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In this work we introduce a system for 2-port microwave calibration at millikelvin temperatures
operating at the coldest stage of a dilution refrigerator by use of an adapted thru-reflect-line al-
gorithm. We show that this can be an effective tool for characterizing common 50 � microwave
components with better than 0.1 dB accuracy at temperatures that are relevant to many cur-
rent experiments in superconducting quantum information. © 2013 American Institute of Physics.
[http://dx.doi.org/10.1063/1.4794910]

I. INTRODUCTION

In the field of superconducting quantum information, mi-
crowave quantum circuits are measured at millikelvin tem-
peratures, usually placed at the coldest stage of a helium
dilution refrigerator.1–8 Although these devices operate only
at such low temperatures, all the ancillary microwave com-
ponents (directional couplers, circulators, isolators, ampli-
fiers, attenuators, etc.) are always designed for use at higher
temperatures, typically 10–300 K. Usually, one is forced to
rely on room temperature characterization data to infer the
component low-temperature behavior. When a component is
cooled to millikelvin temperatures, however, its scattering pa-
rameters (S-parameters) are likely to change,9 and for ac-
curate measurements and error correction, the cryogenic S-
parameters should be determined. If we wish to accurately
characterize a component at these temperatures we must im-
plement a calibration scheme that places the reference plane
of the measurement at the DUT (Device Under Test), thus de-
embedding the intervening passive and active components up
to the ports of the room temperature vector network analyzer
(VNA). In this work, we describe a setup that allows accu-
rate calibration at both room and cryogenic temperatures by
use of the Thru-Reflect-Line (TRL) calibration procedure10–13

and demonstrate its use by calibrating the measurement of 50
� passive microwave components.

Several calibration procedures10, 14, 15 that employ a set
of well-known standards can be used to characterize the mi-
crowave response of the elements between the VNA and
the DUT from the measurement, thus allowing an accurate
measurement of the DUT alone. In the simplest one-port
calibration procedure (“Short-Open-Load,” or SOL), three
well-known calibration impedance standards are needed. In
a two-port calibration, Short-Open-Load-Thru (SOLT) and
TRL, multiple standards are required, resulting in an over-
determined set of equations for the error coefficients. Since
multiple standards are needed, it has always been diffi-
cult to perform an accurate microwave calibration in re-
search cryogenic systems operating at millikelvin tempera-
tures, which have traditionally had limited space and multiple

a)leonardo.ranzani@colorado.edu.
b)jose.aumentado@nist.gov.

cascaded microwave components. Compared to simpler room
temperature measurements that can usually employ short
transmission lines, these cryogenic measurements necessitate
the integration of several stages of cryogenic attenuators, cou-
plers, isolators and amplifiers, as well as long transmission
lines at both room temperature and low temperature. We con-
trast this with other cryogenic microwave measurements at
higher temperatures �4 K where the room temperature-to-
low temperature circuit is usually much simpler.9, 16 Because
of the unique complications of measuring in a dilution re-
frigerator, it has been difficult to characterize devices whose
behavior is especially interesting at millikelvin temperatures,
i.e., SQUID (Superconducting Quantum Interference Device)
amplifiers, parametric amplifiers, electrical and mechanical
resonators, etc., and calibration has usually been limited to
one-port calibrations4, 17 or to a simple, but less accurate, “re-
sponse” calibration.3, 13, 18 The latter refers the transmission
scattering parameter S21 of the DUT to a reference transmis-
sion line (which is easily implemented by use of a transfer
switch). Although it is possible to perform a multiple-standard
calibration in these systems by swapping out the standards at
the cold stage, it can mean a tedious thermal cycling of the
entire system to swap out standards one at a time—a process
that can take many days (depending on the complexity of the
cryogenic system) during which the measurement chain may
drift unpredictably. Nowadays, however, there is ample room
at the coldest stages of many of the newer “dry” dilution re-
frigerators which utilize pulse-tube cooling in place of liquid
cryogens and it is now possible to place relatively large mi-
crowave components at millikelvin temperatures. This in turn
enables improved calibration techniques, since microwave
switches can be placed inside the coldest stage of the refrig-
erator to select various standards in situ. To the best of our
knowledge, this paper demonstrates for the first time an accu-
rate 1–14 GHz full 2-port microwave measurement system at
millikelvin temperatures, enabled by multiple switched cryo-
genic standards.

