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the National Institute of Standards and Technology, nor does it imply that the software is necessarily the
best available for the purpose.

18-Dec-14 1 0of 39



RM Comparison Studies

Abstract

The analysis of reference materials (RMs) can help assess the equivalence of chemical measurement
processes. When two or more RMs are available for a given measurand, confidently establishing the
equivalence of measurement processes requires the RMs to be capable of yielding equivalent results.
Evaluating the degrees of equivalence among RMs that differ in analyte quantity and perhaps matrix
composition requires an approach other than that used to assess results for samples of a single material.
We have more than a decade of experience with an approach compares the assigned values of RMs to a
simple linear model of the relationship between those values and measurement results ideally made under
repeatability conditions. In addition to accessing the metrological equivalence of specific RMs, the
equivalence of the value-assignment capabilities of the organizations that issue the RMs can also be
accessed. This report summarizes our experience with the design of and analysis of studies using this
approach and provides numeric and graphical tools for estimating degrees of equivalence. We divide the
required tasks into four steps: 1) design, 2) measurement, 3) definition of a reference function, and

4) estimation of degrees of equivalence. We regard the experimental design and measurement tasks as
most critical to the eventual utility of the comparison, since creative mathematics can not fully
compensate for poor planning or erratic measurements.

Keywords
Consultative Committee for Amount of Substance — Metrology in Chemistry; degrees of equivalence;

generalized distance regression; metrological comparability, metrological equivalence, reference function;
reference material
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Introduction

A reference material (RM) is formally defined as a “material, sufficiently homogeneous and stable with
respect to one or more specified properties, which has been established to be fit for its intended use in a
measurement process [1,2]. The analysis of RMs that deliver specified values of a property can help
assess the equivalence of measurement processes. When only one such RM exists for a given chemical
measurand (a given analyte in a given matrix with measurement results expressed in specified units) then
the results of all measurement processes for that measurand can be tied together through that one common
reference. However, when two or more RMs are available then confidently establishing the equivalence
of measurement processes requires that those materials have been shown capable of yielding equivalent
results. This is particularly true for materials that have been value-assigned by different organizations or
by the same organization but at different times, by different analysts, or using different analytical
approaches.

Because different RMs for a given measurand may deliver different levels of the analyte in somewnhat
different matrices, the evaluation of degrees of equivalence among these materials requires approaches
that differ from those used to assess results for subsamples of a single material. In support of the Joint
Committee for Traceability in Laboratory Medicine’s efforts to enhance the reliability of clinical
laboratory measurements, [3] development of a general protocol for demonstrating the extent of
equivalence among RMs that deliver the same measurand was initiated in 2001 [4]. Practical techniques
for the conduct and evaluation of such comparisons were established in a series of studies conducted from
2003 through 2008 [5]. The essence of these techniques is the comparison of the assigned values to
measurement results ideally made under repeatability conditions through a mathematical model
developed using a method that respects the uncertainties in both the assigned and measured values.

Building on this experience, in 2009 the Organic Analysis Working Group (OAWG) of the Comité
International des Poids et Mesures (CIPM) Consultative Committee for Amount of Substance - Metrology
in Chemistry (CCQM) decided to directly compare the measurement services that its member
organizations, mostly National Metrology Institutes (NMIs), deliver to their customers. The premise of
these studies is that demonstrating the equivalence of the value assignment of particular materials also
demonstrates the equivalence of the organizations’ RM-related processes. In addition to calibration and
the determination of the analyte concentration in a complex matrix, these processes include the
assessment of material homogeneity and stability and may include packaging, storage, and shipping
capabilities.

Measurements for two such comparisons have been completed and the data analysis methods developed
to evaluate the degrees of equivalence for both the materials and their organizations” measurement
services have been accepted in principle by the OAWG: CCQM-K79 “Ethanol in agueous matrix” and
CCQM-K80 “Creatinine in human serum.” Final reports for both studies will become publically
available after their formal acceptance [6]. We here describe the experimental design considerations and
data evaluation tools developed from our experience with these studies and our review of results from
several comparisons conducted by the CIPM CCQM Gas Analysis Working Group (GAWG) on purpose-
certified gas mixtures.

We divide the tasks required by a RM evaluation into four steps: 1) design, 2) measurement, 3) definition
of a reference model, and 4) estimation of degrees of equivalence. We regard the design (Step 1) and
measurement (Step 2) tasks as most critical, since creative mathematics can not fully compensate for poor
planning or erratic measurements. Each of these steps will be discussed in its own section after first
presenting the mathematical model that motivates the design, measurement, and evaluation
considerations.
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Terminology

Formally, measurements made under “repeatability conditions” are made by one analyst using the same
set of supplies and equipment over a relatively short period of time. Ideally, the measurements to which
the assigned values are to be compared can all be made in a single measurement campaign, where
“campaign” refers to a single “run” or “batch” of measurements accomplished in the requisite “relatively
short period of time.” Practically, however, measurements may have to be performed by a team of
analysts in two or more campaigns and the campaigns may have to be separated in time by several days to
weeks. When the measurements are made in more than one campaign but by the same team using the
same equipment as quickly as resources allow, then the measurement conditions are more accurately
described as “intermediate within-laboratory single-team same-equipment short-as-possible-term”.
However, for simplicity’s sake, we refer to measurements made under these conditions to be
“repeatability measurements”.

We have previously used the term “comparability” when discussing the extent of agreement among
different reference materials that deliver the same measurand [4,5]. However, “comparability” now has a
formal metrological definition that is not compatible with this usage [1]. The metrological comparability
of measurement results refers to their “metrological traceability to the same reference” - in approximate
translation, the qualitative property of being expressed in the same units. For example, a creatinine result
expressed in mg/g is not comparable with one expressed in mg/dL - although it can be made comparable
if the density of the material has been determined.

The likewise formally defined term “metrological compatibility” of measurement results addresses the
quantitative agreement of measurement results relative to their uncertainties [1]. While quite compatible
with our prior use of comparability, as currently defined the term is specifically limited to the comparison
of the results of different measurement processes for a specified measurand in a single material.

To our knowledge, there is as yet no internationally recognized term to describe the quantitative
comparison of results from different materials. However, the CIPM Mutual Recognition Arrangement
(CIPM MRA) [ 7] that provides the technical basis for comparing national metrology services defines the
term “degree of equivalence” as expressing the compatibility of a given result and a reference value.
Further, it uses the term “metrological equivalence” in the context of measurement capabilities rather than
just particular results.

Given the authority that the CIPM MRA has among NMls, we chose to use the term “equivalence” in the
context of comparing materials and certification processes. Metrologically equivalent RMs are with high
confidence expected to deliver their analyte quantities within their stated uncertainty intervals and
metrologically equivalent certification processes are with high confidence expected to be capable of
providing equivalent RMs. However, “metrological equivalence” does not imply “exactly the same.”
Given that there is seldom just one practical approach to a chemical characterization task, metrologically
equivalent certification processes may use quite different analytical techniques. Further, RMs that are
metrologically equivalent when evaluated with a given measurement process may differ in many ways
that impact their practical utility, including but not limited to: analyte level, stated uncertainty, stability,
guantity per unit, commutability among measurement procedures, and - not least - cost.
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Model

The main data analysis challenge in comparing RMs is establishing a descriptive relationship between
two sets of values, call them V (for assigned Value) and R (for measurement process Response), both
characterizing the same group of similar but intrinsically somewhat different materials. For straight-line
relationships, the general model is

R=a+pV+E @)

where a is the intercept, f the slope, and £ the residual random error. While relationships other than
linear can in principle be considered, those more complex than this two-parameter straight line will in
general be much less practical.

So-called “ordinary least squares (OLS)” techniques are appropriate for estimating the a and S parameters
when the V are known exactly. When the R are known within some estimate of uncertainty, call it u(R),
then « and £ can be estimated using techniques that minimize the uncertainty-weighted residual sum of
squares E:

~ 2
E=Y¢% gi2=(u] . R =a+pV, )
i u(R;)

where the i subscript indicates the values for a particular material, n, is the number of materials studied,
and the “~” (read as “hat™) above a symbol indicates an estimated value. The simple OLS procedures
available in spreadsheet software are adequate when the u(R;) are about the same for all materials.
Weighted OLS procedures, widely available in most data evaluation software, are required when the u(R;)
differ significantly among the materials.

