundary
conditions, thinking of the cubic piece as the unit cell in a larger periodic structure. In this paper,
it was easier to apply fixed displacement boundary conditions using the scalar versions of this
finite element code, while the parallel code was used for the forced periodic computations. The
parallel and scalar versions have been shown to give identical results for identical
microstructures (Bohn and Garboczi, 2003).

The new method introduced in this paper allows the entire cylindrical microstructure to be
embedded in a rectangular parallelepiped cell of uniform material. Details of the analytical
solution part of this new technique will be discussed in the next section. The cylindrical
microstructure is embedded in a box of uniform material that has two equal edges, L, and a third
edge that is equal in length to the height of the cylinder. This method analyzes the entire scanned
microstructure without wasting any geometrical detail. The two equal edges of the box should be
at least 40 voxels larger than the diameter of the cylinder’s circular cross-section to give
sufficient resolution for an accurate solution of the elastic displacement fields between the
cylinder and its periodic reflections. Figure 1 shows a schematic view of this composite unit cell.



Figure 1: Schematic view of a cylinder centered on and oriented normal to the square face of a
rectangular prism-shaped box.

For the cylinder-box system, using periodic boundary conditions means that the top and bottom
of the cylinder will match periodically. This can just be forced, or some kind of boundary
matching could be done. For example, in the case of a cellular microstructure, it is easy to cover
the bottom of the cylinder with a thin artificial cell wall that will satisfy periodic boundary
conditions with only a very small change in the overall elastic moduli. Alternately, a very thin
layer of the uniform embedding material can be added to the bottom of the cylinder, with similar
results. The simplest method is just to force the periodic boundary conditions, which is probably
the most accurate method, as will be demonstrated below on the cubic sub-samples.

We focus on the case where the real microstructure (on average) is expected, and the uniform
embedding medium is known, to be elastically isotropic. For this case, the computed elastic
moduli tensors are isotropically or spherically averaged, which means that the elastic tensor is
integrated over the spherical polar angles and normalized by 4 (Watt and Peselnick, 1980; Watt,
1980). Since these two phases are each isotropic, there are really only four independent
guantities, the exactly known bulk and shear moduli for the embedding medium and the effective
composite bulk and shear moduli for the microstructure cylinder. The two independent moduli of
the embedding medium are chosen before the computation, so that there are only two unknowns
left in the problem, the effective composite bulk and shear moduli of the real microstructure.

The cylinder-box system has tetragonal symmetry, so has six independent moduli. Since these
six moduli come from only two unknowns, we choose to spherically average the numerical
moduli of each system so as to end up with a bulk (K) and a shear modulus (G) for each
composite system (Watt and Peselnick, 1980; Watt, 1980), effectively averaging over the entire
system and individual elastic moduli tensor elements. The equations are given below, for a
general crystal symmetry (Meille and Garboczi, 2001) — the tetragonal case is obviously a bit
simpler. The notation “(a)” was introduced in eq. (2) to simplify the form of eq. (3) and was
chosen since eq. (2) denotes simple numerical averages (“a” for average). Although C;; = C;; in
principle, numerically, due to small errors in the solution process, there can be small differences



between Cj; and Cj, so they are all averaged together. It should also be noted that numerically,
tensor elements such as Cy4 and Csg can be non-zero but are much smaller than the main tensor
elements. These elements do not come into the spherical averaging procedure.

c11(a) = ;(Cy1 + Cyp + C33)
c12(a) = %(612 + Ci3 + Co3+Cy1 + C3q + C33) (2)
c44(a) = 3(Caq + Css + Cg6)

G == [c11(a) — c12(a) + 3 c44(a)]

3
K =Zcl1(a) +Zc12(a) +:c44(a) - 3G )

The focus of this paper is on large-scale finite element computations, so we try to use as few
choices of strain as possible in order to minimize computational effort. Since all the Cjj, i,j =
1,2,3 entries are required to be known independently, as can be seen from eq. (2), we need to do
at least three runs with €1, €;, and 3, each separately non-zero and the other strains zero. For
shear, since all we need is the average of C44, Css, and Cgg, for the fourth run we can apply all
three shear strains simultaneously. Applying the shear strains separately would allow separate
determination of moduli like C14 and Csg, which do contribute to the average stress in this case,
since all the shear strains are applied simultaneously, but we have found that these terms are
small and have alternating signs, so they tend to cancel with each other. We have checked a
typical system used in this paper, computing the sum of the shear moduli both ways, and the end
result only differs by 0.1 % or less between the two methods of applying the strains.