II. MEASUREMENT SETUP

The experimental setup is shown in Figure 1. The dilu-
tion refrigerator is divided into 4 stages at decreasing temper-
atures (∼300 K, ∼4 K, ∼1 K, and ≤20 mK). In this scheme

0034-6748/2013/84(3)/034704/9/$30.00 © 2013 American Institute of Physics84, 034704-1
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FIG. 1. (a) Schematic of the cryogenic S-parameter measurement circuit.
The signals a1 and a2 travel down to the RF switches A and B, located at
the mixing chamber (T ≤ 20 mK) where they are then routed to a set a of
calibration standards and DUTs. The reflected and transmitted signals, b1
and b2 are routed through a HEMT amplifier at 4 K and a subsequent post-
amplifier mounted at room temperature. A calibration algorithm is then used
to de-embed the entire measurement setup and extract the DUT scattering
parameters. (b) Detailed view of the microwave switch plate assembly.

we measure all four S-parameters via two input and two
output paths which connect the DUT at the mixing chamber
(T � 20 mK, i.e., the coldest stage in our system). The total
loss of each input path was about 70 dB at 5 GHz from the top
of the refrigerator (room temperature) to the mixing chamber.
This number includes cable loss and attenuators which are
typically used to thermalize black body radiation to the inter-
vening cold stages. The input signal is coupled into the RF
switches via 20 dB couplers with 22 dB directivity from 2 to
26 GHz. The output microwave signals from the couplers are
connected to wideband (2 to 15 GHz) 37-dB gain high elec-
tron mobility transistor (HEMT) amplifiers anchored to the
4 K stage. These amplifiers are followed by room tempera-

ture amplifiers with 36 dB gain. The total output gain, includ-
ing cable loss, was about 67 dB. The RF 6-port switches (dc to
18 GHz bandwidth) are commercial mechanical pulse-latched
switches, driven by 125 mA current pulses of 10–15 ms du-
ration. We actuated the switch solenoids using a commercial
switch controller that is directed over GPIB (General Purpose
Interface Bus).

The two input paths and the two output paths are
connected to a two-port commercial vector network ana-
lyzer (VNA) through two SPDT (single pole, double throw)
switches operating at room temperature Figure 1(a). A de-
tailed view of the switch assembly is shown in Figure 1(b).
The calibration standards and devices under test are placed
on a copper mounting plate and connected to the RF switches
through a set of short (6 in.) commercial SMA coaxial ca-
bles in an effort to make each switch position as identical as
possible up to the chosen reference plane. The measurement
bandwidth is limited by the cryogenic HEMTs to 1.5 GHz
<f <15 GHz. Although the circuit shown in Figure 1(a) does
not include isolators, they can be inserted without any mod-
ification to the calibration algorithm, and we have operated
this circuit equally well with and without isolators inserted
into the output amplification chains. This is an important de-
tail for measurements of quantum circuits where excess noise
propagating back from the cryogenic HEMT amplifiers can
be an issue and several stages of isolation can be necessary.

Practical switch details. The solenoids inside the RF
switches were comprised of fine copper wire with a small, but
finite, resistance and therefore generated Joule heating when
driven even for the few milliseconds required to latch the
switch positions. In our cryogenic system, the cooling power
is only 10 μW at 20 mK, so any heating from switching must
be minimized to keep the dilution refrigerator operation stable
and the overall calibration procedure relatively short. Since
the solenoid resistances dropped by over a factor of 10 to just
a few ohms (when cooling from room temperature to low tem-
perature), this heating was small enough that the initial heat
pulse during a switch would raise the mixing chamber tem-
perature to ∼40 mK and cool back below 20 mK in ∼15 min.
In order to switch between standards, a total of 4 control cur-
rent pulses must be sent to the switches (1 open/close cycle
for each switch). Therefore, the typical measurement period
for the calibrations was of order 4 h when limiting the mixing
chamber temperature rise to <40 mK.19 Because only three
positions are required on each switch to perform the calibra-
tion, there were three additional ports that could be used for
multiple DUTs that can all be de-embedded within the same
cooldown. We note that there are even SP10T switches avail-
able that use the same pulse-latched mechanism and, in prin-
ciple, provide up to 7 DUT positions available for full 2-port
S-parameter calibrations.

