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We derive eigenfunction expansions for a fundamental solution of Laplace’s equation
in three-dimensional Euclidean space in 5-cyclidic coordinates. There are three such
expansions in terms of internal and external 5-cyclidic harmonics of first, second and
third kind. The internal and external 5-cyclidic harmonics are expressed by solutions of
a Fuchsian differential equation with five regular singular points.
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1. Introduction

Expansions for a fundamental solution of Laplace’s equation on R? in terms of
solutions found by the method of separation of variables in a suitable curvilinear
coordinate system are known for a long time. For example, when we choose spherical
coordinates, we obtain the well-known expansion [25]
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where |r|| < ||t’|| (|lr]| denotes the Euclidean norm of r € R3), and r,0, ¢, r',6', ¢’
are the spherical coordinates of r and r/, respectively. The expansion (1.1) contains
the Ferrers function of the first kind (associated Legendre function of the first kind
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on-the-cut) P}* [26, (14.3.1)]. We may write expansion (1.1) in the more concise
form

,” Z Z Gy (v)Hy (r)), (1.2)
=0 m=—¢

where GJ* : R* — C is the internal spherical harmonic

m ¢ —m)! 12 m im
Gy (r) :== <E€+7m;') ' P7 (cos B)e™?, (1.3)
and H" : R*\{(0,0,0)} — C is the external spherical harmonic
m {—m 12 —L—1pm ime’
H* (') = <W> ()P (cos 0 )™ (1.4)

In this paper we derive expansions analogous to (1.2) for the 5-cyclidic coordinate
system [24, (6.24)] in place of spherical coordinates. The coordinate surfaces of 5-
cyclidic coordinates are triply orthogonal confocal cyclides. There are three kinds
of internal and external 5-cyclidic harmonics, one for each family of coordinate sur-
faces, and three corresponding expansions. The authors already introduced internal
5-cyclidic harmonics in [13]. As far as we know, the definition of external 5-cyclidic
harmonics and the expansions analogous to (1.2) are given in this paper for the
first time. We also derive some needed additional properties of internal 5-cyclidic
harmonics. In the definitions of internal and external spherical harmonics (1.3),
(1.4) there appear only the associated Legendre functions apart from elementary
functions. In the case of 5-cyclidic coordinates the definition of internal and external
harmonics requires solutions of a Fuchsian differential equation with five regular sin-
gularities. The particular solutions of interest are eigenfunctions of two-parameter
Sturm-Liouville eigenvalue problems; see [13].

In Bocher’s 1891 dissertation, Ueber die Reihenentwickelungen der Potentialthe-
orie [4], it was shown that the Laplace equation on R? can be solved using separation
of variables in seventeen conformally distinct quadric and cyclidic coordinate sys-
tems. The latter have been introduced by young Darboux in his master’s thesis
of 1864 [14]. These early ideas were improved in his doctoral thesis of 1866 [15].
The Helmholtz equation on R? admits simply separable solutions in the same
eleven quadric coordinate systems that the Laplace equation admits separable solu-
tions [17]. The Laplace equation also admits R-separable solutions in an additional
six conformally distinct coordinate systems [24, Table 17, p. 210]. Unlike the Laplace
equation, the Helmholtz equation does not admit solutions via R-separation of vari-
ables. The appearance of R-separation is intrinsic to the existence of conformal
symmetries for a linear partial differential equation (see [5]), i.e. dilatations, special
conformal transformations, inversions and reflections. The theory of separation of
variables from a Lie group theoretic viewpoint has been treated in [24]. In Miller’s
book [24, Table 17, System 12], separation of variables for the Laplace equation
on R? was treated and the general asymmetric R-separable 5-cyclidic coordinate
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system was introduced. In regard to this coordinate system, and the corresponding
separable harmonic solutions, Miller indicates that “Very little is known about the
solutions.”

To the authors’ knowledge, eigenfunction expansions for the fundamental solu-
tion (the 1/r potential) have been obtained for the following coordinate systems.
See [12, 19, 22, 25] for expansions in spherical, circular/parabolic/elliptic cylin-
der, oblate/prolate spheroidal, parabolic, bi-spherical and toroidal coordinates. The
expansion in confocal ellipsoidal coordinates is treated in [3, 18]. This paper is a
stepping-stone for derivations of eigenfunction expansions for a fundamental solu-
tion of Laplace’s equation in coordinate systems where these expansions are not
known such as paraboloidal, flat-ring cyclide, flat-disk cyclidic, bi-cyclide, cap-
cyclide and 3-cyclide (see [24, Table 17, System 13]) coordinates. For results on
the geometry of cyclides, we refer to [27].

These eigenfunction expansions are often connected with other results such as:

(a) integral identities [28, Secs. 13.2 and 3.21] (e.g. circular cylindrical and parabolic
coordinates);

(b) addition theorems [28, Secs. 11.1 and 11.3]; [29] (e.g. Neumann’s addition the-
orem, and Graf’s generalization of Neumann’s addition theorem in circular
cylindrical coordinates and the addition theorem for spherical harmonics in
spherical coordinates);

(c) generating functions for orthogonal polynomials [26, (18.12.4)] (e.g. the gener-
ating function for Legendre polynomials in spherical coordinates); and

(d) special function expansion identities [8, (3.11)] (e.g. Heine’s reciprocal square
root identity in circular cylindrical coordinates).

In this setting, one may perform eigenfunction expansions for a fundamental
solution of Laplace’s equation in alternative separable coordinate systems to obtain
new special function summation and integration identities which often have inter-
esting geometrical interpretations (see for instance [6, 10, 11]). Eigenfunction expan-
sions for fundamental solutions of elliptic partial differential equations have been
extended to more general separable linear partial differential equations [7] and to
partial differential equations on Riemannian manifolds of constant curvature [9].

