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Fig. 9.27 (a) A swimming microbe found in river water was moved to an arbitrary trapping
location and trapped for 30 s until being released from control. Uncontrolled swimming is shown
by a dashed line, initial control to the trap or path is shown by a thin line with arrow heads, and the
controlled motion is shown by a thin line without arrow heads – as is evident, the microbe swims
away after the control is turned off which means it was not harmed by the control. (b) A worm was
steered around a trajectory spelling “LOC” (for lab-on-a-chip)

by solidifying the surrounding fluid [111, 112], thus allowing placement and fixing
of one QD after another to make multidot devices.)

In the experimental results reported earlier, our vision sensing accuracy had
limited the control precision. That limit was both experimental setup specific
(camera pixel size) and more fundamental (the wavelength of light limitation). It is
possible to improve the sensing to determine the location of a particle to well below
the wavelength of light, in real-time. The key is to realize that a nanoscopic particle,
such as a quantum dot, appears as a diffraction limited spot under a microscope, and
this spot spans many pixels (see the inset in Fig. 9.29a). By averaging correctly over
the many pixels it is possible to infer the center of the diffraction pattern to better
than single pixel resolution, a technique known as subpixel averaging [113], which
we perform in real-time.

The errors in quantum dot placement are now a combination of vision sensing
errors (which can be driven down to tens of nanometers) and diffusion between
control updates (which can be reduced by doing control updates more often and
by using a higher viscosity fluid – we added a polymer to water that increases its
viscosity). Quantum dots also presented other problems that had to be solved to
achieve nanometer precision. QDs blink on and off: they blink in and out of view.
We pause our control actuation when a QD blinks off and continue actuating when
it blinks back on. The QD position is controlled in the horizontal plane but the QD
still diffuses in the vertical direction. This diffusion makes the QD leave the focal
plane of the microscope and causes a defocusing which hurts our sensing accuracy.
Thus we wrapped in a second control loop that uses the variance of the QD image
as its metric and drives this metric to a minimum by moving the microfluidic device
up or down using a piezo stage. The problem is that going up out of the focal plane
and going down below it both look the same, so for this second control loop we
introduce a small jitter and then check if the dot looks more focused when going
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Fig. 9.28 Illustration of the optical and electronic setup for tracking and feedback control of QDs.
A CCD camera images the QD and sends the information to a tracking algorithm that uses subpixel
averaging to accurately determine the current position of the QD. The control algorithm uses this
information to determine the proper voltages to apply to the electrodes in order to move the QD to
its desired position. A second feedback loop moves the imaging objective in the z-direction using a
piezo stage to keep the QD in focus [84,89]. (Used with permission. Copyright American Chemical
Society.)

up or down. This tells us if we are above or below the focal plane and we then use
a Newton-bracketing algorithm to steer to the minimum image variance. This inner
loop runs slowly compared to the main xy control loop. The end result is higher
accuracy control in the xy plane. The vertical loop also tells us where the QD is
with respect to the bottom photonic crystal so we can wait until the QD diffuses
to the bottom to freeze it in place. Chemistry is also an issue. We had to create a
fluid that could be actuated by electro-osmosis, that had a high viscosity, and that
was compatible with our device (with PDMS) and with the QDs (would not cause
them to fall out of solution). With our colleagues, we are now further creating fluids
that satisfy all of the above criteria and, in addition, can be solidified to nanometer
precision (by two-photon absorption) [114] to allow us to fix a QD at a photonic
crystal cavity by solidifying just a small amount of fluid around it.

Our current single QD positioning results are reported in [84,89] which includes
all details on the experimental setup (Fig. 9.28), the error analysis, and an optical
autocorrelation measurement that proves we are indeed controlling just one single
quantum dot. We were able to hold a QD at a single location to 45 nm accuracy and
steer it along a path with an average deviation of 120 nm (Fig. 9.29). The dot was
controlled for 1 hour, its useable (i.e., visible) lifetime.
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Fig. 9.29 Single quantum dot trajectory. (a–c) Time stamped CCD camera images of a single
quantum dot being steered along the desired trajectory. The white trace shows the measured path of
the quantum dot up until its current location. The square magenta box shows the subpixel averaging
window used to determine the current position of the QD. The inset in panel (a) shows a closeup
of the subpixel averaging window which contains the QD near its center. (d) Plot of quantum dot
position along its trajectory. The dotted black line shows the desired trajectory programmed into
the controller. The actual measured QD trajectory is shown in blue. The solid red squares depict
when the quantum dot blinks off. At the end of the trajectory the QD is held in place for 2 min.
The deviation of the QD from the desired trajectory was measured to be 104 nm [84]. (Used with
permission. Copyright American Chemical Society.)

9.3.5 Ongoing Research: Toward Three-Dimensional Control
and Control of Object Orientation

Control in the third dimension is also possible [88]. A microfluidic device with
multiple levels (as shown in Fig. 9.30) can create fluid flows or electric fields with
up and down components, in addition to the prior horizontal actuation directions.
For example, an actuation from the top North electrode to the bottom South-West
electrode will create both a Southwards flow as well as a downward component.
As before, different actuation modes move different particles in different directions,
and using the same least-squares control algorithm as before these modes can be
judiciously combined to create particles velocities as close as possible to desired
three-dimensional velocity vectors.
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Fig. 9.30 Sample device design for three-dimensional particle control. By placing electrodes in
a top and bottom layer, a flow or electric field actuation component can be created from top to
bottom or vice versa in the central control region [88]. (Used with permission. Copyright Institute
of Physics (IOP) Publishing.)

The device above with eight electrodes can readily control one and two particles
in all three dimensions (Fig. 9.31). As previously [83], effective control remains
possible in the presence of noise and is still accurate even if the properties of the
particles (and the device) are not known perfectly. Control of two 10 nm diameter
particles (whose Brownian motion is significant in water) is shown in Fig. 9.32 along
two orthogonal and self-intersecting circles. In this case we assumed that the control
algorithm does not accurately know the charge on these particles – it believes their
charge is ±50% of the true value. In this uncertain case, the simulation shows that
manipulation can be achieved with a precision of 2μm.

In addition to controlling the position of objects, it is also possible to control
their orientation. The discussion below is stated back in two spatial dimensions, but
the same method can be used in three dimensions as well. The idea is that now, in
addition to creating a translating flow, a flow shear is also created to turn the object.
Understanding how to create the right flow is subtle. It is not possible to create
a flow rotation: the flow follows the applied electric field and the electric field is

irrotational (∇× ⇀
E= ∇× (−∇φ) = 0).

It is, however, possible to create irrotational flows with shear. Only some types
of shear flows can be made. It is not possible to only create the shear flow
in one direction as shown in the first panel of Fig. 9.33. The illustrated ∂u/∂y
horizontal flow shear (clockwise rotation) must be exactly cancelled by an equal and
opposite vertical flow shear ∂v/∂x = ∂u/∂y (counterclockwise rotation) as follows
immediately from the zero curl equation for the electric field, or equivalently fluid

velocity vector field, ∇× ⇀
E= ∇× ⇀

V= ∂v/∂x − ∂u/∂y = 0. But it is possible to
create saddle flows, with two balancing shears in opposite directions, as shown in
the second and third panels.

If this saddle flow is chosen correctly with respect to the object – here if the
shear that will rotate the ellipsoid clockwise is oriented to work on its long axis
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Fig. 9.31 Two charged particles controlled simultaneously on two orthogonal circular paths. The
horizontal and vertical paths are shown at the top and the bottom of the figure, respectively. The
desired path of the two particles (A and B) is in thin black and the achieved path is in thick black.
The (red) arrows show the created electric field at the two time instants (arrows that appear as
round dots show flow coming out of that plane) [88]. (Used with permission. Copyright Institute
of Physics (IOP) Publishing.)

while the opposing counterclockwise shear only has the short axis to work with –
then one rotation will win over the other and the object can be turned clockwise in
a controlled fashion. This works for any object that is not fully symmetric. For
example, a sphere, which is fully rotationally symmetric, will not be turned as
depicted in the second panel of the figure. However, the ellipsoid, shown in the
third panel, can be turned by an irrotational saddle flow.

In Fig. 9.34 we show initial results for position and orientation control of an
ellipsoidal object in the plane in simulations. The fluid dynamics in the device is the
same as before. Also, as before, there is a linear mapping from electrode actuations
to object configuration velocity, here to its translation and rotation velocities. For
any location and orientation of the ellipsoid, this mapping can be inverted by least-
squares to find the electrode actuations that will move and rotate the object from
where it is to where it should be. For even less symmetric objects than ellipsoids,
like helixes, there will be coupling between translational and rotational motion.
In that case a linear mapping between the applied voltage and particle velocity
still holds in principle, and consequently control should still be possible in a
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Fig. 9.32 Two nanoparticles (diameter 10 nm) controlled simultaneously in the presence of
Brownian motion and a 50% charge uncertainty [88]. (Used with permission. Copyright Institute
of Physics (IOP) Publishing.)

Fig. 9.33 Flow actuation to turn a nonspherical object (the shown flow would be in addition to
flow being used to translate the object). (a) It is not possible to create the illustrated unidirectional
shear flow since that flow is rotational. In the devices the flow follows the electric field which is
always irrotational. However, a saddle flow can be created in the device. A saddle flow will not turn
a fully rotationally symmetric object like a sphere (b) but it will turn an object with less rotational
symmetry like the ellipsoid (c)

similar least-squares inversion fashion. A further description of our rotation control
simulation efforts can be found in [115]. Experiments to test flow control of object
translation and orientation are currently underway and will be reported in future
publications.

Not for resale



312 M. Armani et al.

Not for resale



9 Feedback Control of Microflows 313

9.4 Conclusion

Feedback control has enabled microfluidic devices, here electrowetting-on-dielectric
as well as simple PDMS devices, to carry out new tasks robustly and with
unexpected precision. We show in simulations that smart control can enable EWOD
systems to manipulate single particles, and we show that cheap and easy to fabricate
PDMS devices with standard electro-osmotic actuation can steer and trap one
and multiple particles experimentally. Our control results have enabled nanometer
precision placement of quantum dots on photonic crystals for creating multidot
quantum information devices, something that has not been achieved using any other
particle manipulation technique.