A. Calibration algorithm

The experimental setup that we show in Fig. 1(a) can
be used to perform a calibrated 2-port microwave measure-
ment with any desired set of standards and is limited only by
the number of available low temperature switch ports. How-
ever, we selected the TRL calibration procedure for a few
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FIG. 2. Error model of the measurement system. The b1, 2 and a1, 2 waves
(going in and out of the VNA) correspond to the labelling in our schematic
circuit in Figure 1(a). The error matrix E encompasses the effects of interven-
ing cryogenic circuitry which is de-embedded in the calibration.

particular reasons. First the TRL calibration does not require
a well-known load and is therefore easier to implement at low
temperatures where it may be difficult to provide a reliable
load impedance standard. Second, one can produce custom
on-chip calibration standards that can be co-fabricated with
the device under test, effectively moving the calibration refer-
ence plane to the DUT, which may be a small component em-
bedded within more complicated on-chip matching circuitry.
Our measurement scheme employs two input paths, a1 and a2

(from VNA port 1) and two output paths, b1 and b2 (returning
into VNA port 2). We assume that both the input to output
paths are unidirectional. In our setup, this is ensured by the
attenuators in the input paths and the unilateral nature of the
amplifiers in the output paths. Under this assumption, we can
describe the transformation of the input and output waves into
the waves scattered by the DUT as (see Figure 2),⎡

⎢⎢⎢⎢⎣
b1

b2

a1

a2

⎤
⎥⎥⎥⎥⎦ = E

⎡
⎢⎢⎢⎢⎣

b3

b4

a3

a4

⎤
⎥⎥⎥⎥⎦ , (1)

where E is the matrix of error coefficients and a3,4 and b3,4

correspond to the input/output waves scattered directly at the
DUT.

If we neglect leakage from the input to the output net-
works, E can be simplified to

E =

⎡
⎢⎢⎢⎣

E11 0 E13 0

0 E22 0 E24

E31 0 E33 0

0 E42 0 E44

⎤
⎥⎥⎥⎦ . (2)

The 8 unknown elements of E constitute an 8-term error
model that has to be determined from the measurements of
the calibration standards.20 In any general calibration proce-
dure, a sufficient number of calibration standards N must be
measured to fix the values of these error terms. In this case,
the unknown elements of E are not independent and can be
determined by N (usually much less than 8) standards. The
standards will yield a set of measured S-parameter matrices:[

b1

b2

]
= Si

m

[
a1

a2

]
for i = 1, . . . , N. (3)

Knowing the standard S-parameter actual equivalent ma-
trices, Si

a , and the measured data, Si
m, the error model un-

known parameters can be calculated. The TRL calibration

procedure is a good choice for cryogenic applications because
it has the ability to correct for imperfections in the (sometimes
custom) calibration standards10 in addition to being accurate.
In the case of TRL, the actual S-parameters for the thru, re-
flect, and line standards are:

ST
a =

[
0 1

1 0

]

SL
a =

[
0 e−θ

e−θ 0

]

SR
a =

[
� 0

0 �

]
.

(4)

The line phase delay θ and the reflect standard reflection
coefficient � are known only approximately and may depend
on the temperature, dielectric constant, and dispersion charac-
teristics. The reflection coefficient �, ideally equal to 1 for an
open standard, depends on the parasitic capacitance and radi-
ation from the termination of the reflect standard. An advan-
tage of this calibration procedure is that θ and � do not need
to be known a priori, although they are precisely determined
in the calibration process. The 8-term error model and the two
unknown parameters θ and � comprise a set of ten unknowns.
We applied a weighted least squares error algorithm to solve
this problem. This strategy has already been demonstrated to
be both robust and accurate.12, 20 First, from the measurements
ST,R,L

m , we can use the relations in Eqs. (2)–(4) to build a lin-
ear system of equations in the eight-element error-term basis,
i.e.,

A(�, θ )t = 0, (5)

where the vector t is defined as

t ≡

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

E11

E22

E13

E24

E31

E42

E33

E44

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (6)