3. Simple geometry composite solutions

If we want to use the entire cylindrical microstructure from X-ray CT images, we need the
embedding box to be as small as possible, in order to minimize the size of the system to be
computed. For the cylinder-box case, the volume fraction will be, for a cylinder of diameter D
and box edge length L, (D/L)? times the maximum value of n/4 = 0.7854. As was stated earlier,
the minimum value of L is approximately D + 40. D is usually a minimum of 200, so the volume
fraction of the cylinder inside the embedding box will be at least 7/4(200/240)? = 0.54542. If D =
1000, then this volume fraction = 0.7261. Accurately solving this composite problem
analytically, assuming isotropic and uniform elastic moduli in both phases, is much harder as the
volume fraction approaches the maximum value. Exact solutions for these cases, which are
accurate even for volume fractions near /4, have been worked out (Kushch, 2013).

The geometry shown in Fig. 1 is a unit cell of a periodic composite made up of a square array of
aligned circular fibers embedded in a matrix. In line with this, the problem we consider can be
viewed as the following "inverse” homogenization problem: given the properties of the matrix
and the effective properties of the composite, find the properties of the fiber. The



micromechanics of fibrous composites are now well developed, so we can use the available
solutions of the homogenization problem. However, not all of them are equally appropriate for
our purpose: our choice is motivated by the following reasons. First, the problem we consider is,
like any inverse problem, ill-conditioned. Therefore, a high solution accuracy is critically
important, making it impossible to use approximate methods. Second, the inverse procedure
described in the next section implies the homogenization problem has to be solved repeatedly.
Therefore, the numerical efficiency of the method is also important. The multipole expansion
method used herein meets the above requirements for accuracy and computational effort.

Lord Rayleigh (Rayleigh, 1892) was the first to study the conductivity problem for a periodic
fiber composite. In the elasticity theory context, this problem is mathematially equivalent to the
out-of-plane (e.g., xz, yz) shear problem. The complete solution to this problem has been
obtained by Perrins et al. (Perrins et al., 1979). Pobedrya (Pobedrya, 1984) was probably the first
to obtain a complete solution for the effective elastic stiffness tensor (all six independent moduli)
for a composite with a square array of fibers. His solution, as well as a series of more recent
works (Rodriguez-Ramos et al., 2001 and references therein), are based on using the doubly
periodic Weierstrass elliptic functions. Alternatively, a Rayleigh-type multipole expansion
approach has been applied (Kushch, 2008) to study the multiple fiber unit cell model of a fibrous
composite. A detailed account of the method is given elsewhere (Kushch, 2013); here, we
provide only the necessary formulas.

The effective stiffness tensor of a periodic composite with a square array of circular inclusions
and infinitely extended in the out-of-plane direction involves six components. They are
C,(=C,), Cs, C,, Cu(=Cy), Cu(=Cy) and C,,. They are all calculated from Eg. (1) by
solving a series of unit cell problems and averaging the obtained local stress field, so that

C,=(o;), where o; corresponds to the uniaxial applied strain <gj>:1. The general

homogenization problem can be split into three independent sub-problems of 2D elasticity
theory. They are (1) out-of-plane shear, (2) plane strain and (3) generalized plane strain. These
problems can be solved separately to get the complete set of the effective elastic moduli of the
periodic composite.

Out-of-plane shear <5i> = 9,,. The multipole strengths A are found from the system of linear
algebraic equations

(G +1) e _ _ _
G-1) A+ nZﬂ:A”n"k ==, (k=12...n_) (4)

where ¢,, is the Kronecker's delta and G= G,/G,. The total number of equations (and unknowns
A) n,. Is taken sufficiently large to get a fully convergent solution. For example, n_. =16

provides 5-digit accuracy of solutions for the fiber volume fraction ¢ <0.7 for a whole G range
(Perrins et al., 1979); for ¢ =0.77=0.98c,,,, N, = 40. The matrix coefficients 7, in eq. (4)

are given by the formula

max !

T = (—1){n X _1j S
nk

k an+k !



where S, are the standard harmonic lattice sums (Berman & Greengard, 1994), a = %‘ =t ,

and c is the fiber volume fraction. The formula for the effective stiffness tensor element C,,
involves only the first dipole moment A found from Eq. (4):

Cu= Go(l_ 2CA1)' ()

In-plane strain. In the plane strain formulation, we consider two problems: <8a> =9, (in-plane

strain) and (&;) = 5, (in-plane shear). A solution to both these problems is given by a
simultaneous solution of the following linear system

B nmatx -
Q,B, _5k12CRe(Ak T : 1)‘ z (Ah +5k1An)77nk =Cy;

QA -5 flar, + A )8 (AL, B )= D0 ©)
k=12,...,n.,.