OLS techniques are not appropriate when neither the V nor R is known exactly. Problems involving two
or more sets of inexactly known values were addressed at least as early as 1879 [8] and the general
problem was “first clearly stated” [9] in 1901 [10]. The challenge of evaluating bias between two
chemical measurement systems was addressed in 1943 [11], although the proposed solution required the
ratio between the measurement uncertainties, u(R;) / u(Vi), to be the same for all materials. Empirical
non-linear optimization software that addressed bias evaluation for non-constant u(Ri) / u(V;) became
available at least as early as 1984 [12]. A mathematically rigorous solution was published in 1987 [13]
and was independently developed in 2001 as part of an international documentary standard for use with
calibration gas mixtures [14]. This approach provides estimates of « and  that minimize the uncertainty-
normalized differences between the observed values and their projection onto the line found by
minimizing E:

& 2. L2 Ri_liiz Vi_\ii 2. S5 _ o pag
E:Zg“ g _[U(Ri)J +[ U(Vi)J’ R =a+pY, ®3)

where &, ﬁ’ , and the F§i and \7| are all estimated simultaneously.

Computation

The small increase in notational complexity of Equation 3 relative to Equation 2 disguises a very large
increase in computational difficulty. Techniques continue to be developed to more efficiently use all of
the available information relevant to the comparison and/or for non-linear relationships between the two
sets of results [15-17]. However, several specialized software systems designed for two-parameter linear
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relationships are currently available, including: the stand-alone commercial B_LEAST [14], the web-
available Excel [18]-based freeware systems FREML [19] and XLGENLINE [20], and the Excel-based
RegViz exploratory tool described in [5]. While differing in calculation methods and input/output details,
these systems yield very similar parameter estimates when given the same data. We use the RegViz
system for its graphical capabilities and our ability to quickly add functionality to it. We have confirmed
the RegViz parameter estimates with the well-validated and intuitive FREML system developed by
Ellison and the somewhat more general XLGENLINE developed at National Physical Laboratory (NPL)
of the UK. The Supplementary Information presents exemplar analysis using each of these systems

Application of Equation 3 requires that all of the input data be stated as {value, uncertainty} pairs and that
normalizing each residual (value — predicted value) to the uncertainty of the value efficiently gives all of
the residuals the same scale. This not only assumes that each uncertainty is well-estimated, it assumes
that all of the uncertainties are of the same type; i.e., that all of the {value, uncertainty} pairs have the
same distributional form. The software systems mentioned above tacitly assume that these pairs define

N(yi ,o—f) Gaussian (i.e., normal) kernel distributions, with each “value” estimating the kernel center, ui,

and the squared “uncertainty” estimating its variance, o>. For these assumptions to be valid, the number
of degrees of freedom, v, associated with each uncertainty estimate must be “large.”

The very similar regression methodologies used by these and other data analysis systems have been
(confusingly) given many different names [14,15,19,21]. We chose to use the term “generalized distance
regression” (GDR) [22].

History of Use Within the CCQM

The GAWG’s 2003 CCQM-P41 “Greenhouse gases. 2. Direct comparison of primary standard gas
mixtures” [23] was the CCQM’s first published study that compared assigned values with measurements
made under repeatability conditions. Primary standard gas mixtures (PSMs) are primary standards of gas
concentration prepared by NMlIs and others for use as their untimate reference for gas measurements
[24]. CCQM-P41 used a design that the GAWG pioneered in 2001 for comparing the value-assignments
of single cylinders of purpose-prepared primary standard gas mixtures (PSMs) as made by each of the
study participants using measurements made by a single laboratory over a short period of time. CCQM-
P41 evaluated nine PSMs having targeted CO; amounts ranging from 350 umol/mol to 380 umol/mol and
CH., amounts from 1.6 pmol/mol to 2 umol/mol. Similar designs were used in three studies in 2006 and
2007: CCQM-P73 “Nitrogen monoxide gas standards (30-70) umol/mol” [25], CCQM-K54 “Direct
comparison of PSMs of hexane in methane” [26], and CCQM-K53 “Oxygen in nitrogen” [27]. CCQM-
P73 evaluated two PSMs each from 12 NMIs or designated institutes (DIs), one with a targeted amount of
NO in the range of 30 umol/mol to 50 pmol/mol and the other in the range of 50 pmol/mol to 70
umol/mol. CCQM-K54 evaluated eight PSMs with hexane amounts ranging from 120 pmol/mol to 200
umol/mol. CCQM-K53 evaluated 12 PSMs with O, amounts from 99.0 pmol/mol to 101.2 pmol/mol.

The OAWG’s 2009 CCQM-K80 creatinine comparison evaluated 17 materials from six organizations
with creatinine amounts ranging from 3.1 mg/kg to 57 mg/kg. This was the first CCQM material
comparison to use customer-deliverable materials for an analyte in a complex natural matrix, and to
require that the procedure used to make the repeatability measurements have a linear response over more
than a three-fold range in analyte level. The 2010 CCQM-K79 ethanol comparison evaluated 27
materials from nine organizations with ethanol amounts ranging from 0.1 g/kg to 334 g/kg. While
evaluating a stable analyte in relatively simple matrices, this large comparison required the repeatability
measurement procedure to provide a linear response over more than a thousand-fold range.
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Step 1: Design the Study

RM comparisons involve two sets of data characterizing the same group of materials. One set is provided
by the organizations that value-assign the RMs and thus reflects the capabilities of those organizations.
We designate this set with the symbol V. The other set is provided by a single coordinating laboratory
that may be, but is not necessarily, one of the participants in the study. This laboratory makes
measurements on all of the materials under as close to repeatability conditions as practical, producing a
set of measurement results that are intended to reflect the materials’ relative measurand quantities. We
designate this set with the symbol R. For notational simplicity, V and R are used for both the abstract data
sets and for the observed values of those data sets.

Assigned Values (V)

A metrologically valid assigned value reported consists of an expected value (V;) and its expanded
uncertainty, U(Vi). While the expected value can be assumed to reflect the organization’s best efforts
regardless of the nature of the material, the components included in the uncertainty estimate and how the
uncertainty is expressed may differ depending on the nature of the comparison.

Purpose-assigned materials

For comparisons that involve only materials that are value-assigned especially for the study, the nature
of the assigned uncertainties may be dictated by the study protocol. The GAWG’s CCQM-P41, -P73, -K53,
and -K54 study protocols focused on the gravimetry and purity verification uncertainty components that are related
to the preparation of the PSMs.

The uncertainties for these GAWG comparisons were reported in expanded form at the 95 % level of
confidence, Ugs(Vi). With one exception where the expansion factor was stated as 1.96, the factor used to
expand the standard combined uncertainties for all of the PSMs was implicitly assumed or explicitly
stated to be 2. This choice of expansion factor indicates that the v for each the uncertainty estimate is
“large.” For these studies,

u, (Vi):Ugs(Vi )/2 4)

thus provides “large sample” uncertainty estimate for the kernels. To the extent that the Vi and Ugs(V;) are
correctly estimated, the N(Vi,ui(vi )) kernels describe the same information for all of the PSMs.

RMs

While different organizations may not use the same analytical techniques and statistical models to value-
assign their RMs, the assigned uncertainties can be assumed to include “all” of the relevant components
related to the determination of analyte quantity, material homogeneity, and material stability. These
assigned uncertainties are reported as expanded uncertainties having defined coverage of the true value,
typically with VizUgs(V;) providing coverage at a 95 % level of confidence.

The documents describing RMs seldom provide the computational details of how uncertainties are
estimated nor are such details generally made publically accessible. Thus it is not generally possible to
infer the assessed distribution for a given assigned value without access to privileged information.