The outline of this paper is as follows. The 5-cyclidic coordinate system 1, s2, S3
is discussed in Sec. 2. In Sec. 3, we consider internal and external 5-cyclidic har-
monics of the second kind which are related to the coordinate surfaces so = const.
We start with functions of the second kind because they are slightly easier to treat
than the harmonics of the first and third kind related to the coordinate surfaces
s1 = const, s3 = const, respectively. In Sec. 4, as one of our main results, we obtain
the expansion of the fundamental solution of Laplace’s equation in terms of internal
and external 5-cyclidic harmonics of the second kind. The proof is based on (a) an
integral representation of the external harmonics in terms of internal harmonics
given in Sec. 4, and (b) the completeness property of internal harmonics obtained
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in [13]. In Secs. 5 and 6, we treat 5-cyclidic harmonics of the first kind. In Secs. 7
and 8, we treat 5-cyclidic harmonics of the third kind.

2. 5-Cyclidic Coordinates

We work on R? with Cartesian coordinates z,y, z, and we use the notations r =

(z,y,2) and |r| = (22 4+ 3? + 2%)Y/2 Fix a9 < a1 < as < az. The 5-cyclidic
coordinates of a point r € R? are the solutions s = s1, 52, s3 of the equation
2 2 2 2 2
r||-—1 4o 4 4z
L + =4 =0 2.1)
S — ap S — aq S — ag S —as

(strictly speaking, this equation is multiplied by the common denominator of the
left-hand side), where

ap < s1 < a1 < s2 < az < s3 < as;
see [13, Sec. 4]. On the set
R:={r:z,y,2>0, |r| <1}, (2.2)

the map (z,y,2) € R — (81, $2,83) € (ag,a1) X (a1,az) X (az,a3) is bijective. The
inverse map is given by

X1 X9 T3
— — = 2.3
€T 1+$07 y 1+$07 z 1+£U07 ( )
where
3
H(Si a;)
2 i=1
rj= o, I > 0. (2.4)
H (a; — a;)
J#i=0

We note that each s; is a continuous function on R?. Of particular interest are the

sets
Ay i={r:s1 =52} ={(0,9,2) : 91(y, 2) = 0},
Ay :={r: sy =353} ={(x,0,2) : g2(x, 2) = 0},
where
2 2 2 2 2
+2z°—1 4 4z
g1y, z) == Y ) + :
ai — ag a; — ag a1 —as
2+ 22 —1)? 472 472
gl 7) = ! ) b
a9 — Gg ay — a1 a2 — asg

Each set Aj, Ay consists of two closed curves; see Figs. 1 and 2. The function s;
is (real-)analytic on R3\ Ay, 55 is analytic on R3\(A4; U A3), and s3 is analytic on
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R3\ Ay. We will also encounter the sets
Ky :={r:|r]|<l,s1 =a1} ={(0,9,2) : y* + 2> < 1, q1(y, 2) > 0},
Li={r:ss=a1} ={(0,y,2) : 91(y,2) <0},
My = {r:|r]|>1,s1=a1} ={(0,y,2) : y* + 2> > 1, g1(y, 2) > 0},
Ky :={r:2>0,83=a2} ={(2,0,2) : 2 > 0, g2(x, 2) <0},
Ly :={r: sy =as} ={(2,0,2) : ga(z,2) > 0},
My :={r:2<0,s3 =a2} ={(2,0,2): 2 <0,g2(x,2) <0}.

The sets Ay, Ky, Ly, My are subsets of the plane x = 0, and As, Ko, Lo, My are
subsets of the plane y = 0; see Figs. 1 and 2.
We denote the inversion at the unit sphere on R? by

oo(r) := ||r|~°r, (2.5)
and the reflections at the coordinate planes by

o1(z,y, 2) == (—x,y,2), o2x,y,2):=(x,—y,2), os3(z,y,z):=(z,y,—2).
(2.6)

We note that the functions sy, s2, s3 are invariant under o, 7 =0,1,2,3.
We define auxiliary functions y; : R* — R, j =0,1,2,3, by

Xo(r) := sgn(l — [[r])(s1 — ao)*/,

1/2
)

x1(r) == sgn(z)((s2 — a1)(a1 — 1))

Fig. 1. Curves A and regions K1, L1, My for a; = j.
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Fig. 2. Curves Az and regions Ko, Lo, M3 for a; = j.

X2(r) = sgn(y)((ss — az)(az — 52))"/?,

x3(r) := sgn(z)(ag — s3)*/2.
Lemma 2.1. The functions x;,7 = 0,1,2,3, are continuous on R3, xo,Xx2 are
analytic on R3\ Ay, and x1,x3 are analytic on R3\ Ay. Moreover,

X; i i#F, 2
Xj©0; = .
-x; i i=J.

Proof. Consider first y3. The function s3 is continuous, and s3 = a3 if and only if
z = 0. Therefore, 3 is continuous. In order to prove that y3 is analytic on R?\ Ay,
it is enough to show that y3 is analytic at every point of the plane z = 0. Let ro =
(20, 90,0). There is € € (0, 1) such that s3 # ag for r € B(rp) = {r: ||r — ro|| < €}.
Then (2.1) with s = s3 implies

4 2
as — S3 = i for r € B(ryp),

f(r)

where

R | S N s

83 — Qo

83 —ay 83 — a2
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is positive and analytic on Be(rg). Therefore, we obtain

2z
x3(r) = W

for r € B(ro),

and this shows that xs is analytic at ro. xo is treated similarly.

Consider next xo. The functions sg, s3 are continuous, and (ag — s2)(s3 —az) = 0
if and only if y = 0. Thus x2 is continuous. In order to prove that ys is analytic
on R3\ Ay, it is enough to show that s is analytic at all points of the plane y = 0
which do not lie in A;. Suppose first rg = (20,0, 20) € (K2 U M3)\As. There is
€ > 0 such that s3 # as and sq # ag for r € B.(rg). Then, by (2.1) with s = s3, we
obtain

49
§3 — a2 = ——~,

g(r)

where
(Jlz)|? = 1)? 422 422
or) i= -
83 —ao 83 —ax 83 —as
is analytic on B.(rp). Since g(ro) = —g2(x0, 20) > 0, g is also positive on Be(rg) for
sufficiently small € > 0. Then
2 2y

x2(r) = (ag — s9)Y/ G072 for r € B(rg).

