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Abstract

Confidence intervals for the treatment effect in random effects meta-
analysis model obtained from Harville-Jeske-Kenward-Roger approach
are obtained in explicit form. They are compared to some other in-
tervals commonly used in collaborative studies with a small number
of participants possibly with heterogeneous, study-specific variances.
Monte Carlo simulation experiments recommend the latter intervals.
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1 Confidence estimation in meta-analysis problems

The subject of interest here is confidence intervals for the common mean
when several different studies, methods, instruments or laboratories mea-
sure a given property of the same material or the difference between two
treatements. Combination or pooling of such measurements to allow statis-
tical analysis of several individual studies is a goal of meta-analysis. Al-
though some debate concerning advantages of random effects models in
meta-analysis continues, (see Borenstein et al., 2009), the following het-
erogeneous model has become a common tool of choice.

Denote by n; the number of observations made in the laboratory i, i =
1,...,p. In the interlaboratory studies applications which are of interest
here, neither p nor n; are large, but a Gaussian distribution condition is
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made. Namely, the observed data x;;, k= 1,...,n;, is assumed to have the
form

Ti = p+ b + €, (1)
where 4 is the treatment effect or the property value, ¢; represents the study
(or method) effect, which is normal with mean 0 and unknown variance o2.
The independent normal zero mean random errors €;, have unknown (dif-
ferent) variances 2. For a fixed i, x; = Y, @/, is normally distributed
with the mean p and the variance o2 + 02, where 07 = 72/n;. If 0® + o?
were known up to a factor, then the least squares estimator of u could be
used, i = ), w;z; with normalized weights

1
0'2—1—01.2

ST (2)
2 gzig]z

W; =

In this situation,
-1

(3)

- 1
Var() =@ = [Z o

Since the variances are unknown, these optimal weights have to be estimated.
In some problems of meta-analysis the sample sizes n; are not available, but
when they are, the classical unbiased statistic s? = Y (@ij —z:)?/[ni(n;—1)]
has the distribution 0'2-2)(2(1/2') /vi,v; = n; — 1, and is independent of x; and
s?, j # 1. This is the situation studied in this paper.

To estimate o’s the restricted maximum likelihood estimator (REML)
is commonly employed. It is well known that the plug-in version of (3),
which replaces the unknown 02,0%, . ,012) by statistics &2,&%, . ,612, such
that E(62+67) < 02402, underestimates the variance of the corresponding
common mean estimator. Since (3) is an increasing function of o’s, posi-
tively biased estimators partly compensate for this inequality. Our goal is
to derive REML based confidence intervals for the treatment effect in model
(1) which includes corrections to the traditional method by using Harville-
Jeske-Kenward-Roger approach.

The organization of this paper is as follows. In the next section 2 the
method of Harville and Jeske (1992), Kenward and Roger (1997) to obtain
confidence intervals is discussed. Explicit formulas for all characteristics
which determine these intervals are found. The common methods of stan-
dard error evaluation for the treatment effect u do not explicitly take into
account the sample sizes n;. When the REML variance estimator ia applied
to (7), the resulting standard error of the confidence intervals exhibited in



section 3, depends on the degrees of freedom v;. These confidence inter-
vals are compared via a Monte Carlo study in section 4. All mathematical
derivations are collected in the Appendix.

2  Restricted maximum likelihood method: vari-
ance approximations and information matrix

In a general context of mixed effects linear models, Harville and Jeske (1992),
Sec 4.2, suggested an estimator of the variance of a sample counterpart of
the least squares statistic, which in our case is the weighted average,
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with @; = (6% + &?)_1/(zj(62 +65)7!. They suggested to use the REML
variances estimator &2,&%, .. ,612, and put forward two following approxi-
mations based on Taylor’s formula or the propagation-of-error method. The

first one deals with the mean squared difference between  and ji:

