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Abstract

The effect of correlation on transition probabilities for transitions in Mo vi from 4p®4d 2D and
4p®5s 28 to 4ptaf, 4p®Sp, 4p®sf, 4p’4d? with J = 1/2-7/2 is investigated. Non-relativistic
correlation studies show the near degeneracy of 4p°4d>(*F) 2F° and 4p°4d’(!G)*F°
configuration state functions and their strong interaction with 4p°5f 2F°. The
multiconfiguration Dirac—Hartree—Fock method is used to include relativistic effects and
correlation simultaneously. Wavefunction composition is compared with other theory and with
the least-squares fitted values recently published by Reader (2010 J. Phys. B: At. Mol. Opt.
Phys. 43 074024). Transition probability data are provided along with data required for
accessing accuracy. Results are compared with other published values.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Mo v1 is a member of the rubidium iso-electronic sequence
whose ground state is 4p%4d 2D3/2. The presence of
4p34d? and 4p>4d5Ss perturbers in the 4p®np 2P° and 4p®nf
2F° Rydberg series greatly adds to the complexity of the
spectrum.

The first energy level assignments for 4p°nl levels of
this spectrum were already made in 1934 [1] and have
been followed by numerous studies. According to Tauheed
et al [2], by 1978 Cowan [3] had found that the 4p4d>
configuration was needed to match computed wavelengths
with observed wavelengths. Tauheed ef al [2] undertook an
analysis of the Mo vi spectrum and identified 38 transitions
from 4p’4d’> to the 4p°4d ground state. They reported
weighted oscillator strengths along with wave numbers for the
levels. Kancerevicius et al [4] repeated the analysis for spectra
that included lines from higher members of the Rydberg series
and also the 4p°4d5s configuration. Only five of the Tauheed
et al [2] levels were confirmed. Noting discrepancies in these
two semi-empirical studies, Pan and Beck [5] performed a
detailed ab initio study of 4p°nd (n = 4-6) J = 3/2 to 4p®4f
(n = 4-6)and 4p54d2 (J = 5/2) transitions using a relativistic
configuration interaction (RCI) method. They reported length
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and velocity f-values, generally in agreement between 1
and 15%, and compared the length values with those of
Tauheed et al. Most recently, Reader [6] has remeasured
the spectrum, and classified a total of 112 energy levels based
on a least-squares fitting (LSF) process using Cowan’s HFR
method [3]. Also reported were transition probabilities for
electric dipole transitions between these levels. Although there
is general agreement with the Pan and Beck values, there are

also some significant differences.
This paper reports a more extensive study of correlation

and its effect on transition probabilities for transitions
from the 4p64d 2D3/2,5/2 and 4p655 251/2 levels of Mo vI.
Transition probabilities and some wavefunction compositions
are compared with the most recent values reported in the
literature [5, 6].

2. A non-relativistic approach

The Mo™ ion is only moderately relativistic. At the same
time, it is sufficiently ionized that there is little LS term
dependence of orbitals. This simplifies correlation studies that
can be investigated most readily in non-relativistic theory such
as the variational multiconfiguration Hartree—-Fock (MCHF)
method [7].

© 2011 IOP Publishing Ltd  Printed in the UK & the USA


http://dx.doi.org/10.1088/0953-4075/44/12/125001
mailto:Charlotte.Fischer@nist.gov
http://stacks.iop.org/JPhysB/44/125001

J. Phys. B: At. Mol. Opt. Phys. 44 (2011) 125001

C F Fischer

Table 1. Some CSF expansion coefficients and their contribution to the wavefunction composition (in % ) from SD and SDT calculations
for 4p°5s 2S. The LS quantum numbers for equivalent electrons of a subshell are enclosed in parentheses whereas the resultants from

coupling two subshells are given in square brackets.

SD SDT
CSF Coefficients Composition Coefficients Composition
4s24pS5s 2S 0.976 08 95.27 0.97361 94.79
4s24p*CP)4d*(*°P)5s 28 —0.096 84 0.94 —0.10252 1.05
4s24p*('D)4d*('D)5s %S —0.08723 0.76 —0.093 32 0.87
4s24p34d['P]5p 2S 0.083 16 0.69 0.091 81 0.83
4s24p*(1S)4d*(19)5s 2S 0.083 14 0.69 0.08842 0.78
4s4p>4d[*F]5s5f 2S 0.04075 0.17 0.04115 0.17
4s4p>4d[*F]4f5s 2S 0.03571 0.13 0.03537 0.13

In the MCHF method, the wavefunction for an atomic
state function (ASF) W labelled y LS is a linear combination
of configuration state functions (CSFs) of the form

W(yLS) =) c;(LS)D(y;LS), ey
i

where ¢;(LS) is the expansion coefficient of the j'th CSF
®(y;LS) for which the configuration and its coupling are
specified by y; LS. The CSFs are built from sums of products
of one-electron spin-orbitals:

1
¢n1m,md- = ;Pnl (r)Yqu (9’ (P)mea (2)

where P, (r) is a radial wavefunction. The expansion
coefficients, c;(LS), and the corresponding total energy,
E(LS), are an eigenvector and eigenvalue, respectively, of
the interaction matrix of these CSFs. In variational methods,
both the radial function and the expansion coefficients are
optimized for a stationary energy.

The accuracy of the wavefunction depends on the CSFs
included in the expansion as well as the radial functions.
For a level whose wavefunction expansion contains a single
dominant CSF, a common expansion is one that includes
CSFs from single (S) and double (D) substitutions (or
excitations) from occupied orbitals of the CSF to unfilled
orbitals of the active orbital set. Such a calculation is referred
to as an SD calculation. Accuracy can be improved by
extending the orbital set or by also including CSFs from
triple (T) or quadruple (Q) substitutions. The latter can
quickly lead to excessively large expansions as the active
set increases. A more manageable procedure is to apply
the SD process to a set of CSFs, known as the multi-
reference (MR) set. Typically, calculations are performed
systematically with the maximum principal quantum number
n of the active set increasing sequentially by unity, introducing
anew ‘layer’ of orbitals ns, np, ... to the active set [8]. All
calculations were performed using the atsp2k computer code
[9] that relies on biorthogonal transformations [10] to compute
transition probabilities for separately optimized, and hence
non-orthogonal, initial and final states.