However, the 95 % coverage interval for a N(Vi,ui(vi )) normal kernel density provides the same

coverage as is specified by VizUgs(Vi) [28]. Expanded uncertainties specified with other than a 95 %
level of confidence can also be converted into the u.(Vi) form; see [5] for details.
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Thus to the extent that the Vi are correctly estimated and that the Ugs(Vi) do capture “all” of the relevant
uncertainty components, the N(Vi , uj(vi )) provides a sufficient description of an RM’s assigned value.

Repeatability Measurements (R)

Different measurement processes may be differentially influenced by material properties other than the
guantity of the analyte (e.g., viscosity, particle size, or chemical interferences). The measurement process
used to provide the repeatability results should be as free from such influences as possible.

Demonstrating the equivalence of the nominal analyte content of materials using such a process does not
guarantee the equivalence of the materials when assessed with other measurement systems. However,
establishing this baseline equivalence should help other studies to better access the characteristics of other
measurement processes.

For the GDR approach to be useful, the measurement results for a given material made under repeatability
conditions must also be specified as a consistent set of expected values, Ri, and uncertainties, U.(R;).
There are two major considerations: the nature of the measurement process and the design followed in
making the measurements.

Measurement Process

GDR analysis for the linear relationship of Equation 1 requires only that: 1) the relationship between the
Vi and R; be truly linear, 2) the measurement process be maintained in statistical control throughout the
measurements, and 3) the imprecision of the measurement process be fit-for-purpose.

The measurement process must provide measurement results that fairly represent the analyte quantity in
all of the study materials. The shorter the span of measurand quantities in the studied materials (e.g., the
1.02-fold range of CCQM-K53), the less important the linearity of the measurement process. The greater
the span (e.g., the 3000-fold range of CCQM-K79), the more critical linearity becomes. Thus the nature
of the materials to be evaluated will dictate the selection of the measurement process and, once selected,
the capabilities of the process will dictate which materials are suitable for evaluation.

Maintaining a measurement process in true “repeatability condition” over anything but a truly short
period of time may not be practical. However, use of internal and/or external controls can help provide
measurements that are a precise as practical when measurements must be conducted over longer periods
[29]. “As precise as practical” will depend on the measurement resources available for the comparison.
As measurement imprecision increases, the analytical cost of the measurements is likely to decrease but it
will become increasingly difficult to identify true differences among the RMs. We believe that the
Goldilocks [30] “just right” precision will generally be about the median relative uncertainty of the
assigned values, u.(Vi)/Vi, of all materials included in the study. However, a method for more objectively
determining what constitutes fit-for-purpose imprecision for a particular comparison should be developed
[31].

Since both the Vj and R; terms in Equation 3 are scaled by their respective uncertainties, it is immaterial
whether or not the Ri, have the same scale as the Vi. That is, it does not matter whether or not the
measurement process is externally calibrated. The nature of the analytical process used to make the
repeatability measurements is not relevant as long as it has the appropriate stability, precision, and
linearity characteristics. The process design should include suitable mechanisms for control of within-
and between-campaign measurement drift, such as run-order randomization as well as the use of control
materials.

18-Dec-14 8 of 39



RM Comparison Studies

Study design for single units of intrinsically homogenous materials

Figure 1a displays a measurement design appropriate for single units of materials that are of quite uniform
composition, such as PSM cylinders. Obtaining two or more complete sets of measurements in
independent measurement campaigns helps to ensure that any run-order effects are averaged over the
materials. Making two or more replicate measurements within each campaign helps to ensure that
technically invalid results can be recognized.

This simple one-factor with summary data design enables an adequate assessment of measurement
variability when within-campaign imprecision is small compared to the between-campaign intermediate
imprecision. A statistical model for this design is:

Rij - N(ﬂiio-r%i) (5)

where i indexes the materials, j the campaigns, “~” indicates “is distributed as,” i is the population mean
for the coordinating laboratory’s measurements, and o, is the true measurement repeatability imprecision
for the material.

If the within-campaign imprecision is not small relative to the between-campaign imprecision, the design
is readily extended (without requiring more measurements, assuming that at least two replicate
measurements are made per campaign) using one-factor analysis of variance (ANOVA) to estimate the
standard uncertainty of each mean value (see below).

The mean of the campaign means, R;, is an appropriate estimate of u;. A standard uncertainty for this
mean can be estimated from the standard deviation of the campaign means, &(R..) and the number of

uR)= 6-(Rij )/\/E :

Assuming that all materials are measured in the same manner, the v for the u(R;) will be the same (nc-1)
for all materials.

campaigns, n:

In the four GAWG comparisons, the R; were estimated as the mean of mean values from three or more
measurement campaigns. The u(R;) were estimated either from the standard deviation of the mean of the
campaign means, the standard deviation of the means pooled over all of the materials, or from the
otherwise-determined repeatability/reproducibility characteristics of the measurement system.

Study design for batch-certified materials of uniform composition

Figure 1b displays a one-factor with replicated data design appropriate for batch-certified materials that
are of quite uniform composition throughout each unit, such as presumptively homogenous solution RMs
like the ethanol in aqueous solution materials of CCQM-K79. Since batch-certified units of any given
material may differ slightly in composition, evaluating two or more units helps ensure representative
assessment. While it is not productive to subsample a homogenous material, making independent
replicate measurements can again help to average out measurement artifacts and to identify technically
invalid results.

This design enables assessment of the uncertainty for the measurement of a material from between-unit
and measurement repeatability sources of variability, enabling testing the measurement results for each
material for significant between-campaign effects and appropriately pooling those results based upon the
outcome of the tests. The least complex model for describing the measurements made using this design
is:
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Ri ~ N(ﬂi +7/ij’ar2,i) (6)

where j now indexes the units, k indexes the independent replicates per unit, ;i is assumed to be the same
(or, equivalently, ai/u; is the same) across all units and y;; are between-unit differences. The y;j are
assumed to be

Vi T N(O,aji)

where o, reflects the true between-campaign variability for the material. Depending on the nature of the
measurement process, it may be desirable to make two or more measurements on each of the
independently prepared replicates. As above, these replicate measurements can be averaged and their
contribution to the total measurement variance disregarded when the within-replicate variability is small
compared to the between-replicate or between-unit variances. Assuming the within-replicate variance is
small, this design is readily evaluated using classical one-factor random effects analysis of variance (one-
factor ANOVA); if it is not small relative to the other sources then a more complex ANOVA analysis
may be useful (see below).

The mean of all measurements, R;, is again an appropriate estimate of xi. A standard uncertainty of the R;

can be estimated as:
~2 ~2
r]r Gci + O-ri
U(Ri):
nr nC

where n is the number of replicates and &, ; and &; are one-factor ANOVA estimates. If &; is not
significantly greater than zero then this suggests the model of Equation 6 reduces to that of Equation 5
and the uncertainty estimate is associated with v = ncn — 1 degrees of freedom; however, if &, is

significantly greater than zero then v = n.-1. For example, assuming n. = 2 and n, = 3 then v could range
from 2-3-1 =5to 2-1 = 1. Thus, even though the different materials are measured in the same manner,
the v for the standard uncertainties may differ.

See the Supplementary Material for tests to estimate the statistical significance of variance components;
for much more complete information on one-factor ANOVA, see, e.g., [32]. The Supplementary Material
presents exemplar analyses using commercial software.

Study design for batch-certified materials of potentially non-uniform composition

Figure 1c displays a two-factor nested design appropriate for batch-certified materials that may not be of
uniform composition throughout a given unit, such as granular solid or viscous liquid RMs like the
creatinine in serum materials of CCQM-K80. For such materials, sub-sampling within each unit as well
as evaluating two or more units can help ensure a representative assessment of each material. Making
independent replicate measurements of each such aliquot of each material again helps to identify
technically invalid results. And again it may be desirable to average two or more measurements on each
independently prepared replicate and to disregard this imprecision component when the within-replicate
imprecision is small compared to the between-replicate, between-aliquot, or between-unit imprecision.