E(z —p)* ~ tr (VA). (4)
Here V is the mean squared error matrix of (52, &%, .. ,&g), and A is the
covariance matrix of the vector (g, i}, - . . ,,&;)T, do? = do?. This approxi-

mation was originally introduced by Kackar and Harville (1984).
_ The second approximation corrects for the bias of the plug-in estimator
® of ¢,

~ 1
E<I>%<I>+§tr(VH):¢>—tr(VA), (5)

where H is the Hessian of ®, which is a negative semidefinite matrix, eval-
uated at o2,0%,...,02. In the model (1), A = —H/2. The formula (5)

9 P
requires (approximate) unbiasedness of (&2,&%, ...,62), so that the linear
term in (62 — 02,62 — 0?,... ,6'% — 0'12,) can be neglected. Since Z is known

to be an unbiased estimator of u, such that £ — i is independent of i, one
gets Var(Z) = E(Z — 1)? + ®, which suggests the formula,

Var(z) = ® 4 2tr(VA) (6)
Here V is the estimated mean squared error matrix of (&2,6%, . ,&Z) and
A has a similar meaning.

Kenward and Roger (1997) gave a formalization of these approximations
in a general mixed effects linear model when the inverse of the restricted



likelihood information matrix 7 is used in lieu of V. Via a Monte Carlo study
they demonstrated good performance of the resulting variance estimators
and test statistics in several more general than (1) random effects models.
The SAS procedure ”"MIXED” employs estimators and confidence intervals
derived by this method.

Since matrices V and A # 0 are positive semidefinite, tr(VA) > 0, and (6)
seems to confirm negative bias of the estimator ®. Although in our problem

(61,...,62) can be assumed to be an (approximately) unbiased estimator
of (02,... ,0’12,), it is easy to verify that all non-negative estimators of o2 are

biased. To adjust for that fact, the formula

- ) 1

Ed~®+ TP Z Carwarial (VA),
could be put in place of (5). Thus only positively biased estimators of
o2 have a chance to give rise to (approximately) unbiased estimates of ®.
Commonly &2 is a positive part of an unbiased estimator, so that its bias is
positive, T = E(5% — ¢2) > 0, and it can be substantial especially for small
o2. Kenward and Roger (2009) suggest a different bias correction term in
general linear models obtained in terms of the inverse of the (full) likelihood
information matrix. However since in our situation the covariance matrix
of (z1,...,xp) is a linear function of the parameters o2 +oki=1,...,p,
according to these authors, no bias correction in (6) is required.

When the estimates 5%’s are substituted for the unknown o?’s, the esti-
mator (6) takes the form

Var(s) = & - 782y m + 2tr(VA). (7)

By taking advantage of the specific form of the linear model (1), we give
now very explicit formulas for W, A and T?Zr(j) in (7) when REML variance
estimators are used.

The restricted likelihood function, when written as a function of sufficient
statistics x;, s?,z’ =1,...,p, has the form

2 o2 +o?

RL = _l{z (zi — 1)?

+log (Z(az + 0,2)_1> + Zlog(af +0?) + Z ﬁ—zlz + Z v logaﬂ. (8)
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The inverse of the Fisher information matrix J = J(0?,07%,... ,012)) based
on (8) gives the asymptotic covariance matrix of the restricted maximum
likelihood estimators which is used as V.

For w; defined by (2) put

m
Sm = E wi', m=2,...,
i

The results in the Appendix, section 6.1, show that

T
o apo a
‘7_( a D—I—bbT> (9)
with g _—
— 255 +
an = 2352, (10)

a denoting the p-dimensional vector with coordinates a;,

B w?(l + Sy — 2w;)

a; = 2p2 ’ (11)
the vector b having coordinates b;,
2
=— i=1,...,p, 12
and the diagonal matrix D given by elements d;;,
2
. 2(1 — 2w
dy; = Vi +M_ (13)
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The inverse matrix J ! = V has the form,

