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Experimental Evaluation of the Statistical Isotropy of
a Reverberation Chamber’s Plane-Wave Spectrum
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Abstract—Synthetic-aperture measurements in a loaded rever-
beration chamber are used to calculate power-angle profiles de-
scribing the instantaneous distribution of received power versus
azimuth angle-of-arrival. Averaging multiple power-angle profiles
leads to estimates of the reverberation chamber’s power-angle
spectrum. A comparison to simulated power-angle spectra for an
ideal reverberation chamber indicates that the loaded reverber-
ation chamber tends to provide a statistically anisotropic plane-
wave spectrum. Analysis of the measurements’ power-delay-angle
profiles suggest that this anisotropy due to both the presence of un-
stirred multipath components and strong early-time stirred multi-
path components arising from reflections off of the mode-stirring
paddles’ planar surfaces. Guidelines are provided for minimizing
the effect of a statistically anisotropic plane-wave spectrum, such
as the use of additional stirring mechanisms and minimizing the
contributions of unstirred multipath components.

Index Terms—Antenna-environment multiple scattering, power-
angle profile, power-angle spectrum, power-delay-angle profile,
reverberation chamber.

I. INTRODUCTION

THE assumed statistical isotropy of the reverberation cham-
ber’s plane-wave spectrum under electrically large mea-

surement conditions (see [1]) has provided insight into the be-
havior of electric field components, antennas, and other test
objects in a reverberation chamber. Examples include spatial
correlation functions for field components and antennas [2]–[7],
antenna efficiencies [8], [9], absorption cross sections [10], [11],
shielding effectiveness [12], and multiple-input multiple-output
(MIMO) capacity [13], [14]. However, a direct evaluation of
this statistical isotropy assumption has been lacking. To date,
the only investigation appearing in the literature is [15], wherein
a theoretical justification for a statistically isotropic plane-wave
spectrum was made based on the distribution of angles-of-arrival
of plane waves in an electromagnetically large and approxi-
mately cubic cavity.

Empirical data on the statistical isotropy of a reverberation
chamber’s plane-wave spectrum is of particular importance to
the wireless community, which has been evaluating reverber-
ation chambers as over-the-air test environments [16]–[18].
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The long-held assumption of a statistically isotropic plane-
wave spectrum leads to expressions for basic performance met-
rics (e.g., antenna correlation, gain imbalance, capacity [4],
[7], [8], [13], [19], [20]) of a multiantenna wireless device in
a reverberation chamber. Real-world deviations from a statis-
tically isotropic plane-wave spectrum will affect these basic
performance metrics and thereby increase the uncertainty in
more complex system-level metrics such as bit-error rate and
data throughput.

Here, we evaluate this assumption of a statistically isotropic
plane-wave spectrum by way of measurements of the reverbera-
tion chamber’s power-angle spectra, which describe the average
distribution of received power versus azimuth angle-of-arrival
for an ensemble of measurement configurations (e.g., multiple
paddle positions). A comparison of the measured power-angle
spectra to simulated power-angle spectra for an ideal reverber-
ation chamber indicates that a real reverberation chamber’s true
power-angle spectrum may be angle dependent. This indicates
that the plane-wave spectrum in a loaded reverberation cham-
ber may be statistically anisotropic. For the loading considered
here, the root-mean-square (RMS) ripple factor—the RMS vari-
ation of the measured power-angle spectrum, normalized by its
mean—was 18–28% and could not be attributed to measurement
uncertainty.

Evaluations of the reverberation chamber’s power-delay-
angle profiles, which describe the instantaneous distribution
of received power versus time and azimuth angle-of-arrival
for a single measurement configuration (e.g., a single paddle
position) indicate that this anisotropy arises primarily due to
a combination of unstirred multipath components and strong
early-time stirred multipath. As has been shown in prior work
[21], [22], a reduction in the chamber’s loading is expected to
increase the stirred diffuse multipath, and thereby reduce the
anisotropy of the chamber’s plane-wave spectrum. Additional
paddle-averaging may also help to reduce the impact of the
strong early-time stirred multipath.

We emphasize that, in this investigation, we evaluate the
(an)isotropy of the reverberation chamber’s plane-wave spec-
trum by way of the distribution of received power versus
angle-of-arrival. This is fundamentally different from [23]–[25],
wherein the (an)isotropy of the reverberation chamber’s electric
field (i.e., “polarization imbalance”) is evaluated by way of the
statistics of the electric field’s Cartesian components. It remains
to be seen if the statistical isotropy of a chamber’s plane-wave
spectrum and electric field are complementary or correlated
metrics.

Finally, we note that although reverberation chambers are
often viewed as resonant cavities in which standing-wave
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patterns are established, they may also be viewed as scatter-
ing environments wherein energy couples between antennas
by way of conventional wave propagation mechanisms. This
wave-propagation point of view is particularly appropriate for
predicting the behavior of wireless devices inside of a rever-
beration chamber. We adhere to the wave-propagation point of
view in our analysis of the reverberation chamber’s power-angle
profiles and spectra.

We begin by describing the 2-D synthetic-aperture mea-
surements used to sample the reverberation chamber’s space-
frequency wireless channel in Section II. Section III presents
the resulting power-angle profiles, which describe the instan-
taneous distribution of received power versus azimuth angle-
of-arrival. Section IV presents the corresponding power-angle
spectra and compares these measured spectra to simulation-
based spectra for an ideal, well-stirred reverberation chamber.
In Section V, we gain insight into the origins of the chamber’s
observed anisotropy by way of its power-delay-angle profiles.
Implications of a statistically anisotropic plane-wave spectrum
and possible mitigation techniques are discussed in Section VI.
Concluding remarks and topics for future study are presented in
Section VII.