This design enables assessment of the uncertainty associated with within- and between-material
variability in addition to measurement repeatability, enabling testing the measurement results for each
material for significant within- and between-campaign effects and appropriately pooling those results
based upon the outcome of the tests. The least complex model for describing the measurements made
using this design is:

Rijkl ~ N(ﬂi 7t é‘ijk 'O-rz,i) (7)
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where k now indexes the independent aliquots, | indexes independent replicates per aliquot, dij are
between-aliquot differences, and o (or ori/ui) is again assumed to be the same across all units of a given
material. The dix are assumed to be

é‘ijk - N(O’ O-az,i )

where s reflects the true between-aliquot (or within-unit) material variability and is assumed to be the
same (or aa,i/ui is the same) for all units. While potentially over-simplified, this model with these
assumptions is likely fit-for-purpose given that RMs are designed to be homogenous and stable. Use of
more complex models, e.g., allowing the o, to be other than constant or proportional to analyte quantity,
generally will require more data in order to provide reliable estimates.

As above, it may be desirable to make two or more measurements on each of the independently prepared
replicates. These replicates can be averaged and their contribution to the total variance disregarded when
the within-replicate variability is small compared to the between-replicate, -aliquot, or -unit variances.
However, if the intrinsic measurement imprecision is not negligible then expanding the model to a three-
factor nested design does not require any additional measurements and only modestly increases the
complexity of the data analysis.

As in the one-factor designs, the mean of all measurements, R;, is an appropriate estimate of xi. A
standard uncertainty of this mean is typically estimated as

~2 ~2 ~2
U(R-)= nr na Gu,i + nr O-a,i +O_r,i
I nr na nu

where ny is the number of units and n, is the number of aliquots per unit. However, computing
appropriate values for & oA-a‘i , and oA-r‘i IS best done by an experienced data analyst using an

u,i?
appropriate method [33]. Software designed for the analysis of mixed linear models can be used such as
the MIXED procedure in SAS [34] or the “Imer” function from the Ime4 package for R [35]. The
Supplementary Material presents exemplar analyses.

As with the one-factor with replicated data design, the absence of significant within- and between-unit
variance components reduces the model of Equation 7 to that of Equations 5 or 6 and to standard
uncertainty estimates for different materials having different v. The v can range from as few as n,-1 when
the units are significantly different to as many as n:nany-1 when there are no appreciable differences in the
measurements among the units and the aliquots. The v for different scenarios and tests for estimating the
statistical significance of variance components are presented in the Supplementary Information.

Uncertainty Estimates for the Gaussian Kernels

As noted above, the one-factor with summary data design provides u(R;) estimates that all have the same
v. Regardless of whether or not these standard uncertainties are converted into “large sample” form, the
conversion will be the same for all materials and will thus provide a consistent description for all
materials.

Also as noted above, designs that explicitly consider replicated data can provide u(R;) estimates that have
very different v. Defining the results as N(Ri , uz(Ri )) kernels may thus not provide a consistent

description for all of the materials. There are a number of ways to address this issue, including modifying
the GDR technology to explicitly utilize the v information [16]. However, the currently available GDR
software can be used by first expanding the standard uncertainties into Ugs(Ri) form and then applying the
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logic of Equation 4 to give “large sample standard uncertainties” u»(Ri). These estimates will provide a
consistent description for all of the materials.

Unfortunately, if v is small for any of the materials there may be no completely satisfactory way to
expand the standard uncertainties.

Student’s t expansions

For a given u(R;) with a given number of degrees of freedom, v, the usual long-term frequency
(frequentist) method for estimating a 95 % level of confidence interval is expansion with the appropriate
two-tailed Student’s t factor, t(0.05,vi):

U 95(Ri ) =1 (0-05' Vi )U(Ri ) :

The issue now becomes one of determining vi.

When results for all units (and aliquots) are indistinguishable, then the vi will be 1 less than the total
number of replicates. Unfortunately, when there are relatively large differences between the
measurement results for the different units, v will be n,-1 regardless of the number of replicates and
aliquots. While this issue is relatively unimportant should n, be larger than about 4 (giving a minimum v
of 3), it causes a headache for n, of 2 or 3: t5(0.05,1) =~ 12.7, t5(0.05,2) = 4.30, t5(0.05,3) ~ 3.18,
t;(0.05,4) = 2.78, t5(0.05,54) = 2.00, and t5(0.05,:0) ~ 1.96. The huge change from v of 1 to v of 2 merely
reflects that variance estimates using a small number of measurements are not reliable.

Pooling across materials: Pooling the various variance component estimates across materials can
provide estimates for some to all of the components that will have larger and more reliably estimated
combined v. For instance, the CCQM-K54 report states “Prior to regression, the standard uncertainty
associated with the response u(y) has been pooled. The differences in these uncertainties ... are mainly
due to random effects and the limited number of degrees of freedom: all vi = 2. Consequently, there is no
point in assuming that one response would be more accurate than another.” A pooled variance expressed
in standard deviation form is calculated as:

-

where the o7 is the individual variance, n is the number of individual variances, and vi is the number of

degrees of freedom for each estimate. The v for the pooled variance is the sum of the individual vi. Thus,
even when the individual variances have v = 1, pooled estimates can have large v and thus be quite
reliable.

However, pooling can only be justified when the variance estimates actually represent the same variance
components. To the extent that repeatability conditions are maintained over all campaigns, this is likely
to be true for between-replicate estimates. When the sample preparation process is complex and applied
uniformly to all materials, it may be appropriate for between-aliquots. And, most unfortunately, it is
unlikely to be true for between-unit estimates.

Bayesian Markov Chain Monte Carlo (MCMC) Estimation

Bayesian analysis is based on a somewhat different definition of probability than the usual frequentist
interpretation that underpins classical statistical inference. Under the Bayesian paradigm, parameters
such as the measurand value and variance components have probability distributions that quantify our
knowledge about them. The estimation process starts with quantification of prior knowledge about the
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parameters followed by specification of the statistical model that relates the parameters to the data. The
statistical model for the three designs considered here is the same as described in Equations 5, 6, and 7.

The components of these models are combined via Bayes Theorem to obtain posterior distributions for
the parameters. These distributions update our knowledge about the parameters based on the evidence
provided by the data. This analysis can produce a probability distribution for each of the z; (the true
value of analyte quantity estimated by the measurement mean, R;) which encompasses all of the
information and variability present in the data but is confined by bounds based on prior knowledge. The
process yields a probability interval which is interpretable as an uncertainty interval [36]. Even though
the probability distribution for the xi may not be available in closed form, Markov Chain Monte Carlo
(MCMC) empirical Bayesian methods enable computation of coverage intervals. Software systems
suitable for computing the intervals, such as WinBUGS and OpenBUGS [37], are freely available and
(relatively) easy to use.

Ideally, Bayesian analysis can proceed using very conservative, minimally-informative priors (e.g., very
broad Gaussian distributions for the w;) and let the data mostly determine the posterior distribution of the
measurand. Unfortunately, unconstrained Bayesian MCMC component of variance models with small v
may yield unreasonably large variance estimates [38]. In general, somewhat informative priors are
required for ny less than three. However, when these priors are carefully defined the analysis can validly
produce probability distributions for the 4 which encompass the available information on the materials
and all of the variability present in the data. The Supplementary Material presents exemplar WinBUGS
analyses for one-factor with replicated data and two-factor nested designs.

Confounding of Campaigns and Units

The multi-unit designs pictured in Figure 1 assume that all analyses can be conducted in one continuous
measurement campaign. This approach would best approximate true “repeatability conditions” while
enabling averaging-out run-order and other potential measurement process artifacts. However, as
previously described, making all measurements in a single campaign may not be practical for studies
requiring a very time-consuming measurement process or involving a large number of materials. In such
cases, the study must be designed to control the influence of possible between-campaign changes in the
measurement process.