Vo < voo  vT > _ < agy +agta’Qla —agga’ Q7! ) (14)
v Q7! —aaolQ_la Q! ’

where Q = D + bbT — aggaa”, so that Q! satisfies (25) in section 6.1.
Savin, Wimmer and Witkovsky (2003) considered the interval estimation

of the common mean by using (6). However, the information matrix for

restricted likelihood in the Appendix to their paper seems to be in error.
To use (7) one needs the form of matrices A and H. Let p-dimensional

vectors 0, e have coordinates w?q)l_l/ ? and 1 respectively. We also define the

diagonal matrix ¥ to have nonzero elements 9; = w3® 1 i =1,...,p, and



denote by I the p x p identity matrix. Then a direct calculation detailed in
section 6.2 shows that

A=t (Y wops)y (e 1) (15)
T2 T ¢ )
so that
tr(VA) = tr (¥ — B6") (vooee” + ev” +ve” + Q7))
3(1 — (s
-~ é [(Sg — SS)’UOO + 2 Zw?(wi — Sz)vi + Z M]’ (16)

as tr((¥ — BBT)Q~1) is numerically very close to tr((¥ — 387)D~1!). While
V has full rank p + 1, the matrices A and ¥ — 387 have rank p — 1.

The true REML estimator of o2 is 62 = max(0, 5%, ), where 5%; is the
(unbiased) solution of the restricted likelihood equation, ORL/do? = 0. Its
approximate variance vgg = a0_02 (apo + aQ‘laT) can be evaluated from the
formulas of section 6.1.

For example, when p = 2,

9 (21 —22)? — 57 — 53

ORL — )

has the variance [(20% + 02 + 03)? + of/v1 + 05/v2]/2 which happens to
coincide with vgg.

The largest discrepancy between 5'12'% 1, and its truncated version &2 occurs
when 0% = 0. Then 0.5 < P(6%;, # %) = P(x*(p — 1) < p—1). This
probability takes its largest value, 2®(1) — 1 = 0.6827.., when p = 2. The
formulas for E52? and E(62 — 02)? can be found in section 6.3.

Figure 1 shows the plots of approximations to the variance of the REML
estimator which was obtained from 10000 simulations for each of the values
of 02 =0:0.2:5 when p = 2,n; = 5,ny = 3,07 = 0.1,05 = 0.5. This
figure and results of other simulations show that the approximation (6) is
not adequate in our problem as it substantially overestimates Var(Z) for
small o2.

3 Coverage factors

According to (16) if a truncated estimator 62 is employed,

Var(i) = — TS + 2tr(VA) ~ & — T, (17)
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Figure 1: Plot of the variance of REML estimator (continuous line), and its
approximations (6) (line marked by +), (7) (line marked by x), and of &
(dotted line) when p = 2.
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with E6?, E(6% — 0?)(67 — 07) and E(6° — 0?)? derived from formulas (28),
(29), (30) in section 6.3, and Sp=3,0F k=1,2,...

For large o the approximation (26) there shows that
2, 21,2
__ , -1
o) o SR 1)
p(p—1)

and the pivot (& — u)/4/ %(:ﬁ) is approximable by a t(p — 1)-distribution.
This approximation leads to the (1 — «)—approximate confidence intervals,

F o+t _apa(p— 1)/ Var(d), (18)
where Var (i) is found from (17). This interval will be compared to

Bt _ap(p - 1)V, (19)

In addition to (19) there are confidence intervals for ;1 which do not use ®
directly. One of them is based on Horn, Horn and Duncan (1975) procedure,

2 JZ‘Z—JZ‘
xj:tl a/z \/Z Zl—w (20)
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Another interval discussed in Sec 7.3.4 of Hartung, Knapp and Sinha (2008)

F oty ap(p— WZ “’(Zf_fy (21)

It is based on the so-called external consistency estimator of the variance
(Dietrich, 1991). When p = 2, (20) and (21) coincide both having the

half-width tl_a/g(l) \/(1)1(:)2 |:E1 — l’2|.
Kenward and Roger (1997) proposed to use the Satterthwaite approxima-

tion for the pivotal quantity (Z—pu)/4/ ‘7;7’(56) In our case it means the Stu-
dent distribution ¢(m) whose degrees of freedom m are to be estimated from
the data. However, the estimator suggested by these authors always exceeds
4, and does not provide a good approximation for small p. Also the assump-
tion of independence between & and Var(Z) used by these authors according
to (4) leads to the formula, E(Z — p)?/Var(z) = E(& — p)2E[Var(#)]™* ~
(trOWVA) + @) /(2tr(WA) + ®) < 1, which cannot be equal to the variance of
a t(m).