All our control results, for the two examples in this chapter and for other
examples in our research (e.g., magnetic control for directing drugs to tumors
[116–118]), have been and are being enabled by detailed physical modeling.
Especially for new physical situations, this modeling is difficult and time consuming
(our modeling effort for electrowetting has continued over many years), but in
every case it has enabled us to create controllers that far exceed the performance
that would have been possible without modeling. In situations where we deal with
chemistry, new physics, and complex samples (fluids that can be solidified with
light, living cells, and human samples), we have to choose carefully what to model.
Often we are not able to list, let alone mathematically describe in detail, all the
relevant physical phenomena; yet we must model enough key physics so that the
control algorithm can know how to make things better at each time. To identify
the key physics and find the right modeling balance is one of our major challenges.

In terms of control algorithm design, defining a tractable mathematical control
problem is the most critical step. It is easy to state a control problem that is clearly
useful and we would like to solve, e.g., control of nonlinear partial differential
equations through their moving boundary conditions, but that will not admit a
useable solution in the foreseeable future. Instead, we try to define more specific
problems that are still relevant but that can be solved, and then to build up our
expertise to more general domains. For example, for control of electrowetting,
the critical insight was that there is a linear mapping from the pressures created
by the electrode pads to the particle velocities. This linear mapping reduced
the control problem to a least-squares inversion of the small linear matrix map

�
Fig. 9.34 Position and orientation control of an ellipsoid in the plane by electro-osmotic flow
control using eight electrodes. The ellipsoid is controlled to start at the bottom left corner of the
desired trajectory, trace the square path, and then return to the bottom left corner. Along each
of the four segments of the desired trajectory, the orientation task is to align the major axis of
the ellipsoid along that segment by the time it reaches the end of that segment. The ellipsoid is
perturbed by translational and rotational thermal (Brownian) motion. Top: Four time snapshots
are shown (electrode actuation voltages are shown by the values in the gray circles, the resulting
EO flow field is shown by the arrows). Bottom: The resulting sequence of ellipsoid positions and
orientations is shown for 95 times. (Used with permission. Copyright Institute of Physics (IOP)
Publishing.)
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from the pressures to the velocities (9.9), after which we corrected for the static
nonlinear relationship between the applied voltages and the pressures they create.
The least-squares matrix problem, unlike a more general nonlinear PDE control
with moving boundary conditions problem, is tractable and can be solved in real-
time with minimal computational power. It made control implementation practical
for electrowetting.

As in the electrowetting example, we are always trying to map from application
needs through our modeling to available or possible control design schemes. For
example, an application task (such as putting these living cells here) must be
translated through the language of modeling into tractable control schemes (e.g.,
least-squares, feedback linearization). In cases where existing control schemes
remain insufficient for all reasonable formulations of the problem, as has turned
out to be the case for focusing of magnetic drugs to deep tumors, we have to invent
new control methods. In this case we must define a new control question that we
believe has a hope of being answered tractably. (For magnetic drug targeting we
have whittled the drug focusing goal down to a sequence of quadratic maps from
magnet control inputs to desired drug distributions: now semidefinite programming
tools can be used to find an optimal control at each time [119].) Achieving the right
balance between the needs of the application and tractable control approaches is our
second great challenge.

Finally, our third and most important challenge has been learning to communi-
cate and effectively interact with microfabricators, chemists, physicists, biologists,
clinicians, and doctors. Without them the results above would not have been possible
and, more importantly, would have been without purpose.
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Chapter 10
Problems in Control of Quantum Systems

Navin Khaneja

10.1 Introduction

The chapter describes some differential equation models that arise in the control
and manipulation of quantum mechanical phenomena. Control of spin dynamics
in nuclear magnetic resonance (NMR) spectroscopy [2–4] is used as a paradigm
to outline general principles in the control of quantum systems and describe
some common characteristic phenomenon encountered in control of these physical
systems.

The defining equation for the state of a quantum mechanical system is the
Schröedinger equation

˙|ψ〉=−i

[
H0 +

n

∑
j=1

u jHj

]
|ψ〉, (10.1)

where the state of the quantum system is represented by a vector |ψ〉 ∈H , a suitable
Hilbert space. H0 and Hj are Hermitian operators, representing Hamiltonians of the
system and u j(t) are time-varying functions that represent controls in the system
dynamics. For models discussed in this chapter, H is finite dimensional and in a
chosen basis, H0 and Hj are Hermitian matrices. We assume that H is finite, unless
stated explicitly. Modulating u j affects the Hamiltonian of the system and therefore
affects the evolution of the state of the system. Equation (10.1) has the familiar form
of a bilinear control system

ẋ =

(
A+

n

∑
j=1

u jB j

)
x, (10.2)
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where in the present context, A,B j are skew Hermitian matrices and x is |ψ〉. The
evolution preserves the norm of the state |ψ〉. The evolution is unitary and the state
vector at time t is related to the initial state vector by a unitary transformation U(t),
such that

|ψ(t)〉=U(t)|ψ(0)〉, (10.3)

where U(t) satisfies the differential equation

U̇ =−i

[
H0 +

n

∑
j=1

u jHj

]
U, U(0) = 1 , (10.4)

where 1 is the identity matrix. A textbook example of a system where such a
bilinear control model arises is the evolution of the magnetic moment of a spin
1
2 in a magnetic field B. Spin, like charge, is a physical property of elementary
particles. It is a measure of their intrinsic angular momentum, and the state of a spin
1
2 is represented by a complex vector of dimension 2. The Hamiltonian generates
rotations on the state space of a quantum system. The Hamiltonian of a spin 1

2 can
be written in terms of the generators of rotations on a two-dimensional space and
these are the Pauli matrices −iσx,−iσy,−iσz, where,

σz =
1
2

[
1 0
0 −1

]
; σy =

1
2

[
0 −i
i 0

]
; σx =

1
2

[
0 1
1 0

]
. (10.5)

Note

[σx,σy] = iσz, [σy,σz] = iσx, [σz,σx] = iσy, (10.6)

where [A,B] = AB−BA is the matrix commutator and

σ2
x = σ2

y = σ2
z =

1
4
. (10.7)

The classical energy E of the magnetic moment μ of a spin in a magnetic field is E =
−μ ·B. The magnetic moment of a spin is proportional to its angular momentum,
given by μ = γL, where γ is the gyromagnetic ratio (a characteristic property of the
nucleus) and L is the angular momentum operator. Therefore, the Hamiltonian of
spin 1

2 is

H =−γ [BxLx +ByLy +BzLz] ,

where Lx,Ly,Lz are now operators, representing angular momentum in the x,y,z
direction, respectively.
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Fig. 10.1 (a) Shows the simplest of the quantum objects, a two level system being probed with
an electromagnetic field. (b) Shows the energy level diagram of a three level Lambda system often
studied in the area of laser spectroscopy. (c) Shows spontaneous decay of the population in state
|2〉 to energy levels |1〉 and |3〉

Since angular momentum is a generator of rotation, the angular momentum
operators Lx,Ly,Lz are identified with the Pauli matrices σx,σy,σz, the generators of
rotation in a two-dimensional Hilbert space. The Schröedinger equation then takes
the form

˙|ψ〉= iγ[σzB0 +σyBy(t)+σxBx(t)]|ψ〉, (10.8)

where we use B0 = Bz, ω0 = −γB0, and (u(t),v(t)) = −γ(Bx(t),By(t)). The above
equation is then rewritten as

˙|ψ〉= −i
2

[
ω0 u− iv

u+ iv −ω0

]
|ψ〉. (10.9)

The eigenstates of σz, labeled, |0〉 =
[

1
0

]
and |1〉 =

[
0
1

]
, with eigenvalues 1

2 and

− 1
2 , correspond to the state of the spins oriented along or opposite to the magnetic

field B0. Equation (10.9) represents the most basic of all quantum mechanical
objects, a two level system being manipulated by an external field. A schematic
of such a system is shown in Fig. 10.1a.

The differential equation model (10.9) describes the dynamics of spin 1
2 in the

NMR experiments when manipulated by transverse magnetic fields (Bx(t),By(t))
which manifest themselves as control inputs (u(t),v(t)). The primary goal of these
experiments is to accurately measure ω0 by manipulating or probing the system with
control inputs (u(t),v(t)), which provides a wealth of information on chemistry and
structure of molecules carrying spins, as detailed subsequently. NMR experiments
are performed on an ensemble of spins. All the members of the ensemble may not
have identical state vectors. In which case, the description of a quantum system is a
density matrix as described by

ρ = ∑
j

p j|ψ j〉〈ψ j|, (10.10)
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where p j is the proportion of ensemble elements (∑ j p j = 1) in the state |ψ j〉 (The
notation 〈ψ j |ψ j〉 and |ψ j〉〈ψ j|, denote inner and outer product of vector |ψ j〉 with
itself, respectively). In an ensemble of spin 1

2 , with 1
3 of spins in the state |0〉 and 2

3
of spins in the state |1〉, the density matrix is

ρ =

[ 1
3 0
0 2

3

]
.

By the postulates of quantum mechanics, the observable quantities are represented
by self-adjoint operators. The expected value of an observable O , when the quantum
system is in the state |ψ〉 is simply 〈ψ |O|ψ〉, where O is the operator that represents
the observable O . Therefore, for an ensemble of quantum systems, the expected
value of an observable O is

〈O〉= ∑
j

p j〈ψ j |O|ψ j〉= tr(ρO).