The system matrix A(�, θ ) depends on both the measured
and actual S-parameters, ST,R,L

m and ST,R,L
a , encapsulating the

behavior of the unknown � and θ (the detailed expression20 is
reported in the Appendix), while the vector t (or, equivalently,
the matrix E) captures the scattering of the elements that we
would like to de-embed. Taken together, Eq. (5) constitutes a
system of 10 equations, which depend linearly on t and non-
linearly on � and θ . The solution to the calibration problem is
therefore one that minimizes the following error function:

ε = t†A†C−1At. (7)

Here A† indicates the Hermitian conjugate of A, while
C = Cov(At) is the covariance matrix of the residuals of (5).
The matrix C can be computed20 knowing the covariance
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matrix of the data ST,R,L
meas . Here we assume that Cov(Smeas) is

diagonal and 〈S2
meas〉 = 〈Smeas〉2. This means that the mea-

sured data are uncorrelated and characterized by the same
signal-to-noise ratio. To solve the calibration problem, we
searched for the minimum of the error function ε with respect
to �, θ , and t.

ε is quadratic in the elements of t; therefore the prob-
lem can be split into two parts. First, with � and θ fixed, we
searched for the minimum of ε with respect to t by perform-
ing a QR decomposition of a reduced system matrix TR (see
the Appendix). We then proceeded by iteration over � and θ

using a constrained interior-point algorithm.21 The covariance
matrix C is estimated at each step n by using the result from
the previous step tn−1. We constrained the optimal solution
for � and θ to −1 < Im� < 1 and 0 < Re � < 1 to assure
the passivity of the reflect standard and guarantee uniqueness
of the solution.10 The above constraints are valid if the re-
flect standard is an open. One can also use a short standard, in
which case, the constraint should be changed to −1 < Re �

< 0. The initial conditions for the algorithm were set to �0

= 1, θ0 equal to the design value for the line standard and
the covariance matrix to C0 = I10 (the 10 × 10 identity ma-
trix). Once the error coefficients are determined, the actual S-
parameters of the DUT can be calculated by inverting Eq. (1).
This procedure is called de-embedding and it is detailed in
the Appendix. It is worth noting that the algorithm we chose
to employ is general enough to be applied to different calibra-
tion procedures other than TRL, or extended by adding more
calibration standards for better accuracy. This can be done by
modifying the actual standard S-parameter matrices in Eq. (4)
and following the same procedure outlined above.

B. Calibration error sources

The calibration algorithm described above is based on
the assumption that the calibration standards and DUT fix-
tures are identical up to the calibration reference plane. The
cold RF switch ports and the cables connecting the switches to
the standards and devices need to be as identical as possible.
Any variation between different switch ports or connections
is equivalent to an error in the standards or device fixtures
and cannot be fully corrected. The rest of the measurement
system (from the room temperature VNA down to the low
temperature RF switches) is accounted for in the error model
(Figure 2) and can be calibrated. However, random drifts in
the measurement system (before and after the RF switches)
can also contribute to the total measurement error over ex-
tended measurement periods and need to be considered care-
fully. In summary our, calibration errors are due to four main
contributions:

1. Variations in the microwave path connecting the low
temperature RF switches and the devices (cables, con-
nectors, device fixtures). These paths are assumed to be
identical by the calibration algorithm described here.

2. Variations between the switch ports (different transmis-
sion or return loss intrinsic to the switches).

3. Drifts due to changes in the measurement system dur-
ing the calibration process or after the calibration is per-
formed.

FIG. 3. 6-port switch cable symmetry. We show the (a) measured return and
transmission loss for 6 nominally identical short (6 in.) commercial M/M
(male/male) subminiature microwave cables (SMA) attached to one switch
and (b) the maximum variation between the curves in (a). The variations in
(b) are defined as εmax

hk = maxi,j=1...6(|Si
hk − S

j

hk |), where i varies across the
different cables and is plotted on a linear scale. The red and blue curves cor-
respond to the separate switches.