II. SYNTHETIC-APERTURE MEASUREMENTS

Synthetic-aperture measurements, which involve scanning an
antenna through space within a static environment, have fre-
quently been used to study the spatial characterisstics of wireless
channels [26], [27]. As in [6], [22], and [28], we apply this tech-
nique to reverberation chambers. The 2-D (horizontal) planar
scanner allows for the synthesis of an aperture with high reso-
lution in azimuth but poor resolution in elevation. Furthermore,
2-D planar scanner measurements cannot be used to determine
if an incident plane wave originated from above or below the
measurement plane. Despite these shortcomings, an azimuth-
only analysis still offers a tremendous amount of insight into
the reverberation chamber’s plane-wave spectrum, as will be
shown.

The setup is illustrated in Fig. 1(a); a to-scale drawing is
shown in Fig. 1(b). The measurements were conducted within
a 3.60 m × 4.27 m × 2.90 m reverberation chamber featuring
a pair of physically large rotating paddles. The paddle rotating
about a vertical axis swept a cylindrical volume 2.46 m high and
1.00 m in diameter; the paddle rotating about a horizontal axis
swept a cylindrical volume 3.3 m long and 1.00 m in diameter.
The angular resolution of each stirrer was 0.1◦.

A 1-6 GHz vertically polarized biconical antenna served as
the “scan” (receive) antenna for the synthetic-aperture measure-
ments. The scan antenna was mounted atop a 2-D positioner ca-
pable of scanning a 0.5 m × 0.5 m planar region. The biconical
antenna’s radiating element was 0.95 m from the reverberation
chamber’s floor. The “source” (transmit) antenna was a station-
ary and horizontally polarized 1–18 GHz dual-ridge-guide horn
antenna. The horn was positioned 0.90 m above the chamber’s
floor and was pointed toward the horizontal mode-stirring pad-
dle. To introduce realistic loading conditions into the chamber
and reduce multiple scattering between the scan antenna and the

Fig. 1. Synthetic-aperture measurements conducted within the loaded rever-
beration chamber: (a) top-down diagram and (b) 3-D to-scale drawing. The
bicone antenna is aligned with the z-axis.

reverberation chamber, four 0.6 m × 0.6 m × 0.6 m three-by-
three pyramidal absorber blocks were placed near the chamber’s
floor corners.

The source and scan antennas were connected to ports #1 and
#2, respectively, of a vector network analyzer (VNA), which was
calibrated at the antenna ports. The scan antenna was stepped
along a 1-cm uniform rectangular grid within the 2-D posi-
tioner’s 0.5 m × 0.5 m scan region. The spatial resolution of
the 2-D positioner was 6.35 μm. At each observation point,
complex S21 measurements were recorded from 1 to 6 GHz
at 6401 uniformly spaced frequencies. The VNA’s intermediate
frequency (IF) bandwidth was 100 kHz, and the majority of S21
measurements were in the range of |S21 | ∈ [0,−40] dB. For
this configuration and range of magnitudes, the manufacturer-
specified uncertainties in the magnitude and phase of a sin-
gle S21 measurement were approximately 0.2 dB and 1◦,
respectively.

The synthetic-aperture measurements were repeated for nine
unique sets of paddle orientations. Using wireless channel termi-
nology, we denote the S21 data as the channel’s transfer function
h(n)(f, r), where f is the measurement frequency, r = (x, y)
is the scan antenna’s position in a 2-D space, and n = 1, . . . , 9
denotes the nine unique paddle orientations.

III. POWER-ANGLE PROFILES

From the 2-D spatial wireless channel measurements, we
calculate the reverberation chamber set-up’s corresponding
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Fig. 2. Power-angle profiles measured at different paddle positions. Each plot shows results for a different frequency. The nine traces in each plot correspond to
power-angle profiles for the nine paddle orientations. The data are normalized such that 0 dB corresponds to the measurement’s noise floor. (a) 1 GHz. (b) 2 GHz.
(c) 3 GHz. (d) 4 GHz. (e) 5 GHz. (f) 6 GHz.

power-angle profiles, which describe the instantaneous distribu-
tion of received power versus azimuth angle-of-arrival. We first
calculate the 2-D spatial wireless channel’s power-wavevector
profile p(n)(f,k), which is the magnitude-square of the 2-D spa-
tial Fourier transform of a single channel measurement (cf. [29]):

p(n)(f,k) =
∣
∣
∣
∣

∫

h(n)(f, r)ejk·r dr
∣
∣
∣
∣

2

(1)

where k denotes the 2-D wavevector and the integration is
over 2-D position r = (x, y). To minimize aperture sidelobes,
a rotationally symmetric 2-D Hamming window was applied
along the 2-D spatial dimension of h(n)(f, r) prior to (1)’s
Fourier transform. We express k in cylindrical coordinates as
k = (k cos β, k sinβ), where k is the wavenumber and β is the
direction-of-propagation such that the power-wavevector pro-
file is denoted as p(n)(f, k, β). We assume that only homoge-
neous plane waves contribute to the observed channel due to the
large electrical separation between sources, scatterers, and an-
tennas. Thus, we define the corresponding power-angle profile
p(n)(f, φ) as

p(n)(f, φ) =
∫ k0

0
p(n)(f, k, φ + π)k dk (2)

where k0 is the free-space wavenumber and direction-of-
propagation β has been mapped to azimuth angle-of-arrival
φ. Physically, the integration with respect to wavenumber k

amounts to an integration with respect to the elevation angle-
of-arrival. Thereby, p(n)(f, φ) is the received power at a given
azimuth angle φ due to multipath components arriving from
both on- and off-the-horizon.