As a simple example, table 1 reports some of the
CSFs, in decreasing order of contribution to the wavefunction
composition (in %), from a calculation in which the SD process
was applied to the 4s24p°®5s reference CSF and the active set
includes all orbitals withn < 6and/ < 5, referredtoasann =

Table 2. Computed total energies (in hartrees, E;,) and energy levels
relative to the ground state (in cm™'). The LS quantum numbers for
equivalent electrons in a subshell are enclosed in parentheses
whereas the resultants from coupling two subshells are given in
square brackets.

Level ASF LS  E(total)(E}) Level (cm™")
1 4p®4d ’D —3970.61155 0
2 4p65s S —3970.02996 127645
3 4p®5p 2P —3969.73601 192158
4 4p4af ZF° —3969.38106 270060
5 4p’ 4d*('D) 2D°  —3969.20527 308641
6 4p°4d>(F) 2F° —3969.20233 309287
7 4p%4d2('D)  2P°  —3969.17559 315156
8 4p°4d>('D) 2F° —-3969.14505 321859
9 4p°4d*(P) D° —3969.07345 337572

10 4p°6p Zp° —-3969.02393 348442

1 4p°ad2('S)  2P° —3968.98116 357828

12 4p°5f 2F° —3968.93787 367328

13 4pd5f 2R —3968.77601 402853

14 4p°4d(P)  2P°  —3068.74846 408898

15 4p°4d>(F) 2D°  —3968.71355 416560

16 4p®7p 2P —3968.68660 422477

17 4p°4d[*P]5s  ZP°  —3968.60680 439991

18 4p54d[3F]55 2F° —3968.56751 448614

19 4p°4d['D]5s  *D° —3968.51070 461081

20 4p®8p Zpe —3968.50150 463101

21 4p°4d['F]5s  ZF°  —3968.49818 463829

22 4p°4d[°D]5s ’D° —3968.47463 468998

23 4p°4d['P]5s  ZP°  —3968.11371 548210

6 active set. Also reported are the expansion coefficients and
the contributions to the composition. Note that the dominant
CSF accounts for about 95% of the wavefunction composition.
Table 1 also shows that additional CSFs affect the expansion
coefficients of the larger contributors to correlation. In this
case, all coefficients of correlation components have increased
in magnitude when the expansion included more CSFs.

In this study, rather than determine an MR set, SDT
excitations from 4s%4p®4d for even parity states and from
4s24pO4f or 4p>4d? for odd parity states were used to generate
expansions for the n = 5 active set. Table 2 lists the states
for which wavefunctions were determined. All started with an
SDT expansion from either an even or odd reference CSF to the
n = 5 active set of orbitals. This procedure was adequate for
the 4p®4d ground state. Other calculations required additional
orbitals and hence additional CSFs. These were added to the
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CSFs from the n = 5 calculation with the expansion constraint
that there be no excitations from the 4s? subshell and that there
be at most two orbitals with principal quantum number n > 6.
When necessary, CSFs with expansion coefficients less than
0.0001 were eliminated before new CSFs were added. For the
even 4p6nl states, nl/ = 4d, 5s, the orbitals were optimized on
a single energy level. In the case of the remaining 2P°, 2D°
and 2F° states, an extended optimization scheme optimized the
average of all levels of the configurations with the same LS
terms. Only the 4p®4f and 4p®5f ASFs were included in the
2F° calculation. For ?P?, calculations included 4p®np, n =5-8,
but 4p®9p was present in the expansion to represent the
remainder of the 4p®np Rydberg series.

In table 2 the label of the ASF was taken to be that of
the CSF in the expansion with the largest coefficient. With
this classification, two levels have the same 4p65f label. In
this case there is a strong interaction between three CSFs:
4p°4d*('G) 2F°, 4p°4d*(°F) 2F° and 4p®5f 2F°. Furthermore,
the first two CSFs are close in energy. When only two CSFs
interact, the largest components of the two eigenstates are
unique unless the CSFs are degenerate [11]? in which case
they can be classified by a phase factor, namely the relative
sign of the two expansion coefficients. The largest components
are also dominant components in that their contribution to the
wavefunction composition is greater than 50%. When three
CSFs interact, the largest component may be the same for two
states even when all energies are non-degenerate [12]. Figure 1
depicts the present interactions and shows the uniqueness of
the phases. In the first stage it is assumed that the interaction
with the CSF highest in energy (4p®5f in this case) is zero, and
that only the interaction between the lower, nearly degenerate
CSFs ( 4p°4d’('G) and 4p°4d’(°F) ) is present, yielding two
states, each with unique dominant components but one with
an energy higher than that for the third CSF. The final stage
includes all interactions, resulting in two states with the same
largest component. In practice, labels can be assigned first for
the state with the largest component after which this CSF is
removed from further consideration (see [12] for a discussion
on labels and notation). In the case shown in figure 1, the 4p®5f
label is first assigned to the second state of stage 3, and then
4p°4d?(' G) to the lowest, leaving 4p°4d? (*F) for the remaining
highest state. Although phases uniquely define the states, they
have not been used in atomic spectroscopy although they have
been used in autoionization studies in He [13]. Note that,
when other interactions interchange the order of the nearly
degenerate levels of figure 1, the labels at stage 3 would also
change, although the phases would remain unchanged.

