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1. Setting of the problem

The paper concerns a bound that arises in a statistical meta-analysis model [12].
Specifically, let S = {s1,...,s,} be a given set of real numbers, and let E,, = E,,(S)
be the m-th elementary symmetric polynomial in sq,...,s,; i.e., E,, is the coefficient of
2"~™ in the polynomial P(z) = [[} (2 + ;). The problem in [12] (in the case of positive
distinct s;’s) consists in obtaining tight bounds on E,, if all other elementary symmetric
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functions E1,...,FE,_1 are given. We consider the somewhat more general problem of
obtaining bounds on Fj, 2 < k < n, for fixed values Fq,..., Ex_1.

An equivalent formulation of this problem is as follows. Let the monic polynomial P(z)
have only real roots —s1,...,—s,. Given the roots —ty,..., —t,,_1 of the derivative,

P/(x) = % H(m + si) =n I:I(x + tj),

1

establish the range of possible values P(0) = E,(S). Since for 0 < k < n — 1,
(n — k)Ex(S) = nEx({t1,...,tn_1}), elementary symmetric functions of t1,...,t,-1
determine E1 = El(S), ce 7En—1 = En_l(S)

There are some general results on the extremal values of linear combinations of el-
ementary symmetric functions over the real variety {F, = ey,...,Ex_1 = ex_1} [7].
For example each of the points where E} attains local extrema has at most k different
coordinates.

Our approach is based on the well known Newton identities [6] relating the elementary
symmetric functions to the classical power sums,

M, = sf, k=1,...,n.
i
Indeed the functions Ey,..., F, define My, ..., M} and vice versa. For example,
By 1 0 e 0
2FE, E4 1 0
Mk = det

kEy, Ep1 Eyx_o --- E

_ (k) ‘ j

- Z Vj1j2“'jkE{1 T Elzik’ (1)

J1+2jo++kjr=k

with integer coefficients (k) i+ In particular, V(()IS-)--Ol = (—=1)F1E.

Thus our problem redli(lzfs to that of specifying the range of M} for the given values
My, ..., My_1. The latter problem has a known solution given in terms of canonical
moments [3, Section 1.4]. Indeed the theory of canonical moments provides bounds on
the k-th moment of a measure on an interval [a,b] when the first k¥ — 1 moments are
given.

The next section takes advantage of positive definiteness of Hankel matrices and
provides the inequalities for moments and for elementary symmetric polynomials. Some
examples are discussed in Section 3. A lower bound for weighted moments is given in

Section 4. Numerical comparison with the known inequalities in Section 5 concludes this
paper.
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2. Main result

Let a = min s; < maxs; = b, and define the Hankel matrices,

Hom = {Miye}]'rly, 1< m<n/2,

Homi1 = {Myre41 — aMyi )00y, 1<m < (n—1)/2,
7 m—2
H2m = {—(Zka—M + (CL + b)Mk+g+1 — Mk+£+2}k,é:0’ 1 <m< 71/27

H2m+1 = {ka+£ - Mk+£+1}ng_:10, I1<m< (n - 1)/2-

Note that Ha,, is of order m — 1, but the other three matrices are of order m. It is
assumed that H; =1, H; = 0.

According to the well known solution of the Hausdorff moment problem, see e.g., |3,
Theorem 1.4.3]; all matrices above are nonnegative definite. They are positive definite
under the conditions of the following Theorem 1.

Put

h?m - (Mm7 ey MQm—l)Ta
homs1 = (Mpy1 — aMy, ..., Moy, — aMay, )7,

and
}_lQm—i—l == (me - Mm—i—la e bMQm—l - MQm)T7

which are column-vectors of dimension m. The last needed vector, ha, = (—abM,,—1 +
(@+b)My, — Mpi1,...,—abMay, 3+ (a+b)Map,_2 — Moy, 1)T, has dimension m — 1.

If I, = {i1,...,im}, m < n, is a subset of {1,...,n}, then S;  will represent
the corresponding subset of S, Sr,, = {si,,..., 8, }. Let V(S1,,) = [, jer,, in(8i —
s;)? denote the discriminant corresponding to this subset of S. We put V2(S;,) =
V(Sr,) [Ljer,, (si —a)(b— s;) for notational convenience.