Fig. 2 presents the measured power-angle profiles for the
nine unique paddle orientations at six different frequencies. For
additional insight, Fig. 3 presents the power-angle profiles for
nine closely spaced frequencies at each of the six center fre-
quencies considered in Fig. 2. The nine power-angle profiles
in each plot were calculated at coherence bandwidth intervals
Bc from within a 9Bc bandwidth that was nominally1 cen-
tered about each of the “center frequencies” used in Fig. 2.
This frequency spacing provides uncorrelated frequency sam-
ples that, when averaged, will reduce the measurement uncer-
tainty. Here, Bc = 3.6 MHz as determined from the full-width
at half-maximum of the wireless channel’s frequency-domain
autocovariance [30], [31]. This corresponds to quality factors
ranging from approximately 300 to 1600 at 1 GHz and 6 GHz,
respectively.

The power-angle profiles in Figs. 2–3 have been normalized
by the noise power spectral density such that the individual
power-angle profiles may be interpreted as received power with
respect to the measurement noise floor. Hence, 0 dB corresponds

1For 1 and 6 GHz, these “center frequencies” correspond to lower and upper
limits, respectively, of the 9Bc bandwidth.
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Fig. 3. Power-angle profiles measured at different frequencies within a 9Bc bandwidth. Each plot shows results for a different center frequency. The nine traces
in each plot correspond to power-angle profiles for nine frequencies at approximately Bc intervals. All of the plots correspond to the same paddle configuration.
The data are normalized such that 0 dB corresponds to the measurement’s noise floor. (a) 1 GHz. (b) 2 GHz. (c) 3 GHz. (d) 4 GHz. (e) 5 GHz. (f) 6 GHz.

TABLE I
MEASUREMENT SNR

TABLE II
UNCERTAINTY IN NOISE-FLOOR-NORMALIZED QUANTITIES

to the noise floor of each plot. The measurement noise was
attributed to a combination of the VNA’s receiver noise and
wireless channel perturbations due to antenna-chamber multi-
ple scattering, whereby the nonstationary scan antenna effec-
tively behaves like a mode-stirring paddle [6], [28]. Appendices
A and B give an overview of the nontrivial procedure for es-
timating this noise. Table I presents the measurement’s signal-
to-noise ratio (SNR) at each center frequency. Uncertainties for
the noise-floor-normalized quantities presented throughout this
paper are given in Table II, where p̂/n̂ denotes a generic noise-
floor-normalized quantity. The process for calculating Table II’s
uncertainties is described in Appendix C. The first two rows of

uncertainties apply to the power-angle and power-delay-angle
profiles presented here and in Section V; the last two rows apply
to the power-angle spectra presented in Section IV.

Comparing the sets of power-angle profiles in Figs. 2–3, there
is no obvious structure that is consistent across frequencies or
paddle orientations. The angle-dependent variation is expected
because these are “instantaneous” power-angle profiles for indi-
vidual frequencies and stirrer positions rather than aggregate
power-angle spectra. The increased rate of angle-dependent
variations at higher frequencies is due to the improved angular
resolution of the synthetic-aperture array at high frequencies.
The joint angle-frequency selectivity of the power-angle pro-
files presented in Fig. 3 indicates that within a given angular
sector corresponding to the aperture’s beamwidth, there are a
large number of incident multipath components with different
times-of-arrival. Thereby, the reverberation chamber provides a
multipath-rich scattering environment. In the following section,
we assess whether or not an ensemble of these multipath-rich
wireless channels emulates a statistically isotropic scattering en-
vironment characterized by a statistically isotropic plane-wave
spectrum.

IV. POWER-ANGLE SPECTRA

An estimate of the reverberation chamber’s power-angle spec-
trum, denoted p̂(f, φ), is given by the ensemble average of a set



502 IEEE TRANSACTIONS ON ELECTROMAGNETIC COMPATIBILITY, VOL. 56, NO. 3, JUNE 2014

Fig. 4. Power-angle spectra as a function of azimuth angle-of-arrival calcu-
lated by averaging the power-angle profiles over the nine paddle orientations
and a 9Bc bandwidth about each center frequency. The data are normalized
such that 0 dB corresponds to the measurement’s noise floor.

of power-angle profiles:

p̂(f, φ) = 〈p(n)(f, φ)〉n (3)

where 〈·〉n denotes an ensemble average with respect to pad-
dle orientations. Thereby, p̂(f, φ) describes the expected distri-
bution of received power as a function of azimuth angle at a
given frequency. Due to the small number of paddle positions
used in our measurement dataset, we extend (3) by also av-
eraging p̂(f, φ) across nine Bc -spaced frequencies for a given
“center frequency.” This small amount of additional frequency-
averaging leads to a significant reduction in the uncertainty in
our estimate.

Fig. 4 compares p̂(φ) at the different center frequencies con-
sidered in Figs. 2–3. For an ideal reverberation chamber, the true
power-angle spectrum is expected to be invariant with respect
to azimuth angle φ. Based on the uncertainties in Table II, the
ripple, or variance in the estimated power-angle spectra with
respect to the mean, is presented in Fig. 4 is statistically sig-
nificant and indicates that the loaded reverberation chamber’s
plane-wave spectrum is statistically anisotropic.

As an auxiliary confirmation and to gauge the extent of the
anisotropy, we compare the ripple in the measurement-based
power-angle spectra to the ripple in corresponding simulation-
based power-angle spectra for an ideal and well-stirred rever-
beration chamber. For our simulations, we use the computation-
ally efficient stochastic plane-wave spectrum model described
in [32]. For each center frequency, the stochastic plane-wave
spectrum was sampled by a vertically polarized infinitesimal
dipole on a 1-cm uniform rectangular grid spanning a 0.5 m ×
0.5 m region in the xy plane. This mimics the synthetic-aperture
measurements conducted with the biconical scan antenna. Ad-
ditive white Gaussian noise was used to match the simulations’
SNRs to those of the measurements, as given in Table I. Sets of
81 simulated synthetic-aperture measurements were processed
with the same method that was applied to the actual measure-
ments so as to generate comparable simulation-based power-
angle spectra for the ideal reverberation chamber.