This shows that y» is analytic at ro provided that ro ¢ A;. In a similar way, by
using (2.1) with s = s, we show that xo is analytic at all points rg € Lo\ As.
Finally, by subtracting equations (2.1) with s = s9, s3 from each other, we show
that x2 is analytic at all points ro € Ay. x; is treated similarly.

The symmetries (2.7) follow from the definition of x;. |

Solving the Laplace equation

OPu P Pu_

o2 "o T 02 28)
by the method of separation of variables, we find solutions
u(r) == (||rl* + 1) Pwi (s)wa(so)ws(ss), i € (aim1, ). (2.9)
Each function w = wy, ws, w3 satisfies the Fuchsian equation
& ol 1, 3
jl;[o(s—aj) w +§;)s—ajw +<ES +)\13+)\2>w20, (2.10)

where \j, A2 are separation constants; see [13]. This equation has five regular sin-
gularities at ag, a1, as, as, 00. The exponents at each finite singularity are 0 or %
The function u(r) defined in (2.9) is harmonic for all choices of solutions w; to
(2.10). However, it is harmonic only in the open set obtained from R? by removing
the coordinate planes x = 0,y = 0,z = 0 and the unit sphere ||r|| = 1. In order to
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obtain globally defined harmonic functions we have to select the Frobenius solutions
w at the finite singularities, that is, solutions that are either analytic at a; or of
the form (s — a;)'/?g(s) with g(s) analytic at s = a;. It is impossible to choose the
parameters Aq, Ao in such a way that each solution w;,7 = 1,2, 3, is a nontrivial
Frobenius solution belonging to either one of the exponents 0 or % at both end
points a;_1, a;. If this were possible (2.9) would define a function which is harmonic
in the whole space R? (as we see later) and converges to 0 as |r|| — oco. But such
a function would have to be identically zero. However, as shown in [13], we can
determine special values of A1, Ay (eigenvalues) such that two solutions (either (1)
wa, w3, or (2) wy,ws, or (3) wiy, we) are nontrivial Frobenius solutions at both end
points simultaneously. These cases lead to 5-cyclidic harmonics of the first, second
and third kind. If the remaining function w; in case (i) is chosen appropriately, we
obtain internal or external 5-cyclidic harmonics.

3. 5-Cyclidic Harmonics of the Second Kind
In [13, Sec. VII] we introduced special solutions w;(s;) = E® (s;) to Eq. (2.10) for

i,n,p

eigenvalues \; = /\ p,] = 1,2, for every n € N2, p = (po, p1,p2,p3) € {0,1}4 If

n = (n1,n3) then n; denotes the number of zeros of Ez(tz pl n (a;—1,a;) fori =1,3.
The subscript p; describes the behavior of the solutions at the endpoint a;: We

have

E2) (5:) = (8 — aim1)P /2 (a; — 5:)P 26 (s1),  si € (aim1, i),

i,n,p

where 81( n,p 18 analytic on [ag, a1], 82(72217p is analytic on [a1, az) (but not at asz), and
535,221,1) is analytic on [az, as].

According to (2.9) the function
2 — 2 1/2 17(2)
Gop) = ([r)> + 1)~ V2E

1np

(s2) X’y

2
( )E() 3,n,p

2np

(s3), reR, (3.1)

is harmonic on R. In order to analytically extend G p we use the functions x;
introduced in Sec. 2. We set

3
G0 = (el + )72 T] (e ”JHffips s #a  (32)

which is consistent with (3.1). The condition sy # as is equivalent to r € R\ L.
We call Gg%, an internal 5-cyclidic harmonic of the second kind.

Theorem 3.1. Let n € N2 and p € {0,1}*. Then GEE%) is harmonic on R\ L.
Moreover,

GEl(oj(r)) = (PGP (x) forj=1,2,3, (3.3)

n,p

and

Gip(oo(r) = (=1 |[r|| G (x). (3-4)
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Proof. By (3.2) and Lemma 2.1, GEE%) is a composition of continuous functions,
and thus it is continuous on R?*\Ls. As a composition of analytic functions, Gﬁﬂ,
is analytic and thus harmonic on R3\(A; U Ls). The set A; is a removable line
singularity of Gg}). This can be seen in two different ways. (1) We may appeal to
the general theory of harmonic functions. A; is a polar set, and we may apply |2,
Corollary 5.2.3]. (2) We can show directly that GEE%) is analytic at each point of
A; by the method used in the proof of [13, Lemma 6.1]. For example, take the
simplest case p = (0,0,0,0). Then (3.1) holds for all r € R3\ Ly, and the product

1,n p( ) and

Eéi)l p( s) are analytic extensions of each other, and s1, so enter symmetrically. Note

that s1s2 and s1+so are analytic at each point of A; although s1, so are not analytic
there.

The symmetry properties of G p also follow from (3.2) and Lemma 2.1. |

Eﬁ)l pls )Eé r)l p(s2) is analytic at each point of A;. This is because g

If U(r) is a harmonic function then its Kelvin transformation
V(r) = ||rl| 7' U (o0(r))
is also harmonic [20, p. 232]. Equation (3.4) states that G p is invariant or changes
sign under the Kelvin transformation if pg = 0 or py = 1, respectively. We see
that Lo is a “surface singularity” of G(%%) which is not removable (it is not a polar

set). In fact, Gﬁ, _p cannot be harmonic on R? because it would be identically zero

otherwise.