4. Electronic noise of the VNA and the amplifying
stages.

To reduce the impact of 1, we chose cables connecting
the RF switches to the devices to be as identical as possible,
in order to achieve small and uniform return and transmission
losses. The cables were 6 in.-long standard hand-formable
SMA cables covered by an aluminum jacket. The measured
data for the set of cables used are plotted in Figure 3(a). The
cables have similar characteristics and, as expected, the stand-
ing wave in Figure 3 corresponds to the length of the cables.
The maximum return loss was 10 dB at 20 GHz with a rel-
ative variation of 1.5 dB at most. The red and blue lines in
Figure 3(b) represent the maximum variation across the 6 ca-
bles attached to the first and second 6-port switch, respec-
tively. The impact of the cable variations on the calibration
depends on the affected path (DUT or standards). The worst
case is when only the DUT path is affected, because the errors
affect the calibration coefficients directly. In this case, to first
order13 we can expect the following correction to the DUT
S-parameters:

�SDUT
21 = SDUT

21

(
1 ± εmax

21

)
, (8)

�SDUT
11 = SDUT

11 ± εmax
11 . (9)

Therefore the return loss error εmax
11

= maxi,j=1...6(|Si
11 − S

j

11|) approximately introduces an
uncalibrated extra reflection in the DUT, while the trans-
mission error εmax

21 introduces an extra loss (or gain) to the
DUT transmission coefficient. For example, using the data
in Figure 3(a), a DUT having 20 dB return loss at 8 GHz
would result in a measured, de-embedded value between 9
and 11 dB (0.32 ± 0.04). Variations along the standard paths
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FIG. 4. Simulation of DUT input return loss error caused by a variation in the
thru calibration standard path as a function of the phase difference between
the line and the thru standards. In the simulation the thru had zero length. The
DUT is a 20 dB attenuator with 40 dB return loss. The input and output error
matrices had unit transmission and 20 dB return loss. The input return loss of
the error matrix in front of the thru standard was modified by ε11 to simulate
a systematic error in the thru input path.

have a smaller impact in general, because they are partially
compensated by the fact that the error is convolved among the
three standards. Return loss errors have the highest impact on
amplitude measurements, while transmission errors impact
the phase and the accuracy of the calibration reference
plane.22 An example of the impact of a uniform error in the
thru standard transmission on a typical device measurement
is shown in Figure 4, as obtained from numerical simulation.
In the simulation we assume that the error matrix in front
of the standards and DUT is characterized by a 20 dB input
return loss and 0 dB transmission loss. The DUT is an
attenuator with 20 dB transmission loss and 40 dB input and
output return loss. We modified the input return loss of the
error matrix in front of the thru standard only, to simulate a
systematic error in the cable connecting one cold RF switch
to the thru standard. The de-embedded DUT input return loss
is plotted for different systematic errors in the thru path as
shown. We see from Figure 4 and Eq. (8) that a 3 dB error in
the return loss (which is now 23 dB) results in a minimum
7.7 dB error in the de-embedded DUT return loss (from
40 dB to 32.3 dB). The same error in the DUT path would
have given a de-embedded return loss of 19 dB (or 21 dB er-
ror) because the extra reflections would have been attributed
entirely to the DUT. The impact of the error grows when
the difference in phase between the line and thru standards
approaches 0◦ and 180◦. A common rule of thumb is to
limit the operating frequencies so that the phase difference is
between 20◦ and 160◦.13

It is important to remember that the variation between
the S-parameters of different electrical paths, not their abso-
lute value, limits the calibration accuracy. Nevertheless, ca-
bles characterized by low return and transmission loss are
typically characterized by better uniformity and are there-
fore preferable. Variations in the cable length also affect the
measurement accuracy. The measured maximum phase error
is shown in Figure 5. The red and blue curves correspond
to the maximum phase error across the cables attached to
the first and second 6-port switches in Figure 1. This phase

FIG. 5. Measured maximum phase error between the cables connecting the
two 6-port switches to the device and calibration standards. The maximum
phase error is plotted separately for each switch in red and blue.

error corresponds to ∼0.2 mm of length deviation for the ca-
bles connect to the first switch (red line). In the worst case,
when the phase errors in Figure 5 affect only the DUT path,
the de-embedded DUT transmission phase will be affected
by the sum of the two phase errors and the reflection phase
by the phase error at the corresponding port.

The second source of uncertainty in our analysis is
created by variations between switch positions within each
switch, however these are negligible compared to the varia-
tions in the cables connecting the standards and DUT in our
setup (see below). The return loss of multiple positions/paths
through the common port is plotted for one of the microwave
switches in Figure 6. Since it is already ∼10 dB lower than
the cable return loss, we neglect its effect for our calibration
error analysis.