4 Numerical Results

We report here some results of the numerical comparison of the REML esti-
mator based confidence interval (18) with the intervals (19), (20) and (21).
In our Monte Carlo simulation study for p = 2,3,5,9, we used randomly
chosen sample sizes n; with the uniform distribution over integers from 2
to 12 The error variances 02-2 were taken to have a scaled x2-distribution, so
that Eo? = 1. Figures 2-5 display the coverage probability of these intervals
with a nominal confidence coefficient of 95% which is reported as a function
of 2 = 0: 0.2 : 5. Both intervals (20) and (21) have lower than stated
confidence level. The confidence intervals based on the DerSimonian-Laird
estimator (not shown here) sustain the nominal confidence coefficient much
better. The interval (21) outperformed (20) in our simulations. For p > 3,
the interval (19) is not adequate when o2, is large, when it is small the inter-
val (18) is too wide and too conservative as is seen from these Figures. For
larger values of p(p = 10,15, 20, 30,50), the behavior of (21) was studied in
Sidik and Jonkman (2002) and the two intervals (20) and (21) are compared
by Sidik and Jonkman (2006) who describe (20) as robust and recommend
it.

The REML estimator was computed via its R-language implementation
(through the Ime function from the nlme library). The intervals function



with fixed effects also provides approximate confidence interval for p which
is too short for small/moderate p, but which can be adjusted by changing
the normal quantile to that of a t(p — 1)-distribution as in (19). The param-
eter estimates provided in the summary of Ime are ratios 75 /7%,... ,Tg /72,
with the values 72 and o2 provided by VarCorr function. For multimodal
or flat restricted likelihood functions convergence of the lme algorithm is
problematic. Additional difficulty is caused by its non-convergence in cases
where 52 ~ 0, in particular when for some i, 322 is very small. In the latter
case 57 ~ 0, and 5% = 0, so that ® ~ 0, and all intervals (19), (20) and (21)
shrink towards . For these reasons the results were cross-checked by the
iterative algorithm in Rukhin (2011).

Figure 5 depicts a quite nonlinnear ¢ — ¢ plot of pivotal quantity (& —

w)/ 17;1/7"(5:) against t(p—1) when p = 7 and 0% = 0.2 obtained from 50, 000

runs. Simulations also show that tr <1~21~X> overestimates F(& — ji)? so that

numerical accuracy of (4) is questionable.
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Figure 2: Plot of coverage probabilities of the confidence intervals (18) (dot-
ted line), (19) (line marked by +), and (20), (21) (continuous line), when
p=2.

5 Conclusions

All simulation results suggest that in the heterogeneous setting of random
effects meta-analysis the approximation (7) for p < 10 does not lead to good
confidence intervals. Indeed one of its features is that since T is positive,
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Figure 3: Plot of coverage probabilities of four confidence intervals with (21)
marked by %, and (20) (continuous line), when p = 3 (other intervals have
designations of lines are the same as in Figure 2).

two correction terms in (7) are of different signs, and both of them can
be substantial with possibly negative sum. When o2 is small, these terms
tend to cancel one another. When o2 is large, they are small and can be
neglected. However, omitting them altogether as in (19) results in poor
coverage probability for large o2 Intuitively, the biased estimator 62 has
a patently non-normal distribution with a large mean squared error. See
Figure 6 which shows the histogram of the distribution of 52/0% when p =
5,02 = 2.5 under scenario of section 4. Therefore for small/medium p,
the higher order terms in Taylor’s formula (7) cannot be discarded, and
its accuracy is poor. The interval (21) based on the external consistency
estimator of the variance performed the best in our simulations although
(20) was always close.