The density matrix ρ of the quantum system evolves as

ρ̇ =−i

[
H0 +

n

∑
j=1

u jHj,ρ

]
, (10.11)

where [A,B], as before, is the matrix commutator. This follows from simply
differentiating (10.10), where each |ψ j〉 satisfies the same (10.1). Some properties
of the density matrix ρ are evident from its construction. It is a Hermitian, positive
semidefinite and satisfies tr(ρ) = 1. The evolution of the density operator is

ρ(t) =U(t)ρ(0)U†(t), (10.12)

where U(t) is the unitary transformation in (10.4). Also by construction, tr(ρ2)≤ 1,
with equality holding only if only one of the p j in (10.10) is nonzero and equal to 1.
For an ensemble of spin 1

2 , the density matrix ρ is a 2×2, Hermitian matrix, which
can be decomposed as

ρ =
1
2

1 +mxσx +myσy +mzσz. (10.13)

Therefore, for the density matrix in (10.13), we obtain that the expected value of
the angular momentum along x, y, z, represented by operators σx, σy, and σz, is then
simply proportional to mx,my,mz. Then, (10.9) implies

d
dt

⎡
⎣mx

my

mz

⎤
⎦

︸ ︷︷ ︸
M

=

⎡
⎣ 0 −ω0 v(t)

ω0 0 −u(t)
−v(t) u(t) 0

⎤
⎦
⎡
⎣mx

my

mz

⎤
⎦, (10.14)

Not for resale



10 Problems in Control of Quantum Systems 325

where the vector M = (mx,my,mz)
′ is a measure of the net magnetic moment or

magnetization of the spin ensemble and the above equation is the well-studied Bloch
equation, which describes the precession of the magnetic moment in a magnetic
field and can be concisely written as Ṁ = γM ×B, where B = (Bx(t),By(t),B0)

′ is
the magnetic field vector as defined before. Observe, (10.14) evolves on a sphere,
and we normalize the norm of M to 1. Equation (10.14) is at the heart of the subject
of NMR spectroscopy, where a typical task is to engineer (u(t),v(t)) to manipulate
or steer the vector M to estimate the parameter ω0. In the following subsection,
we describe some characteristic features of the control inputs for the manipulation
of (10.14).

10.1.1 Control of Bloch Equations

Note, (10.14) can be written as

Ṁ = (ω0Ωz + u(t)Ωx + v(t)Ωy)M, (10.15)

where

Ωx =

⎡
⎣ 0 0 0

0 0 1
0 −1 0

⎤
⎦ , Ωy =

⎡
⎣ 0 0 1

0 0 0
−1 0 0

⎤
⎦ , Ωz =

⎡
⎣ 0 −1 0

1 0 0
0 0 0

⎤
⎦. (10.16)

A typical control problem is to steer the system from its equilibrium state M(0) =
(0,0,1) to a terminal state on the equator. A salient feature of such problems is that
the external excitations (u(t),v(t)) are typically significantly smaller in strength as
compared to the natural dynamics represented by ω0, which is four to five orders
of magnitude larger in the NMR experiments. Therefore, for the external control
to be most effective in manipulating the system, it is essential that the control be
oscillatory (see subsequent remarks). To fix ideas, let

(u(t),v(t)) = A(t)( cos(ω1t +θ (t)), sin(ω1t +θ (t))) (10.17)

and consider the control problem of steering M in (10.15) from an initial point
(0,0,1)′ to the final target state (1,0,0)′. Observe, by transforming to a coordinate
system such that X = exp(−ω1Ωzt)M, we obtain that

Ẋ = (ωΩz + u1(t)Ωx + v1(t)Ωy)X , (10.18)

where ω = ω0 −ω , and (u1(t),v1(t)) = (A(t)cosθ (t),A(t)sin θ (t)). Now, since
X(0) = M(0), by simply choosing ω =ω0, θ (t) = θ , and A(t) = A, as constants, we
drive X(0) to (sin θ ,−cosθ ,0) in T = π

2A units of time. When ω = ω0, (10.18) has
no natural dynamics. Therefore, it does not matter how weak A(t) is, given sufficient
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Fig. 10.2 The figure [1] shows the rotation of the vector X in (10.18), around a tilted axis, when
Δω is comparable to the strength of control A

time, X(0) can be steered to the transverse plane. X(T ) can be put anywhere on
the transverse plane by appropriate choice of θ . The left panel in Fig. 10.2 shows
this transfer, both in the rotating frame as in (10.18) (the winding curve) and the
laboratory frame (10.15) (geodesic curve). However, a choice of constant control
(u(t),v(t)) = (Acosθ ,Asinθ ), would be completely ineffective, if applied to the
original system in (10.15), as the net motion is then a precession around the axis
(Acosθ ,Asinθ ,ω0), as shown in Fig. 10.2 and therefore significantly falls short of
the desired transfer when A � ω0. Therefore, it is desirable to use a control input as
in (10.17), which is oscillatory at the frequency of natural oscillation of the system.
It is not difficult to show that the choice of such a control input is the minimum
energy control for driving the system in (10.15) to the transverse plane. Applying
such a control input corresponds to exciting the system at its resonance, with a
very weak field, the system can be driven far from equilibrium. A(t), θ (t) and ω0

are naturally termed amplitude, phase and carrier frequency of the applied radio-
frequency field as in radio communication. Design of appropriate control inputs
(u(t),v(t)) is in fact the design of appropriate amplitude and phase modulations.

After the magnetic moment is driven to the transverse plane by choice of an
appropriate control input, the oscillating control is switched off and the magnetic
moment M precesses around the static magnetic field B0 with a frequency ω0. This
is just the evolution in (10.17), after the controls are switched off. This precessing
magnetic moment by Faraday’s law induces an oscillating current in the nearby
placed receiver coil and is termed as free induction decay (FID) (Top right of
Fig. 10.3 shows the FID). This FID, when Fourier transformed, shows a peak at
ω0. At the magnetic field strength of B0 = 14 Tesla, ω0 for hydrogen nuclei is
600 MHz, for carbon is 150 MHz, and for nitrogen is 60 MHz (negative sign in
definition of ω0 is absorbed in clockwise rotation). The frequency ω0 of an atomic
nuclei is also dependent on its chemical/electronic environment in a molecule.
The secondary magnetic fields produced on an atomic nuclei by its electronic
environment results in a shift of the frequency ω0 to ω0(1−σ), where σ is specific
to the chemical environment of the nuclear spins and is usually of the order 10−6,
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Fig. 10.3 The top figure [1] shows the basic features of an NMR experiment. Panel (a) depicts
use of a field B0 to polarize the sample. Panel (c) shows the use of pulsed magnetic fields to steer
the net magnetization and generate FID. Panel (b) shows the profile of a free induction decay

so when ω0 is around 500 MHz, the shift ω0σ is in KHz. The Fourier transform of
the FID signal then shows many peaks, corresponding to different nuclei with their
chemical environment-specific characteristic shifts. Figure 10.5 shows a typical
proton NMR spectra from two different size molecules. NMR (Fig. 10.4) is therefore
an important analytical tool in chemistry as the peaks in the NMR spectrum serve as
a characteristic finger print of a molecule. Starting as a tool for characterization of
organic molecules, the use of NMR has spread to areas as diverse as pharmaceutics,
medical diagnostics (medical resonance imaging) and structural biology [5, 6]. The
principles of NMR have served as a paradigm for other physical methods that
rely on interaction between radiation and matter. It is therefore not surprising that
experiments in NMR also serve as good model problems in control of quantum
systems.

Equation (10.17) gives the wrong impression that the magnetic moment on the
transverse plane will continue to precess for ever. Overtime, the magnetic moments
of spins making the magnetization vector M experience local fluctuations in the
ambient field B0, causing them to precess differently and hence lose coherence
(decoherence). This gives the FID, a decaying envelop (see Fig. 10.5). This phe-
nomenon, termed decoherence, is described in detail subsequently and explicit
models are derived to analyze the effect. This leads to the study of open quantum
systems where a quantum system interacts with the external environment, but one is
only interested in the dynamics of the quantum system of interest. Additional terms
need to be incorporated in (10.11) to account for this effect. Before, we describe the
dynamics of open quantum systems, a few general comments about the oscillatory
control described before are in order.
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Fig. 10.4 The above figure shows the schematic of a high field NMR instrument

Fig. 10.5 The figure [1] shows a typical proton NMR spectra of a small- and medium-sized
molecule, shown in the left and right panel, respectively
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The oscillatory control described in (10.17) consists of irradiating the spin
ensemble with an oscillating field along, say, the x and y direction. In practice, the
same effect can be obtained by simply having a single oscillating field along, for
example, the x direction. This corresponds to

(u(t),v(t)) = (2A(t)cos(ωt +θ ) ,0) .

Such a control can be written as the superposition of two control inputs (u1,v1) =
A(t)(cos(ω0t+θ ), sin(ω0t+θ )) and (u2,v2)=A(t)(cos(ω0t+θ ), −sin(ω0t+θ )).
Transforming again into a rotating frame results in the equation

Ẋ = (A(t)(cosθ + cos(2ω0t +θ ))Ωx +A(t)(sinθ − sin(2ω0t +θ ))Ωy)X .

Since ω0 � A(t), the oscillating terms average out, giving identical equation as in
(10.18). This averaging of the fast oscillating terms is often termed the rotating wave
approximation.

10.1.2 Oscillatory Control

The control inputs described in the previous section have an oscillatory character.
In general, consider an n dimensional quantum system where the control u is used
to modulate the Hamiltonian H1 in

ρ̇ =−i [H0 + uH1,ρ ] . (10.19)

Now, since H0 is a Hermitian operator, let |φ j〉 denote the orthogonal eigenvectors,
with eigenvalues ω j. Then |φ j〉 diagonalize H0, i.e. we rewrite H0 = ∑ j ω j|φ j〉〈φ j |,
and then note |φ j〉〈φ j| all commute and exp(−iω j|φ j〉〈φ j|t) = exp(−iω jt)|φ j〉〈φ j |,
implying that

exp(−iH0t) = ∑
j

exp(−iω jt)|φ j〉〈φ j |.