Here, A and B, are multipole strengths (complex, in general), where the overline K denotes
the complex conjugate of A . Also,
G,

2G +x —1)
Q== ( ! Ou+1-064) 1=
' G(x, —1)—(x, -1) ot (1-0) Gk, — K,

Q,= Gfo+1 |
G-1

where x; =3—-4v, (i=0,1) and v, is the Poisson ratio of the i-th material phase. In what

follows, we will also use, where convenient, the Lame modulus A and the bulk modulus K,
which are related to the other isotropic lastic constants by

and

_2Gv _3Kv. _ _2G(1+v)
A= = K==
1-2v  1+v 3(1-2v)

The matrix coefficients of Eq. (6) involve the already mentioned harmonic sums 7, and the bi-
harmonic sums ¢, defined as

n+k)! | T S 1 1
e e e e |

kl(n—1)!| a™* n+1 k+1
where T, are the standard biharmonic 2P lattice sums (Movchan et al., 1997). The only non-zero
elements of the right-hand vector of Eq. (6) are
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The effective stiffness tensor elements C,, and C,, are readily found from the equations

2G, B .
(:|__—2V0)[1+ 4C(l VO)Bl]’ (7)

C, —C,, = —2G,[1-8c(1-v,)ReA |;

C11 + C12 =
whereas
Ce = G,[1-8c(1-v,)ImA |

Only the dipole moments A and B, enter the expressions for the in-plane effective elastic
moduli.

Generalized plane strain: <€i> = 0,,. The solution to the generalized plane strain problem is
also given by eq. (6), with the only non-zero right-side vector element being

_ (1, — 1A~ 4)
' Z[Gl(KO _1)_ G, (Kl _1)].

Evaluation of the effective stiffness tensor elements, C,; and C,,, uses the formulas
Ci =4y +2¢(4,+2G,)B;;
3(61 — Go )(Kl — K0)+ z(ﬂ’l — ﬂo )(/10 + ZGO)Bl . (8)
(ﬂ’l + Gl)_ (ﬁ“o +Go)

Cy; =4,+2G,+c
and completes the solution.

Numerical implementation of the described procedure is straightforward. An accurate linear
solver for egs. (4) and (6) is the only standard subroutine required. The Fortran 90 source code
for the evaluation of C; is provided in (Kushch, 2013) and on-line (Garboczi and Kushch,

2014). A final note - the two phases actually do not have to be isotropic - analytical solutions
(Kushch, 2013) can also be given for anisotropic materials. The programs contained in (Garboczi
and Kushch, 2014) are only for elastically isotropic materials.

4. Test cases for new method

Combining finite element computations and the above analytical results, we can compute the
effective moduli of a cylindrical microstructure sample. We first directly compute the overall
elastic moduli of the cylinder microstructure embedded in a box. Then, knowing the elastic
moduli of the embedding medium, we use the analytical results of Section 3 to inversely find the
isotropic bulk and shear moduli for the inclusion that best reproduces the numerical results for
the entire system. In the real case where the inclusion is actually a piece of random



microstructure, with more than one phase, this procedure assigns effective composite moduli to
the microstructure. We first test this method using uniform inclusions.

A cylindrical test case, represented by voxels, is embedded in a cubic unit cell having D = 360
and L =400, with E; = 10 GPa and v = 0.25 (matrix), and E; = 1 GPa and v; = 0.1 (inclusion).
The digital volume fraction of the cylinder in this simple composite is 0.636125, and the
composite elastic moduli computed via FEM were K = 1.632570 GPa and G = 1.244749 GPa.
Table 1 gives the results for the cylinder moduli for this test case. Remember that the
cylinder+box case is anisotropic, so the composite values of K and G come from the spherically
averaged elastic moduli tensor for the entire system.

Table 1: The inverse problem for a cylinder (1) - box (0) test case. The table lists the computed
and theoretical composite moduli, and the actual and computed values of the individual phase
moduli and their percent difference.

System Matrix | Inclusion FEM Theory | Diff Predicted Diff
(size in (0) (1) composite | composite | (%) inclusion (%)
voxels) modulus (1)
Cylinder | Bulk 20/3 5/12 1.632570 | 1.633825 | -0.1 0.415200 -0.35
diameter | modulus
(360) in | (GPa)
cube Shear 4 5/11 1.244749 | 1.245218 | -0.04 0.454741 0.04
(400) modulus
(GPa)

One should note that the column marked “Theory composite” is the prediction from Section 3 for
the moduli of the entire composite system based on the exact value of the volume fraction, based
on the values of D and L, which differs by about 0.07 % from the digital volume fraction. This
method is then used, as described below, along with the FEM composite result, to give the data
in the column marked “Predicted inclusion modulus (1)”. The result for the inclusion bulk
modulus can be expressed as 4.9824/12 GPa and the shear modulus as 5.0022/11 GPa, in order
to more easily compare to the given moduli. It is interesting that the errors on the inverse process
are similar to the errors on the forward process. The main source of difference between theory
and FEM is the fact of the voxel approximation of the curved surface of the cylinder.
Representing the cylinder by a higher density of voxels will cause the error to decrease, and
digital resolution scaling can make the difference very small (Roberts and Garboczi, 2000, 2002;
Garboczi et al. 2006; Garboczi and Douglas, 2012). The analytical theory is exact, but there
could be some very small error in the approximations used in computing the various series
involved (see Section 3). This error is much smaller than the finite resolution error in the FEM
results.