“Cross classification” experimental designs could best enable identification of the true sources of
variation. Such designs would require measuring the different replicates (and aliquots) from each of the
units in separate campaigns (see [32] for further information). However, these replicates (and aliquots)
would perforce need to be processed at different times with the opened unit stored between campaigns
and/or the processed replicates and aliquots themselves stored between campaigns. In either case, the
materials could degrade or become contaminated during storage. Storing an opened unit might also
violate material usage requirements specified by the organization that value-assigned the material.

The one-factor with replicated data and two-factor nested designs in Figure 1 are appropriate as presented
if all replicate measurements for a given unit are made during a single campaign. However, this
confounds any true between-unit variability with potential systematic between-campaign changes in the
measurement process. That is, it will not be possible to differentiate between o, and ou; as any observed
variability could be attributed to either source. For the remainder of this document, we use o to refer to
this confounded variability.
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Ensuring the integrity of the study materials by measuring each unit in a single campaign seems the better
choice, at least for material preparations that could change composition during storage. The resulting
confounding of between-campaign and between-unit variance may also help to avoid unwarrantedly
identifying particular materials as “significantly variable” on the basis of too few data.

Number of Materials

The number of materials included in an RM comparison is constrained to be between the number required
for a reliable analysis of the results and the number of suitable materials that are available, the number of
measurements that can be accomplished in a single campaign, or the resources available to the
coordinating laboratory. Using the linear model of Equation 1, it is possible to detect the non-equivalence
of one material in a set of just three materials. However, it is not possible to identify which material is
non-equivalent with only three materials. The practical lower limit on the number of materials is thus
four.

While the cost of a comparison increases with the number of measurements, the scope and reliability of
the conclusions that can be reached increases with the number of materials compared. For many
measurands, the upper limit on the number of RMs that can be compared is likely to be the number of
available RMs. Should there be more organizations that wish to participate in a comparison than can be
accommodated by the coordinating laboratory, the study should be redesigned or more resources allocated
so that all qualified organizations can participate. Should the number of participating organizations be
tractable but the total number of available RMs be too large, then selection criteria need to be established.

While it is desirable that all participants be represented by about the same number and diversity of
materials, the scope of a study is improved by including as diverse a collection of materials as is possible.
While what constitutes “diversity” depends upon the study’s nature, at least two participants should
provide materials that represent each aspect of that diversity to ensure that limitations or artifacts of the
measurement process can be recognized. Such aspects include known differences in sample matrix (e.qg.,
Iyophilized vs. frozen or with vs. without added preservative) as well as the bottom and top ends of the
analyte quantity range. Different studies may require different trade-offs between balanced representation
and breadth of scope, but in all cases it is essential that the selection process be transparent and fair to all
participants.

Number of Units Per Material

While comparisons of individually value-assigned materials are relatively simple to summarize, such
comparisons do not address all of the potential sources of variation in batch value-assigned RMs. In
particular, comparisons of single units do not address the between-unit heterogeneity that is often a
significant component of batch-assigned uncertainty. Making measurements on two or more units of
batch-certified materials helps avoid attributing differences to bias in the value-assignment rather than to
variability in material composition or analytical mistakes. We thus recommend that the minimum number
of units per material for batch-certified materials is two. But what is the “best” number? There are
several considerations, including: the purpose of the study, the representativeness of the measurements,
and the cost of the materials and measurements.

ISO Guide 35:2006 “Reference materials — General and statistical principles for certification” suggests
that 10 units is a minimum number for evaluating homogeneity [39] in a newly produced RM. However,
comparisons between previously value-assigned materials are not intended to discover heterogeneity and
thus can use fewer than 10 units of each material. While summary statistics will become more
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representative with increasing number of units, the improvement is not linear. The 95 % confidence ts
factors discussed above suggest that an expanded uncertainty based on the analysis of five units should be
fairly representative of the material. While Bayesian and related techniques can be used to estimate
credible uncertainty intervals directly from distributional assumptions and the “raw” measurements, the v
for each factor should be at least three unless outside constraints can be justified. These considerations
suggest that evaluating three to five units of each material would simplify the data analysis and be
adequately representative for metrological equivalency.

The cost to the value-assigning organizations increases nearly linearly with the number of units per
material requested, but for most materials the cost per material is relatively small and in any case is a
shared burden. The cost to the coordinating laboratory also increases with increasing number of units.
While this cost depends on the nature of the measurement process, it is in any case borne by just that one
laboratory. As this cost can be quite substantial, the decision as to the exact design should be largely
based on the analytical resources available to, and affordable by, the coordinator.

Prepare for the Unexpected

The minimum number of units per material requested from participating institutions should be at least one
more than the number to be evaluated. The extra unit(s) provide an “insurance policy” in case of
technical failure or in case a participant should challenge the measurement results for one or more of their
materials. In the latter case, a third party should be asked to evaluate the challenged result(s).
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Step 2: Make the Measurements

The coordinating laboratory has the responsibility of providing the highest practical quality measurements
for each of the study materials. While quite demanding, the challenges involved are routine for
organizations that produce certified reference materials.

While the diversity of measurement processes that may be appropriate for RM comparisons precludes
specific discussion, the following general principles apply. 1) To ensure that the results of the
comparison can be accepted by all of the participating institutions and any sponsoring body such as the
CCQM, all of the processes employed - from receiving the materials to summarizing the results - must be
transparent and open to inspection. 2) As noted previously, the term “practical” is definable only within
the context of the particular measurand, the study materials, and the available analytical resources.
However, for a study to meaningfully speak to the equivalence of RMs or the processes used in their
value assignment, the relative imprecision of the results from the measurement process should be as small
or smaller than the median relative assigned uncertainty of the study materials. 3) For studies involving
lengthy measurement processes or multiple measurement campaigns, periodic analysis of one or more
control materials may be necessary for achieving the desired small measurement imprecision. For
perfectly stable materials measured under perfectly stable conditions, control measurements can provide
unambiguous evidence of that stability. For materials prone to degradation or measurement processes
prone to within- and/or between-campaign drift, the control measurements can be used to at least partially
compensate for systematic changes [29]. The coordinating laboratory” analysts must use their knowledge
of their measurement processes to decide on the number and nature of such controls and how often they
are measured.
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Step 3: Establish the Consensus Model

We term a consensus-defined relationship between assigned, {Vi, u(Vi)}, and repeatability measurement,
{Ri, u(Ri)}, values to be a Reference Function (RF). The CO, data of GAWG’s CCQM-P41 are used in
this and the next Sections to illustrate many of the data analysis issues that must be addressed in
establishing an RF. These data used are as reported in Table 7 of [23]. These data have a number of
properties that make them nearly ideal exemplars for this discussion: there are only nine materials so that
the influence of individual materials can easily be envisioned, the range in analyte quantity is sufficiently
narrow so that all of the values and their uncertainties can be visualized, the degrees of equivalence
among the materials are good but imperfect, and the data have been published in the open literature.

The GDR Reference Function, RF

Assumptions
Equation 1 is our model for straight-line relationships. While measurement systems exist that are non-

linearly related to the true amount of substance [15], we confine our discussion to two-parameter
(intercept and slope) linear relationships.

We define the uncertainties for both the V; and R; as one-half of their expanded uncertainties at the 95 %
level of confidence. As in Equation 4, we describe these estimates as “large sample standard
uncertainties” and use the notation u..(Vi) and u.(Ri). We regard the {Vi, u(Vi)} and {R;, u.(Ri)} values

as defining mutually independent Gaussian N(v;,u?(V,)) and N(R;,u?(R,)) kernel distributions.

Estimating the RF

Replacing the generic estimate of sample variability or uncertainty of Equation 3 with the corresponding
large-sample standard uncertainties, the GDR estimate of a RF minimizes the sum of the squared
uncertainty-normalized differences between the observed values and their projection onto the consensus

line:
N R-RY (V.-VY - . -
— _2. _2: i i i i . o . 8

: ;5,, i (Uw(Ri)j +(Um(vi)J C e ©

The RF is defined by the estimated intercept and slope parameters ¢ and ,B . The {\7i , ﬁi} pairs estimate
the uncertainty-weighted projection of the observed data onto the RF.