For non-relativistic calculations whose ab initio energies
do not include a relativistic correction, a useful test of accuracy
is a comparison of the length and velocity values of the line
strength for electric dipole (E1) transitions. Table 3 reports the
transition energy (in cm~') along with the length and velocity

2 Degeneracy is more common between different LS terms of a configuration.
For example, Hartree—Fock energies for ! L and > L terms of p>! are degenerate
[11]. This degeneracy is broken to some extent by correlation but if L > 0 the
two terms have a J value in common, the relativistic effect will have a large
effect on the composition. When correlation effects are also present, different
ASFs may have the same largest component. In this case levels are generally
labelled in [jK] coupling.
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Figure 1. Graphical representation of interactions between three
CSFs: (i) 4p°4d*('G)2F°, (ii) 4p>4d>(CF)2F°, (iii) 4p°5f 2F°. At
each stage, the expansion coefficients and their phases are shown.
Stage 1—no interaction; stage 2—interaction between (i) and (ii);
stage 3—interaction between all three.

values of the line strength. The velocity form is dependent on
the transition energy but an accuracy of 1-3% in the transition
energy is adequate. The *D—-?F° transitions have the best
agreement between the two forms.

Of particular interest is the line strength for the 4p®5s 2S—
4p°4d['P]5s 2P transition. The Hartree—Fock line strength
for this transition is 11.92 and 6.85, respectively, for length
and velocity forms. The present calculation has reduced the
line strength somewhat and improved the spread significantly.
At the same time, the line strength remains strong. Reader
[6] reports the composition of the main component to be
97.5% 4p>4d['P]5s, whereas in the present calculation this was
reduced to 85% mostly through the inclusion of an interaction
with the remaining Rydberg series. The interaction was not
found to be strong and 4p>4d['P]5s 2P’ appears not to be
spread among the Rydberg series. The term is below the
ionization limit which would imply that the transition could
be observed.

In conclusion, line strengths of good accuracy were
obtained from the expansions used in this calculation for
allowed E1 transitions. ~SDT excitations were used in
order to capture all important correlation effects. The most
important were 4p> — 4d? substitutions and CSFs obtained
by promoting one orbital to 5/ and rearranging the core to the
appropriate symmetry for the term. In particular, details of this
study showed that single excitations from 4s are important but
that double excitations could be omitted though the number
of such excitations are relatively small and do not contribute
significantly to the computational effort. On the other hand, an
inactive 4s orbital prohibits a large number of 4s4p excitations.

3. Multiconfiguration Dirac-Hartree—Fock
calculations

In multiconfiguration Dirac—Hartree—Fock (MCDHF) calcula-
tions, the ASF for a specific J and parity is expanded in CSFs
defined in terms of two-component one-electron orbitals and
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Table 3. Comparison of the MCHF length (S;) and velocity (S,) line
strengths as a check on the accuracy of the non-relativistic
wavefunction. The LS quantum numbers for equivalent electrons in
a subshell are enclosed in parentheses whereas the resultants from
coupling two subshells are given in square brackets.

Upper level AE (cm™) 5 S,
(i) 4d 2D- 2F° transitions
4po4f 2F° 270060 3.00513 2.85991
4p°4d*(°F) *F° 309287 0.43359 0.43832
4p°4d*('D) 2F° 321859 1.08906 1.08634
4p®5f 2F° 367328 547730 547610
4p°5f 2F° 402853 16.8229  16.4731
4p°4d[*F]5s 2F° 448614 1.19024  1.17290
4p°4d['F]5s 2F° 463829 0.30971 0.28891
(i) 4d >D- ?P° transitions
4p®5p 2P° 192158 2.64572 2.86857
4p°4d*('D) 2P° 315156 0.01049 0.01400
4p®6p 2P° 348442 0.11446 0.11231
4p°4d*('S) 2p° 357828 0.00318 0.00359
4p°4d>(°P) 2p° 408 898 9.26172 9.15720
4p®7p 2P° 422476 0.22270 0.21551
4p°4d[°P]5s 2P° 439991 0.42043 0.41940
4p®8p 2P° 463101 0.06877 0.06546
4p°4d['P]5s 2P° 548209 0.06149 0.05334
(iii) 5s 2S — 2P transitions

4p®5p 2p° 64513 9.39687 7.88955
4p°4d*('D) 2P° 187511 0.00225 0.00207
4p®6p 2P° 220797 0.21755 0.20955
4p°4d*(1S) 2p° 230183 0.00038  0.00020
4p°4d*(P) 2p° 281253 0.00333  0.00331
4p%7p 2P° 294832 0.11244  0.10879
4p°4d[*P]5s 2P° 312346 0.00008  0.00024
4p°8p 2p° 335456 0.07488 0.07381
4p°4d['P]5s 2P° 420565 9.28593  8.86681

the orbitals themselves are j-dependent. Thus, the number of
orbitals in the n = 5 active set is almost twice that for the
non-relativistic case. Triple excitations are not feasible and
a more targeted MRSD approach is needed. The important
components have been identified in the non-relativistic calcu-
lation.

Variational methods minimize an energy functional that
can be defined as the energy of a particular state or a
weighted average of a number of states. Although the energy
is important in transition probability calculations, equally
important is the line strength [7, 14, 15]. In the GrRasP2K code
[17] used in these calculations, the line strength is computed
in both the Babushkin and Coulomb gauges whose non-
relativistic limits are the length and velocity form, respectively.
In this paper, we refer to these relativistic gauges simply as
length and velocity.

Contributions to the general reduced transition matrix
element, whose square defines the line strength, are of the
form

(YLSIIOIlY'L'S"y =Y cicj (v LS||O|ly/L'S),  (3)
ij

that is, a sum over reduced matrix elements between pairs
of CSFs. Of particular interest are the contributions where

Table 4. Comparison of MCDHF line strengths for 4p®5s—4p®5p
transitions without and with 4p°4d['P]5p in the MR set for 4p°5s.
The active set for the latter was the n = 5 set with an additional 6s
orbital.