Let Fyo

/\ft)l’p) on (a1, az) belonging to the exponent £ at sy = az, uniquely determined
by the Wronskian condition

d d
w(s) <E§?217p(32)d—82F(72n7p(52)_ By p(52) -, (32)) =1, (3.5)

be the Frobenius solution to the Fuchsian equation (2.10) (with \; =

where

w(s) :=|(s — ao)(s — a1)(s — az)(s — az)|"/*. (3.6)
This definition is possible because we know that Eéi)lﬁp(sﬁ is not a Frobenius
solution belonging to the exponent £ at sy = az. Now we define external 5-cyclidic
harmonics of the second kind by

2 2 2
HZL () = (el + )72 ER p(s1)Fy3 p(s2) By psa). T€ R (37)
In order to analytically extend Hy, (2 ) we write

Fy2) (s2) = (52 — a1>p1/2<a2—52>p2/2f§?3,p<52>, s5 € (a1, a2),

where F$2

2.n,p 18 analytic on (al, az] (but not at a1). Then we define

HZ) (x) .= (|[r]* + 1) 1/21‘[ ()P EC) (1) FS0 (52)ED (s3) if 52 # ar.
7=0
(3.8)
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The condition sy # a7 is equivalent to r € R3\L1.

Theorem 3.2. Let n € N and p € {0,1}*. Then Ht(fl);, is harmonic on R3\L;.
The functions HI(IQ%, share the symmetries (3.3), (3.4) with Giz)p. Moreover,

HZ(x) = O(llrl| ™) as x|l — oo, (3.9)
and
IVHZ, ()]l = O([x]|72) as [[x]| — oo. (3.10)

Proof. The proof of analyticity and symmetry of HI(IQ%, is similar to that given for
Gg%) in Theorem 3.1, and is omitted. Estimates (3.9) and (3.10) follow easily from
the observation that the Kelvin transformation of Hl(fl)) is j:Ht(fI);, which is analytic

at0¢L1. O

4. Expansion of the Reciprocal Distance in 5-Cyclidic Harmonics
of Second Kind

For given ds € (a1, as) we consider the “5-cyclidic ring”

Dy :={r € R®: sy < do}, (4.1)
or, equivalently,
(Jl)|* — 1)2 472 4y? 422
Dy = : 0p. 4.2
g {r da — ag +d2—a1+d2—a2+d2—a3< (42)

Note that each internal 5-cyclidic harmonic Ggﬁl, is harmonic in Dy (and on its
boundary), and each external 5-cyclidic harmonic is harmonic on R3\ Dy (and on
its boundary).

We represent external harmonics in terms of internal harmonics by a surface
integral over the boundary 0D of the ring D5 as follows.

Theorem 4.1. Let dy € (a1,a2),n € NZ,p € {0,1}*. Then

1 G (r)
HP) (v)) = / ol dS(r 4.3
nplr) Amw(dz){ES (d2)}? Jop, ha()llr — '] ) 43)
for all v € R3\Dy. The scale factor hs is given by
2 -1 2 4 2 4 2 4 2
16{ho(ryy? = URIEZ7 4o dy” 4= gy

(d2 —ap)?  (d2—a1)*  (d2—a2)* (d2 — a3)?

Proof. Let D be an open bounded subset of R? with smooth boundary. For u,v €
C?(D), Green’s formula states that

/D(uAv —vAu)dr = /8D <u$ - va)d& (4.5)
ou

where g~ is the outward normal derivative of u on the boundary 9D of D.
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We apply (4.5) to the domain D = D5, and functions u = G = Gg,i,, v(r) =
T Since u, v are harmonic on an open set containing Dy we obtain

4r|r—r
ov oG
= - . 4'
0 /QDZ <G8V v—ay)dS (4.6)

We now use (4.5) a second time. We choose R > 0 so large that the ball Br(0)
contains r’ and Dy. Then we take D = Br(0) — Dy — B,(r') with small radius € > 0.
Take v = H = Hr(12) and v as before. Note that u,v are harmonic on an open set
containing D. By a standard argument [23, Theorem 1, p. 109], taking the limit

e — 0, we obtain
ov OH ov OH
H) — / (H_ _ U_) ds _/ (H— - v—) s, (4.7
( ) 9BR(0) ov ov dD> ov ov ( )

where, in the second integral, % denotes the same derivative as in (4.6). The first
integral in (4.7) tends to 0 as R — oo by (3.9), (3.10). Therefore,

v OH
H{x') = — HZ= —y=2)ds. 4.
== [ (#5-5) s (1)
We now multiply (4.6) by Fu(ds),Fo := Fyu . then multiply (4.8) by

Es(dy), E; = Ei(iz’p, and add these equations. By (3.1) and (3.7) we have
FQ(dQ)G(I‘) = Eg(dg)H(I‘), re 8D2,

first for r € 9Dy N R but then for all r € 9D, by shared symmetries (3.3), (3.4) of
G, H. Therefore, we find

Ey(dy)H(x') = /{)Dz v (Eg(dg)aa—lj — Fg(dg)%—f) ds. (4.9)
The normal derivative and the derivative with respect to so are related by
0 1 0
v hy sy’

where hg is the scale factor of the 5-cyclidic coordinate sg given by (4.4); see [13,
(22)]. Let r € 9D2 N R with 5-cyclidic coordinates s1, $2 = da, s3. Then

(B2t~ P52 ) 0
(||r)|* +1)~1/2
ov
+ Ea(da)(|[r]|* + 1) /2hy ' Ey (s1) Fy(da) Es(s3)
(||r)|* +1)~1/2
ov
— Fy(da)(|[x]|* + 1) 72y ' By (s1) B (d2) Es(s3)

= hy '(||x)|? + 1) "2 By (51) { B2 (da) Fy(da) — Eb(d2) Fa(d2) } Es(ss).

= Ey(dy) Er(s1)F2(d2) Es(s3)

—Fg(dg) El(sl)E2(d2)E3(s3)
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We now use (3.5) and obtain

0H oG G(r)
Es(dy)—=—— — Fa(d r) = , 4.10
(et = Pt 52 ) ) = o) (4.10)
which holds for all r € 9D because G and H share the symmetries (3.3), (3.4).
When we substitute (4.10) in (4.9) we arrive at (4.3). m|

We obtain the expansion of the reciprocal distance in 5-cyclidic harmonics.