Envisioning the GDR estimates

Figure 2a is the primary RegViz graphical display for the analysis of the CCQM-P41 CO; data, using the
assumption that all of the CCQM-P41 PSMs value-assignments are equally valid. This display of the data
confirms the basic linearity of the repeatability measurement system. It also identifies a potential
anomaly with one or both of the low CO, amount PSMs. However, the display does not provide
sufficient graphical resolution to visualize the very small uncertainties for many of the materials even
over the narrow 1.1-fold range of CO, amount. Figure 2b provides a high-resolution display as a series of
“thumbnail” scatterplots, one per PSM.

Figure 3 illustrates key attributes of the ellipse shown in each of thumbnails. Since “large sample”
standard uncertainties are used in Equation 8, the ¢, have units of “large sample standard uncertainty.”

Since the gf are defined from two independent variables, they are % distributed with two degrees of
freedom. The value that corresponds to 95" percentile for such distributions is about 5.99, thus the 95 %
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critical value for the ¢ is ¥5.99 = 2.45 rather than the V3.84 = 1.96 ~ 2 appropriate for univariate systems
that are 2 distributed with one degree of freedom. Therefore, each ellipse bounds all points that are 2.45
&i distant from {Vi, Ri}. An uncertainty-weighted distance of greater than 2.45 units suggests that the
material is not equivalent to the ensemble of all study materials. Thus the CCQM-P41 PSMs A, B, C, G,
and perhaps F may be not equivalent. However, the true level of confidence provided by this test is less
than 95 % since it does not consider the uncertainty in the RF itself.

The GDR Reference Function Uncertainty, Ugs(RF)

The uncertainty interval on the RF may have a different width at every locus along the RF line. Itis
relatively straightforward to estimate Working-Hotelling confidence intervals for variance-weighted OLS

regressions [9]. In principle, similar confidence intervals for GDR can be calculated from E; the «, ,5’ ,

\7i ,and Iii parameter estimates; and the covariances among these parameters. In practice, GDR
confidence intervals are more readily estimated by simulation.

Parametric bootstrap Monte Carlo (PBMC)

The parametric bootstrap Monte Carlo (PBMC) is a powerful tool for estimating the distribution of
outcomes from a complex analysis [36,40,41]. In PBMC GDR analyses, the entire ensemble of {V,,R, }
pairs are replaced a fairly large number of times, nuc, with pseudo-values randomly drawn from the
N(V,,u?(v;))and N(R,u?(R,)) kernels and a new GDR analysis performed on the ensemble of pseudo-
values. All of the “interesting” results estimated from each PBMC analysis are stored and, after a suitably
large number of analyses, the distribution of each result empirically summarized. For GDR analysis,

these results include but are not be limited to the RF parameters and the {\7i , Fii }

PBMC is typically used to estimate uncertainty intervals from the empirical percentiles of the
distributions. For example, the two-tailed 95 % level of confidence interval for some result Q of the GDR
analysis of the original data can be estimated from the 2.5 % and 97.5 % percentiles of the PBMC
estimates of Q, call them q:

PTILE(2.5,q)<Q < PTILE(97.5,q)

where “PTILE(p,q)” is the function “return the p™ percentile of the specified list of q values.” If the ratio
(Q - PTILE(2.5,q))/(PTILE(97.5,q) - Q) is about 1, then the usual 95 % confidence interval on X can
be estimated as:

Uy (Q)=(PTILE(97.5,q)- PTILE(2.5,9))/2 .
However, if the ratio is far from 1 then the interval should either be reported as asymmetric
Ug(Q)=Q-PTILE(2.5,9) *Uy(Q)=PTILE(97.5,9)-Q
or as the larger of the two half-intervals

+U(Q)= MAX(U4(Q) U4 (Q))

where “MAX(.)” is the function “return the largest value of the arguments.” Asymmetric intervals are the
narrowest intervals that provide the stated coverage; however, symmetric over-estimates may be more
convenient for use in further calculations.

When only the central 95 % of the distributions are of interest, nmc typically needs to be only a few
hundred to several thousand for Ugs(q) estimates to be stable to two significant digits. The only tools
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needed to perform a PBMC analysis (other than the data analysis system used to analyze the original data)
are mechanisms for: 1) generating the pseudo-values, 2) re-doing the analysis using the pseudo-values, 3)
storing the results, and 4) summarizing the resulting lists of values. This can be done “by hand” but is
most conveniently done with specialized software. Uniguely among the available GDR freeware, the
RegViz system estimates the variability for all estimated quantities using PBMC techniques.

Strongly influential materials and leave-one-out (LOO) analysis

The RF can be strongly influenced by materials having small u.(Vi) and/or u.(Ri). Moreover, the
magnitude and nature of this influence is strongly affected by the amount of the analyte in the material
relative to that of the other materials. Materials with the lowest and highest quantity amounts have
greater influence on the RF than those in the middle of the ensemble.

Leave-one-out cross-validation (LOO) is a routine tool for improving the predictive utility of a model
[40]. For RM comparisons, LOO can be accomplished by excluding individual materials from their own
evaluation. Materials that are equivalent to the ensemble when excluded from the analysis are reliably
identified as truly equivalent. Materials that appear to be equivalent when included but are “non-
equivalent” when excluded are identified as being at best marginally equivalent. The upper and lower
panels of Figure 4 compare the “leave all in” (LAI)-PBMC and LOO-PBMC 95 % confidence intervals
for the CCQM-P41 CO; data. The LOO-PBMC Ugs(RF) interval is considerably wider, indicating the
presence of one or more materials that strongly influence the RF.

A disadvantage of the LOO approach is that it requires the estimation of as many “individual-RF”s as
there are materials. However, only the product nmchm needs to be large for reliable 95 % level-of-
confidence intervals on the RF parameters. For stable summarization of results for specific materials, nmc
itself needs to be large.

Given the RF uncertainty, an inexact but reasonable graphical test for non-equivalency is for the entire
95 % level of confidence interval on the RF to be exterior to the ellipse. By this test and using the LOO-
PBMC intervals, CCQM-P41 PSMs A, C, and G are not equivalent to the ensemble with at least a 95 %
level of confidence.

Identifying influential materials

Figure 5 illustrates an exploratory graphical tool for identifying highly influential materials, comparing
the ¢; estimated with LAI-PBMC with those estimated with LOO-PBMC. Circles with crosses that are
not substantially on the diagonal line indicate materials that strongly influence the RF. Circles outside the
+2.45 standard uncertainty square are potentially anomalous, most probably as a result of underestimated
U(Vi) and/or ux(Ri). While PSMs B, F, G, C, and A appear potentially anomalous, only PSM A appears
strongly influential.

Identifying consequential materials

While the presence of a material in the GDR model may or may not strongly influence the consensus
solution, it presence may have consequence for the other materials in the study. Figure 6 visualizes the
consequences of including each of the CCQM-P41 materials in the GDR model. Inclusion of a material
has a negative consequence when its presence causes the & of one or more other materials in a given
PBMC iteration to change from being less than the critical distance of 2.45 to being greater than that
value. Likewise, inclusion of the material has a positive consequence when its presence causes the & of
one or more other materials to change from being greater than 2.45 to being less than that value. Defining
“strongly consequential” as causing at least one material's & to shift across the critical distance at least
half the time, PSMs C, G, and A are strongly consequential.
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Effect of excluding influential and/or consequential materials
Strongly influential and consequential materials must be identified and decisions made on whether or not

they should be included in the RF estimation. Figure 4c displays the results for the CCQM-P41 data after
excluding PSM A from the RF evaluation. The other eight PSMs appear to be metrologically equivalent,
albeit the u.(V;) for C, G, and | appear to be underestimated.

18-Dec-14 20 of 39



RM Comparison Studies

Step 4: Determine the Degrees of Equivalence
Definitions for “Degree of Equivalence” for Individual Materials

For comparisons of results for nominally identical samples of one material, the degree of equivalence for
a given result is defined in the CIPM MRA as: [7]
d, =X — Xref )

where x; is the reported result and xe is the reference value. The best possible di is zero, when the result
is identical to x.r. However, this definition is inadequate for studies where two equivalently important
sets of measurement results are compared.