Theorem 1. If the number of distinct s-values is at least m then the first inequality in (2)
holds, while the second is valid provided there are at least m — 1 distinct s-values none
of which is equal to a or b,

Zlm,l V(S1,,_ )i st Hjejm,l(si - 53)]2
>, V(S,)

<
< (a4 b)Map—1 — abMay, 2

C 2Xr ValSn W) 57 (s — a) (b= si) [Lep,,_, (50 = 55))?
Zlm_l Vg(slmfl) '

(2)



332 A.L. Rukhin / Linear Algebra and its Applications 448 (2014) 329-342

Similarly, in the inequality

2o V(S ) er, (85 — @)X s (si —a) [Lep, , (si = 5))]?
ij V(Sr,,.) Hje]m (sj —a)

< Moyt

Z[m,l V(S1,._1) Hjejm,l(b —s5)[D2; 87 (b — 85) ngjm,l(si - 59)]2
Z]m V(Sr,,.) Hje[m (b—s;) 7

the left-hand bound holds if the number of distinct s-values different from a is at least m,
with b replacing a in the condition for the right-hand bound validity.

< bMQm -

Proof. If H,,, is a nonsingular matrix, i.e., if det(Ha,,) > 0,
bngﬂg_nlﬂhm < M2m g (CL + b)MQm—l - abMZm—Q - Engﬁg_nllﬁzm (4)
Since
det(Hopmt2) = det(Hom) (Mam — b Hol hom ),

the first inequality in (8) follows. The second inequality holds provided that
det(Ha,,) > 0, as

det(ﬁ2m+2) = det(ﬁgm)(—angm,Q + (CL + b)Mgmfl — Mgm — Egmﬁgnllf_wm)
Similarly, if the determinants of Ho,,,1 and Hs,,,1 are strictly positive,
aMsy, + hgm+1ﬂgyi+1h2m+1 < Maop41 < DMy, — ﬁngHITIQ_#LHEQmH- (5)

Now we evaluate H, © as well as the inverses of other related matrices starting with their
determinants.
Consider the Vandermonde-type m X n matrix

1 1
V=Vun=

As is well known and easy to check,
E2m = VVT7
so that by the Binet—Cauchy formula,

det(Hom) = > V(S1,.). (6)

Ivn
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Indeed in our notation the determinant of the m x m submatrix of V' corresponding to
the set I,,, is [ |
if for any m, [|

ijel,,. i>;(8i—8j). According to (6), Hay, is a singular matrix if and only
i G€lm, i>] (s; —s;)? = 0, which means that the number of distinct s-values
is less than m.

Similar formulas hold for det(Hs,,), det(Ha,,+1) and det(Hs,,.1). For example,
}_I2m - mfanVg;—ln (7)

with the diagonal matrix W = diag((s1 — a)(b — s1),...,(sn — a)(b — $p)). Thus
det(Ham) = >.; _ V(S1,,_,) > 0 when and only when there are at least m — 1 distinct
s-values none of which is equal to a or b.

For Hopy1 the diagonal matrix W is to be taken as diag(s; — a,...,s, — a), and
for Hopy1, W = diag(h — s1,...,b — s,). In the first case a necessary and sufficient
condition for positivity of det(Ham+1) = >_; V(Sr1,.) [1;cr,, (8; —a) is that the number
of distinct s-values exceeding a is at least m. In the second case the diagonal matrix W
is diag(b—s1,...,b—5,), and det(Ha,,+1) > 0 if and only if there are m or more distinct
s-values which are strictly smaller than b.

Thus the conditions of Theorem 1 guarantee that the considered matrices are positive
definite and the inequalities (4) and (5) are valid. When the number of distinct s-values
is exactly m, so that det(Hopy2) = 0, but det(Hsz,,) > 0, the lower inequality in (4)
reduces to an equality. Similar numbers of distinct s-values in the open interval (a,b) (or
in a semi-closed interval with the end points a,b) show that the remaining inequalities
are also sharp.

To find H 2_7711 we determine the adjugate matrix, adj(Hs.,), via its elements
adj(Hom)ke, 0 < k, £ < m — 1. According to the already used Binet—Cauchy theorem,

1 1 1 ... gm1

adj(Ham)re = (—1)F )~ det : : det | : ;
Imfl

Sm_l Sm_l 1 S

11 Tm Tm

where the k-th row of the first matrix and the ¢-th column of the second matrix in the
right-hand side of this formula are deleted.
The first determinant is known to be Ey,—1-x(S1,, ) I1; jer,_,.i>;(si — $;), and the

second is Ep,—1-¢(Sr,, 1) [ jer,,_, i>;(8i = 85) [2, p. 36]. Therefore,

adj(Hom)re = (1) Y Bne1—i(S1,0 ) Em—1-6(S1,,_)V(S,, 1)-

Im—l

Since for any fixed 7,

Y (VB xSt ) = ] (si—s))s

k 1€l 1
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one has
hng ad.] (}_I2m)b2m
=Y D (OB 1 k(81 ) Bt 6(S1, )V (S1 ) Mo g1 M g0
Im—_1 k.t
= Zv&m ; Zsms’” [T Gsi—s)(s5 =)
Jelm 1
2
SDIRONI) S | EETHIR
Im—l 7 JeIm 1