TABLE III
POWER-ANGLE SPECTRUM RIPPLE FACTOR (%)

Table III compares the RMS ripple factor for the measured
and simulated power-angle spectra. The RMS ripple factor
was calculated as the RMS of the ripple normalized by the
mean. For the measurement-based ripple factors, the “Full”
column corresponds to the ripple factors of power-angle spec-
tra presented in Fig. 4. The “Stirred” column corresponds
to the ripple factors of power-angle spectra calculated from
h(n)(f, r) − 〈h(n)(f, r)〉n ; that is, after the unstirred wireless
channel’s contribution (〈h(n)(f, r)〉n ) was removed from the
measurements. This provides an estimate of into how much of
the loaded chamber’s statistical anisotropy is due to the presence
of unstirred multipath components. For the simulation-based
ripple factors, we consider three statistics: the mean ripple fac-
tor, and the 5th and 95th percentile of the simulated data’s
cumulative distribution function. The mean corresponds to the
nominal ripple factor for a plane-wave spectrum measured in an
ideal reverberation chamber; the percentiles provide lower and
upper bounds on expected ripple factors.

At all frequencies, the “Full” measured power-angle spectra’s
ripple factor is larger than 95% of the simulation-based rip-
ple factors. This indicates that the angle-dependent variations
of the measured power-angle spectra presented in Fig. 4 are
much larger than would be expected for an ideal reverberation
chamber. This further confirms that Fig. 4’s measured power-
angle spectra are not representative of a statistically isotropic
plane-wave spectrum. The “Stirred” power-angle spectra exhibit
smaller ripple factors than the “Full” spectra. This indicates that
a considerable portion of the loaded reverberation chamber’s sta-
tistical plane-wave anisotropy is due to the presence of unstirred
multipath components—when the unstirred wireless channel is
removed, the ripple factor is reduced.

Note that at 1 and 2 GHz, the “Stirred” power-angle spec-
tra’s ripple factors fall within the lower (5th percentile) and
upper (95th percentile) bounds of the simulation-based rip-
ple factors, whereas above these frequencies, the ripple fac-
tor continues to exceed the simulations’ 95th percentiles. This
weak frequency dependence is expected to be largely due to the
frequency-dependent directivity of the 2-D synthetic aperture.
At lower frequencies, the synthetic aperture is electromagnet-
ically smaller and, thus, has a lower directivity (i.e., a lower
angular resolution). This lower directivity leads to an implicit
angular smoothing of power versus angle-of-arrival that may
mask angle-dependent variations in the reverberation chamber’s
true power-angle spectrum.
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V. POWER-DELAY-ANGLE PROFILES

For further insight into the observed statistical anisotropy of
the reverberation chamber’s plane-wave spectrum, we exam-
ine the power-delay-angle profile p(n)(τ, φ) measured for each
paddle configuration. The power-delay-angle profile describes
the instantaneous distribution of received power with respect
to time-of-arrival (i.e., delay) τ and azimuth angle-of-arrival
φ. It may be calculated from each measurement’s 2-D space-
and frequency-dependent delay-wavevector profile p(n)(τ,k),
which is given by the magnitude squared of the channel’s fre-
quency and 2-D spatial Fourier transform (cf. [29]):

p(n)(τ,k) =
∣
∣
∣
∣

∫∫

h(n)(f, r)ej2πτ f ejk·r dfdr
∣
∣
∣
∣

2

. (4)

To minimize aperture and delay-domain sidelobes, a rotation-
ally symmetric 2-D Hamming window and a 1-D Hamming
window were applied along the 2-D spatial dimension and 1-D
frequency dimension of h(n)(f, r) prior to (4)’s Fourier trans-
forms. Analogous to the definition of the power-angle profile in
(2), we define the power delay-angle profile as

p(n)(τ, φ) =
∫ ∞

0
p(n)(τ, k, φ + π)k dk. (5)

Fig. 5 presents noise-floor-normalized power-delay-angle
profiles for a subset of the paddle orientations. Each “pulse”
in the power-delay-angle profile indicates the azimuth angle,
delay, and relative power of one or more multipath components
incident on the scan region.2 Comparing the different power-
delay-angle profiles, we observe numerous strong pulses within
an otherwise noise-like distribution of power. This noise-like
power corresponds to diffuse stirred multipath associated with
the statistically isotropic plane-wave spectrum of an ideal, well-
stirred reverberation chamber.

Fig. 6 presents power-delay-angle profiles calculated from
the stirred channels, as given by h(n)(f, r) − 〈h(n)(f, r)〉n
(i.e., after removal of the unstirred channel); the power-delay-
angle profile calculated from the unstirred channel as given by
〈h(n)(f, r)〉n (see [22]) is presented in Fig. 7. The tone scales of
Figs. 6 and 7 were chosen to facilitate comparisons with Fig. 5.

The majority of the strong multipath components in Fig. 5 ap-
pear in the Fig. 7’s unstirred channel power-delay-angle profile
and are absent in Fig. 6’s stirred channel power-delay-angle pro-
files. However, a sparse set of statistically significant, early-time,
and paddle-dependent (i.e., stirred) pulses remain. Following the
terminology and decompositions used in [29], we draw a dis-
tinction between these strong paddle-dependent pulses, which
we refer to as stirred specular multipath, and the weaker, more
noise-like stirred diffuse multipath associated with an ideal and
well-stirred reverberation chamber. The “specular” and “dif-
fuse” descriptors are based entirely on the relative power of
multipath components and are independent of a multipath com-
ponent’s underlying propagation mechanisms.