Now, transforming (10.19) into a rotating frame

ρr = exp(iH0t)ρ exp(−iH0t)

gives

ρ̇r =−i[u(t)exp(iH0t)H1 exp(−iH0t),ρr]. (10.20)

Now, let h jk = 〈φ j |H1|φk〉. This, then gives that

u(t)exp(iH0t)H1 exp(−iH0t) = u(t)∑
jk

h jk exp(−iω jkt)| j〉〈k|,
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where ω jk =ωk −ω j and we assume ω jk are all distinct, such that |u| ≤ |ω jk−ωlm|.
If u is modulated at one of the ω jk, i.e., u(t) = A(t)cos(ω jkt + θ (t)), where the
variation in A(t) and θ (t) is assumed to be much slower than ω jk, then the resulting
Hamiltonian in (10.19) averages to

ρ̇r =−i
A
2
[h jk exp(iθ (t))|φ j〉〈φk|+ exp(−iθ (t))hk j|φk〉〈φ j |,ρr], (10.21)

where h jk = h∗k j. By modulating the Hamiltonian at the frequency of the difference
of the energies of the eigenstates |φk〉 and |φ j〉, we obtain effective Hamiltonians

Hjk = h jk|φ j〉〈φk|+ hk j|φk〉〈φ j |, (10.22)

G jk = −ih jk|φ j〉〈φk|+ ihk j|φk〉〈φ j |, (10.23)

which induces a transition from state j to state k and vice versa. If all ω jk are
distinct, one can synthesize Hamiltonians Hjk independently by simply choosing the
frequency of the control u(t). Therefore, one can write an effective control system
for (10.19), which takes the form

ρ̇r =−i

[
∑
jk

u jkHjk + v jkG jk,ρr

]
, (10.24)

where u jk, v jk are controls that can be turned on and off. Some of the h jk, and
therefore Hjk, might be zero and hence H1 cannot induce a transition between
the eigenstates |φ j〉 and |φk〉 directly. These constraints are often termed as the
selection rules in physics. Figure 10.1 shows the energy level diagram of the so-
called Lambda system studied in laser spectroscopy. There is no direct transition
between states |1〉 and |3〉, but there is an indirect transition through the state |2〉.

Of fundamental interest is to know whether the system in (10.4) can be driven
between states of interest. This is the standard problem of controllability of bilinear
systems. Therefore, the standard techniques [7–9] for studying controllability of
systems evolving on compact Lie groups can be directly applied [13]. The main
result being that if the Lie algebra {−iH0,−iHj}LA, spanned by {−iH0,−iHj}, is
the Lie algebra su(n) of the state space of the system in (10.4), then the system
is controllable. Then, checking for controllability reduces to checking the Lie
algebraic rank condition. For example, although there is no direct transition between
states |1〉 and |3〉 in Fig. 10.1b, the system is controllable. The unitary propagator
for the effective control system in (10.24), evolves as

U̇ =−i

⎡
⎣ 0 Ωc(t) 0

Ω ∗
c (t) 0 Ωp(t)
0 Ω ∗

p(t) 0

⎤
⎦U, (10.25)
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where Ωc(t) and Ωp(t) are complex valued controls that induce transitions between
|1〉 and |2〉 and |3〉 and |2〉, respectively. The subject of explicit synthesis of the
control laws for control of (10.4) has received significant attention recently in the
context of control of spin systems [10–12]. We will discuss some of these results
subsequently.

10.2 Open Quantum Systems

10.2.1 Master Equations

Equation (10.11) describes the evolution of a closed quantum system. We now
derive an equation for the dynamics of open quantum systems. The derivation is
not the most general, but captures the essence of how such a model is usually
arrived at [4, 14, 15]. The effect of the environment on the system is modeled by
an Hamiltonian H1, which randomly fluctuates with time.

ρ̇ =−i[H0 + f (t)H1,ρ ]. (10.26)

The state at time dt is related to time 0 by

|ψ(t)〉= exp(−i(H0dt +H1dW ))|ψ(0)〉, (10.27)

where dW is a Brownian increment distributed dW ∼ N(0,dt). Then we have,
ρ(dt) = E(|ψ(dt)〉〈ψ(dt)|)

ρ(dt) = E(exp(−i(H0dt +H1dW )) |ψ(0)〉〈ψ(0)|︸ ︷︷ ︸
ρ(0)

exp(i(H0dt +H1dW )). (10.28)

Using the Baker-Campbell Hausdorff formula and above definitions of expectations,

ρ(dt) = ρ(0)− i[H0dt+H1dW,ρ(0)]− 1
2
[ H0dt+H1dW [ H0dt+H1dW,ρ(0)]]+ . . . ,

(10.29)
Using E(dW ) = 0 and E(dW 2) = dt

ρ(dt) = ρ(0)− i[H0,ρ(0)]dt +
1
2
[−iH1[−iH1,ρ(0)]dt +o(dt2), (10.30)

we obtain,
dρ
dt

=−i[H0,ρ ]+
1
2
[iH1[iH1,ρ ]. (10.31)

If we let ˜ρ(t) = E(ρ(t)), where expectation is over various initial states of the
ensemble, this then gives us that the evolution of the density operator for the open
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quantum system is no longer isospectral. The effect of the term L(ρ) is then to
reduce the value of tr(ρ2). For instance,

d tr(ρ2(t))
dt

= tr([H1,ρ ]2), (10.32)

where tr([H1,ρ ]2)≤ 0, as [H1,ρ ] is skew Hermitian (implying that tr(ρ2) decreases
with time). The effect of the coupling to an external heat bath is to transform a pure
state into a mixed state.

A more general form of L(ρ) is

L(ρ) = ∑
j

k j[Hj, [Hj,ρ ]] (10.33)

arising because of random modulations of Hamiltonians Hj with fluctuations that
are uncorrelated. There are many interesting problems involving control of open
quantum systems in the presence of dissipation. The operator L(ρ) is a negative

definite operator, such that dTr(ρ2)
dt = Tr(ρL(ρ)) ≤ 0. If we measure the entropy of

the ensemble of quantum systems by

S = 1− tr(ρ2),

also termed Renyi entropy, then observe that pure states have entropy 0 and the
effect of the decoherence is to increase the entropy of the system.

In NMR experiments, fluctuations f (t) in (10.26) arise because the magnetic
field B seen by the spins fluctuates with time due to coupling of the spin ensemble
with an external bath. We will study the source of these fluctuations subsequently.
The equation for the density matrix of the 2× 2 spin system then takes the form

dρ
dt

=−i[ω0σz + f (t)σz + uσx+ vσy,ρ ]. (10.34)

The resulting master equation is then

dρ
dt

=−i[ω0σz + uσx + vσy,ρ ]− k[σz, [σz,ρ ]]. (10.35)

When the above equation is written as a Bloch equation, the evolution of the Bloch
equation takes the form

d
dt

⎡
⎣mx

my

mz

⎤
⎦=

⎡
⎣ −k −ω0 v(t)

ω0 −k −u(t)
−v(t) u(t) 0

⎤
⎦
⎡
⎣mx

my

mz

⎤
⎦. (10.36)

The constant k is called the transverse relaxation rate and is responsible for the
decay of the FID signal with time. Equation (10.35) is, however, not a complete
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description, because eventually M returns back to the original state (0,0,1)′. A more
general model for the Lindblad equations is [15]

L(ρ) = ∑
k

[
AkρA†

k −
1
2

{
A†

kAk,ρ
}]

, (10.37)

where {A,B}= AB+BA is the anticommutator. If Ak are Hermitian operators, then
L(ρ) reduces to the familiar form ∑k[Ak[Ak,ρ ]]. However, Ak in general can have
both Hermitian and non-Hermitian parts. If we take

A1 = κ1

[
0 0
1 0

]
; A2 = κ2

[
0 1
0 0

]
; A3 = κ3

[
1 0
0 −1

]
,

such that κ1 > κ2, then the system in (10.38) will follow the equation

d
dt

⎡
⎣mx

my

mz

⎤
⎦=

⎡
⎣ −k −ω0 v(t)

ω0 −k −u(t)
−v(t) u(t) −(T1)

−1

⎤
⎦
⎡
⎣mx

my

mz

⎤
⎦+

⎡
⎣ 0

0
T−1

1 m0

⎤
⎦ . (10.38)

Here k and T1 in the above equation depend on κ1, κ2 and κ3 as in (10.37). Then
after u,v is switched off, mz eventually returns to 0 ≤m0 ≤ 1, at a characteristic time
T1, also called the longitudinal relaxation rate.

Although, the effect of the Lindblad operator L(ρ) in (10.33) is to increase the
entropy of the system, the most general form of the Lindblad equations as in (10.37)
can lead to a decrease in the entropy of the quantum system when mixed suitably
with external control. An important application of this feature is in the field of laser
cooling [16], where an interplay between unitary control and Lindblad terms, as in
(10.37), is used to decrease the entropy of the quantum system. We study a concrete
example to understand the basic ideas in this subject in [17].

10.2.2 Laser Cooling

Consider again, the three-level Λ system as depicted in Fig. 10.1b. The evolution of
the density matrix of the three-level Λ system is given by

ρ̇ =−i [H(t),ρ ]+ γ1

(
E1ρE†

1 −
1
2

{
E†

1 E1,ρ
})

+ γ2

(
E2ρE†

2 −
1
2

{
E†

2 E2,ρ
})

,

(10.39)

where E1 = |1〉〈2| and E2 = |3〉〈2|.

Not for resale



334 N. Khaneja

If the initial state of the system represented by its density matrix is diagonal, say

ρ =

⎡
⎣λ1 0 0

0 λ2 0
0 0 λ3

⎤
⎦,

where λ1, λ2 and λ3 describe the population distribution in three energy states. Then,
in the absence of any external controls, the density matrix stays diagonal and the
diagonal entries evolve as

d
dt

⎡
⎣λ1

λ2

λ3

⎤
⎦=

⎡
⎣0 γ1 0

0 −(γ1 + γ2) 0
0 γ2 0

⎤
⎦

︸ ︷︷ ︸
A

⎡
⎣λ1

λ2

λ3

⎤
⎦. (10.40)

We assume that the system is completely controllable and any unitary rotation U(t)
on the three level system in (10.25) can be synthesized in arbitrary small time.
In particular, consider the unitary transformation

P =

⎡
⎣ 0 0 0

0 0 1
0 1 0

⎤
⎦,

which swaps the population states 2 and 3. The effect of this unitary transformation
on the diagonal of the density matrix is

P

⎡
⎣λ1

λ2

λ3

⎤
⎦=

⎡
⎣λ1

λ3

λ2

⎤
⎦.