An important caveat for the measurement of the switch
and test cable symmetry is the fact that these measurements
are performed at room temperature and not at the cryogenic
temperatures at which we will measure our DUT and stan-
dards. In order to simplify the estimate, we make the assump-
tion that these room temperature values are not significantly
different when the switches and test cables are cold.

Our third source of uncertainty is given by drift in the
measurement chain. By using switches at the coldest stage
where the DUT and standards reside, we avoided the need
for multiple cool-downs to cycle through the TRL standards

FIG. 6. Return loss measured at the 6-port common port, when switched to
each of the 6 positions of a single RF switch.
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FIG. 7. Time dependence of transmission of the measurement chain and stan-
dards. Measured variation in input return loss for the reflect calibration stan-
dard (a) and transmission loss for the thru calibration standard (b) over mul-
tiple days. The values shown are expressed as a ratio of the corresponding
day’s S-parameters to those measured on day 0.

and, therefore, any corresponding changes in the measure-
ment chain due to thermal cycling to room temperature. How-
ever, there can still be variations in the measurement chain
due to small changes in the temperature of the different cold
stages, as well as temperature variations in the room since the
measurement circuit includes post-amplifiers, cables and
the vector network analyzer at room temperature. To assess
the stability of the entire measurement circuit we compared
the measurements of the standards ST,R,L

m between several
calibration runs extending over a multiple days. The differ-
ence over one day was typically less than 0.04 dB in magni-
tude (Figure 7) and up to 1◦ at 9 GHz in phase (Figure 8). The
difference over 5 days was the same in amplitude, but it had a
larger phase drift up to 3◦ at 9 GHz.

Finally the amplifier noise added by the measurement
chain can be a challenge, especially when one needs to use
a weak signal to probe nonlinear quantum circuits. However,
the power necessary to measure the standards can be up to
−40 dBm at the input of the standards and, with state-of-the-
art HEMT noise temperatures, TN ∼ 10 K, the necessary inte-
gration period for each standard can be just a few seconds. For
these measurements we used a relatively small probe power,
equivalent to ∼−65 dBm at the TRL standards. In this sys-
tem, the time for heating/cooling when pulsing the switch
solenoids dominated the calibration cycle period.

FIG. 8. Time dependence of the phase drift in the measurement chain and
standards. Measured phase stability of the thru standard over multiple days.
Transmission coefficient (a) and reflection coefficient (b).

III. APPLICATIONS

We tested the calibration system by measuring some
devices commonly employed in cryogenic and quantum infor-
mation experiments. We use a set of 50 � coaxial TRL stan-
dards for calibration. The thru and the line standards are sub-
miniature (SMA) DC-18 GHz coaxial female/female “barrel”
connectors of two different lengths (15 mm and 20 mm), com-
monly used in microwave labs. For the open standard we use
a short barrel terminated into an open cap. Given the choice of
calibration standards, the calibration reference plane is set at
the output of the through standard (15 mm barrel), where the
open is situated. The calibration bandwidth is limited by the
range of frequencies where the phase difference between
the line and through standards is between 20◦ and 160◦. The
line is 5 mm longer than the through and the coaxial cable
dielectric is PTFE (polytetrafluoroethylene, εr = 2.1), and
therefore the calibration theoretically works in the 2.3 GHz
to 18 GHz band. The upper frequency limit is practically set
by the limit of the measurement system (15 GHz, set by the
HEMT amplifiers). The reference impedance of the calibra-
tion is set by the characteristic impedance of the standards
(the thru and the line) and is approximately equal to 50 �.
The exact value depends on manufacturing tolerances of the
barrels and on the temperature. The measured S-parameters
could be renormalized to 50 � through an independent com-
parison with a known load,9 although we did not do so here.
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FIG. 9. (a) Directional coupler DUT used to test calibration system. (b) De-
embedded return loss and (c) transmission loss. Measurements taken at 20
mK (red) and 300 K (green) using our TRL system mounted on the dilution
refrigerator (schematic shown in Figure 1) are compared with standard room
temperature automated SOLT calibrated measurements taken at the bench top
with short test cables at room temperature (black).