2Due to the finite spatial and temporal resolution of the measurements, as
well as the absence of elevation angle-of-arrival information, it is impossible to
determine whether a given pulse corresponds to a single multipath component
or a tightly grouped cluster of multipath components with similar time- and
angle-of-arrival characteristics.

Fig. 5. Power-delay-angle profiles for three different paddle orientations. The
data are normalized such that 0 dB corresponds to the power-delay-angle pro-
file’s noise floor.

Whereas the unstirred multipath components are well pre-
dicted by image theory for a rectangular cavity [22], these stirred
specular multipath components are not. Thus, the propagation
paths corresponding to the stirred specular multipath compo-
nents include some form of interaction with the chamber’s pad-
dles. Stirred multipath components arising due to diffraction off
the paddles’ edges may be expected to exhibit relatively con-
sistent times- and angles-of-arrival, albeit varying amplitudes
and phases, for different paddle orientations. This is because,
whereas the orientation of the paddles (i.e., the scatterers) is
changing, the geometric center of the scatterer is fixed. However,
from inspection of Fig. 6, we observe that the stirred specular
multipath components do not have consistent times- and angles-
of-arrival across different paddle orientations. Based on these
considerations, we hypothesize that stirred specular multipath
components are due to ray-like specular reflections off of the
planar surfaces of our physically large “Z”- and “W”-shaped
paddles. Additional rotation of the paddles would drastically
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Fig. 6. Stirred power-delay-angle profiles for the same three paddle orienta-
tions as considered in Fig. 5. The data are normalized such that 0 dB corresponds
to the power-delay-angle profile’s noise floor.

Fig. 7. Unstirred power-delay-angle profile for the measurements. The data
are normalized such that 0 dB corresponds to the power-delay-angle profile’s
noise floor.

alter these ray-like propagation paths and result in the ob-
served seemingly erratic presence/absence of the stirred specular
multipath components at different paddle orientations.

VI. DISCUSSION

The results and analysis presented in Sections IV–V indicate
that real-world reverberations chamber may exhibit a statisti-
cally anisotropic plane-wave spectrum in the presence of un-
stirred multipath components and/or stirred specular multipath
components. Importantly, this does not imply that the assump-
tion of a statistically isotropic plane-wave spectrum is useless or
categorically invalid. In fact, the power-angle spectra presented
in Fig. 4 indicate that assuming an angle-invariant power-angle
spectrum is a reasonable first approximation for reverberation
chambers.

This first approximation is expected to be especially appli-
cable for measurements with low-directivity antennas, because
they provide an intrinsic angular smoothing of the reverberation
chamber’s true power-angle spectrum and are thus relatively
insensitive to orientation. Contrast this with measurements that
use high-directivity antennas, which could be pointed in direc-
tions of maximum (or minimum) incident power and thereby are
expected to be more sensitive to variations in an environment’s
power-angle spectrum. This sensitivity to directivity was ob-
served in the frequency/directivity-dependent ripple factors for
the “Stirred” power-angle spectra, as discussed in Section IV.

Fine tuning of the measurement configuration may reduce the
variations in the reverberation chamber’s power-angle spectra
and bring it more closely in alignment with an ideal reverbera-
tion chamber. Techniques for reducing the reverberation cham-
ber’s Rician K-factor [21], [22] (e.g., adjusting the position and
orientation of the transmitting antennas, reducing the chamber’s
loading, using many larger mechanical stirrers, use of chamber
walls with irregular surfaces, etc.) will reduce the impact of the
unstirred multipath components. Assuming the stirred specular
components are due to specular reflections off of the paddles, as
hypothesized here, their impact may be mitigated by use of pad-
dle designs featuring electromagnetically rough diffusors and/or
nonplanar surfaces (e.g., [33]). The use of more unique paddle
orientations to attain an ensemble average should also help to
“average out” the stirred specular multipath components and
thereby mitigate their effect. Supplemental stirring techniques
that change the orientation of the antenna(s) (e.g, position, plat-
form, and source stirring [34]–[36]) are expected to improve
the perceived statistical isotropy of the reverberation chamber,
because they synthetically distribute the angle-of-arrival of mul-
tipath components. This was illustrated in [7] for the case of an
undermoded reverberation chamber.

This sudy has confirmed that, depending on the measurement
configuration, the reverberation chamber’s plane-wave spectrum
may be statistically anisotropic. However, the critical task of
relating this anisotropy to uncertainty in measured quantities
remains unaddressed. We also note that, given the numerous
instances of good agreement between experimental results and
theoretical results developed under the assumption of a statisti-
cally isotropic plane-wave spectrum (e.g., [2], [5], [6], [8], [9],
[11]–[14]), the uncertainty due to anisotropy may prove to be
negligible for many measurement applications. For measure-
ments of nonlinear figures of merit such as bit-error rate or data
throughput, additional models may be needed for a complete
uncertainty analysis.
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Finally, we emphasize that the results presented here were
for a single reverberation chamber with a specific measurement
setup. The extent to which these results are representative of
measurements in other chambers remains to be seen. Different
chamber geometries, stirrer configurations, loading conditions,
and even transmit antennas may result in a test environment with
a true statistically isotropic plane-wave spectrum.

VII. CONCLUSION

The assumption that a reverberation chamber provides a sta-
tistically isotropic plane-wave spectrum has led to a tremendous
amount of insight into how fields, antennas, and other test ob-
jects behave in a reverberation chamber. By way of the first-ever
direct measurements of a reverberation chamber’s plane-wave
spectrum, we have shown that this assumption is a reasonable
first approximation, but it may be erroneous in the presence of
unstirred multipath components and/or stirred specular multi-
path components.