Then, consider the following sequence of operations,

exp(Atn)Pexp(Atn−1) . . .Pexp(At1),

where ti are chosen long enough so that as λ2 in (10.40) decays below the value λ3,
for example λ2 =

λ3
2 , these operations keep the density matrix diagonal and

exp(Atn)Pexp(Atn−1) . . .Pexp(At1)

⎡
⎣ λ1

λ2

λ3

⎤
⎦∼

⎡
⎣ 1

0
0

⎤
⎦. (10.41)

It is clear that the population in state 1 keeps building up, while the population
from states 2 and 3 is eventually drained off. The cooling strategy consists of
a sequence of dissipative evolutions and unitary control (with electromagnetic
fields) to synthesize the Hamiltonians H23 in Fig. 10.1b. Therefore, by an interplay
of external control and evolution of the natural dynamics, all the population is
eventually driven to state 1, although one starts with a state where the population
is distributed across all the states [16].
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10.3 Control of Ensembles with Parametric Inhomogeneities
and Dispersions

We now return to the Bloch equations in (10.18). As discussed earlier, in NMR
experiments, there is dispersion in the parameter ω , as the chemical shifts σ of the
nuclear spins are dispersed over a certain range. In practice, there is another source
of the dispersion. The applied radio-frequency field is not uniform on the whole
sample but is dispersed over a range, captured by the parameter ε ∈ [1− δ ,1+ δ ].
In this case, (10.18) is then modified to

Ẋ = (ωΩz + εu1(t)Ωx + εv1(t)Ωy)X . (10.42)

Dispersion in the parameters in the system dynamics poses some interesting
questions on controllability and control design. Equation (10.42) represents a con-
tinuum of systems parametrized by ω and ε . Figure 10.2 shows that application of
the control input (u1(t),v1(t)) as in (10.18), results in poor transfer to the transverse

plane for spins with ω comparable or greater than Amax, where
√

u2
1(t)+ v2

1(t) ≤
Amax (the net rotation is around a tilted axis Br as shown in the picture). The
control challenge is to steer the ensemble of inhomogeneous systems, to a desired
target state, inspite of variation in their internal dynamics, by application of the
same control law (u1(t),v1(t)). We say that the system in (10.42) is ensemble
controllable if the system can be steered from an initial state of the ensemble
described by vector valued function X0(ω ,ε) arbitrarily close to the target state
XF(ω ,ε) (where the distance ||XF(ω ,ε)− X0(ω ,ε)|| is measured by, say, an L2

distance
∫ ∫ |XF(ω ,ε)−X0(ω ,ε)|2dωdε between functions).

This problem represents a typical problem in the control of quantum systems,
with dispersion or uncertainty in the parameters governing the dynamics, using the
same control field. The problem of designing excitations that can steer an ensemble
and be robust and immune to dispersion in the dynamics of the spin system is a
well-studied subject in NMR spectroscopy, and extensive literature exists on the
subject of so-called composite pulses that can correct for dispersion in system
dynamics [18]. In many cases of practical interest, one wants to find control inputs
that prepare the final state as some desired function of the parameter. For example,
slice selective excitation and inversion pulses in magnetic resonance imaging (MRI)
[19, 21, 22]. Only recently, these problems have been understood and posed as
questions in controllability of infinite dimensional systems [23–25]. A principled
study of the controllability of these systems reveals aspects of system dynamics,
which makes it possible to engineer excitations that can steer a quantum ensemble
and be robust to the dispersion in the system dynamics. These problems therefore
motivate development of new methods and techniques for studying controllability
and constructive controllability of a class of infinite dimensional nonlinear systems.

To fix ideas, we first set the dispersion ω in (10.42) to zero, and only consider
dispersion arising due to an inhomogeneous RF field on the sample, measured by
the parameter ε . Rewriting (10.42), we obtain

Ẋ = (εu1(t)Ωx + εv1(t)Ωy)X . (10.43)
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We now summarize the basic ideas [23] that make it possible to engineer input
excitations that can steer the whole ensemble uniformly and be immune to the
dispersion in the value of ε . Observe for small dt, the evolution

Ux
1 (dt) = exp

(
εΩy

√
dt
)

exp
(

εΩx

√
dt
)

exp
(
−εΩy

√
dt
)

exp
(
−εΩx

√
dt
)

(10.44)

to leading order in ε is I + ε2[Ωy,Ωx]dt + o(dt
3
2 ), where o(dt

3
2 ) represents a term

of order dt
3
2 , i.e., we can synthesize the generator [εΩx,εΩy] = ε2Ωz, by back

and forth maneuver in the directly accessible directions Ωx and Ωy. Similarly, we
can synthesize higher order Lie brackets like [εΩy, [εΩx,εΩy]] = ε3Ωx. By suc-
cessive Lie brackets, terms of the type ε2k+1Ωx can be synthesized to leading
order.

One such construction is for k > 0 given by

Ux
k (dt) = I + εk+1adk

Ωy
(Ωx)dtαk +o

(
dt

3
2

)
,

we have, for γk+1 =
3
4 − αk

2 , gives

Ux
k+1(dt) = exp(εΩydtγk+1) Ux

k (dt)exp(−εΩydtγk+1)U−x
k (dt),

Ux
k+1(dt) = I+ εk+2adk+1

Ωy
(Ωx)dtαk+1 +o

(
dt

3
2

)

with αk+1 = 3
4 + αk

2 . Note adk+1
Ωy

(Ωx), is the leading order term (adk+1
Ωy

(Ωx) =

[Ωy,adk
Ωy
(Ωx)]).

Now using {εΩx,ε3Ωx, . . . ,ε2n+1Ωx} as generators, we can produce an evolution

exp

{
n

∑
k=0

ckε2k+1Ωx

}
,

where n, and the coefficients ck can be so chosen so that

n

∑
k=0

ckε2k+1 ≈ θ

for all ε ∈ [1− δ ,1+ δ ]. Therefore, an evolution exp(θΩx) can be synthesized for
all values of ε to any desired accuracy. Therefore, one achieves robustness with
dispersion to ε by generating effective generators with arbitrary high powers of the
dispersion parameter ε .

Contrast to the situation in (10.43), with the following control system, the well-
studied non-holonomic integrator,

d
dt

⎡
⎣ x

y
z

⎤
⎦= εu

⎡
⎣ 1

0
−y

⎤
⎦+ εv

⎡
⎣0

1
x

⎤
⎦. (10.45)
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If ε is fixed, then the system in (10.45) is controllable as the vector fields

f =

⎡
⎣ 1

0
−y

⎤
⎦ ; g =

⎡
⎣ 0

1
x

⎤
⎦

generate the vector field [ f ,g] = [0,0,1]′. The three vector fields f ,g, [ f ,g], then span
the three-dimensional space. However, the Lie algebra generated by f ,g is nilpotent
and therefore [·, [ f ,g]] = 0. The dispersion parameter ε cannot be raised to higher
powers by iterated brackets and therefore such an ensemble of inhomogeneous
nilpotent systems is not ensemble controllable. On the contrary, the Lie algebra
g = so(3) generated by Ωx and Ωy in (10.43) is semi-simple (implying [g,g] = g)
and the iterated Lie brackets of Ωx and Ωy never terminate allowing for design of
robust input excitations. Similarly, linear systems

dX
dt

= AX + εBu (10.46)

cannot be steered uniformly by application of the same control input u(t), as the
output, for X(0) = 0 is

X(t) = ε
∫ t

0
exp(A(t − τ))B(τ)u(τ)dτ,

which is just a linear function of the input. No matter how u(τ) is modulated, the
output depends linearly on the input.

Interesting control design problems arise in the manipulation of inhomoge-
neous quantum ensembles. To provide a flavor for such problems, we describe
one synthesis method [26] for designing input excitations that robustly steer the
inhomogeneous ensemble in (10.43). This synthesis method has recently been used
in the design of RF pulse sequences in NMR spectroscopy that are robust to RF
inhomogeneity. Consider the following rotations obtained by alternate rotations
around x- and y-axis for appropriate durations. Let

U1 = exp(kπΩxε)exp

(
βk

2
Ωyε

)
exp(−kπΩxε), (10.47)

U2 = exp(−kπΩxε)exp

(
βk

2
Ωyε

)
exp(kπΩxε) . (10.48)

Now by choosing βk small enough, we have

Vk =U2U1 ∼ exp(εβkΩy cos(kπε)).

Consider, a sequence of transformations

Πk(Vk)
nk ∼ exp

(
ε ∑

k

αk cos(kπε)Ωy

)
, (10.49)
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Fig. 10.6 The figure [1] shows the sequence of pulses with alternate phases as described in
(10.47), which forms the building block of a composite pulse train as in (10.49). Each pulse is
an oscillatory control input the phase of which is changed from pulse to pulse

where αk = nβk. Now, the coefficients αk can be so chosen that

∑
k

αk cos(kπε) =
θ
ε

for 1− δ ≤ ε ≤ 1, with 0 < δ < 1.
Therefore,

Πk(Vk)
nk ∼ exp(θ ). (10.50)

The actual control input to (10.15) consists of an oscillatory input (u,v) = (Acos
(ω0t+φ),0), where the phase φ is switched between 0, π

2 and π to achieve rotations
around x, y, and −x axes, respectively. Figure 10.6 shows this control input and its
pictorial depiction as a pulse sequence.

10.3.1 Controllability of Bloch Equations in the Presence
of Frequency Dispersion

Now, consider the Bloch equations as in (10.18), with dispersion in the Larmor
frequencies. We now like to show that this system is ensemble controllable with
respect to the dispersion in the parameter ω . This is an ubiquitous problem in NMR
spectroscopy, where one wants to excite a broad range of frequencies with limits on
RF-power/amplitude, which translates to limits on A(t) in (10.18).