6 Appendix

6.1 Covariance matrix for restricted maximum likelihood pro-

cedure
Since
Blai — i)z — 1) = (0 + 0?) — @, (22)
- 0 . wi(z; — i)
iy =53l =—) o (23)



and

(i = —— = _ T\ P 24
= g0z > (24)
one has
E(x; — )iy = —wi + S2,
and

E(zj — i)ji; = —6;jwi + w?.
By differentiating RL one gets,

0 1 ) .
@RL:E [Zwi(l'i—,u) —1_|_S2 ,
—oall =55 [Zi:wi(wi—u)qurzi:T_isﬁsg_? 7
and
i I Y oty o SO B )
_WRL—@ Zj:wj(wj—u)uﬁT_?Jrg_ 2\
so that - ; e
2 — 253 + 53
\700 - _E@RL = f;
0? w2
i:_Ei L=_-5(1 _2i-
T 002802,2]% 252 (1482 — 2w;)
Similarly,
0 L[ _wi@i—p)?  wil —w) | R
P L — _ | _ 2 i 1 s 7
aaizR 2 P2 * ) v (0? Uf)]
Oy _wilwi =y Wi —p)? Wi -w) (1 s
and for ¢ # j
O e ) B ) N
802-280?. 3 550
It follows that
o vi w21 —w)?
(2 —E— L = ? 7
7 901t = 25 20?2



5?2 w?wz-
— _p_ - R =_"J
Ji = P pe2p07 1t = 252

if 1 <i# j < p. The representation (9) of the information matrix J follows,
and the form of its inverse (14) can be derived from standard formulas (e.g.
Theorem 18.2.8 in Harville, 1997).

To find the matrix Q7' = (D + bb? — aggaa’)™! in (14), we put ¢ =
D=12p d = D_1/2a/\/%, so that

Q = DY*(I + cc” — dd")D'/2.

Thus,
1/2—1711/2 T Ty—1 10 c’ -
DY Q7 D/* =(IT+cc —dd" )™ = |I+(c,d) 0 —1 I

- % [(d"d — 1)ec” — ("d)(dc" + cd”) + (c"e + 1)dd" ],

where A = (c'e+1)(d'd — 1) — (c'd)? is the determinant of the matrix

L0\ (1 0 ! (e.d) 1 0\ [ce+1 —cld
0 -1 0 —1 dr ’ 0 -1 )\ =cfd dd-1 )
Therefore,

1
O 'l=p_ 3 [(aTD—la — ago) DL D (25)

— ("D a)D " (ab” + baT)D + (BT Db + 1)D—1aaTD—1] ,
(a"D1a)? (" Db+ 1) — (0" D~ 'a)?(a” D~ 'a + ago)
ago|Al
_a'D7a+ (a"D7ta) (b D) — (BT D ta)?

- A ’
as A = (' Db+ 1)(a" D ta/agy — 1) — (bT D7ta)?/ago < 0. Indeed since
dii > a;i, aT' D la = Za?di_il <> a; = (S2 — 285+ S3)@2 = ag.

a"'Qla=a"D a4+

For large o2,
ago + aQta”
Voo = 5
oo
_ 20'p(p = 1) +40P(p-1) Y 0F —6(p—2) Y g} +24 = Tp (X 0})?
B p(p— 1)
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+Zpa <02>,

20 1
V; = — O-Z +O<—2>
pV; g

These formulas suggest the following approximations in distribution,

3 Y +oixpa et X (vi)
O-%ELN ( _1)17 plv J?NJ?TZ7 (26)

and

which are used in section 6.3 to derive formulas for E62%, EG%(5? — 0?), and
E(6? — 0%)? assuming approximate independence of 62-2.
The correction term in (16) has the asymptotic expansion of the form

b = L5 o (o) e 2 o (4))

so that

Var(i):%[1+—220
B Xt - ) - St SR o ()

6.2 Covariance matrix of [’

Formulas (22), (23) and (24) can be used to find the elements of matrix A.
Indeed

B(io)? = 57 3 Bewi(wi = i) a; — ).