The program that implements this “backwards” procedure is simple. A reasonable guess can be
made for the cylinder moduli. Starting values for both K and G are chosen well under this value
and the theoretical moduli are computed. Some manual adjustment may be necessary in order to
get the starting values below the actual values. An increment is chosen so that 10 steps in this
increment in K and G will take the theoretical prediction to well above what was computed by
FEM for the composite. The values of K and G in this first iteration are chosen to separately
minimize the deviations from the known composite K and G and then the increment is refined
and a new starting point is chosen so that the search grid encompasses these new values. This
procedure is run a number of times (about 10 is usually enough), giving an answer for the bulk
and shear moduli of the cylindrical inclusion that is unchanging to 6 digits or more.

5. Effect of different boundary conditions on a realistic random microstructure

A sample random microstructure was prepared — this is the “material” from which we will take a
cylindrical piece via simulated X-ray CT. When using a real material sample, the exact moduli of
that particular sample are rarely known, but only the moduli of the much larger material piece
from which the sample is taken. The moduli of the constituent phases are also often known.
Therefore, using a model material whose moduli are exactly known is a good choice. The
original random microstructure is periodic with a cubic unit cell 800 voxels on a side. Freely
overlapping digital spheres of diameter 41 voxels were inserted at random centers, using periodic
boundary conditions. In this case, periodic boundary conditions means that if any part of a sphere
lay outside the unit cell, it would be brought back in on the opposite side of the cell. This results
in a two-phase structure, consisting of the matrix (phase 0) and the volume inside the
overlapping spherical inclusions (phase 1). However, we wanted our test case “material” to be
more complicated, so when each sphere was inserted into the matrix, the sphere was chosen to be
phase 1 with a probability of 0.3 and phase 2 with a probability of 0.7. The final volume
fractions were: ¢y = 0.35006257, ¢; = 0.19615083, and ¢, = 0.45378659, as determined in the
800° digital image. Figure 2 shows one of the possible 800 x 800 voxel cross-sections of the
complete 3-D periodic structure. More than one circle size is seen because the slice cuts through
the monosize spheres at random heights with respect to their centers.



Figure 2: A slice of the periodic 800° overlapping spherical particle microstructure, used as a
“real” material to illustrate the new method described in this paper. Phase 0 is light gray, phase 1
is mid-gray, and phase 2 is dark gray.

We can also understand these volume fractions analytically, which will be a measure of the
faithfulness of the digital representation. In a two phase infinite system of matrix plus identical
overlapping objects, randomly centered, the remaining matrix volume fraction is given by (Xia
and Thorpe, 1988; Mark, 1954):

co = exp(—nV) 9)

where V = the volume of one object and n = the number of objects per unit volume. For any
finite realization of this kind of microstructure, even if continuum rather than digital objects are
used, eg. (9) will be an estimate only. In the case considered here, V = volume in voxels of a 41
voxel diameter sphere = 36137. The true volume of a 41 unit diameter sphere is 36086.95. In the
system considered, n = 14 850/(800°) = 1.0481142. Therefore, the matrix volume fraction is
predicted to be 0.3505983, which differs by only about 1 part in 700 from the theoretical value,
probably due mainly to the small digital error in using digitized spheres vs. continuum spheres
(Garboczi et al., 1991) and the fact that we have a finite realization. The inclusion volume
fraction is predicted to be 0.6464017, which is very close to the sum of the volume fractions of
phases 1 and 2. Note that the phase 1 and 2 volume fractions are simply predicted to be
0.6464017 - 0.3=0.1939205 and 0.6464017 - 0.7 = 0.4524812, which are again very close to
what is actually found digitally.

Two choices of elastic moduli were assigned to the three phases, as given in Table 2. This was
done since it is known that the effect of local microstructure is enhanced with higher elastic
moduli contrast between phases (Douglas and Garboczi, 1995; Garboczi et al. 2006; Garboczi



and Douglas, 2012), so that this choice could affect the elastic results with different boundary
conditions. In a two phase composite, if the elastic moduli of each phase were the same, then the
entire composite would have the same moduli. As the moduli of one phase begins to differ from
the other, there are exact expansions in powers of these differences (Torquato, 2002) where the
lower order terms, quadratic and below, do not depend at all on microstructure, while the higher
order terms, past quadratic, which become more important with increasing phase elastic moduli
contrast, do depend sensitively on microstructure.

Table 2: The phase elastic moduli for the two cases considered.