There is an important conceptual issue that emerges in the controllability analysis
of such problems. In studying controllability of control systems of the kind

ẋ = (A+ uB)x
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evolving on compact Lie groups, it is possible to synthesize commutators of the kind
[A,B] to leading order by an evolution

exp(−Adt)exp(−Bdt)exp(Adt)exp(Bdt), (10.51)

where the backward evolution exp(−Adt) is generated by letting the forward map
exp(At) evolve for a sufficient period of time. The free evolution on a compact
group almost returns back after sufficient time. However, the situation is different
for a continuum of such systems as in (10.18). In the presence of a continuum of
frequencies ω ∈ [−B,B], given small time dt, there is no forward evolution time
T , such that exp(ωT ) = exp(−ω dt), for all ω ∈ [−B,B]. However, using control,
we can synthesize an effective backward evolution. Two limits are of particular
interest here.

We first assume that our control inputs in (10.18) are unbounded a priori (Amax �
ω). Note, because of the assumption of strong fields, we can reverse the evolution
of the drift term in (10.18),

exp(πΩx)exp(ωΩzdt)exp(−πΩx) = exp(−ωΩzdt), (10.52)

where ω ∈ [−B,B], and the π rotations like exp(πΩx) can be produced in negligible
time. Now, we consider the case when the controls u and v are bounded, i.e.,√

u2(t)+ v2(t) ≤ Amax for all t, so that we cannot produce rotations of the type
exp(−Ωxπ) in an arbitrarily small time as in (10.52).

Nonetheless, the system is ensemble controllable as will be shown below.
The key to showing this is to produce the backward evolution of the drift term,
exp(−ωΩzdt). This helps us to generate higher-order Lie brackets with the drift
term containing higher powers of the dispersion parameters ω , which can be
combined to produce an evolution that is robust to ω . Our construction initially
uses the well-known construction in the physics literature called adiabatic following,
which helps to synthesize an evolution exp(−ωΩzdt). This construction can be used
to show ensemble controllability with respect to both Larmor dispersion and RF
inhomogeneity in the Bloch equations (10.43). Adiabatic following is a technique
widely used in a variety of experiments involving control of quantum systems as
it is robust to inhomogeneity in the system dynamics. It is of independent interest
from the perspective of nonlinear control.

10.3.1.1 Adiabatic Following

Consider the Bloch equations with only Larmor dispersion as in (10.42), which we
rewrite to reflect ensemble of systems with ω dependence.

Ẋ(t,ω) =
[
ωΩz + u1Ωy + v1Ωx

]
X(t,ω), (10.53)

where ω ∈ [−B,B]. Let (u1(t),v1(t)) = A(t)(cosφ(t), −sinφ(t)), where A =√
u2

1(t)+ v2
1(t). We then slowly vary φ̇(t) from an initial value φ̇ (0) � −B to
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Fig. 10.7 The figure [1] shows how the vector X in (10.15) can be dragged from (x,y, z) = (0,0,1)
to (0,0,−1), independent of the value of ω , by slowly varying ω̃(t) in (10.54)

φ̇ � B. We show that if the change in φ̇(t) is slow enough, all systems as in (10.53)
can be steered from (0,0,1)T to (0,0,−1)T . We first make a change of coordinates

Y (t,ω) = exp [−φ(t)Ωz]X(t,ω).

The resulting system then takes the form

Ẏ (t,ω) = ([ω − ω̃(t)]Ωz +AΩy)Y (t,ω),

where ω̃(t) = φ̇(t). Thus, the effective generator of motion is

(ω − ω̃(t))Ωz +AΩy.

In standard physics terminology, the Bloch vector Y (t,ω) rotates around the
effective field Br = A j+ [ω − ω̃(t)]k (see Fig. 10.7) and has the net magnitude of
rotation

| Br |=
√
(A)2 +[ω − ω̃(t)]2 = A

√
1+ cot2 θ .

The angle θ through which Br is tilted with respect to A is defined by

cotθ =
ω − ω̃(t)

A
. (10.54)

By differentiating (10.54), we get the rate of change for the angle θ (t)

θ̇ =
˙̃ω(t)
A

sin2 θ .
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The maximum value of the right hand side (RHS) of the above expression is
obtained when θ = π

2 and we have

| θ̇ |max=
| ˙̃ω(t) |

A
.

In addition, the smallest rate of rotation of X around Br is A. This happens when
ω̃(t) = ω , i.e., θ in (10.54) is 0. If we vary ω̃(t) slowly enough so that | θ̇max |�
A, i.e.,

| ˙̃ω(t) |� A2

from θ (0) = 0, to the final state π such that the variation is slow, then X(t,ω)
for all ω follows the effective field (remains locked around Br) from (0,0,1)T to
(0,0,−1)T simultaneously. This can be seen by the following averaging argument.
Observe that in Fig. 10.7, the rate of change of the angle γ at time t is a function of
θ̇ and β , i.e.,

dcosγ
dt

= h(θ̇ ,θ ,β ),

where the angles γ and β are defined in Fig. 10.7. Because β changes at a much
faster rate compared to θ , i.e., β̇ � θ̇ , the time scale separation gives

cosγ(t + τ)− cosγ(t) =
∫ τ

0
h(θ̇(t),β (t +σ))dσ ≈ 0,

with error propotional to
˙̃ω

A2 (θ (t + τ)−θ (t)) (with ˙̃ω constant), and τ is the period

for β to rotate by 2π over which θ̇ (t) is supposed to be constant. Therefore, we
can maintain γ(t) very small throughout, i.e., 0 ≤ γ(t) ≤ ε for all t, and ε can be
controlled by the rate θ̇ (t). Now note that θ (T ) ≈ π and hence X(T,ω)≈ −X0 for
ω ∈ [−B,B], where X0 = (0,0,1)T . As a result, there exists a net evolution U(ω)
for all ω ∈ [−B,B] such that

U(ω)X0 ≈−X0. (10.55)

Therefore, by doing an Euler angle decomposition, we can decompose

U(ω) = exp( f (ω)Ωz)exp(πΩx)exp(g(ω)Ωz),

where f (ω) and g(ω) are some functions of ω . Then, observe,

U2(ω)∼ exp( f (ω)Ωz)exp(−g(ω)Ωz)exp(− f (ω)Ωz)exp(g(ω)Ωz) = 1 ,

U(ω)exp(ωΩzt)U(ω) = exp(−ωΩzt). (10.56)

This propagator U(ω) can be used to reverse the direction of drift in (10.56).
Now, constructions as described before can be used to produce any rotation in
(10.42) as a function of ω . This approximation in (10.55) is in L2 sense as described
earlier and can be made arbitrarily good by regulating how slowly θ̇ is changed. In
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fact, it is possible to write down the explicit time-dependent control law that will
transfer X0 to −X0. This is the well-studied complex hyperbolic secant pulse [19]
and is very interesting from the perspective of nonlinear control.

We have sketched the basic ideas required to show that the Bloch equation
(10.18) can be steered to a target state that has the desired dependence of the drift
parameter ω . In many applications in NMR and MRI, one requires input control
design that only excites spins with specific value of ω to the equator, with a final
state that depends in a specified way on ω and leaves other spins invariant.

10.3.2 Ensemble Control by Method of Multiply Rotating Frames

We again consider the problem of broadband excitation. Consider the unitary
transformation (we use Iα to denote the Pauli matrix such that the frobenius norm
|Iα |= 1√

2
)

U̇(ω) =−i
{

ωIz + u(t)Ix+ v(t)Iy
}

U(ω), (10.57)

where ω ∈ [−c0,c0]. The goal is to design (u(t),v(t)) = A(t)(cosφ(t),sin φ(t)),
which will synthesize the propagator exp(−i π

2 Iy), uniform for all ω ∈ [−c0,c0] for
a given value of c0

A = α0, where max{A(t)} ≤ A. We show that it is possible to
perform a sequence of coordinate transformations

Θn(ω , t) = exp
(
iυnIzn(ω)t

)
. . .exp

(
iυkIzk(ω)t

)
. . .exp

(
iυ1Iz1(ω)t

)
U(ω , t), (10.58)

such that (for notation simplicity, we suppress the time index t, where it is obvious)

Θ̇n(ω) =−i
{

fn(ω)Iz(ω) +
wn

2n Iy +a(t)
}

Θn(ω), (10.59)

such that | fn(ω)| � c0, z(ω)∈ x−z plane and a(t) captures oscillating components,
with zero time average, such that their assumed effect is small, and the system can
be approximated by

Θ̇n(ω) =−i
{

fn(ω)Iz(ω) +
wn

2n Iy

}
Θn(ω), (10.60)

|2n fn(ω)|
wn

� 1, for all ω ∈ [−c0,c0]. Then, we can perform a exp(−i π
2 Iy) rotation,

with high fidelity in time T = 2n−1π
wn

. Furthermore, things can be arranged such that
υkT = 2nkπ for integer nk. This ensures that U(ω ,T ) ∼ Θn(ω ,T ) ∼ exp(−i π

2 Iy).
To achieve this, we choose the following control and resulting Hamiltonian

H0(t)=ωIz+w0Ix+(w1 sinυ1t+w2 cosυ1t sinυ2t+w3 cosυ1t cosυ2t sinυ3t+ . . . )︸ ︷︷ ︸
A0(t)

Iy,

(10.61)
which we rewrite as

H0(t) = ω̃Iz1(ω) +A0(t)Iy, (10.62)
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where spread of frequencies is ω̃ ∈ [w0,
√

w2
0 + c2

0]. Now by choosing υ1 in the first
transformation as exactly the center of this spread, we get

H1(t) = (ω̃ −υ1)︸ ︷︷ ︸
f1(ω)

Iz1(ω) +
w1

2
Ix1 +A1(t)Iy

︸ ︷︷ ︸
H′

1(t)

+H ′′
1 (t), (10.63)

where H ′′
1 (t) is a fast oscillating part that we neglect for now. The new frequency

f1(ω) ∈ [−c1,c1], where c1 < c0, A1, and H ′′
1 are written in their general form,

Ak(t) =
1
2k

{
n−1

∑
m=k+1

wm

m−1

∏
i=k+1

cos(υit)sin(υmt)+wn

n

∏
i=k+1

cos(υit)

}
Iy, (10.64)

H ′
k = fk(ω)Izk(ω) + ω̄kIxk +Ak(t)Iy.