Theorem 4.2. Let r,r' € R® with 5-cyclidic coordinates sz, s, respectively. If
S9 < s then

||r—r’H ™y > GY @ (). (4.11)

neN2 pe{0,1}4

Proof. We pick ds such that sy < da < s, and consider the domain D5 defined in
(4.1). The function f(q) := ||g — r’||~* is harmonic on an open set containing Ds.
Therefore, by [13, (95), (97)], we have

1 2 2
M:Z Y dGE, ), (4.12)

neNZ pe{0,1}4

where
L Grp()
2) ._ np
Top 1= T o Tt P75
4w(d2){E2,n,p(d2)} 0Dy 102 q)(lq—r
Using Theorem 4.1, we obtain (4.11). m|

5. 5-Cyclidic Harmonics of the First Kind

In [13, Sec. V] we 1ntr0duced special solutions w;(s;) = El(lrzp( i) to Eq. (2.10) for

eigenvalues \j = AU j=1,2, for every n € N2, p = (p1,p2,p3) € {0,1}3. These

7, n P’
functions have the form

B (51) = (a1 — s1)P/2EL) (s1),  s1 € (ao,a1),
Ei(lrzp( D) = (si— a2 (a )pl/le(lnp( i)y i € (ai—1,a4), 1=2,3,
where 81( n,p is analytic on (ap, a1] (but not at ap) while Sz( n.p 18 analytic on [a;—1, a;]

for i = 2,3. As in [13, Sec. VI] we define the internal 5-cyclidic harmonic of the first
kind by

GO (r) = () + 1) V2B J(s1)BS) J(s2)ESD J(s3), reR.  (5.1)

According to (2.9), Gg}, is a harmonic function in the region R. In order to analyti-

cally extend Gsll,%) to a larger domain of definition, some preparations are necessary.
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be the solution to (2.10) (with \; = /\jlt)1 ) on (ap,a1) belonging to

the exponent 0 at s = ap and uniquely determined by the condition Pl(,lrz,p(ao) =1
We write

Let P1( 13 P

Pl(lth(sl) = (a1 — 31)p1/2P1(,1r)1,p(31)» s1 € (ao,a1),

H 1Ly

where Pl(,lr)l,p(sl) is analytic on [ag, a1). Then using the functions x; from Sec. 2 we
define

L) = (Ir* + 1) 1/2H pJPlnp( )ng(lnp(s‘) if s1 # ay.

e =2
(5.2)

The condition s; # a1 is equivalent to r € R\ (K U M;); see Fig. 1.

Similarly, let Ql,n,p be the solution to (2.10) (with A; )\5131 ») on (ag,a1)
belonging to the exponent % at s = ag and uniquely determlned by the condition

. 1 .
thlHa;r w(sl)ﬁ g,r)l,p(sl) = 1. We write

Q) o(s1) = (51— a0)/?(ar — 51" /2Q1) (s1), 81 € (a0, an),
where Ql a.p(s1) is analytic on [ag, a1). Then we define
3 3
) = (el + 07 x0) [T06 )7 il psn) [ €0 p(s0) i 1 # an.
j=1 i=2
(5.3)

Lemma 5.1. The functions Ir(,l,l), and Jr(jg, are harmonic on R3\ (K1 U M;). They
have the symmetries

I (o0 (r)) = [Ie[|I T8, (v), (5.4)
I8 (05(r)) = (V)P I (x), §=1,2,3, (5.5)
TSn(00(r)) = =[] IS (x), (5.6)
Tap(oi(X) = (=P I (), j=1,2,3. (5.7)

Proof. By definition (5.2), Ir(,l,l), is a composition of continuous functions provided
s1 # a1, that is, It(l%l);, is continuous on R3\ (K3 U Mj). Il(ql,l)) is also a composition
of analytic functions provided s; # a; and s # sz, that is, Ir(,l,l), is analytic on
R3\ (K1 UM; U Asy). Thus it is also harmonic on R?\ (K U M; U Ay). By the same
argument as in the proof of Theorem 3.1, A, is a removable singularity of I, r(llz, Thus
I8 is harmonic on R3\ (K1 UM;). The proof that J{'3 is harmonic on R3\ (K, UM;)
is analogous. The symmetry properties follow from (5.2), (5.3) and Lemma 2.1.

O
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Since Pl(,lrz,p, szhp form a fundamental system of solutions to (2.10) (with \; =
NG

jnp) 0N (ag,a1), there are (nonzero) scalars aff}h 1(112) such that
1
Eir)l,p O‘gllp 1, n P ﬂ Ql ,n,p°
This leads us to the global definition of internal 5-cyclidic harmonics of the first
kind

G =l 1)+ g ) (5.8)

which is consistent with (5.1). We also note that, if |r|] < 1 and r ¢ K1, then (5.2),
(5.3), (5.8) imply that

3 3
G = (el + 072 [T ) T8 o). (5.9)

Theorem 5.1. Let n € N2 and p = (p1,p2,p3) € {0,1}3. Then G&)p extends
continuously to a harmonic function on R3\M;. Moreover,

Gip(oj(r) = (=1 GLL(x)  for j=1,2,3. (5.10)

Proof. By Lemma 5.1, G p is harmonic on R3\(K; U My). If |[r|| < 1 we have
s1 # ap. Therefore, the right-hand side of (5.9) is continuous on the ball B;(0) and
harmonic on B;(0)\(A4; U Az). Thus it is harmonic on B;(0) which proves the first
part of the statement of the theorem. The symmetries follow from (5.5), (5.7). O

It will be useful to introduce another solution to (2.10) by

F{p(s1) =25 (ap Pl p(s) = BRI o(s0) . 51 € (a0, ). (5.11)

We determine 'yt(l %, from the Wronskian

d d
olor) (B (o) g LR pls0) = FLRp(on) i B (o)) =10 (512

which is equivalent to

~1

1) _
Tap = NOFON
Qn pPn,p

We define external 5-cyclidic harmonics of the first kind by

H{ () =i el 7GR (00(x)) - for r € R\K. (5.13)
The reason to include the factor %(1172, is that we aim for a simple form of the
expansion formula (6.4). In particular, we have

H (x) = ([e]? + 1) V2FL) (51 ES o (52) B J(s3) forr e R, (5.14)

We notice an important difference between 5-cyclidic harmonics of the first and
second kind (considered in Sec. 3). The external 5-cyclidic harmonics of the first
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kind are simply the Kelvin transformations of the internal 5-cyclidic harmonics of

the first kind up to a constant factor. There is no such simple relationship between

internal and external 5-cyclidic harmonics of the second kind.