Without With
Transitions S Sy Spread S, S, Spread
12-1/2 3210 2444 24% 3.144 2.704 14%
12-3/2  6.423 4937 23% 6.292 5410 14%

either ¢; or c¢; is large but not both. These define ‘first-
order corrections’ to the line strength, a concept formalized
by Nicolaides and Beck [16]. In the case of the 4p®5s—4p®5p
transitions, an important contribution arises when the 4p
orbital in 4p®Sp is replaced by a 4d orbital, namely the
4p>4d['P]5p CSF that is a correlation component of the 4p®5s
wavefunction. Although a contribution to the composition
of less than 1% is usually considered negligible, these CSFs
have a special effect on the line strength if the radial transition
integral is larger than that between dominant components, or
if the angular factor is larger. Also contributions are summed
before the line strength is squared and this either enhances the
line strength for a given contribution if they are of the same
sign or reduces the line strength if the contributions are of
opposite sign [8].

First-order corrections are included in SD expansions but,
given their importance to the line strength, the question arises
whether such CSFs should be included in the MR set so that
they contribute to the wavefunction expansion. Table 4 shows
the difference in the two sets of line strengths, without and
with an important component in the MR set. There has
been a significant improvement in the spread of length and
velocity values of the line strength. Most of this improvement
is due to a change in the velocity value, reinforcing the general
observation that the length form of the line strength is the more
reliable form.

Table 5 shows the six sets of calculations that were
performed. The first four are 4p%nl calculations, [ = 0-3,
for the lowest J of each symmetry. Listed are the MR set, the
eigenstate of the interaction matrix for each J and parity and the
length of the expansion of the final wavefunction, after small
contributions have been eliminated from long expansions. The
next two calculations optimize on a range of states. The first,
including J = 1/2 and 3/2, is the equivalent of the 2P’ non-
relativistic calculation except that *Dj 1» levels are included
and the 4p°4d5s ASF states are omitted along with 4p®6p,
n > 6. In the case of >F° calculations 4p°4d’> CSFs needed to
be included in the MR set, consequently 4p>4d* CSFs are part
of the expansion. This configuration has many couplings that
result in larger expansions, even after those with an expansion
coefficient less than 0.0001 have been removed. Because
calculation 6 has many eigenstates (2—13 for J = 5/2 and
2-11 for J = 7/2), the final expansions are considerably
larger.

The radial functions for the present study were determined
in the Dirac—Coulomb approximation using the Grasp2k code
[17]. A separate RCI calculation included Breit and QED
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Table 5. The MR sets, eigenstates, orbitals and size of the final,
condensed MCDHF wavefunction expansions for states of Mo vi.
The eigenstates are specified by the J-value and the range of
eigenvalues of the interaction matrix.

Calculations MR set Orbitals Eigenstate Size
1 4pSad, 4p°4d['Pl4f n =5 3/2(1) 4878
5/2(1) 5162
2 4pS5s, 4p°4d['P]5p n =5, 6s 1/2(1) 1308
3 4p%5p, 4p°4d['P]5s n =5,6s,6p 1/2(1) 4811
3/2(1) 6373
4 4pbaf, 4p>4d? n=>5 5/2(1) 11779
7/2(1) 15516
5 4pS5p, 4p°6p n=>5,6p 1/2(2-13) 5725
+4p34d> 3/2(2-11) 8943
6 4pSaf, 4p°sf n=>5,6f 512(2-13) 50907
+4p>4d? 7/2(2-11) 50472

corrections after which expansions were transformed to LSJ
for labelling purposes. Table 6 shows the largest LSJ
component of each ASF, the total energy (in Ej), the energy
level relative to the ground state and the difference between
the computed energy level and the value reported by Reader
[6]. Since the focus of this calculation was on transition
probabilities, no effort was made to improve the agreement.
An ab initio calculation requires a balance in the correlation
that is included. Ideally, the calculated total energy,

Ecqc. = Eexact + Eerror,

should be such that E.q, is the same for all levels thereby
ensuring that energy differences with respect to the ground
state are close to observed values. Clearly evident is the fact
that the 4p°®5s 2S and 4p®5p 2P states are too low. This could
be ‘improved’ by eliminating some CSFs in their expansion,
thereby raising the energy but not improving the wavefunction.
Restricting the CSFs in the MR set to 4p°4d['P]n/ coupling
adversely affects the fine-structure splitting. Since the quartet
states are not important for transition probabilities, they were
not included in the optimization process of the radial orbitals.
Furthermore, the / = 1/2,3/2and J = 5/2, 7/2 results were
from different calculations and so the energies for “D° states
(numbers 8—11) are not in the observed order. The process
of eliminating small components of the wavefunction had a
negligible effect on lower levels but contributed significantly to
the last four levels. Unlike the non-relativistic calculations the
largest component in LSJ is unique and was not sensitive to
the correlation included. The labels of levels 20 and 22 are
not the largest component in the LSF calculation reported by
Reader [6]. In the case of >F° states, the near degeneracy
present in the three strongly interacting CSFs as depicted in
figure 1 is now J dependent. To apply this simple interaction
concept, the initial CSFs must be replaced by intermediate
states that include other interactions. For J = 5/2, 4p>4d>(°F)
2D° influences the interactions and for J = 7/2, 4p°4d*('G)
2Ge. With these and other interactions, the lowest intermediate
state for J = 5/2 is 4p°4d>('G)?F°, whereas for J = 7/2
it is 4p°4d’(PF)’F°. In Reader’s LSF calculation, the largest
component for level 20 was 4p>4d” (*F)*F° and that for level 22

Table 6. Computed MCDHF total energies (in E}), energy levels (in
cm~!) and their difference with levels from observed [6].