Similarly,
WP Bfiy(xj — )
T .

Derivation of other elements of matrix A is straightforward, and the form
(15) follows. The rank of this matrix is p — 1, as fij = > ji}, and > (0% +
o?)ii; = 0.

By differentiating ® = @(02,0%, e p) twice, we see that its Hessian
H coincides with —A /2. This means that the function ® is concave, but it
is not strictly concave as rank (H) = rank(A) =p—1<p+1.

E~/~/:_
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6.3 Estimated covariance matrix
According to the approximation (26), the expected value of 52 has the form

with 2% = (p = 1)(3267)/[2X2(0* + 07)),

52 - 2_21:)(0 +_01 o E/ WPD/2-1 g gy,

For example, if p — 1 =2k, k > 1, is an even integer,

k— .
2
E5? = Z o’ +U Z D) 2= (27)
7=0

For any non-negative integer j

o di

2j —2%2 _
Ez% e = (-1)) 70

Ee_tz |t 1

and for any positive t,
_ t(p —1)o? vi/
Ee ™t = <1 + "t ,
1:[ vi (0% +0?)

so that the expected values in (27) can be readily evaluated. Similarly, in
this case

5 2> (o )] (1 — 22)2e—uyP=D/21 g,
B = - DPT(G —1/2E/ ye d
R P kL) k=) o 2
- PR Z(:) i Ez9e 7.

Somewhat more complicated formulas exist for any p. When (p—1)/2 =
¢+ 1/2 with an integer ¢ > 0, the identity,

e 1 / —tu gt
Vu  T(/2) ), Vi—1’
can be used to express the mean squared error of the estimator 62 as a

linear combination of integrals involving terms Fz%/ e_tZQ, j=0,1,... ¢
For example,

o 23 (0% +0F) > u— 2 ubu—2e=" du
o ‘p<p—1>r<<p—1>/2>E/zz (=2 ¢

14



B 25 (02 + yule ™ du dt
= 1T((p - 2)F (1/2) / / Vi—1

S (02 + 02T (0+ 1) zé: €+1—g /OOtJ'—Mdt —
j= 1

P((p+1/2 (1/2) mEz e ¥ (28)

E&%(62 — 03)
0

(et 4T+ 1) E—I—l—j OO153'_4_2(1% B 12
~ pl((p+1)/2)T(1/2) JZ 1 Vi B —op)e™™
(29)
and
ot AN + AP+ ) 0

p*(p—DI'((p+1)/2)I'(1/2)

14 . . 00
XZ(€+2_3)(€+1_]) tjggdt j—tz
7=0

J! L Vi—T

These integrals are easy to evaluate by standard numerical integration for-
mulas, e.g., via the trapezoid method. There is a quadrature formula
(Harper, 1962) which can be used after a transformation of variables ¢ =
142, Similar integrals appear as the posterior distribution in the Bayesian
setting of the Behrens-Fisher problem.

For large o2,

Y~ E(y57)wtD/2 |
T((p+3)/2)[2X (62 + 62)/(p — 1)]=1/2

and

A2 N2 o 2 1
voo — E(6° —0°)* = 20 T_O<[Z(02—|—U)](P 572
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Figure 4: Plot of coverage probabilities of four confidence intervals when
p =5 (designations of lines are the same as in Figure 3).
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Figure 5: Plot of coverage probabilities of four confidence intervals when
p=9.
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Figure 6: The q-q plot of (z — u)/ %(fi) when p = 5,02 = 2.5.
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Figure 7: Histogram of 2/0% when p = 5,02 = 2.5.
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