Of course the last summation can be performed only for i & I,,_1.
The remaining formulas needed to establish (2) and (3) are proven similarly. O

The bounds (2) lead to the range of values for Ej that can be expressed in terms
of Fy,...,Er_1, a and b. We formulate the corresponding inequalities according to the
parity of k. For even k the upper bound does not involve a or b while the lower bound
depends on these quantities in a symmetric fashion. If k = 2m + 1, the lower bound (2)
can be obtained from the upper bound with b replacing a.

Theorem 2. Under the conditions of Theorem 1 ensuring (2), the following inequalities
for Eoy, are valid:

(2m+2) Lol k1 kam—1
Zﬁo-ﬁ-fl+/€1+"'+(2m—1)k2m71=m(m+1) Beoflkl Kapm_10? °b lEl T EQm 1
(2m) o1l k1 kom—2
E€0+€1+k1+~~-+(2m—2)k2m_2:m(m—1) /Bgoglkl---kzm 20; b 1E1 e E2m—2

(2m) kl k2m—1
Zkl—i- +(2m—Dkam_1=m(m+1) Tky - kapm_ BT By

(2m—2) Ky kom—2 °
bt (2m—2) ka2 =m(m—1) Vi --kam o L1 Eom s

(8)

< 2mkEs, <

The integer coefficients /Béjg";ﬁmkmiz, 1 < m < n/2, are defined by (11) with
(2m 2)

B(Qm) ko _q01 SQLISfying the recurrent formula (12). The integer coefficients Yoy ko 1

NN
are defined by (9) with 7(2m)1€2m,201 satisfying (10).

Proof. Clearly det(Hs,,), m < n/2, is a symmetric homogeneous polynomial in the

variables s1, ..., s, of degree m(m — 1). Therefore,
2m—2 k Kam
ZV(SIm) - Z ’Vl(cﬂl-kzn)l_gEll R S (9)
I k1+~-—l—(2m—2)k2m,2:m(m—l)
with integer coefficients fy( m kjw)l -
The leading term in lexicographic order is s 253"~ %...s2 | with the coefficient

n —m+ 1, so that 752”;0 2)0 =n —m + 1. Because of (1),
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> VASt0) = —2mEam Yy V(Si,,)

y I,

(2m) k1 koam—1
+ E Viy e kam_10E1 " Bom 1
k1+...+(2m—1)k2m—1:m(m+]‘)

leading to the recurrence,

(2m)

Ty kom_201 = _2m7k1"'22m—2' (10)
One has
B, < D1 V(S1,p) +2mEon 3o V(S1,)
>, V(S,)
(2m) k kom—
o zk1++(2mfl)k2m,1:m(m+l) fyklfl?'kzm,lOEll T E272n—11
Zlm V(Slm) ,

which establishes the second inequality in (8) not involving a or b.
To prove the inequality from below (which symmetrically depends on a and b), one
can use a similar representation,

> ViS)
It

— (2m) EO fl kl k27n72
- E: 5z0£1k1~--k2m_2a b EYT - Byt
Lo+li+ki+-+(2m—2)kop_2=m(m—1)

= 2(m = 1)Eam—a »_ VIS, )

T2

(Qm) EO El k’l k2m73
+ : : /Béoﬁlk'l“'kgm,goa b E]. T E2m—3 ° (]‘]‘)
Lo+-£1+ki4--+(2m—3)kam _3=m(m—1)

(2m) _ p2m) (2m) N
Then 6ﬁ02k1"‘k2m72 o B£1Zk1"‘k2m72’ 6ﬁ02k1"'k2m72 =0if b+ 1 > m, and

(2m) o (2m—2)
Bfoelkl“'kszd)l - 2(m B 1)ﬁfoelkl“'kszm (12)
The same argument demonstrates the validity of the first inequality in (8). O

To formulate the inequality for odd values of m, define integer coefficients a,(i;nl)m Kows 1

via the representation
> Vs I 55— a)
I, J€Im

o § : (2m) ko ki kom—1
- akokl"-kgmfla El e EZm—l - (13)
kot+ki+-+(2m—1)kay,—1=m?
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It follows that

> Vs, I 0-s5)

Jj€lm

_ m (Zm) ko k1 kom—1
= (_1) E : akokr--kzm—lb Byt By
ko+ki+-+(2m—1)kap,_1=m?2

and similarly to (10) or (12),

(2m) . (2m—2)
ak0k1-~-k2m_301 - (2m B 1)Oék0k1"'k2m—3.