No Label J Total E Level Difference
1 4p®4d2D 3/2 —4038.433948 0 0
2 4p%4d°D 5/2 —4038.421410 2752 168
3 4p%5s %S 1/2 —4037.893950 118516 —1210
4 4p°5p %P 1/2 —4037.608079 181257 —1147
5 4p°5p %P 3/2 —4037.584731 186381 —950
6 4p%4f °F 5/2 —4037.213221 267919 871
7 4pS4f °F 712 —4037.212708 268031 574
8 4p’4d’C’F) “D 5/2 —4037.122050 287928 —1010
9 4p’4d’*(’F) *D 1/2 —4037.117960 288826 2590

10 4p°4d’CF) *D 7/2 —4037.109095 290771 —842

11 4p°4d’CF) “D 3/2 —4037.108902 290814 3564

12 4p°4d>CP) *P  5/2 —4037.066423 300137 —553

13 4p°4d’CF) *G  7/2 —4037.056860 302236 228

14 4p’4d*(’F) *G 5/2 —4037.052 143 303271 85

15 4p°4d*CP) *P  3/2 —4037.029999 308131 4057

16 4p’4d*('D)’D 5/2 —4037.025372 309147 272

17 4p°4d*CP) *P  1/2 —4037.018244 310711 3325

18 4p’4d*(’P) “F  3/2 —4037.015044 311413 4607

19 4p°4d>CF) *F  7/2 —4037.010294 312456 366

20 4p°4d*('G) ?F 512 —4036.996528 315477 321

21 4p°4d’(F)2F  7/2 —4036.990419 316818 341

22 4p’4d’CF) *F  5/2 —4036.983010 318444 —84

23 4p°4d*('D)?P 1/2 —4036.977217 319715 3920

24 4p’4d’(F)*F  3/2 —4036.976296 319918 4965

25 4p°4d*('D)’F 7/2 —4036.969018 321515 1427

26 4p°4d’(’F) G 7/2 —4036.929764 330130 1220

27 4p°4d’(P) ‘D 5/2 —4036.927632 330598 724

28 4p’4d’(*P) ‘D 7/2 —4036.922297 331768 561

29 4p’4d*('D) ?D 3/2 —4036.920067 332258 5048

30 4p°4d>(’P) ‘D 3/2 —4036.898247 337047 5353

31 4p’4d*('D) 2F 5/2 —4036.893106 338176 1105

32 4p°4d*(P) ‘D 1/2 —4036.879715 341115 4097

33 4pS6p 2P 1/2 —4036.868 075 343669 3098

34 4pS6p ’P 3/2 —4036.858 841 345696 3133

35 4p°4d>(*P) 2D 3/2 —4036.844 668 348806 5692

36 4p°4d’(*P)2S  1/2 —4036.841899 349414 2501

37 4p°4d>(*P) 2D 5/2 —4036.837746 350326 1042

38 4p’4d’(!G)2G 7/2 —4036.836815 350530 1828

39 4p°4d’(P)*S  3/2 —4036.826924 352701 5812

40 4p’4d*('S) 2P 3/2 —4036.783782 362170 6728

41 4pS5f°F 5/2 —4036.760533 367272 2169

42 4pS5f°F 712 —4036.751547 369244 1041

43 4p’4d*('S) 2P 1/2 —4036.716335 376972 6887

44 4p°4d’CF)’F  5/2 —4036.607537 400851 6806

45 4p’4d*('G)’F 7/2 —4036.578041 407324 8392

46 4p°4d’CP) 2P 1/2 —4036.540928 415470 12350

47 4p34d*(’P) *P  3/2 —4036.515004 421159 13253

48 4p°4d’CF) 2D 5/2 —4036.507 121 422890 10091

49 4p°4d’CF)?D 3/2 —4036.485610 427611 14328

was 4p°4d*(*F) *G. In essence, the second-largest component
has become the largest in the MCDHF calculation.

Table 7 compares the composition for several of the 2F°
states that have been reported. To some extent the contribution
for a particular CSF depends on the radial basis. What is
immediately apparent is that the MCDHF method produces a
more dominant composition for the 4p®5f 2F° state and that
there is not much difference between the simple calculations
that optimized on only 4p®4f, 4pS5f,4p34d>, 4p34d5d and
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Table 7. Comparison of CSF components for 4p°5f *F¢ ) ; .
4p°4d*(’F) *FY,, and 4p>4d*('G) *F ,. The 4p°nf components are
listed simply as 4f, 5f or 6f, whereas 4p°4d” 2F° CSFs are listed by
the term coupling of 4d? and 4p>4d*('G) %G simply as G.

5t CF) ('G) ('D) G 4f 6f

Level 41: 5f *Fs,

56 25 13 4 Pan and Beck [5]

54 25 Kancerevicius et al [4]
50 27 14 Reader [6]

68 14 5 7 MCDHF (extended)
75 13 5 4 MCDHF (simple)

Level 42: 5f 2F;

67 15 Kancerevicius et al [4]
64 16 12 Reader [6]

75 8 5 2 5 MCDHF (extended)
83 8 4 1 2 MCDHF (simple)

Level 44: 4p*4d°CF) *F}

46 26 25 3 Pan and Beck [5]

36 29 30 3 Tauheed et al [2]

43 24 Kancerevicius et al [4]

46 23 21 Reader [6]

20 35 33 5 1 MCDHF (extended)

18 38 36 6 MCDHEF (simple)
Level 45: 4p°4d*(' G) *F;,

27 38 31 3 Tauheed et al [2]

31 30 Kancerevicius et al [4]

33 25 29 Reader [6]

15 34 39 4 1 MCDHEF (extended)

14 37 43 1 5 1 MCDHF (simple)

4p°4d5g, J = 5/2 and 7/2, and the extended calculation
described earlier. At the same time, the 4p°5f contribution to
the composition of levels 44 and 45 is considerably reduced.
Kancerevicius et al, Tauheed et al and Reader all used the
LSF method of the Cowan code [3], which accounts for the
similarity between their results, but Pan and Beck [5] used
an RCI method in which orbitals of the reference set were
obtained from separate Dirac—Hartree—Fock calculations and
correlation orbitals were approximated by relativistic screened
hydrogenic orbitals with the effective charge determined
variationally. The MCDHF method, on the other hand, is a
variational method in which the radial functions are solutions
of coupled systems of differential equations. For the extended
calculations, all 4/ orbitals were obtained from expansions
that included SD excitations in the n = 4 complex. However,
the composition from the extended calculation does not differ
significantly from that of the simple calculation.