Over a narrow analyte amount range

The signed orthogonal distance provides a consistent definition of the degree of equivalence for multi-
material studies where the uncertainties are approximately independent of the analyte quantity amount:

d, =SGNIv, ~V )illv, -V + (R - & )/ 3f (10)

where the function SGN(.) returns the signum (sign, £1) of its argument, SGN(\/i —\7) defines whether

the observed {Vi, Ri} pair is “above” or “below” the RF line, and division by ,[? ensures that the
measurement-related terms have the same scale as the assigned values.

Figure 7 contrasts the definitions of Equations 9 and 10 for three materials with measured V and R results
that lie on a line parallel to the RF but have very different measurement uncertainties: one with

u(R1) >> u(Vy), the second with u(Rz) = u(V2), and the third with u(Rs) << u(Vs). Using Equation 9,
material; (relatively heterogenous with an underestimated assigned uncertainty) would be considered
more equivalent than materials (relatively homogenous with an overestimated assigned uncertainty).
Using Equation 10, these materials are equivalently equivalent.

Over a wide analyte amount range
The definition of Equation 10 is not suited for studies involving materials having u(Ri) and u(V;) that are

proportional to the quantity amount (u(Ri)oc u and U(Vi)oc ). For such materials, it is more appropriate
to consider the percent relative degree of equivalence:

d,
(Vi +(Ri _&)/:é) 2

where the R; are transformed through the RF to have the same origin and scale as the V;.

%d, =100

Definition of the Uncertainty of the Degree of Equivalence for Individual Materials
For comparisons where Equation 9 is appropriate, the first-order uncertainty estimate for di is:
U p(di ) = I(p u(di)'

u(d,)= \/U(Xi )+ U ) =2 0% X JU(X JU(Xer )

where k; is the coverage factor intended to yield an expanded uncertainty such that the interval diU,(d;)
includes the true degree of equivalence with a p-level of confidence, u(x;) is the standard uncertainty of
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the reported value, u(xrr) is the standard uncertainty of the reference value, and p(xi , xref) is the

correlation between the reported value and the reference value. The magnitude of the correlation depends
whether the x; was used to help define the X and, if so, how the x.r was estimated. Note that when X is
a consensus estimate, ignoring the correlation term leads to larger u(di) and thus to optimistic equivalence
claims. When the interval dixUgs(d;) contains zero then the uncertainties in the two terms are considered
to adequately account for the observed bias.

For multi-material studies over either a narrow or wide range of analyte amount
Given the correlations among the & and B parameters of the RF and the {Vi, u.(Vi), R, U.(Ri)} from

which they were estimated, estimating u(d;) or u(%d;) and Usgs(di) or Ugs(%d;) with the usual Taylor’s
series approximation is a complex and a somewhat daunting task. However, PBMC again provides a
simple and transparent method for estimating the relevant uncertainties: evaluate the d;or %(d; during
each of the nuc PBMC analyses and then empirically summarize these results as described above. This
includes all of the correlations in the estimates without requiring their explicit estimation.

The effect of the p(x,, /z) correlation can be eliminated for each of the materials by using LOO-PBMC

results to estimate the uncertainties. This results in wider uncertainty intervals for most materials, with
the magnitude of enlargement depending on the number of materials in the data set, the magnitudes of the
observed uncertainties, and the location of the observed values within the data set.

Reporting RF Degrees of Equivalence for Materials

When symmetric 95 % level of confidence intervals are used, the di or %d; PBMC-estimated dixUgs(d;) or
%dixUgs(%d;) can be reported using the same tabular and graphical formats as used with single-material
studies. Should asymmetric intervals be deemed the more appropriate summaries, the -Ugs and +Ugs
estimates should be treated separately. Figure 8a illustrates a dot-and-bar plot of dixUgs(d;) intervals for
the entire ensemble of CCQM-P41 materials as estimated using LOO-PBMC. This plot differs from the
usual format used for single-material comparisons only in that the horizontal axis displays the certified
values rather than an equally-spaced and often arbitrarily ordered label for each result.

The Effect of Excluding Consequential Materials

While highly influential and consequential values can strongly bias an reference value when estimated
using methods that are inappropriate to the actual distribution of values [42], the resulting bias affects all
of the values in the study in the same manner and is therefore likely to be closely scrutinized. This is not
true with reference functions. Figure 8b displays the dixUgs(d;) for the CCQM-P41 materials with
Material “A” excluded from the RF calculations. Note in particular the changes for materials “B”, “D”,
and “I”: the effect of excluding a material is dependent on the relative locations of the materials. It is
thus critical that any and all concerns about influential materials be identified and resolved quickly and
transparently.

Definitions for “Degree of Equivalence” for Organizations
For RM comparisons that involve more than one material from some participating organization, the

results for all of the materials from each participating organization need to be combined in some manner
to estimate the degrees of equivalence of that participant’s certification capabilities. While the
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established methods for combining such results have pitfalls [43], assuming Gaussian distributions and
averaging the dixUgs(d;) for every material has the advantage of simplicity. A degree of equivalence for
each participant, D£Ugs(D), can be estimated as:

D= Zn:di/n; Uy (D)=2u(D)

U95(d1)/2 n=1

u(D)= \/Z(Ugsz(sz/n{g(di—D)z/n—ljz n>1

where i indexes over the n materials submitted by that participant.

While relatively straightforward, defining u(D) from the between- and within-material uncertainties does
not address the possible influence of non-Gaussian distributions. However, the same PBMC analysis
used to estimate the dixUgs(di) can be used to estimate the D+Ugs(D). Assuming that the same sufficiently
large number of pseudo-values are available for all materials:

D, =PTI LE(SO, U(d,, )j
i=1

Uy(D,, )= (PTILE(97.5, U(d, )) _ PTILE(Z.S, U(dg, )Dlz

where LnJ(di) is the union of all the PBMC pseudo-values for the materials submitted by the participant.
i=1

This estimate for Ugs(D) assumes that the distribution of the combined d; is approximately symmetric. If
this assumption is not viable, asymmetric intervals can be estimated as discussed above. Relative degrees
of equivalence, %D+Ugs(%D), can be estimated using the same formula applied to the analogous %(d;
estimates.

Reporting Degrees of Equivalence for Certification Capabilities

The DxUgs(D) or %D=Ugs(%D) can be reported in the same formats used with the di or %d; for individual
materials. However, with the focus on participants rather than materials, the horizontal axis of the dot-
and-bar graphs should use the ordering formats used with single-material comparisons. In addition, it is
informative to plot the component di£Usgs(di) dot-and-bars to one side of their summary D+Ugs(D) values.

Figure 9a displays dixUgs(d;) for the CCQM-P73 study, where each participant prepared two NO in N
PSMs of somewhat differing NO amount [25]. The dot-and-bars are labeled with a code character for
each participant followed by a digit reflecting the relative NO amount. While a number of the materials
are not equivalent, none of the materials has high influence.