Theorem 5.2. Let n € N2 and p = (p1,p2,p3) € {0,1}3. Then Hr(,ll)) s harmonic

on R3\K;. The functions ngll)) share the symmetries (5.10) with GS}). Moreover,
H{(x) = O(lel| ™) as [jx]| — oc, (5.15)

and

IVHS @)l = O([el| =) as [|r] — oo (5.16)

Proof. The proof of analyticity and symmetry follows directly from (5.13) and
Theorem 5.1. Estimates (5.15) and (5.16) follow from the fact that the Kelvin
transformation of Hr(llz, is analytic at the origin. |

6. Expansion of the Reciprocal Distance in 5-Cyclidic Harmonics
of First Kind

For fixed s € (ag,a1) the coordinate surface (2.1) consists of two closed surfaces of
genus 0. One lies inside the unit ball B;(0) and the other one is obtained from it by
inversion og. We consider the region D; interior to the coordinate surface s = d;
which lies in B1(0):

Dy = {I‘ € RS : ||I‘H <l1,s1 > dl} (61)
Theorem 6.1. Let d; € (ag,a1),n € N3, p € {0,1}3. Then
! Gip(r)
drw(d){EY) (d1))2 Jop, Pa(r)|

1,n,p

"D (r') =

n,p

dS(r) (6.2)

r—r'|
for all ¥’ € R3\Dy. The scale factor hy is given by

o (-1 4? 4y 422
16{m(x)}” = (di — ap)? " (di —ay)? " (di — ag)? - (d1 —a3)*

Proof. The proof is similar to the proof of Theorem 4.1. We use (5.1), (5.14) and
the Wronskian (5.12). O

(6.3)

We obtain the expansion of the reciprocal distance in 5-cyclidic harmonics of
first kind.

Theorem 6.2. Let r,r' € R® with 5-cyclidic coordinates s1, s}, respectively. If
either (a) [, &[] < 1,51 > s, or (b) [[r]| <1 < [[t[|, or (c) [Ir[, [[&'| = 1,51 < 51,

then
e —r r’H 2 ) ). Gup@HL(). (6.4)

neNZ pe{0,1}3
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Proof. Suppose (a) or (b) holds. Pick d; such that s§ < d; < s; if (a) holds, or such
that ag < dy < s1 if (b) holds. Then consider the domain D; defined in (6.1). The
function f(q) == |[q — 1| ~*
by [13, (71), (73)], we have

1
- 2 2 dpCup). (6.5)

neN2 pe{0,1}3

is harmonic on an open set containing D;. Therefore,

where
(1)
o BT oo T 450
P 2w(d){EY) L (dn)}? Jop, (@)l |

Using Theorem 6.1, we obtain (6.4).
Now suppose (c¢) holds. Then the points og(r’), o¢(r) in place of r,r’ satisfy (a),
so, by what we already proved,

e RS DD DI P

neNZ pe{0,1}3
This gives (6.4) by using (5.13) and observing that

lr ="l = lIrlll["[loo(r) — oo (x)]- O

7. 5-Cyclidic Harmonics of the Third Kind

The 5-cyclidic harmonics of the third kind are treated analogously to the harmonics
of the first kind. Therefore, we will omit all proofs in the following two sections.
In [13, Sec. IX] we introduced special solutions w;(s;) = E® (s;) to Eq. (2.10)

i,n,p
for eigenvalues \; = /\gan = 1,2, for every n € N3, p = (po,p1,p2) € {0,1}3.
These functions have the form
B p(s0) = (s — @) 2 (a; — )P 2ES) L(s0) s € (aimn,ai), 0= 1,2,

?,m,p ?,1,p

ES) (s3) = (53— a2)P*/2EP) (s3), s € (az,a3),

where 51 n.p 18 analytic on [a;—1,a;] for i = 1,2 while 5§ n,p 18 analytic on [az, a3).

As in [13 Sec. X] we define the internal 5-cyclidic harmonic of the third kind by

GRLE) = (Il + )7 2ED p(s) B p(52) Ega p(s3), re R (T.1)
Let P3( rz p(83) be the solution to (2.10) (with \; = /\3331 ) on (az,a3) belonging to

the exponent 0 at s = a3 and uniquely determined by the condition P?fiz,p(ag) =1
We write

Pé,‘?,p(s ) = (s3— Cl2)192/27’3 np(s3), 83 € (az,a3),
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where P§?217p(53) is analytic on (ag,as]. Then we define

2
I8 () = (Ir)? + )2 T (o pjﬂef?psz P (s3) if 83 # as.
j=0
(7.2)

The condition s3 ;é ag is equivalent to r € R3\ (Ko U M>); see Fig. 2
Similarly, let Q3,n,p(33) be the solution to (2.10) (with A\; = )\(3 ) on (az,as)

j.n,p
belonging to the exponent % at s = a3 and uniquely determined by the condition
lim53—>a w(s )dsg Qg n p( s3) = 1. We write

Qi p(s3) = (a3 — 53)'/% (s — a2)?*/?QF), (s3), 53 € (a2, as),

where Q3 n.p(53) is analytic on (ag, as]. Then we define

2
JE) = (el + 1) 2xs () [T 0w Pjﬂefi?,p Q) p(ss) i s3 7 as.
J=0 i=1

(7.3)

Lemma 7.1. The functions Ir(f;)) and Jr(fg, are harmonic on R3\(Ks U Ms). They
have the symmetries