Depending on the application, we expect that refinements to
a given measurement configuration, such as reducing the load-
ing and adding diffusors to the stirrers’ surfaces, should enable
most reverberation chambers to realize a satisfactory statisti-
cally isotropic plane-wave spectrum. For scenarios where one
cannot further tweak the measurement configuration (e.g., where
loading is necessary to attain a specific coherence bandwidth),
it may be important to account for the additional measurement
uncertainty due to the statistical anisotropy of a chamber’s plane-
wave spectrum. However, the challenging task of relating this
anisotropy to measurement uncertainty remains and is a topic
of future study.

It would be insightful to repeat the measurements with a
lighter loading condition (i.e., fewer RF absorbers). This is ex-
pected to reveal a more statistically isotropic plane-wave spec-
trum due to the increase in diffuse stirred power. However, the
uncertainty in the synthetic-aperture measurements would also
increase due to the expected increase in antenna-chamber multi-
ple scattering [6], [28]. Repeating the measurements with a 3-D
synthetic-aperture measurement would also be desirable. This
would allow the power-angle spectrum to be characterized in
both azimuth and elevation so as to yield a more complete eval-
uation of the plane-wave spectrum’s statistical (an)isotropy. A
3-D synthetic-aperture measurement would also allow for fur-
ther investigation into the origin of the stirred specular multipath
components.

APPENDIX A

NOISE POWER SPECTRAL DENSITY

From the analysis presented in [6] and [28], we expect that
the uncertainty in quantities derived from synthetic-aperture
measurements will be dominated by antenna-chamber multi-
ple scattering, which effectively raises the noise floor of the
measurements. This raised noise floor impacts the noise floor
of associated power spectra and power profiles. To determine
the noise floor of these power spectra and power profiles, we
consider a simple statistical model of the measured wireless

channel. Note that assumptions made here apply only to the
noise floor estimation and, thereby, the normalization of the
quantities presented in Figs. 2–7.

A. Measurement Model

We describe the nth measured channel as a superposition of
three terms:

h(n)(f, r) = h
(n)
0 (f, r) + h

(n)
scatt(f, r) + h

(n)
noise(f, r) (6)

where h
(n)
0 (f, r) is the “true” channel as would be mea-

sured with a fictitious nonscattering antenna, h
(n)
scatt(f, r) is the

perturbation due to antenna-chamber multiple scattering, and
h

(n)
noise(f, r) is the perturbation due to additive white Gaussian

noise (AWGN) at the receiver. We model these three terms as
independent, zero-mean, and wide-sense stationary stochastic
processes.

A joint space-frequency Fourier transform of h(n)(f, r) yields
a delay-wavevector representation of the measured channel:

H(n)(τ,k) = H
(n)
0 (τ,k) + H

(n)
scatt(τ,k) + H

(n)
noise(τ,k). (7)

The power-delay-wavevector spectrum of the channel is given
by

p(τ,k) = E{|H(n)(τ,k)|2}. (8)

From inspection of (8), we note that p(τ,k) is also the variance
of the zero-mean stochastic process H(n)(τ,k). In (8), E{·}
denotes the expectation operator. Combining (7), (8), and our
assumptions about the terms in (6), we have

p(τ,k) = p0(τ,k) + pscatt(τ,k) + pnoise(τ,k) (9)

where p0(τ,k), pscatt(τ,k), and pnoise(τ,k) are the power-
delay-wavector spectra (i.e., variances) of the three contributing
terms in (6).

Integrating each of the quantities in (9) with respect to the
wavenumber k and equating φ = −β as in (2) yields the asso-
ciated power-delay-angle spectra:

p(τ, φ) = p0(τ, φ) + pscatt(τ, φ) + pnoise(τ, φ). (10)

These power-delay-angle spectra satisfy the following set of
equalities:

∫ 2π

0

∫ T

0
p0(τ, φ) dφdτ = P0 (11)

∫ 2π

0

∫ T

0
pscatt(τ, φ) dφdτ = Pscatt (12)

∫ 2π

0

∫ T

0
pnoise(τ, φ) dφdτ = Pnoise (13)

∫ 2π

0

∫ T

0
p(τ, φ) dφdτ = P0 + Pscatt + Pnoise . (14)

Here, τ ∈ [0, T ), with T = 1
Δf being the maximum delay that

may be resolved unambiguously for VNA measurements with
a frequency spacing of Δf . P0 , Pscatt , and Pnoise are the total
power in the “true” channel, the multiple scattering perturbation,
and the VNA noise perturbation, respectively. The total power
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terms may be determined by way of an empirical estimate of
the spatial autocovariance of S21 as described in Appendix B.

We assume that the delay and angle dependences of these
spectra are separable. Furthermore, we assume that the power
is uniformly distributed in azimuth. This is appropriate for spa-
tially white noise (i.e., AWGN due to the VNA) as well as power
received in an ideal and well-stirred reverberation chamber. This
is also a reasonable first approximation for the antenna-chamber
multiple scattering power. With regard to delay, we assume that
p0(τ) and pscatt(τ) are exponentially decaying, as may be ex-
pected for power in a reverberation chamber. We assume that
the VNA noise power is, on average, constant and invariant of
τ . Combining these assumptions with (11)–(13), we have

p0(τ, φ) =
P0

2π
CT ,τR C

e
− τ

τ R C (15)

pscatt(τ, φ) =
Pscatt

2π
CT ,τR C

e
− τ

τ R C (16)

pnoise(τ, φ) =
Pnoise

2πT
(17)

where τRC is the chamber’s decay constant and CT ,τR C
is a

normalization constant given by

CT ,τR C
=

1

τRC

[

1 − e
− T

τ R C

] . (18)

Techniques for calculating the chamber’s decay constant are de-
scribed in [31]. Note that, for simplicity, we have neglected the
effects of windowing and aliasing. This should be acceptable
provided that T � τRC and the measurement’s temporal reso-
lution (i.e., reciprocal of the measurement bandwidth) is much
less than τRC .