As a first test we measure a simple 20 dB directional cou-
pler (Figure 9(a)) to test the performance of the system. These
are often used in reflectometer circuits in quantum informa-
tion experiments, but are often hand-tuned for optimal room
temperature operation23 and not, of course, for low temper-
ature applications. In this setup, we terminated the isolated
port with a shorted 6 dB attenuator. This unusual choice en-
sured that the return loss was at least 12 dB, above the limit
that we could de-embed in our measurement (as discussed in
Sec. II B). Otherwise, this type of configuration is typically
employed in microwave setups for experiments at millikelvin
temperatures (for instance, in our own calibration circuit,
Figure 1). We first characterized the device at room temper-
ature with a commercial VNA and an automated SOLT cali-
bration kit from the same manufacturer. The results were later
compared with measurements at ∼20 mK and at 300 K per-
formed using our calibration system as shown in Figure 9. The
results at room temperature agree within 0.5 dB from 1 GHz
to 12 GHz. These errors are mostly due to variations in the
switch connection cables and are within the limits shown in
Figure 3(b). By comparing the 300 K and the 20 mK
data using our measurement system we can see that at low

temperature the peaks in the DUT transmission and reflec-
tion coefficients shift slightly, up to ±1 dB in S21. Presumably
this change corresponds to some physical property of the cou-
pler which is sensitive to the temperature, possibly differential
thermal contraction in the materials.

As a second test, we measured a commercial isolator
which is explicitly specified as a cryogenic device. These
and other related circulators and isolators (which are intended
for cryogenic operation at the outset) are often tested only
at 77 K and rarely at 4 K (temperatures easily accessible
with liquid nitrogen or helium and commercial cryocoolers),
whereas these are often operated at much lower temperatures
(≤50 mK) in dilution refrigerators. Many of these isolators

FIG. 10. Calibrated cryogenic measurements of a commercial double-
circulator. (a) Calibrated forward transmission (red) and return loss (blue)
of a double-circulator configured as an isolator, measured at T = 21 mK in
our dilution refrigerator setup (Figure 1). We can compare the performance
at T = 3.5 K and 21 mK for the (b) reverse isolation and (c) forward trans-
mission. This device was specified for performance over the 4–8 GHz band,
but only measured by the manufacturer at 77 K.
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and circulators, including the one measured here, are encased
in easily machinable aluminum alloy (such as 6061) and be-
come superconducting below 1 K. Since these devices require
large magnetic field biasing, several rare-earth magnets are
integrated into the case and it is not clear whether the Meiss-
ner effect will shift the field bias on the ferrite in a way that
degrades the performance (e.g., reverse isolation, return loss,
operating band, etc.).

This particular circulator is specified to have better than
35 dB isolation and 18 dB return loss in the 4–8 GHz range,
when operating at 77 K. We test the isolator in our experi-
mental setup at 21 mK. The results agree with the manufac-
turer specifications, as shown in Figure 10. These data con-
firm that the device still operates within its specifications in a
low temperature environment. In fact, the transmission loss is
better, possibly due to temperature-dependent reduced metal
losses which improve at lower temperatures. However, one
can see some small difference at 3.5 K (above the aluminum
superconducting critical temperature), but it is relatively small
(∼0.2 dB in transmission, Figure 10) indicating that any field
modification due to the superconducting state of the case has
a minimal impact for quantum information measurements.

IV. CONCLUSIONS

To conclude, we have presented a full 2-port microwave
TRL calibration system integrated into a dry dilution refrig-
erator and discussed the systematic error sources that limit
the dynamic range and accuracy. In this system, the dominant
source of error is the variation in the test cables connecting the
standards and DUT to the switches. Even with these sources
of error we have been able to de-embed the intervening cryo-
genic microwave circuit connecting devices at very low tem-
peratures (T < 30 mK) with up to 30 dB return loss and bet-
ter than 0.1 dB accuracy in transmission measurements up to
10 GHz. In addition, we demonstrated calibrated measure-
ments of a directional coupler and isolator at these low tem-
peratures. While these measurements were performed with
a nominal 50 � reference impedance, in principle, the cal-
ibration can be done with much different impedances with
appropriate corresponding standards.24 Finally, although the
technique presented here has been applied within a specific
cryogenic context, this approach may be valuable for other
measurements in similarly extreme environments.
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APPENDIX: DETAILS OF THE CALIBRATION
PROCEDURE