I8} (00(r)) = (=1)P°[|r[ I$) (r) (7.4)
I$)(05(r) = (=DM IE)(x), j=1,2, (7.5)
I8 (03(r)) = IF)(x), (7.6)
T2 (o0(x)) = (1) x|l T) (), (7.7)
T (o) = (=PI (x), j=1,2, (7.8)
T (03(r)) = I (x) (7.9)

Since 1:’3(3n P Q3 np form a fundamental system of solutions to (2.10) (with A; =

’\fr)x,p) on (ag, as), there are (nonzero) scalars ozﬁfl,, ﬂfg) such that

3 3 3
ES) o = oL BS) L+ 8,05 ..
This leads to the global definition of internal 5-cyclidic harmonics of the third kind
Gf) =B 73 4 5(3 J(3) (7.10)

np n,p

If z > 0, we can write fo’}) as follows

2 3
Gitp() = (Ixl* + D=2 L 0w @) [T €t (7.11)
j= i=1
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Theorem 7.1. Let n € N2 and p = (po,p1,p2) € {0,1}3. Then Gﬁ) extends
continuously to a harmonic function on R3\Ms. Moreover

Gib(oo(r)) = (=1 | GEL(x), (7.12)
Gioploj(r) = (=P GPL(x), j=1.2 (7.13)

We introduce another solution of (2.10) by

F{S) (53) = 15 (ol P o (s9) = BELQE o(59)) o 53 € (az,05). (7.14)

We determine %(3%, from the Wronskian

d d
o(s0) (B p (o) g P pl0) — R p(o0) B (o)) =1 (7.5

which is equivalent to

~1

3) _
Tp = 903) 506)
Qn pPn,p

We define external 5-cyclidic harmonics of the third kind by
HE) (r) =73 G (05(r)) for r € R3\ K. (7.16)
In particular, we have

HE)(x) = (e +1)7Y2EP) (s1)ES o(s2)Fas J(s3) forreR. (7.17)

n, 2,n,p

Theorem 7.2. Let n € N2 and p = (po,p1,p2) € {0,1}3. Then Ht(lgl);, is har-
monic on R*\Ky. The functions Hr(,SI)) share the symmetries (7.12), (7.13) with
G() Moreover,

HE(x) = O([r| ) as x| = oo, (7.18)
and
IVHEL ()] = O(llxl| =) as x| — oo. (7.19)

8. Expansion of the Reciprocal Distance in 5-Cyclidic Harmonics
of Third Kind

For fixed s € (ag,as3) the coordinate surface (2.1) consists of two closed surfaces
of genus 0. One lies in the half-space z > 0 and the other one is obtained from it
by reflection at the plane z = 0. We consider the region interior to the coordinate
surface s = d3 which lies in the half-space {r : z > 0}:

D3 = {I‘ S RS 12> 0,83 < dg} (81)
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Theorem 8.1. Let d3 € (az2,a3),n € N3, p € {0,1}3. Then
! Grp(r)

dmw(ds){ES, (d3)}2 Jop, ha(r)llr — ']

HE) (x)) = ds(r) (8.2)

for all ¥’ € R3\D3. The scale factor hs is given by
(lr[* = 1)* 4a? 4y? 42*
16{hs(r)}? + + + :
ths(x)}” = (ds —ag)*  (ds—a1)*  (ds—a2)* (ds—as)?
We obtain the expansion of the reciprocal distance in 5-cyclidic harmonics of
the third kind.

(8.3)

Theorem 8.2. Let r = (z,y,2),r' = (2/,y,2') € R3 with 5-cyclidic coordinates
S3, S5, respectively. If either (a) z,2 > 0,83 < s5, or (b) 2/ < 0 < z, or (c)
z,2' <0,s4 < s3, then

. r’H =2r Y Y GEmHEW). (8.4)

neNZ pe{0,1}3

9. Applications

So far there exists no software to compute the particular solutions E and F' of
Eq. (2.10) introduced in this paper. However, there are methods for the numerical
computation of solutions to multiparameter eigenvalue problems, for example, a
two-dimensional bisection method is proposed in [1]. Expansion (4.11) may be used
to represent the Dirichlet Green function of the ring-cyclide Dy defined by (4.1) as

—T > Y dnpGRL)GEL (), (9.1)

neN2 pe{0,1}4

G(r,v') =

\r—r’ll

for r,r’ € Dy with r # r’, where the constants

Fy%) o(d2)
l’l,p o\
Egzn P (d2)

are determined such that H(Q) p(r) = dn,pGn,p(r’) on 0Ds.
A given surface density x on the surface 0 Do generates the Newtonian potential

K(r)

ds(r). (9.2)
/8D2 [ — /]|

If v’ is outside the closure of Ds, we can use (4.11) and interchange sum and

integral to expand the potential in a series of external 5-cyclidic harmonics. Such
an expansion is useful when the coefficients

T / K(r)GE), (r) dS(r) (9.3)
0D3

can be represented more explicitly. The coefficients (9.3) are essentially the same
as those appearing in the expansion of ha(r)x(r) by [13, Theorem 8.2]. Similarly, a
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volume distribution k on the ring-cyclide D5 generates the Newtonian potential

/ kO v, (9.4)
D

;e =1

If v’ is outside the closure of Da, one can use (4.11) to expand the potential in a
series of external 5-cyclidic harmonics. The coefficients are

. k(r)GE v (r). (9.5)
It is interesting to note that for toroidal coordinates (a limiting case of 5-cyclidic
coordinates when ag — a1 = 0,a3 — as = 1,81 = agsin® 3, so = l/cosh2 a, 83 =
sin? ¢ 4 a3 cos? ¢), the coefficients (9.5) can be evaluated explicitly when k = 1;
see [21, Exercise 499]. Dixon [16] represented the potential (9.4) as a double integral
for special choices of k. The authors do not know whether such special choices of k
also simplify the coefficients (9.5).