Table 8 reports the results for E1 transitions from 4p®4d
and 4p®5s to the odd levels reported in table 6. For each
transition the number of the lower level i and the upper level
k are listed. This is followed by transition data: A (in A)
from the observed energy levels [6], the length form of the
line strength S, the length form of the oscillator strength f, the
transition rate Ay; (in s~') computed using observed transition
energies, the unadjusted ab initio calculated value (in s~!) and
two indicators of accuracy for the calculation—the relative
error in the transition energy §E and the relative difference
between the length and velocity forms of the line strength
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Figure 2. Comparison of the ratio of semi-empirical transition rates
[6] and MCDHEF results reported in table 8 as a function of the
MCDHF f-value.

8T. The error in the transition energy is often < 1% and
generally < 3%. There is considerably more variation in §7'.
Many of the transitions with large § T are for doublet—quartet
transitions. Smaller values of §7 indicate that the transition
probabilities for transitions from 4p®4d 2D are more accurate
than those from 4p®5s 2S, in general.

Table 9 compares f-values for transitions from 4p®4d 2D
tothe J = 5/2 odd levels with values in the literature. Pan and
Beck [5] report both length and velocity values whereas Reader
[6] reports only the length values. On the whole, the present
length and velocity values are in better agreement with those of
Pan and Beck. An exception is the 2D, /2 transition to level 44,
namely 4p>4d*(’F)°F¢ , in the present classification where,
unexpectedly, the agreement with Reader’s value is excellent.
For level 44, table 7 shows that the Pan and Beck composition
agreed well with Reader’s but differed significantly from
MCDHF composition. Unlike RCI and MCDHF calculations,
the LSF calculation includes no SD excitations. Of particular
importance is the 4p>—4d” excitation in the initial state.
A simple MCHF calculation shows that including 4p*4d>
in the wavefunction for the initial state and with a final
state of only 4p®5f, 4p°4d’>(’F), 4p°4d2('D), 4p° (' G)?F°, the
additional component reduced the line strength by 20%.
Such a reduction brings Reader’s [6] value in agreement
with the Pan and Beck value [5]. For transitions to low-
lying levels, Pan and Beck’s length and velocity values
have a smaller spread than present values but for transitions
to higher levels the MCDHF values have better accuracy
indicators. Examples are transitions 1-27, 31 and 37 where
the first is an intercombination transition but the others are
LS allowed. These transitions also have small relative errors
in the transition energies, namely 0.004, 0.008 and 0.014,
respectively. The error estimate that has been proposed [18],
namely

A = Ay — Agi(ai)|+ (BE +8S) Ay, @

leads to the relative error estimates of 0.013, 0.021 and 0.027,
respectively, for these three transitions. Similar estimates
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Table 8. MCDHEF transition data for E1 transitions: lower level number i, upper level number k, wavelength A (observed, in A), line strength
S (Iength form), oscillator strength f (length form), transition rate A;; (computed from observed transition energy), Ay; (ai) (ab initio value),
relative error in the calculated transition energy 6 E compared with observed, relative difference in the length and velocity form of the line

strength § 7. The level number is the number of the level in table 6. The wavelengths are Ritz wavelengths computed from energy levels and
may differ by a few units in the third decimal place from the observed values.