Eo Vo E1 V1 E> Vo
Case 1 10 GPa 0.3 30 GPa 0.2 20 GPa 0.2
Case 2 10 GPa 0.3 150 GPa 0.2 60 GPa 0.2

A cylindrical piece, of diameter 760 voxels and height 800 voxels, is taken from the original
800° microstructure to simulate either a piece cored out of a real material and scanned on an X-
ray CT or else a virtual core measured by internal scanning on some X-ray CT instruments. In
any case, it serves as our “experimental” sample. Figure 3 shows a slice from the composite
system with uniform medium (black) around the cylindrical core.

Figure 3: A 760 voxel diameter piece of the full cross-section, shown in Fig. 2, of the cylindrical
simulated X-ray CT image, embedded in a uniform medium. In the microstructure, phase 0 is
light gray, phase 1 is mid-gray, phase 2 is dark gray, and phase 3, the uniform medium
surrounding the slice, is black.




For our sub-sampling, we choose cubes of two sizes, 100 voxels and 200 voxels on a side. The
cube sampling is taken from the cylindrical core shown in Fig. 3. The best way to take a
maximum number of non-overlapping cubic sub-samples from the 760 voxel diameter
cylindrical core is illustrated in Fig. 4 for the 100% sub-samples, and in Fig. 5 for the 200° sub-
samples.
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Figure 4: A schematic illustration of how the 100° voxel cubic sub-samples are taken from the
cylindrical X-ray CT sample. 32 of 64 possible 100° pieces are taken out of each circular slice—
solid color disks mark the squares that can be used. Eight contiguous 100 voxel thick slices are
taken in the vertical direction, for a total of 32 x 8 = 256 100° voxel cubic sub-samples.

Figure 4 shows how thirty-two non-overlapping 100 x 100 squares can be taken from inside the
circular cross-section of the cylindrical core. Since the core is 800 voxels high, eight non-
overlapping layers of 100 voxel high cubes can be taken for a total of 256 100° non-overlapping
cubic sub-samples that can be taken from within the cylindrical core. Figure 5 illustrates how
seven 200 x 200 non-overlapping squares can be optimally fit inside the circular cross-section of
the cylindrical core. Since the core is 800 voxels high, four layers of non-overlapping 200 voxel
cubes can be taken for a total of 28 non-overlapping 200° cubic sub-samples that can be taken
from within the cylindrical core.



Figure 5: A schematic illustration of how the 200° voxel pieces are optimally taken from the
circular cylinder part of the microstructure. Seven of 16 possible 200% pieces (dark gray) are
taken out of each circular slice, and four 200 voxel-thick slices are taken in the vertical direction,
for a total of 7 x 4 = 28 200° cubes. The 760 voxel diameter circle is shown (white) and the full
8007 slice (light gray).

The first parameter to consider when evaluating how well an average over sub-samples compares
to the entire structure is the average and standard deviation of the three phase fractions taken
over all the sub-samples of each size. The top part of Table 3 shows the results obtained for each
kind of sub-sample and the actual deviation from the full 800° sample, whose phase volume
fractions are considered to be the correct values. The “Volume fraction sampled” column adds
up the volumes of each type of microstructure sub-sample used and lists the fraction of the total
volume this represents. In the bottom portion of Table 3, the average for the two different size
cubic sub-samples are taken over the entire 800° original system, so that the average phase
fractions are the same as the complete structure, but with a non-zero standard deviation.
Essentially, we are computing the phase fractions based on different size “windows” [Lu and
Torquato, 1990; Quintanilla and Torquato, 1997). These references demonstrate that the
computed standard deviation in phase fraction decreases as the size of the window increases. In
all cases, this value is much larger than the actual deviation of the average from the nominal 800°
system value. Note that the standard deviations computed over only the cubes falling inside the



Table 3: Average phase fractions averaged over various size and shape microstructure sub-
samples. The A values are defined as: sub-sample value — full 800° system value.

System Volume Co Ao C1 Aq C2 Ay
fraction
sampled
(%)
800° 100 0.3501 0 0.1962 0 0.4538 0
periodic
X-ray CT 70.9 0.3521 | 0.002 | 0.1925 | -0.0037 | 0.4554 | 0.0016
cylinder

Cube-100 50 0.3523 | 0.0022 | 0.1978 | 0.0016 | 0.4499 | -0.0039
Cube-200 43.75 0.3507 | 0.0006 | 0.2000 | -0.0038 | 0.4493 | -0.0045

# samples Co oo C1 o1 C2 o7
in average
Cube-100 | 512 0.3501 | 0.0636 | 0.1962 | 0.0578 | 0.4538 | 0.0704
Cube-200 | 64 0.3501 | 0.0219 | 0.1962 | 0.0223 | 0.4538 | 0.0268

cylindrical sample, as shown in Figs. 3 and 4, are very close to the values listed in Table 3 and so
are not listed. On comparing the Cube-200 result for ¢ and the equivalent Cylinder-760 result,
even though they are numerically very close in value, one must remember that the much larger
standard deviation in ¢, for the Cube-200 (listed in the bottom of Table 3) would mean that the
actual value of ¢ for a single sub-sample chosen has a much greater chance of being inaccurate
than a single Cylinder-760 specimen.