As a polynomial in a, (13) has the degree m, so that Oé](fi;nl)'”kbm—l =0 if kg > m.
Theorem 3. Under the conditions of Theorem 1 which guarantee that (3) holds,

(2m+2) ko k1 kom
Zk0+k1++2mk2m:(m+1)2 ak0k1-~k2m0a El T EQ?’)’L

(2m) ko k1 kom—1
Zko+k1+---+(2m—1)k2m,1:m2 akok‘l-nkgm_la 0E1 T EQm—l

(2m—|—2) kO kl k2m
zk0+k1+-"—|—2mk2,,n:(m+1)2 akoklemOb El PR E2m

(2m) ko k1 kom 1
ko+ki+-+(2m—1)kapm_1=m? akokr"kszlb OEl o 'E2m—1

< (2m+1)Eopmy1 <

(14)

with integer coefficients ozgf,:f) 1 < m < n/2, which are defined by (13) and which

Y
do not depend on a or b.

Thus the upper bound in (14) is formally obtained from the lower bound if a is
replaced by b and vice versa. The proof of Theorem 3 is omitted.

According to (4) and (5), the bounds for F,, are tight since for the indicated number
of distinct s-values (different from a and/or b), (8) or (14) reduce to identities. The
bounds in Theorem 3 are valid for any ¢ < mins; and b > maxs;, but then they are
weaker than (14).

3. Examples
When m = 1, we obtain the bounds for M5,
n~'ME < My < (a+ b)M; — nab,
or
n[E% — (a+b)E1 4 nab] < 2nE; < (n— 1)E2.

The bounds for M3 are

_ 2 _ 2
(M2 CLMl) < M3 < bMQ . (le MQ)

M. At S
alMz + M; — na nb— M,



A.L. Rukhin / Linear Algebra and its Applications 448 (2014) 329-342 337

which shows that
4E3 — E3FE5 + (n — 1)aE3$ — (3n — 2)aE1Es — (n — 1)a?E? 4 2na*E,
3(E; — na)

BB, — 4B — (n = )VE} + (3n — 2)bE1 B + (n — WV’ E? — 20°F,
(nb El)

< B3 <

For My, (2) becomes

nM3 + M3 — 2My My Ms
nM2 — M12

abM; — (a + b) My + M3)?

(
< My < (a+b)Ms — abMs —
4 S (a+ )My —abMs = S e L T )

or

Inab — (a + b)E1 + E} — 2B,| ™" [~(n — 1)abE} + (n — 1)ab(a + b)E} + (a + b)E3E,
+2E7E3 — (n — 1)a*b’E} — (a® 4 b* — 4(n — 1)ab) E}E> — E{E3 + (a + b)ET E;
— (3n — 2)ab(a + b)E1E> — 4(a + b)E 1 E3 — 10E1 EsE3 — (3a® + 3b° + 4nab) E1 Es
+ 2na’b*Es + [4a® + 4b* — 2(n — 2)ab] E3 + 6(a + b) Eo B3 + 4E3
+ 3nab(a + b)E5 + 9E5

—2(n —1)E3Es + (n — 2)E2E2 + (10n — 12) By B> B3 — 4(n — 2)E3 — OnE2

S4E; <

For example, the denominator of the upper inequality follows from the identity

ZV (S1,) Z( — sj)2 = (n— 1)E’12 — 2nFEs,

1>7

and its numerator can be verified by putting E4 = 0 in the formula
ZV S1,)=—2(n—1)E}Fs + (n — 2)E2E2 — 4(n — 1)E2E,
+ (10n — 12)E1 B3 B3 + 8nEyEy — 4(n — 2)E3 — 9nE3.
4. Weighted moments

Here we give a lower bound in the spirit of (2) for weighted moments,

m
= g wis;, m=1,...,n,
i

where w; > 0.
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The key facts are that the m x m symmetric Hankel matrix

flo cc Hme1
Hop = : :
Hm—-1 - H2m-—2
is nonnegative definite, and that it admits a factorization like (7) with the diagonal
matrix W = diag(wy, ... wy).

Since inverting general Hankel matrices is difficult both theoretically [5] and numeri-
cally [14], we formulate the following result whose proof is similar to that of Theorem 1.