i k1@ S f A (s71) Agi(ai) s7H SE T

1 4 548232 9.611e—01 1.331e—01 5.909e+09 5.798e+09 —0.006 0.035
1 5 533814 1.811e—01 2.576e—02 6.029e+08 5.938e+08 —0.005 0.050
1 6 374466 1.436e+00 2.912e—01 9.233e+09  9.324e+09 0.003  0.028
1 8 346.095 2.565e—04 5.627e—05 2.089e+06 2.067e+06 —0.004 0.129
1 9 349362 2.099e—04 4.562e—05 4.986e+06 5.122e+06 0.009 0.492
1 11 348129 7.932¢e—04 1.730e—04 9.523e+06 9.881e+06 0.012 0.145
1 12 332568 1.052e—03 2.403e—04 9.661e+06 9.608e+06 —0.002 0.201
1 14 329.831 3.726e—02 8.578e—03 3.507e+08  3.509e+08 0.000  0.091
1 15 328.867 5.845¢e—04 1.350e—04 8.323e+06 8.661e+06 0.013  0.076
1 16 323756 4.939¢e—04 1.158e—04 4.915e+06 4.928e+06 0.001 0.162
1 17 325324 6.169e—04 1.440e—04 1.815e+07 1.875e+07 0.011 0.048
1 18 325939 1.720e—02 4.007e—03 2.516e+08 2.631e+08 0.015  0.067
1 20 317303 2551le—01 6.106e—02 2.697e+09  2.705e+09 0.001  0.032
1 22 313944 5972e—02 1.445e—02 6.517e+08 6.512e+08 —0.000 0.027
1 23 316661 5.123e—03 1.228e—03 1.634e+08 1.696e+08 0.012  0.250
1 24 317508 1.298e—02 3.105e—03 2.055e+08 2.153e+08 0.016  0.001
1 27 303.146 8.532e—03 2.137e—03 1.034e+08 1.041e+08 0.002  0.004
1 29 305614 6.869e—04 1.707e—04 1.219e+07 1.276e+07 0.015 0.056
1 30 301.483 2.666e—02 6.716e—03 4.929e+08 5.171e+08 0.016  0.042
1 31 296.673 2.898e—01 7.417e—02 3.748e+09 3.784e+09 0.003  0.008
1 32 296720 1.980e—02 5.067e—03 7.677e+08  7.960e+08 0.012 0.041
1 33 293.625 4.068e—02 1.052e—02 1.628e+09 1.673e+09 0.009 0.054
1 34 291918 7.190e—03 1.870e—03 1.464e+08 1.505e+08 0.009 0.034
1 35 291448 6.405e—03 1.669e—03 1.311e+08 1.377e+08 0.016  0.095
1 36 288257 4.99e—03 1316e—03 2.113e+08 2.159e+08 0.007  0.020
1 37 286300 7.209e—02 1912e—02 1.037e+09 1.047e+09 0.003 0.014
1 39 288277 2.115e—03 5.571e—04 4.472e+07 4.700e+07 0.016  0.007
1 40 281340 1.487e—02 4.013e—03 3.381e+08 3.577e+08 0.019  0.040
1 41 273895 1.427e+00 3.956e—01 2.345e+10 2.387e+10 0.006  0.030
1 43 270208 2.047e—02 5.752e—03 1.051e+09 1.111e+09 0.018 0.038
1 44 253778 7.405e+00 2.216e+00  1.530e+11 1.611e+11 0.017  0.001
1 46 248.065 3.000e+00 9.184e—01 1.991e+11 2.180e+11 0.030 0.019
1 47 245155 5277e—01 1.635e—01 1.814e+10 1.997e+10 0.031  0.005
1 48 242249 3.460e—01 1.085e—01 8.218e+09  8.836e+09 0.024  0.006
1 49 241966 6.591e+00 2.068e+00  2.357e+11 2.610e+11 0.034 0.013
2 5 541279 1.716e+00  1.605e—01 5.483e+09  5.384e+09 —0.006 0.079
2 6 378.124 1.094e—01 1.465e—02 6.836e+08  6.890e+08 0.003  0.019
2 7 377539 2212e+00 2.966e—01 1.041e+10 1.046e+10 0.002  0.028
2 8 349217 1.232e—03 1.786e—04 9.769e+06  9.649e+06 —-0.004 0.271
2 10 345985 2260e—04 3.308e—05 1.382e+06 1.368e+06 —0.004 0.598
2 11 351.288 2.689¢e—04 3.875e—05 3.142e+06 3.255e+06 0.012  0.459
2 12 335451 4.424e—04 6.677e—05 3.958e+06 3.929e+06 —0.002 0.481
2 13 333974 1.649e—04 2.500e—05 1.121e+06 1.122e+06 0.000 0.198
2 14 332,665 1.396e—05 2.125e—06 1.281e+05 1.280e+05 —0.000 0.698
2 15 331.685 2.329e—03 3.555e—04 3.233e+07 3.360e+07 0.013  0.228
2 16 326486 4.791e—03 7.429e—04 4.649e+07 4.654e+07 0.000  0.149
2 18 3287707 1.726e—03 2.659e—04 2.462e+07 2.572e+07 0.014 0.358
2 19 323.095 1.822e—02 2.855e—03 1.368e+08 1.371e+08 0.001  0.050
2 20 319926 4.959e—02 7.847e—03 5.114e+08 5.121e+08 0.000  0.062
2 21 318579 5.512e—02 8.760e—03 4.318e+08 4.325e+08 0.001  0.031
2 22 316511 2.299e—05 3.678e—06 2.449e+05 2.443e+05 —0.001  0.669
2 24 320.134 1.303e—02 2.061e—03 2.012e+08 2.106e+08 0.015 0.229
2 25 314956 7.705e—01 1.238e—01 6.246e+09 6.321e+09 0.004 0.019
2 26 306442 8.358e—03 1.381e—03 7.356e+07 7.428e+07 0.003  0.042
2 27 305539 596le—02 9.877e—03 7.057e+08 7.093e+08 0.002 0.038
2 28 304.299 7.577e—02 1.26le—02 6.811e+08 6.835e+08 0.001  0.009
2 29 308.046 2.098e—04 3.447e—05 3.635e+06 3.801e+06 0.015 0.725
2 30 303.849 9.397e—03 1.566e—03 1.697e+08 1.778e+08 0.016  0.016
2 31 298965 8.505e—02 1.440e—02 1.075e+09 1.084e+09 0.003  0.024
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Table 8. (Continued.)