Acknowledgment

The authors would like to pay homage to Frank Olver’s contributions as an editor
of the DLMF project. For those who did not know, it should be made clear that
he was remarkably thorough and paid meticulous attention to detail. His editorial
work for the author’s DLMF chapters involved over ten revisions!

References

[1] A. A. Abramov, A. L. Dyshko, N. B. Konyukhova and T. V. Levitina, Evaluation
of Lamé angular wave functions by solving auxiliary differential equations, USSR
Comput. Math. Math. Phys. 29(3) (1989) 119-131.

[2] D. H. Armitage and S. J. Gardiner, Classical Potential Theory, Springer Monographs
in Mathematics (Springer-Verlag London Ltd., London, 2001).

[3] J. Blimke, J. Myklebust, H. Volkmer and S. Merrill, Four-shell ellipsoidal model
employing multipole expansion in ellipsoidal coordinates, Med. Biol. Eng. Comput.
46(9) (2008) 859-869.

[4] M. Bocher, Ueber die Reihenentwickelungen der Potentialtheorie (B. G. Teubner,
Leipzig, 1894).

[5] C. P. Boyer, E. G. Kalnins and W. Miller, Jr., Symmetry and separation of variables
for the Helmholtz and Laplace equations, Nagoya Math. J. 60 (1976) 35-80.

[6] H.S. Cohl, Erratum: “Developments in determining the gravitational potential using
toroidal functions”, Astron. Nachr. 333(8) (2012) 784-785.

[7] H.S. Cohl, Fourier, Gegenbauer and Jacobi expansions for a power-law fundamental
solution of the polyharmonic equation and polyspherical addition theorems, SIGMA
9 (2013) Paper 042, 26 pp.

[8] H. S. Cohl and D. E. Dominici, Generalized Heine’s identity for complex Fourier
series of binomials, Proc. R. Soc. A 467 (2011) 333-345.

[9] H.S. Cohl and E. G. Kalnins, Fourier and Gegenbauer expansions for a fundamental
solution of the Laplacian in the hyperboloid model of hyperbolic geometry, J. Phys.
A: Math. Theor. 45(14) (2012) 145206.



Anal. Appl. 2014.12:613-633. Downloaded from www.worldscientific.com
by UNIVERSITY OF AUCKLAND LIBRARY - SERIALS UNIT on 10/23/14. For personal use only.

[10]

[11]

[12]

[13]
[14]
[15]
[16]
[17]
18]
[19]

20]

(21]
22]
23]

[24]

[25]
[26]

[27]

[28]

29]

Ezxpansions of fundamental solution 633

H. S. Cohl, A. R. P. Rau, J. E. Tohline, D. A. Browne, J. E. Cazes and E. I. Barnes,
Useful alternative to the multipole expansion of 1/r potentials, Phys. Rev. A 64(5)
(2001) 052509.

H. S. Cohl, J. E. Tohline, A. R. P. Rau, and H. M. Srivastava, Developments in deter-
mining the gravitational potential using toroidal functions, Astron. Nachr. 321(5/6)
(2000) 363-372.

H. S. Cohl and H. Volkmer, Eigenfunction expansions for a fundamental solution of
Laplace’s equation on R? in parabolic and elliptic cylinder coordinates, J. Phys. A:
Math. Theor. 45(35) (2012) 355204.

H. S. Cohl and H. Volkmer, Separation of variables in an asymmetric cyclidic coor-
dinate system, J. Math. Phys. 54(6) (2013) 063513.

J. G. Darboux, Remarques sur la théorie des surfaces orthogonales, C. R. Acad. Sci.
59 (1864) 240-242.

J. G. Darboux, Sur les surfaces orthogonales, Ann. Sci. Ecole Norm. Sup. 3 (1866)
97-141.

A. L. Dixon, The potential of cyclides, Proc. London Math. Soc. 27 (1895) 226—249.
L. P. Eisenhart, Separable systems of Stackel, Ann. Math. (2) 35(2) (1934) 284-305.
E. Heine, Handbuch der Kugelfunctionen, Theorie und Anwendungen, Vol. 2 (Druck
und Verlag von G. Reimer, Berlin, 1881).

E. W. Hobson, The Theory of Spherical and Ellipsoidal Harmonics (Chelsea Pub-
lishing Company, New York, 1955).

O. D. Kellogg, Foundations of Potential Theory, Reprint from the first edition of 1929,
Die Grundlehren der Mathematischen Wissenschaften, Band 31 (Springer-Verlag,
Berlin, 1967).

N. N. Lebedev, I. P. Skalskaya and Y. S. Uflyand, Worked Problems in Applied Math-
ematics (Dover Publications Inc., New York, 1965).

T. M. MacRobert, Spherical Harmonics. An Elementary Treatise on Harmonic Func-
tions with Applications, 2nd edn. (Methuen & Co. Ltd., London, 1947).

R. C. McOwen, Partial Differential Equations: Methods and Applications (Prentice-
Hall, Upper Saddle River, NJ, 1996).

W. Miller, Jr, Symmetry and Separation of Variables, Encyclopedia of Mathematics
and its Applications, Vol. 4 (Addison-Wesley, Reading, MA, 1977); With a foreword
by R. Askey.

P. M. Morse and H. Feshbach, Methods of Theoretical Physics, 2 Volumes (McGraw-
Hill Book Co., Inc., New York, 1953).

F. W. J. Olver, D. W. Lozier, R. F. Boisvert and C. W. Clark (eds), NIST Handbook
of Mathematical Functions (Cambridge University Press, Cambridge, 2010).

M. Takeuchi, Modern Spherical Functions, Translations of Mathematical Mono-
graphs, Vol. 135 (American Mathematical Society, Providence, RI, 1994); Translated
from the 1975 Japanese original by T. Nagura.

G. N. Watson, A Treatise on the Theory of Bessel Functions, 2nd edn., Cambridge
Mathematical Library (Cambridge University Press, Cambridge, 1944).

7Z.Y. Wen and J. Avery, Some properties of hyperspherical harmonics, J. Math. Phys.
26(3) (1985) 396-403.