H ′′
k (t) = −wk

2k exp
(
i2υkIzkt

)
Ixk exp

(−i2υkIzkt
)

+Ak(t)exp
(
i2υkIzkt

)
Iy exp

(−i2υkIzkt
)
, (10.65)

ck+1 =

√
c2

k + w̄2
k − w̄k

2
; υk+1 =

√
c2

k + w̄2
k + w̄k

2
, (10.66)

where w̄k = 2−kwk. The system obtained after first coordinate transformation has
the desired feature that the ratio of chemical shift spread to control strength c1

w1/2 is

reduced over c0
w0

for the original system. We can now iterate the above construction.
At the kth stage, (k > 0), the system takes the form

Hk(t) = H ′
k(t)+H ′′

k (t). (10.67)

Combining (10.58) and (10.59), we write the total evolution as

U(ω , t) = exp
(−iυ1Iz1(ω)t

)
. . .exp

(−iυkIzk(ω)t
)

. . .exp
(−iυnIzn(ω)t

)
exp(−iw̄nIyt)Θ ′

n(ω , t), (10.68)

where

Θ̇ ′
n(ω) =−i

{
a′(t,ω)

}
Θ ′

n(ω), (10.69)

and Θ ′
n is the evolution of Θn in the frame of exp(−iw̄nIyt). The oscillating terms in

the above equation can be written as

a′(t,ω) = ∑
k

ck cosνkt Ikα + sk sinνkt Ikβ︸ ︷︷ ︸
gk(t)

, (10.70)
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where the frobenius norm of the Pauli-matrices |Ikα | = |Ikβ | = 1√
2
. Define Gk =√

c2
k + s2

k +2|cksk cosθk|, where θk is the angle between Pauli matrices Ikα and

Ikβ . We now calculate, how well the oscillating terms a′(t,ω) will average out by
bounding the deviation of Θ ′

n(ω) from the identity.
Let Uk denote the evolution,

U̇k =−i
n

∑
j=k

gk(t)Uk. (10.71)

To evaluate Uk, we transform into the frame of Uk+1, i.e., Vk = U ′
k+1Uk, which

gives
V̇k =−i U ′

k+1gkUk+1 Vk. (10.72)

We now evaluate the Peano Baker series for Vk over a period τk = 2π
νk

. Let H̃k =

U ′
k+1gk(t)Uk+1,

Vk(τk) = I+
∫ τk

0
H̃k(τ)dt +

∫ τk

0

∫ τ

0
H̃k(dτ)H̃k(dσ)dτdσ + . . .

︸ ︷︷ ︸
Δ

. (10.73)

For Gkτk < 1, we have |Δ | ≤ √
2

G2
k τk
νk

.
Let

Dk(t) =
∫ t

0
gk(σ)dσ . (10.74)

Then note Dk(nτk) = 0. Then, using integration by parts, we write

∫ τk

0
U†

k+1gk(t)Uk+1(t)dt = U†
k+1Dk(t)Uk+1(t)|τk

0

−i
∫ τk

0
U†

k+1

[
n

∑
j=k+1

g j,Dk(t)

]
Uk+1dτ. (10.75)

We can bound the second integral on the RHS by

∫ τk

0
| U†

k+1

[
n

∑
j=k+1

g j, Dk(t)

]
Uk+1 |dτ ≤

√
2

Gk ∑n
j=k+1 G j

νk
τk, (10.76)

where

Dk(t) =
1
νk

{ckIkα sinνkτ − skIkβ cosνkτ}|t0. (10.77)
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This gives that

|Vk(t)− I| ≤
√

2

{
Gk ∑n

j=k+1 G j

νk
+

G2
k

νk

}
t. (10.78)

We evolve U1 in the frame of U2, followed by U2 in the frame of U3 and so on.
Then we write the total evolution

Θ ′
n(ω , t) =Vn . . .V1 = (I +EnΔn) . . . (I +E1Δ1), (10.79)

where |Δk|= 1 and

Ek ≤
√

2

{∑n
j=k+1 G j

νk
Gk +

G2
k

νk

}
t. (10.80)

The total error E = |Θ ′
n(ω , t)− I| is written as

E = ∑
k

Ek. (10.81)

Two limits are of interest. When all νk = ν , then

E√
2
≤ 1

2ν

⎧⎨
⎩
(

n

∑
k=1

Gk

)2

+
n

∑
k=1

G2
k

⎫⎬
⎭ t, (10.82)

when Gk � ∑n
j=k+1 G j then we approximate,

E√
2
≤ ∑

k

G2
k

νk
t. (10.83)

Remark 10.1. We rewrite (10.66) as

cn−(k+1) = 2
√

cn−kυn−k; w̄n−(k+1) = υn−k − cn−k. (10.84)

Define ck
υk

= αk. Then, choosing υn−(k+1) = 2υn−k, we write

αn−(k+1) =
√

αn−k. (10.85)

Let qk = log2 αk. Then, taking log of the above equation, we get

qn−(k+1) =
1
2

qn−k. (10.86)
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The above equation gives

log
cn−(k+1)

cn−k
− 1 =

(
1
2k

)(
log

cn−1

cn
−1

)
. (10.87)

Let a = (log cn−1
cn

− 1). Adding k+ 1 such equations, and exponentiating both sides,
we get

cn−(k+1)

cn
= 2k+12a∑k

j=0
1

2 j . (10.88)

Then we have,
cn−(k+1)

cn
= 2k+12

a
(

2− 1
2k

)
. (10.89)

By choosing,

w̄n−1 = 1− c2
n−1

4
. (10.90)

We obtain cn =
c2

n−1
4 , which gives, cn4a = 1, with υn = 1. Then, we have

cn−(k+1) = 2k+12−
a

2k (10.91)

and

w̄n−(k+2) = 2k+1
(

1− 2−
a

2k

)
= 2k+1

(
1− e− ln2 a

2k

)
< 2a ln2︸ ︷︷ ︸

Δ

, (10.92)

where, for x ≥ 0, we have e−x ≥ 1− x and e−x ≤ 1− x+ x2

2 . Note Δ = lnc−1
n . Then

wn−k ≤ 2n−kΔ , for k ≥ 2. Note wn−1 = 2n−1(1− cn). We choose wn = 2n

4 and a
typical value of c−1

n = 100, so that αn = .04.
The term

wn

n

∏
k=1

cos(υkt) =
wn

2n

2n

∑
i=1

cos( fit), (10.93)

where fi are the sum and differences of the frequencies υk. This choice of the RF-
field has rms power that scales like 2n+1Δ 2 and an rms amplitude Ae that scales like
2

n+1
2 Δ . Let Ae = 2

n=1
2 Δ , we define,

(ũ(τ), ṽ(τ)) = A−1
e

(
u
(
A−1

e τ
)
,v

(
A−1

e τ
))

,

then this control input has rms amplitude 1 and will perform a uniform excitation

for c0 = Δ−12
n−1

2 in time t̃ f ≤ 2
n−1

2 πΔ
w̄n

. The ratio c0
t f
∼ κ , a constant, which suggests

a linear scaling of time-bandwidth for a constant rms amplitude (Fig. 10.8).

In summary, in this section, we presented a new method for performing broad-
band rotations on an inhomogeneous spin ensemble with dispersion in their natural
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Fig. 10.8 Panel (a) shows a segment of the amplitude profile of the RF-field in units of 1
w0

.

Panel (b) shows a segment of the phase profile of the RF-field in units of 1
w0

. Panel (c) shows
the excitation profile, the x coordinate of the Bloch equation at time t f = 2,662/w0, starting from
z = 1 for a range of frequencies expressed in the units of the maximum amplitude of the available
RF-field. The control input takes the form expressed in (10.61). We start with an initial c0

w0
∼ 2 and

in the final frame c7
w7

= 0.04. We choose υk = 3υk+1. The maximum amplitude of the RF-field,
A = 1.38w0, while root mean square amplitude Am = 1.15w0. Panels (d–f) depict the same for
υk = 2υk+1. In this case, t f = 27.9/w0. The maximum amplitude of the RF-field, A = 15w0, while
root mean square amplitude Am = 5.1w0. The excitation profile in units of Am is much broader in
this case
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frequencies. We derived an upper bound for the error in performing a π
2 pulse. The

simulations show that the performance of the method is far superior than what the
bound was when applied to the parameters of the problem would suggest. This opens
many new and interesting methodological challenges in understanding the effect of
the multiply modulated RF-field.

10.4 Coupled Spin Dynamics

Until now, we have described bilinear control systems that arise in the control of
spin 1

2 or an ensemble of spin 1
2 . A rich class of model control problems arise,

when one considers dynamics of two coupled spin 1
2 . The dynamics of two coupled

spins forms the basis for the field of quantum information processing and computing
and is fundamental in multidimensional NMR spectroscopy experiments as detailed
subsequently. Let |0〉 and |1〉 represent a choice of the orthogonal basis for the
Hilbert space of state of the spin 1

2 , for example, the eigenstates of the operator
σz, with eigenvalues 1

2 and − 1
2 , respectively. The joint Hilbert space of the coupled

spin system is the tensor product of the individual one of these. A possible choice of
the basis for the joint Hilbert space is the tensor product of basis for each individual
space (also termed the product operator basis), and we represent these basis as |00〉,
|01〉, |10〉, and |11〉, where

|00〉=
[

1
0

]
⊗

[
1
0

]
=

⎡
⎢⎢⎣

1
0
0
0

⎤
⎥⎥⎦.

An arbitrary vector in this space takes the form

a|00〉+ b|01〉+ c|10〉+d|11〉. (10.94)

Not all the vectors in the joint Hilbert space can be written as the tensor product
|φ1〉⊗ |φ2〉. Vectors that can be decomposed in this way are called separable states
and those that cannot are termed entangled states. For example, the states

|ψA±〉 = |00〉± |11〉√
2

, (10.95)

|ψB±〉 = |01〉± |10〉√
2

(10.96)

are examples of entangled states and are given the special name of the Bell states.
The Hamiltonian for a system of two coupled spins then takes the general form

H0 = ∑aμσμ ⊗ 1 +∑bν1 ⊗σν +∑Jμνσμ ⊗σν , (10.97)
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where μ ,ν ∈ {x,y,z}. The Hamiltonians σμ ⊗ 1 and 1 ⊗ σν are termed local
Hamiltonians and the Hamiltonian

Hc = ∑cμνσμ ⊗σν , (10.98)

the coupling or interaction Hamiltonian. The local Hamiltonians only operate on
one of the spins. For example, σμ ⊗ 1 only transforms the first spin (labeled as I)

σμ ⊗ 1 |φ1
〉⊗|φ2 〉=

(
σμ |φ1 〉

)⊗|φ2 〉 . (10.99)

Similarly 1 ⊗σμ only transforms the second spin (labeled as S).
The following notation is therefore common place in the NMR literature.