The TRL calibration algorithm consists of two main
parts. First we use measurements of the standards (ST,R,L

m )
to fit for the unknown parameters in Eq. (5), t (alterna-
tively E), θ and � at every frequency point. Having de-
termined the error matrix we can then proceed to the sec-
ond part, using E to back out (or “de-embed”) the bare
DUT S-parameters.20

The matrix A in Eq. (5), can be calculated using Eqs. (1),
(3), and (4). The result is given by

A =

⎡
⎢⎣

AT 0 0

0 AL 0

0 0 AR

⎤
⎥⎦ , (A1)

where

AT,R,L =⎡
⎣ −ST,R,L

a I2 −ST,R,L
m (ST,R,L

a )t −ST,R,L
m

P2S
T,R,L
a P2 −P2S

T,R,L
m (ST,R,L

a )t −P2S
T,R,L
m

⎤
⎦ ,

(A2)

where I2 is the 2 × 2 identity matrix and P2 is a 2 × 2 per-
mutation matrix (the elements on the diagonal are equal to
0, elements off the diagonal are equal to 1). The calibration
problem is solved by minimizing the cost function (Eq. (7))
with respect to t, θ , and �. This nonlinear least squares
problem can be simplified by first noticing that the system
(Eq. (5)) is homogeneous. To avoid a trivial solution, we fix
the first element of t to −1:

t =
[−1

tr

]
, (A3)

so that the system (Eq. (5)) can be reduced to

Ar tr = b, (A4)

where Ar = Aij, i > 1 and b = A1j. We can explicitly cal-
culate the covariance matrix C in Eq. (7) under the assump-
tion that Cov(Sm) is diagonal and 〈S2

m〉 = 〈Sm〉2. The result
is:

C =

⎡
⎢⎣

CT 0 0

0 CL 0

0 0 CR

⎤
⎥⎦ , (A5)

where CT, R, L = XT, R, L(XT, R, L)H and:

XT,R,L =

⎡
⎢⎢⎢⎢⎣

(S11
a t5 + t7)|S11

m |2 S21
a |S12

m |2t6 0 0

0 0 S12
a |S21

m |2t5 (S22
a t6 + t8)|S22

m |2
0 0 (S11

a t5 + t7)|S21
m |2 S21

a |S22
m |2t6

S12
a |S11

m |2t5 (S22
a t6 + t8)|S12

m |2 0 0

⎤
⎥⎥⎥⎥⎦ . (A6)
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The resulting nonlinear least-squares problem is quadratic in
t and non-quadratic in the remaining parameters. As a re-
sult t can be found by a QR decomposition, while an it-
erative approach can be used for the remaining parameters.
In particular, we compute the Cholesky decomposition of
C = LLH, where L is lower triangular and “H” indicates the
conjugate transpose. Then we compute the QR decomposition
of LAr = QARA, where Q is orthogonal and R is upper trian-
gular. By substituting the resulting decompositions in the cost
function (Eq. (7)) and minimizing with respect to t, we can
obtain a reduced error function in the remaining parameters �

and θ :

εR(θ, �) = min
t

ε = (LAr tR0 − Lb)H (LAr tr0 − Lb), (A7)

where tr0 is given by25

tr0 = R−1
A QH

A Lb. (A8)

We employed a constrained interior-point optimization algo-
rithm to minimize the cost function (Eq. (A7)).21 We con-
strained � as follows:

0 < Re � < 1, (A9)

−1 < Im � < 1. (A10)

The first condition corresponds to an open reflect standard.
For a short standard the condition −1 < Re � < 0 should be
used instead. The second condition guarantees passivity.

After the optimum values of t are known, the DUT S-
parameters can be calculated by de-embedding the equivalent
ABCD matrices T1 and T2 connecting the DUT to the mea-
surement instrument. We can refer to Figure 2 and write the
matrices as [

a1

b1

]
= T1

[
a3

b3

]
, (A11)

[
a2

b2

]
= T2

[
a4

b4

]
, (A12)

where T1 and T2 are suitable sub-matrices of E from Eq. (2).
The actual DUT ABCD matrix Ta can be found from the mea-
sured DUT ABCD matrix Tm as Ta = T −1

1 TmT −1
2 . Finally,

the transformation between ABCD matrices and S-parameters
can be found in other work.26
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