As was mentioned earlier, when sub-sampling a microstructure scanned by X-ray CT for finite
element computations, the usual practice is to clip out a cubic piece of microstructure. The
boundary conditions usually involve fixed stress or fixed displacement or some combination of
both. Another choice, which is rarely used, is to force periodic displacement boundary
conditions, even though the microstructure is not periodic. In both cases, imposing various strain
combinations enables the entire elastic moduli tensor of the sample to be computed. We wish to
compute the elastic moduli of our two sets of cubic sub-samples, 100° voxels and 200° voxels.
We used forced periodic boundary conditions, with enough strains to determine the elastic
moduli tensor as detailed in Section 2, and also imposed fixed displacement boundary conditions
to do the same. In this case, the outer nodes of the voxels were given an initial displacement,
consistent with the applied strain, and then fixed throughout subsequent relaxation — a conjugate
gradient solver routine is used to solve for the stored energy minimum.

Table 4 shows the results for the elastic moduli averages and computed standard deviations. The
first row of Table 4 shows the computed Case 1 elastic moduli for the original 800° original
system using periodic boundary conditions on this geometrically periodic structure. We take
these as the “correct” or “bulk” material properties. The next row, marked “Cylinder-760-800",



gives the elastic moduli computed using the new method for the cylindrical simulated X-ray CT
sample that has been cut out of the original structure and surrounded by an uniform matrix.
These computed moduli are the best possible for this sample, since all of the microstructure has
been equally accessed using our new method. The agreement with the original material property
is quite close, 0.2 % to 0.3 %. This tells us that the sample size was large enough to adequately
capture the microstructure of the true material.

The next four rows of Table 4 give the elastic moduli for the 100° and 200° sub-samples
averaged over all sub-samples. The standard deviation for each set is given, and two kinds of
boundary conditions were used, forced periodic and fixed displacement. For both size sub-
samples, the average elastic moduli for the forced periodic boundary conditions are significantly
closer to the true material properties than are the averages using the fixed displacement
properties. The fixed displacement boundary condition results are always significantly higher
than the periodic boundary condition results, since adding constraints usually leads to higher
elastic energies, so that the boundary nodes cannot freely move to minimize the stored elastic
energy. The standard deviations in the elastic moduli for a given sub-sample size are similar for
either boundary condition. The larger sub-sample results have smaller standard deviations,
demonstrating that the standard deviations depend mainly on sample size (window) and not the
choice of boundary conditions. The 200° forced periodic boundary average moduli agree as well
with the true elastic moduli as do the cylinder results. However, since the standard deviation for
K is about 1.6 % and for G about 2.6 %, this would imply that any single sub-sample would give
elastic moduli that varied, on average, by this amount from the true values.

The lower portion of Table 4 lists the same results but for elastic moduli Case 2, where there is a
greater contract between the elastic moduli of the three phases. The true elastic moduli for the
original random system more than double. We find that the error in the Cylinder-760-800 result
to be about 1 % for both K and G. In the next rows, we find that the composite elastic moduli
depend far more sensitively on the choice of sub-sample size and boundary condition due to the
larger phase moduli contrast. Again, the results using the forced periodic boundary conditions do
much better than the fixed displacement boundary conditions in agreeing with the full system
results. The 200° voxel cubic sub-samples give average elastic moduli that agree with the full
system moduli about as well as the cylinder results, but they have a much larger standard
deviation than in Case 1, so that using only a few samples, as is usually done, would give an
answer that is farther from the true result.

In Case 2 of Table 4, the average bulk and shear moduli from the 100° voxel cubes have
significantly larger errors than in Case 1, for both types of boundary conditions. It is probably the
case that a 100 voxel wide cube is not adequately capturing the local microstructure of the
original random medium, since on average, only 2.5 41-voxel diameter spheres fit across a 100
voxel cube. This was also the situation in the Case 1 results, but was masked by the smaller
contrast in phase elastic moduli. If all the phase moduli were the same, then microstructure does
not matter at all. Also, if all phases had the same shear modulus but different bulk moduli, the



composite bulk and shear moduli would not depend at all on microstructure [Hill, 1963]. In Case
1, the two largest phases are 0 and 2, which both have the same shear moduli of 8.333, so this
could also have helped to mask not adequately capturing the microstructure in the smaller cube
samples.