ik A@) S f Au (7Y Aw(ai) 5™ SE 5T

2 34 294136 6.680e—02 1.150e—02 1.330e+09 1.365¢+09  0.009 0.051
2 35  293.659 4.553e—02 7.849e—03 9.107e+08 9.558¢+08  0.016 0.052
2 37 288433 4.323e—06 7.588¢—07 6.084e+04 6.130e+04  0.003 0.796
2 38 288918 2284e—01 4.002e—02 2.399e+09 2.433e+09  0.005 0.013
2 39 290440 3.36le—02 5.858¢—03 6.948e+08 7.295¢+08  0.016 0.059
2 40 283400 1.640e—02 2.930e—03 3.650e+08 3.858¢+08  0.018  0.006
2 41 275847 2776e—02 5.095e—03 4.466e+08 4.540e+08  0.005 0.018
2 42 273508 1.043e+00  1.930e—01 1.291e+10 1.300e+10  0.002  0.048
2 44 255453 1.669e—01 3.307e—02 3.381e+09 3.555¢+09  0.017  0.005
2 45 252303  1.066e+01  2.139e+00  1.681e+11  1.788e+11 0.020  0.001
2 47 246717 5475e+00  1.123e+00  1.847e+11 2.031e+11 0.031  0.005
2 48 243774 1.056e+01  2.192e+00 2.46le+ll  2.643e+11 0.024  0.008
2 49 243488 6.596e—01 1371e—01 2314e+10 2.562e+10  0.033 0.013
3 4 1595435 3.144e+00  2.993e—01 7.843e+08 7.867e+08  0.001 0.138
3 5 1479.168 6.292e+00 6.46le—01 9.848¢+08  9.962e+08  0.004 0.134
39 600.563 1.067e—05 2.699e—06 4.991e+04 5.340e+04  0.022 0.182
3 11 596928 1.852e—05 4.711e—06 4.410e+04 4.797e+04  0.028 0.197
3 15 542451 4.687e—05 1.312e—05 1.487e+05 1.619e+05  0.028 0.150
3 17 532878 1.081e—05 3.082e—06 7.24le+04 7.778¢+04  0.024 0.176
3 18 534530 1.834e—05 5210e—06 6.082e+04 6.667e+04  0.030 0.451
3 23 510024 2.627e—05 7.824e—06 2.006e+05 2.168e+05  0.025 0.536
3 24 512223 6.288¢—05 1.864e—05 2.370e+05 2.602¢+05  0.031 0.425
3 29 481964 9.976e—05 3.144e—05 4.514e+05 4.935¢+05 0.029 0.491
330 471768 6.963e—06 2.242e—06 3.359e+04 3.681e+04  0.030 0.636
332 460209 4.46le—04 1472e—04 4.637e+06 4.985¢+06  0.024 0.291
333 452.806 4.754e—02 1.594e—02 5.187e+08 5.497¢+08  0.019 0.291
3 34 448759 6.330e—02 2.142e—02 3.548e+08 3.759¢+08  0.019 0.363
3 35 447651 1.942e—04 6.587e—05 1.096e+06 1.201e+06  0.030 0.268
3 36 440.165 9.429e—06 3.254e—06 1.120e+05 1.176e+05  0.016 0.375
339 440212 4.402e—05 1.519e—05 2.614e+05 2.864e+05  0.030 0.328
340 424239 1.350e—05 4.831e—06 8.953e+04 9.888e+04  0.033  0.580
343 399426 7.772e—06 2.955e—06 1.235e+05 1.359e+05  0.031 0.337
3 46 352.865 5.090e—05 2.191e—05 1.174e+06 1.350e+06  0.046 0.482
3 47 347005 8.651e—05 3.786e—05 1.049e+06 1.215¢+06  0.048 0.457
3 49 340650 4.401e—05 1.962e—05 5.640e+05 6.583e+05  0.050 0.291

Table 9. Comparison of present MCDHF f-values with results
from other calculations. Indices 7 and k represent the number of the
level as given in table 6.

[5] [6] MCDHF
i koA d fo i Ji fo
1 6 374465 0.2896 0.2849 0.3226 0.2912  0.2996
14 329.827 0.0090 0.0087 0.0090 0.0086 0.0094
20 317302 0.0666 0.0628 0.0695 0.0611 0.0631
22 313944 0.0155 0.0143 0.0270 0.0144 0.0148
27 303.147 0.0025 0.0023 0.0044 0.0021 0.0021
31 296.673 0.0808 0.0771 0.0766 0.0742 0.0748
37 286.299 0.0221 0.0207 0.0212 0.0191 0.0189
41 273.894 0.4835 04451 0.7099 0.3956 0.3838
44 253779 1.8422 1.7480 2.2140 22158 2.2145
48 242250 0.1404 0.1346 0.1523 0.1085 0.1078
2 6 378.124  0.0139 0.0136 0.0153 0.0147 0.0144
20 319926 0.0090 0.0082 0.0103 0.0078 0.0084
27 305539 0.0109 0.0101 0.0159 0.0099 0.0103
31 298963 0.0154 0.0146 0.0158 0.0144 0.0148
41  275.847 0.0062 0.0056 0.0090 0.0051 0.0050
44 255454 0.0269 0.0256 0.0242 0.0331 0.0332
48 243773 22486 2.1563 2.8350 2.1921 2.1752

cannot be determined for the Pan and Beck values since the
ab initio transition probabilities and the error in the transition
energy are not available for accessing accuracy.

Reader has reported many transition probabilities between
classified lines generally in good agreement with observed line
intensities. In figure 2 we compare the ratio of his transition
probabilities with the present values as a function of the present
MCDHF f-values. Most are within a factor of 2 of the present
values. The transition with the largest ratio is 4p®4d*Ds,,—
4p°4d*('D)*DS 1> Whereas the one with the smallest ratio is

4p®4d°D; ,—4p°6p° P /o~ Both have f-values less than 0.001.

4. Conclusion

Further studies are needed. This work did not attempt to retain
the balance within levels as in the fine-structure splitting of
quartet terms, for example. This requires that the correlation
in all levels be treated in exactly the same manner. At the
same time, the MR SD process was restricted to only a few
CSFs that might account for 95% of the final wavefunction.
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The effect of TQ excitations was not considered. This effect
on the total energy could be estimated simply by using the
Davidson correction [19] for the total energy, extended to MR
SD, namely

Erq = (1 - 263> (Esp — Emr)
MR
where the sum is over the expansion coefficients of the
reference set, Ey is the eigenvalue for only the MR set and
Esp is the eigenvalue from the SD expansion. This would
not improve the wavefunctions used for the calculation of
the transition probabilities, but the formula does suggest that
higher order corrections would be reduced if the MR set were
expanded to account for, say 99% of the final wavefunction.
This would lead to considerably larger calculations. The
study also needs to be extended to include the 4p>4d5s
levels.
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