Figure 9b displays the D£Ugs(D) for the CCQM-P73 data, with the estimates for the participants
displayed in alphabetical order. The dixUgs(d;) for the participant’s materials are displayed to the
immediate right of each participant’s D+Ugs(D) dot-and-bar. Displaying the dizUgs(d;) along side the
DxUgs(D) enables the viewer to identify the relative consistency of the evidence for each participant.
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Acronyms and Symbols

Acronyms

ANOVA analysis of variance

CCQM Consultative Committee for Amount of Substance - Metrology in Chemistry

CIPM MRA Comité International des Poids et Mesures Mutual Recognition Arrangement

DI designated institute

GAWG Gas Analysis Working Group

GDR generalized distance regression

GUM Guide to the Expression of Uncertainty in Measurement

LAI leave all in

LOO leave one out

MCMC Markov chain Monte Carlo

NMI national metrology institute

OAWG Organic Analysis Working Group

oLS ordinary least squares

PBMC parametric bootstrap Monte Carlo

PSM primary standard gas mixture

RF reference function

RM reference material

Functions

MAX(.) maximum value in specified set of values

N(u, &) Gaussian distribution of specified mean and variance

PTILE(p,q) given percentile of a specified set of values

SGN(.) signum or “sign” (x1) of a value

ts(p,v) Student’s t expansion factor for a specified coverage probability and number of degrees of
freedom

U union of specified sets of values

Meta-symbols

when to the left of a mathematical expression, indicates “is distributed as”
when above a symbol, indicates an estimated quantity
{} adefined set of values

Symbols

a intercept

B slope

& residual difference for the i material

E residual random error

" between-unit differences of the i'" material

within-unit differences of the j" aliquot of the i*" material
mean

®r &
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correlation

standard deviation

between-aliquot imprecision for the i" material

between-campaign imprecision for the it" material, also the confounded between-campaign and
between-unit imprecision when one unit is evaluated in each campaign
repeatability imprecision for the i material

between-unit imprecision for the i"" material

degrees of freedom

degree of equivalence for the i'" material

degree of equivalence for a particular NMI/DI in a KC

degree of equivalence for the i material as a percentage of the value
degree of equivalence for a particular NMI/DI in a KC of the value
index over materials

index over campaigns and/or units

index over replicates or aliquots

index over replicates

coverage factor to provide coverage at a p-percent level of confidence
number

number of aliquots of each unit

number of measurement campaigns

number of materials

number of replicates of each aliquot or unit

number of units of each material

probability

PBMC estimates of the quantity Q

generic symbol for a quantity

generic representation of “instrument response”

instrument response for the i material

instrument response for the i material in the j» measurement campaign
standard uncertainty

“large sample” standard uncertainty

half-width of the p-% level of confidence expanded uncertainty
half-width of the 95 % level of confidence expanded uncertainty
half-width of the 95 % level of confidence expanded uncertainty
generic representation of “assigned value”

assigned value for the i'" material

participant-reported measurement result for a given study material
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Figure 1:
a)

b)

c)

Figure 2:
a)

b)

Figure 3:

Figure 4:
a)

b)
c)

Figure 5:

Figure Captions

Experimental designs for comparisons of RMs

One-factor with summary data design for single units of uniform composition; “i”” indexes the
unique materials, “n¢” is the number of measurement campaigns, and the dotted line represents
“repeat”

One-factor with replicated data design for batch-certified materials of uniform composition;
format as above with “Unit” denoting a unique container of the i'" RM, “n,” the number of such
units, “R” an independent replicate measurement and “n,” the number of such measurements.
Two-factor nested design for batch-certified materials of potentially non-uniform composition;
format as above with “A” denoting independent aliquots of a unique container of the i"" RM and
“ny” the number of such aliquots.

RegViz graphical displays of CCQM-P41 CO, GDR analysis.

Low-resolution overview scatterplot; the assigned values are plotted along the horizontal axis
and the repeatability measurement responses along the vertical axis. The diagonal red line
represents the RF. The small black crosses represent the {VitUgs(Vi), RixUgs(Ri)} for the nine
PSMs. The blue symbols, “A” to “I”, identify the PSMs as sorted from smallest to largest
amount of CO,.

High-resolution thumbnail scatterplot; each thumbnail displays the extent of agreement
between the RF and {Vi, R} for one PSM. All of the thumbnails have the same scale, set by the

largest Ugs(Vi) or Ues(Ri)/ ,B of any material. The red lines represent the RF in relation to each

material. The black ellipses enclose about 95 % of the density for the bivariate normal
distribution N(Vi, u«(V;), Ri, U=(Ri). The dots centered in the ellipses mark {Vi, Ri}.

Key attributes of the thumbnail ellipses.
The diagonal red line represents the RF, the closed blue circle marks {Vi, Ri}, the open blue

circle marks {\7i , Iii }, and the diagonal blue line between them represents the uncertainty-
weighted distance, &, between the observed values for the material and the RF. The thin blue

lines and associated curly braces designate lengths along the V and R axes. While the figure
uses an RF having unit slope to simplify the discussion, the image can be generalized by

dividing the “R”-related terms by the estimated slope, [A.

Comparison of GDR RF models for CCQM-P41 CO..

RF as in Figure 2b with Ugs(RF) estimated with “Leave-All-In (LAI)-PBMC; the green lines
bounding the RF line represent the empirical 95 % level of confidence interval on the RF.

RF as in Figure 2b with Ugs(RF) estimated with Leave-One-Out (LOO)-PBMC.

RF estimated excluding PSM “A” with Ugs(RF) estimated with LOO-PBMC. The red label and
circle in the first thumbnail indicate that the material is excluded from the RF estimation.

Identification of Influential Materials CCQM-P41 CO,.

Each labeled circle represents the uncertainty-scaled distance for one PSM as estimated for the
entire ensemble, &i a1, (horizontal axis) with that estimated for all PSMs except itself, iLoo.
The bars represent PBMC-estimated 95 % level of confidence intervals on each of the two
estimates. The black diagonal line represents equivalence between the two estimates. The red
square bounds the -2.45 to +2.45 standard deviations region that is expected to include about
95 % of normally distributed values.
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Figure 6:

Figure 7:

Figure 8:
a)

b)

Figure 9:
a)

b)

Identification of Consequential Materials for CCQM-P41 CO..

Each labeled circle represents the percentage of 1000 PBMC analyses where the presence of
the material causes the &i oo, for at least one other material to become larger than the 2.45
critical distance (a negative consequence, plotted along the horizontal axis) or become less than
2.45 (a positive consequence, plotted along the vertical axis). The bars represent estimated

95 % level of confidence intervals on the two percentages. The red lines mark the 50 %
consequential thresholds. Materials whose presence in the data set does not have a very strong
negative or positive consequence for any other material are located to the bottom left.

Contrast of two definitions for “degrees of equivalence”.

Consider three materials that are uniformly offset from the RF but that have very different
measurement uncertainties: u(R1) >> u(V1), u(R2) = u(V2), and u(Rs) << u(Vs). The assigned
values are plotted along the abstract horizontal axis and the repeatability measurement values
are plotted along the abstract vertical axis. The red line represents the RF, the blue dots
represents the observed measurements, the red dots represent the GDR estimates, the length of
each black line connecting the observed and estimated values represents the uncertainty-
weighted distance, and the ellipses represent the 95 % level of confidence area about the
observed values. The dashed blue line through the blue dots and parallel to the RF is provided
to emphasize that the three materials are the same unweighted distance from the RF.

Dot-and-Bar plots of the degrees of equivalence for CCQM-P41 CO..

LOO Degrees of equivalence estimated for all nine PSMs. The vertical axis displays the
degrees of equivalence, di; the horizontal axis displays the certified values, Vi, Each open
square represents the d for one PSM and its associated vertical bar represent the Ugs(d)
confidence interval. The horizontal red line represents zero bias between the observed and
predicted values. The horizontal grey lines are visual guide lines.

Degrees of equivalence estimated with PSM A excluded from the GDR model. The excluded
material is marked with an open circle. Note that the d for PSM A does not change: a material
is always excluded from its own evaluation in a LOO evaluation.

Dot-and-Bar plots of the degrees of equivalence for CCQM-P73 NO.

Degrees of equivalence of individual PSMs; format as in Figure 8. All PSMs shown as
excluded from the GDR model were not included in the original analysis as being technically
suspect or used as controls [25].

Degrees of equivalence of the value-assignment capabilities of the participating organizations.
The format is similar to that of Figure 8, but the horizontal axis is used to segregate the
organizations. Each solid circle represents the Days for one participant and its associated
vertical bar represent the Ugs(Dabs) confidence interval. The open symbols and their vertical
bars represent the dapsi +Uos(dabsi) for the PSMs value-assigned by that participant.
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FIGURE 3
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FIGURE 5
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RF:R=d+ BV
For simplicity, let ,3’ ~Jand the
distance between lines = z.

Instrument Response, R ——>

FIGURE 7
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FIGURE 8
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FIGURE 9
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