Comparison between the compute time required for the 1002, 200°, and full cylinder technique is
interesting. We will focus on Case 2. The 100% sub-samples took a total of about 59 h using 50
processors, or 2 voxel layers per processor. The 200% sub-samples required 89 h using 100
processors, again 2 voxel layers per processor. The full cylinder computation used 194 h,
employing 200 processors or 4 voxel layers per processor. If we had been able to use 400
processors, the compute time required would have been an estimated 100 h to 130 h, much
nearer to the 200° computation.

One should note that for the system studied, the “real material”, the length scale of the
microstructure was set by the 41 voxel diameter spheres used, so that a 200° cubic sub-sample
was on the average 5 sphere diameters wide, which is often the rough rule of thumb used to tell if
a unit cell is large enough, compared to the underlying microstructure, to achieve statistically
valid results compare to the entire microstructure. So in this case, the 200% cubic sub-samples
still contained enough of the microstructure to have a chance of achieving a statistically valid
elastic moduli result. This was borne out by seeing in Table 4 that their average, using the forced
periodic boundary conditions, was as close to the material properties as was the results for the
new cylinder method. It is quite possible that the size of the cylindrical X-ray CT sample could
be large enough to have a representative microstructure, but a smaller cubic sub-sample would
not. This would be the case if larger spheres, say of 81-voxel diameter, had been used in the
microstructure of the full system. In this scenario, the average over the 200° sub-samples would
be much farther off from the true values and the results would have been similar to the 100°
voxel cube samples presented earlier.



Table 4: Effect of boundary conditions on elastic moduli K, G obtained from cubic
microstructure pieces compared to the true and simulated X-ray CT sample result. A is the
percent difference from the full system result.

System — Case 1 BC | Num K (GPa) A(%) G (GPa) A(%)
Original 800° pd 1 10.8290 6.8811
system

Cylinder-760-800 pd 1 10.8058 -0.2 6.8599 -0.3

Cube 100 pd 256 | 10.8437+0.3776 | 0.14 | 6.9010+0.4279 | 0.29

Cube 100 fixed | 256 | 10.9097 +£0.3849 | 0.75 | 7.1126 +0.4297 3.4
disp

Cube 200 pd 28 | 10.8488 +£0.1680 | 0.18 | 6.8970+0.1765 | 0.23

Cube 200 fixed | 28 | 10.8857 +0.1702 | 0.52 | 7.0259 +0.1785 2.1
disp

System — Case 2 BC | Num Micro. K A(%) Micro. G A(%)

Full system pd 1 22.9669 15.3006
Cylinder-760-800- | pd 1 22.7151 1.1 15.1030 -1.29
X

Cube 100 pd 27 | 24.0076 +£2.8601 | 4.53 | 16.2931+2.4037 | 6.49

Cube 100 fixed | 256 | 25.5132+3.0783 | 11.1 18.5815+ 2.5740 | 214
disp

Cube 200 pd 27 | 23.1989+1.1468 | 1.01 | 15.5403 +0.9624 | 1.57

Cube 200 fixed | 28 | 24.4081+1.2387 | 6.3 | 17.2418+1.0331 | 12.7
disp

6. Summary and conclusions

The main two problems with computing the effective elastic properties of pieces of real
microstructure, which come from some kind of 3-D imaging system such as X-ray CT, is their
large size, which leads to not being able to use all the microstructure information available, and
applying appropriate boundary conditions so as to achieve a realistic result. We have used an
existing parallel finite element method, where each voxel is a tri-linear finite element, which can
handle these large sizes, up to or beyond 1000° voxel systems. By using a very large periodic
model microstructure, whose elastic moduli were independently computed, we have essentially
exact results against which to compare various sub-sampling and boundary conditions choices.

We have presented and validated a new method, where the cylindrical microstructure, as would
be obtained in an X-ray CT experiment, is embedded in uniform material so that the entire
structure can be simply treated with periodic boundary conditions. The effective elastic moduli
of the cylindrical microstructure are then extracted from the composite result using highly
accurate, analytical solutions of the simple composite geometry. If the cylindrical sample of the
microstructure is all that is available, as in an X-ray CT image stack, then the entire



microstructure can be used and the resulting elastic moduli agree closely with the true result. For
the specific case considered, where a 200° voxel sub-sample could contain a representative piece
of the microstructure, the average of these cubic sub-samples agreed closely with the true result.
However, the standard deviation was much larger than the deviation of the average from the true
result, implying a loss of accuracy if only a few sub-samples were to be used. Finally, we have
shown that if a cubic sub-sample needs to be taken from the entire microstructure image, forcing
periodic displacement boundary conditions on a non-periodic sub-sample gives more accurate
results than using fixed displacement conditions.