B. Noise Floor Estimation and Normalization

In the following sections, we use the measurement model
to estimate the noise floor of different power spectra. These
noise floor estimates are then used to normalize the associated
power spectra, as was done for the power profiles and spectra
presented in Figs. 2–7. This noise-floor normalization facili-
tates comparisons between different measurements while also
providing SNR-like information useful for evaluating measure-
ment uncertainty. Note that a given power spectrum’s noise floor
estimate also applies to the associated power profiles. That is,
we use the power-angle spectrum’s noise floor estimate to nor-
malize both the power-angle spectrum estimate (see Fig. 4) and
the power-angle profiles (see Figs. 2–3).

To facilitate our noise floor normalization, we normalize the
total power in the model to unity:

P0 + Pscatt + Pnoise = 1 (19)

and apply an analogous normalization to the ensemble average
of the measured power profiles. Specifically, we normalize each
measured power-angle profile associated with a given center
frequency (i.e., at nine paddle orientations and nine closely

spaced frequencies) by a common factor such that
∫ 2π

0
〈p(n)(φ)〉ndφ = 1 (20)

and we normalize each measured power-delay-angle profile by
a common factor such that

∫ 2π

0

∫ T

0
〈p(n)(τ, φ)〉ndφdτ = 1. (21)

1) Power-Angle Spectrum: Integrating the power-delay-
angle spectrum defined by (10) and (15)–(17) with respect to
delay τ , we have

p(φ) =
1
2π

(P0 + Pscatt + Pnoise) (22)

where the terms containing Pscatt and Pnoise contribute to the
noise floor of the measured power-angle spectrum. Normalizing
(22) by this noise floor leads to

p(φ)
[

2π

Pscatt + Pnoise

]

=
P0 + Pscatt + Pnoise

Pscatt + Pnoise
(23)

where the bracketed term appearing to the left of the equal sign
is the normalization that was applied to the power-angle profiles
and power-angle spectra in Figs. 2–3 and Fig. 4, respectively.

2) Power-Delay-Angle Spectrum: Analogous to (23), the
noise-floor-normalized power-delay-angle spectrum is given by

p(τ, φ)

[

2π

PscattCT ,τR C
e
− τ

τ R C + Pn o i s e
T

]

=
(P0 + Pscatt) CT ,τR C

e
− τ

τ R C + Pn o i s e
T

PscattCT ,τR C
e
− τ

τ R C + Pn o i s e
T

(24)

where the bracketed term appearing to the left of the equal sign
is the normalization that was applied to the power-delay-angle
profiles in Fig. 5.

3) Unstirred Power-Delay-Angle Spectrum: The unstirred
channel and associated power-delay-angle spectrum are ob-
tained by averaging N independent and identically distributed
channel measurements. Denoting the unstirred channel’s power-
delay-angle spectrum as pu (τ, φ), it may be shown that

pu (τ, φ) =
p(τ, φ)

N
=

p0(τ, φ) + pscatt(τ, φ) + pnoise(τ, φ)
N

.

(25)
In contrast to the power-delay-angle spectra of the individ-
ual channel measurements, for the unstirred channel, the term
containing p0(τ, φ) is a (statistical) noise contribution asso-
ciated with the variance in the ensemble average of N real-
izations of h

(n)
0 (f, r). Thereby, the noise-floor-normalized un-

stirred power-delay-angle spectrum is given by

pu (τ, φ)

[

2πN

(P0 + Pscatt) CT ,τR C
e
− τ

τ R C + Pn o i s e
T

]

= 1 (26)

where the bracketed term appearing to the left of the equal
sign is the normalization applied to the unstirred power-delay-
angle profile in Fig. 7. Note that (26)’s noise-floor-normalized
unstirred power-delay-angle spectrum evaluates to unity. For an
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ideal, well-stirred reverberation chamber, 〈h(n)(f, r)〉n → 0 as
N → ∞. A nonzero 〈h(n)(f, r)〉n is, thus, due to a finite N ,
and a nonzero pu (τ, φ) is due to the variance in the complex
average of N channel measurements. Large deviations from
unity in Fig. 7 arise because the actual measured 〈h(n)(f, r)〉n
is non-zero due to unstirred multipath components.

4) Stirred Power-Delay-Angle Spectrum: The stirred chan-
nel and associated power-delay-angle spectrum are obtained by
subtracting the unstirred channel estimate from each of the N
channel measurements. Denoting the stirred channel’s power-
delay-angle spectrum as ps(τ,k), it may be shown that

ps(τ, φ) =
N − 1

N
p(τ, φ) + pu (τ, φ) (27)

where N −1
N and pu (τ, φ) arise due to the subtraction of the

estimated mean. As in (26), pu (τ, φ) is considered as a noise
contribution. Furthermore, as in (24), p(τ, φ) is composed of
a “signal” term p0(τ, φ) and “noise” terms pscatt(τ, φ) and
pnoise(τ, φ). Combining (26), (24), and (27), the noise-floor-
normalized stirred power-delay-angle spectrum is given by

ps(τ, φ)

[

2π

(P0/N + Pscatt) CT ,τR C
e
− τ

τ R C + Pn o i s e
T

]

=
(P0 + Pscatt) CT ,τR C

e
− τ

τ R C + Pn o i s e
T

(P0/N + Pscatt) CT ,τR C
e
− τ

τ R C + Pn o i s e
T

(28)

where the bracketed term appearing to the left of the equal sign
is the normalization applied to the stirred power-delay-angle
profiles in Fig. 6.