Lemma 1. In the notation of Section 2, the matrix Ho,, has the determinant

det(Hgm) = ZV(SIm) H wyj,

J€Im

which is positive if and only if there are m distinct values s;,...,s;  such that
[11" wi, > 0. The entries of its inverse are

(H51) (=) Bme1k(S1 ) Em—1-0(S1,, )V(S1, ) [jer, , wi
2m ) ke = det(Hap) !

k,t=0,...,m—1. One has with haym = (fm, - - tom—1)7,

ij,l V(Sr,, 1) Hjejm,l wj[zi w;s;" Hjejm,l (8i — 3])]2
>or, V() Ijer, wj .

Since

det(H2m+2) = det(Hgm) (,u2m — hgmH;Tihzm),
the desired inequality follows from Lemma 1,

Z[m,l V(Sr,.-1) Hjelm,l wj [Ez w;s;" Hjelm,l(si - 51)]2
Z[m V(St,,) Hje]m wy

H2m 2 (15)

provided that det(Ha,,) > 0.

When all s;’s are positive, one can take w; = s! to get from (15) a lower bound for
the moment of any order, Mo+, = ptom.

Simic [13] obtained an extension of Newton’s classical inequality, F,,_oF,, < (m—1) X
(n—m+1)E2,_,/[m(n—m+2)] [1], for weighted combinations of elementary symmetric
polynomials, Ei = Yo Wil (S \ {si}), D w; = 1. The inequality (15) can be used to
get an extension of Theorem 1 for such combinations if all s;’s are positive.
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5. Numerical comparisons

The classical nature of elementary symmetric polynomials led to a body of work
related to their interrelationship beyond the classical Newton—-Maclaurin inequalities
(see e.g. [7,8]). This section contains some numerical comparisons with the latest work
in [4,9-11].

Namely, we here present the results of numerical comparison of the accuracy of in-
equalities (8) and (14) as given in Section 2 for F4, n = 4, against the following bounds:

1. The classical Newton—Maclaurin bound [1],

3E?2
By < 2 16
+S 3R, (16)
2. The Pierce-Foregger—Li bound [4,7],
E1E5  EyE?
By > — . 1
1Ty 32 (1)
3. The Rosset bounds [11],
) 3(n—3)EyB;  A(n—2)(n — 3)E3
(n—1)E; 3(n —1)2E%
_ 323 222 2
Bn—3°E} 3 -3E3EY _ 18)

(n—1(n—2E, 4(n—1)2E?

This quadratic in F, inequality (18) delivers both an upper bound and a lower bound.
4. One of Niculescu’s bounds [10, p. §],

1 /3E} 5 5
E4<Z 1—6—E1E2+E1E3+E2 ) (19)

5. One of Mitev’s bounds [9, p. 8],

1

By <
ST

(Ef —4E{E> + 9E, E3). (20)

We performed a Monte Carlo experiment (with 50,000 runs) in which random
S1,...,84 were taken to be uniformly distributed on the interval [1,2] (to prevent very
small values for F4 which bring numerical instability). Their elementary symmetric func-
tions were evaluated along with all bounds for Fjy.

Table 1 presents the relative errors of the bounds.

Some histograms of the logarithms of errors of all bounds normalized by FE, are
portrayed in Figs. 1-3. The bound (17) is compared in Fig. 1 to the Newton bound (16).
Fig. 2 shows histograms of (18).
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Table 1
The average square root errors relative to Newton’s bound (16).

(16) (17) (20) (18) lower (18) upper (19) (8) lower (8) upper

1 3.13 3.27 0.31 0.26 0.12 0.02 0.06

0.35

0.25

0.2

0.1

0.05r

0 ‘ ‘ 0
-0.16 -0.14 -0.12 -0.1 -0.08 -0.06 -0.04 -0.02 0 0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04
Fig. 1. Histograms for the bound from (17) (left panel), and of Newton’s bound (16) (right panel).

0.7

0
-0.02 -0.015 -0.01 -0.005 0 0 0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016 0.018 0.02

Fig. 2. Histograms for the lower bound (18) (left panel), and for the upper bound (18) (right panel).

The performance of bounds (8) is depicted in Fig. 3. These two approximations seem
to be the best over all. Mitev’s bound (20) and the Pierce—Foregger—Li bound (17) (ad-
mittedly derived for another purpose) performed worse in this situation than Newton’s
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0.8F 0.6

0.6

0.5}

0.3f

0.2

Fig. 3. Histograms for the lower bound (8) (left panel), and for the upper bound (8) (right panel).

upper bound (16). The Rosset upper bound in (18) looks to be more accurate than the
lower bound, which is not true for (8). Niculescu’s bound (19) is superior to Rosset’s
bound but not to (8).

These pattern holds in simulations performed for other tractable values of n (like
n=3,5,6).
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