All programs used in this paper were in Fortran 90 and have been made available on-line. We
note that this new method can also be used for electrical or thermal conductivity problems or
thermoelastic problems in which exact solutions are available for sphere or cylinders in periodic
square arrays.
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Appendix: Spherical microstructure sub-samples embedded in cubes

There are times when it may be useful to compute the effective elastic moduli of a spherical sub-
sample of microstructure, or perhaps the entire sample is itself spherical, as could be the case of
a particle of some kind. That way, the entire particle’s moduli could be examined, not just a
cubic piece, which could be important if the particle’s skin had different elastic moduli than the
particle’s interior. If the overall shape of the microstructure is spherical, it can be embedded
inside a cube and periodic boundary conditions used to compute the composite moduli in a
manner similar to the cylinder method described in the main body of this paper.

Figure Al shows a schematic illustration of this method applied to spheres. Note that using
periodic boundary conditions means that the spherical sub-sample, of diameter D, does not have
to be centered inside the cube. The edge length of the cube, L, should be selected to be at least 40
voxels larger than the diameter of the sphere, to allow for sufficient resolution of the length
between sphere edges (also 40 voxels) to accurately solve for the stresses and strains in the
embedding material. The sphere-cube system has cubic symmetry, so has three elastic moduli in
general. The volume fraction of the sphere will be (D/L)® times the maximum value, /6.

Figure Al: Schematic view of a spherical sub-sample centered inside a cubic unit cell.

The complete solutions of the homogenization problem for the linearly elastic composite
containing a simple cubic array of identical spherical inclusions have been obtained
independently in terms of Hasimoto's periodic potentials (Sangani and Lu, 1987) and in terms of
vector solutions of the Lamé equation (Kushch, 1987). Despite some differences in technique
and details, both solutions are based on the same, multipole expansion approach and are
mathematically equivalent. A detailed account of the method is given elsewhere (Kushch et al.,
2012; Kushch, 2013). Here, we show only the formulas used in our study.

The effective stiffness tensor of a periodic composite containing a simple cubic array of spherical



inclusions involves three independent components: C,(=C,=C,,), C, (=C,=C,) and
C. (=Cy =C,). They are calculated in the same way as discussed in Section 3, by solving a
series of unit cell problems and averaging the obtained local stress field. In fact, we need only

two test cases to be considered: uniaxial applied strain <€,—>=5is and applied simple shear

(£;)= 8. The components C,, and C,, are found from the first test and C,, is found from the
second one. These components are found from the following exact, finite form expressions:

2C;; +Cyy
3
Cyu—Cy3 = 2G, [l_ 6C(1_ Vo )aé%) ’
Cu = 2G, [1_ 6c(1-v, )Reaf) ]

= K, +3c(4, + 2G, )a%y,

The vector dipole moments aly, af) and af) entering these expressions are uniquely
determined from a system of linear algebraic equations analogous to egs. (4) and (6). For the
explicit form of the linear system and Fortran 90 source code for the evaluation of C;, see
(Kushch, 2013).

A spherical test case has D = 200 and L = 240, with Eg =1, vo = 0.4, E; = 10, and v; =-0.5. The
volume fraction of the sphere in the 3-D digital system is 0.30301620, and the composite elastic
moduli calculated were K = 5/3 and G = 0.72096501. Note that both phases 0 and 1 had K = 5/3.
By examining the exact Hashin-Strikhman upper and lower bounds (Hashin and Shtrikman,
1963; Torquato, 2002) for a two-phase composite, when Ky = Ky, the upper and lower bulk
modulus bounds collapse to this common value forcing K = Ko = K;. Numerically, the composite
result was also this same value to 8 or 9 significant figures. Table Al shows the predictions for
the composite sphere-box moduli, and then the predicted values of K; and G, based on these
composite moduli and the exact solution programs used in this paper. The percent error for both
the forward calculation, between FEM and theory, is about the same as the inverse method error
for Ky and G;. As for the cylinder test case in Table A, the main reason for the difference
between the theoretical and FEM predictions for the composite moduli is the voxel
approximation to the curved spherical surface. Digital resolution scaling would improve this
agreement substantially (Roberts and Garboczi, 2000, 2002; Garboczi et al. 2006; Garboczi and
Douglas, 2012).



Table Al: The inverse problem for a sphere-box test case, where Ky, G; are the sphere moduli.
The table lists the assigned values, the computed values, and the percent difference between

them for Ky and G;.
System Matrix | Inclusion FEM Theory | Diff Predicted Diff
(size in (0) 1) composite | composite | (%) inclusion (%)
voxels) modulus (1)
Sphere Bulk 5/3 5/3 5/3 5/3 0 5/3 0
(D=200) | modulus
in cube (GPa)
(L=240) | Shear 5/14 10 0.720965 | 0.715399 | 0.8 10.125 1.25
modulus
(GPa)
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