APPENDIX B

NOISE POWER ESTIMATION

Assuming the biconical antenna’s radiation pattern approx-
imates that of a z-directed infinitesimal dipole, it was shown
in [6] that the biased 1-D spatial autocovariance of S21 mea-
surements in a well-stirred but high-loss reverberation chamber
may be modeled as (cf. [6])

R′
S2 1

(Δr) = Pnoiseδ(Δr)

+ Λ(Δr/L)
[

P0ρt(Δr) + Pscattρ
3
t (Δr)

]

(29)

where Δr is a linear displacement, ρt(Δr) is the 1-D spatial
correlation function of the transverse electric field (see [3]), L is
the total scan distance plus an additional increment correspond-
ing to the discrete scan stepsize, δ0(x) is the Kronecker delta
function, and Λ(x) is a triangular window defined as

Λ(x) =
{

1 − |x| for |x| ≤ 1
0 otherwise.

(30)

Due to the mechanics of our 2-D positioner, the additional
power due to multiple scattering (i.e., Pscatt) depends on the
scan direction (see [28]). To obtain an aggregate value of Pscatt
for use in our noise floor estimation in Appendix A, we estimate
the quantities P0 , Pscatt , and Pnoise from 1-D spatial autocovari-
ance estimates taken along the 2-D measurement region’s two
diagonals. The appropriate biased 1-D spatial autocovariance

Fig. 8. Estimates of the spatial autocovariance model coefficients at the dif-
ferent center frequencies as obtained from a least-squares fit of the model to
measured spatial autocovariances.

model for spatial autocovariance estimates calculated along the
measurement region’s diagonal is

R′
S2 1

(Δr) = Pnoiseδ(Δr)

+ Λ2(Δr/L)
[

P0ρt(Δr) + Pscattρ
3
t (Δr)

]

(31)

which accounts for the bias in the measurement region’s 2-D
spatial autocovariance. Note that L is now the length of the
measurement region’s diagonal plus an additional increment
corresponding to the discrete diagonal stepsize. A fit of (31)’s
model to a measured spatial autocovariance allows for the deter-
mination of the model coefficients P0 , Pscatt , and Pnoise , which
define the power contributed by each term.

At each of the nine center frequencies considered in Figs. 2–
4, we calculated diagonal-based 1-D spatial autocovariances for
measurements at each of the nine different paddle orientations
and within a 9Bc bandwidth of the center frequency. The average
of these spatial autocovariances was combined with the model
presented in (31) to estimate P0 , Pscatt , and Pnoise at each center
frequency. As in [6], these quantities were estimated in the
wavenumber domain via a least-squares fit in decibels.

Fig. 8 presents the results of this estimation procedure. The
least-squares fitting procedure was not able to reliably estimate
the VNA noise power Pnoise . From auxiliary VNA noise mea-
surements, we expect Pnoise < −70 dB, which is at least 10 dB
below the power due to multiple scattering. This indicates that
the uncertainty in synthetic-aperture measurements in a rever-
beration chamber is dominated by multiple scattering power as
found in [6], whereby the impact of underestimating the VNA
noise is expected to be negligible.

The corresponding frequency-dependent measurement SNR,
as given by

SNR =
P0

Pscatt + Pnoise
(32)

is presented in Table I. For the power-angle spectrum normal-
ization defined in (23), the frequency-dependent estimates of
P0 , Pscatt , and Pnoise were used directly in the normalization.
For the power-delay-angle spectrum normalizations defined in
(24), (26), and (28), the mean values of the frequency-dependent
estimates were used.
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APPENDIX C

UNCERTAINTY

For a nonzero quantity s, we may express the uncertainty in
an estimate ŝ as (cf. [25], [37])

udB = 10 log10

(

1 ± σŝ

ŝ

)

(33)

where udB is the one-sigma uncertainty in decibels, and σŝ is
the standard deviation of the estimate.

A. Power Profile

For the noise-floor normalized power profile quantities pre-
sented in Sections III and V, we attribute our measurement un-
certainty to a combination of VNA noise and antenna-chamber
multiple scattering. We assume power contributions from the
signal and noise terms are exponentially distributed whereby
their standard deviations equal their means. Denoting ŝ and n̂ as
estimates of the average signal and noise powers, respectively,
an arbitrary noise-floor normalized power quantity estimate p̂/n̂
may be expressed as

p̂

n̂
=

ŝ + n̂

n̂
(34)

whereby

n̂

ŝ
=

(
p̂

n̂
− 1

)−1

. (35)

Noting that n̂ = σŝ , (35) may be substituted into (33) to obtain
the uncertainty in Section IX’s noise-floor normalized power
quantities. Table II tabulates the power profile uncertainty for
select values of p̂/n̂.

B. Power Spectrum

For the noise-floor normalized power-angle spectra quanti-
ties presented in Section IV, additional uncertainty arises due to
averaging the signal power from N different power-angle pro-
files. Assuming the N power-angle profiles are independent and
identically exponentially distributed, the mean-normalized rel-
ative uncertainty due to averaging is 1/

√
N , and the combined

uncertainty for the power spectra is given by the sum of squares
of the uncertainties due to noise and averaging:

udB = 10 log10

⎛

⎝1 ±

√
[σŝ

ŝ

]2
+

[
1√
N

]2
⎞

⎠ . (36)

Table II presents the power spectra uncertainty for select values
of p̂/n̂.
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