Iμ = σμ ⊗ 1 ; Sν = 1 ⊗σν . (10.100)

The operators Iμ and Sν commute and therefore

exp(−i∑
μ

aμ Iμ +∑
ν

bνSν) = exp

(
−i∑

μ
aμ Iμ

)
exp

(
−i∑

ν
bνSν

)

=

(
exp

(
−i∑

μ
aμσμ

)
⊗1

)
⊗
(

1 ⊗exp

(
−i∑

ν
bνσν

)

(10.101)

and therefore

exp

(
−i∑

μ
aμIμ +∑

ν
bνSν

)
|φ1〉⊗ |φ2〉 =

(
exp(−i∑

μ
aμσμ)|φ1〉

)

⊗
(

exp

(
−i∑

ν
bνσν

)
|φ2〉

)

implying that the evolution of local Hamiltonians preserves separable states. The
unitary transformations of the kind

exp

(
−i∑

μ
aμσμ

)
⊗ exp

(
−i∑

ν
bνσν

)

obtained by evolution of the local Hamiltonians are called local unitary transforma-
tions.

Entangled states can be generated starting from separable states by letting the
coupling Hamiltonian evolve. The coupling Hamiltonian can be written as

Hc = ∑Jμν IμSν . (10.102)
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Written explicitly, some of these matrices take the form

Iz = σz ⊗ 1 =
1
2

⎡
⎢⎢⎣

1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

⎤
⎥⎥⎦ (10.103)

and

IzSz = σz ⊗σz =
1
2

⎡
⎢⎢⎣

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1

⎤
⎥⎥⎦. (10.104)

The 15 operators,

−i{Iα ,Sβ , IαSβ}
for α,β ∈ {x,y,z}, form the basis for the Lie algebra g = su(4), the 4× 4, skew
Hermitian matrices. For the coupled two spins, the generators −iH0,−iHj ∈ su(4)
and the evolution operator U(t) in (10.4) is an element of SU(4), the 4×4, unitary
matrices of determinant 1. The density matrix for a two spin system is then a 4×4
Hermitian matrix with trace 1 and can be written as

ρ =
1
4
+∑

μ
aμ Iμ +∑

ν
bνSν +∑

μν
Jμν IμSν . (10.105)

It is customary to omit 1 in the formula for (10.105), as it does not transform under a
unitary transformation. The various terms in the decomposition of the density matrix

have a special meaning. A density matrix ρI =
1
4 +αIIz corresponds to the state of

the spin ensemble, where there are excess of spins I oriented along the z axis, the B0

field direction, while there is no preferred orientation for spin S. Similarly, a density
matrix ρS =

1
4 +αSSz corresponds to the state of the spin ensemble, when there are

excess of spins S oriented along the B0 field direction, while there is no preferred
orientation for spins I.

Numerous experiments in NMR spectroscopy involve synthesizing unitary trans-
formations that require interaction between the spins (evolution of the coupling
Hamiltonian). These experiments involve transferring, for example, the initial state
of the spin ensemble represented by a density operator of the kind ρI to a final
density operator of the kind ρS and involves evolution of interaction Hamiltonians.
Such transfer experiments are used to improve the sensitivity of the measurement
and will be discussed subsequently. Similarly, many protocols in quantum com-
munication and information processing [36] involve synthesizing entangled states
as in (10.95) starting from the separable states. This again requires evolution of
interaction Hamiltonians between the spins.

A typical feature of many of these problems is that evolution of interaction
Hamiltonians takes significantly longer than the time required to generate local
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unitary transformations. Local unitary transformations on spins are obtained by
application of RF-pulses, whose strength may be orders of magnitude larger than
the couplings between the spins. Given the unitary evolution

U̇ =−i

[
Hc +

n

∑
j=1

u jHj

]
U, U(0) = I, (10.106)

where Hc represents a coupling Hamiltonian as in (10.98), we ask what is the
minimum time required to synthesize any unitary transformation in the coupled
spin system, when the control generators Hj are local Hamiltonians and are much
stronger than the coupling between the spins. Design of time optimal RF-pulse
sequences is an important research subject in NMR spectroscopy and quantum
information processing as minimizing the time to execute quantum operations can
reduce relaxation losses which are always present in an open quantum system as
described in Sect. 10.2.1. This is the problem of time optimal control of bilinear
control systems, as in (10.2), evolving on compact Lie groups. The present problem
has a special mathematical structure that helps to characterize all the time optimal
trajectories [10, 34]. The special mathematical structure manifested in the coupled
two spin system motivates a broader study of control systems with the same
properties.

The Lie algebra g= su(4) has a decomposition g= p⊕ k, where

k=−i
{

Iμ ,Sν
}
, p=−i

{
IμSν

}
. (10.107)

Here k is a subalgebra of g made from local Hamiltonians. It is easy to verify that

[k,k]⊂ k, [k,p]⊂ p, [p,p]⊂ p. (10.108)

This decomposition of a real semi-simple Lie algebra g= p⊕ k satisfying (10.108)
is called the Cartan decomposition of the Lie algebra g [35].

The coupling Hamiltonian −iHc ∈ p in (10.106), while the control Hamiltonians
−iHj ∈ k. We will assume that the Lie algebra generated by the control terms
−iHj span the whole k, i.e., {−iHj}LA = k. Under this assumption, a computation
shows that the system in (10.106) is controllable for any −iHc ∈ p. Let K = exp(k).
We assume that control amplitudes are unbounded a priori, and any element of the
subgroup K of transformations can be synthesized in arbitrarily small time. This
is typical and will be elaborated in the context of NMR applications and quantum
information processing, where any local unitary transformation can be produced in
negligible time compared to the evolution of the couplings.

The Cartan decomposition of the Lie algebra g in (10.108) leads to the decompo-
sition of the Lie group G [35]. Let a denote the largest abelian subalgebra contained
inside p. Then, any arbitrary element of the group G = SU(4) can be written as

G = K1 exp(a1)K2, (10.109)
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where K1,K2 ∈ K, and a1 ∈ a. Furthermore, the Cartan decomposition entails that
for −iHc ∈ p, and K1 ∈ K, we have K1(−iHc)K

†
1︸ ︷︷ ︸

AdK1
(−iHc)

∈ p.

Example 10.1. For g= su(4), as in (10.107), one choice of a is

a=−i{Iα Sα} ; α ∈ {x,y,z} . (10.110)

Note a is three dimensional. Then, any arbitrary element of any element U ∈ SU(4)
can then be written explicitly as

G= exp

(
−i∑

μ
cμ Iμ +∑

ν
dνSν

)

︸ ︷︷ ︸
K1

exp

(
−i∑

α
Jα Iα Sα

)
exp

(
−i∑

μ
aμ Iμ +∑

ν
bνSν

)

︸ ︷︷ ︸
K2

(10.111)

for appropriate choice of coefficients aμ , bν , cμ , dν , Jα etc.

Example 10.2. For g = su(n) and k = so(n), and p = −iA, where A is a traceless
symmetric matrices, the decomposition g= p⊕ k is a Cartan decomposition. Let a
be the space of all traceless diagonal matrices, where

a=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
−i

⎡
⎢⎢⎢⎢⎢⎣

λ1 0 0 0 0
0 λ2 0 0 0

0 0
. . . 0 0

0 0 0 λn−1 0
0 0 0 0 λn

⎤
⎥⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭
.

Then any element of U ∈ SU(n) can be written as U =K1 exp(D)K2, where K1,K2 ∈
SO(n) and D ∈ a is a diagonal matrix as above.

Theorem 10.1. [10] For the control system in (10.106), all the elements of G that
can be reached starting from U(0) = I in time T > 0, denoted as R(I,T ), are
characterized by its closure as

R̄(I,T ) = K1 exp

(
T ∑

j
α jZ j

)
K2,

where K1,K2 ∈ K, α j ≥ 0 and ∑ j α j = 1 and Zj ∈ AdK(−iHc)∩ a. The points Zj

are called the Weyl points, the set of points where the orbit AdK(−iHc) intersects
the Cartan subalgebra a. Let c(−iHc) denote the convex hull of the Weyl points
AdK(−iHc)∩a, then the reachable set can also be written as

R̄(I,T ) = K1 exp(T c(−iHc))K2. (10.112)
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Remark 10.2. In essence, the KAK decomposition of the group G allows us to write
any U ∈ G as U = K1 exp(Y )K2 with Y ∈ a and the minimum time T to synthesize
U is to find the smallest time T such that Y/T lies in the convex hull of the Weyl
points Zj. Given that T is the minimum time such that Y/T = ∑ j α j AdKj (−iHc)︸ ︷︷ ︸

Zj

,

with α j > 0, ∑ j α j = 1 and AdKj (−iHc)︸ ︷︷ ︸
Zj

∈ a, we synthesize exp(Y ) as

exp(Y ) =
n+1

∏
j=1

Kj exp(−iHct j)K
†
j , (10.113)

where Kj ∈ K, and therefore take negligible time to synthesize. The optimal
trajectory consists of a sequence of fast control rotations, interspersed with the
periods of free evolution.

Example 10.3. In example 2, the Weyl points Zj are

−i

⎡
⎢⎢⎢⎢⎢⎢⎣

λσ(1) 0 0 0 0
0 λσ(2) 0 0 0

0 0
. . . 0 0

0 0 0 λσ(n−1) 0
0 0 0 0 λσ(n)

⎤
⎥⎥⎥⎥⎥⎥⎦
,

the various permutations of the eigenvalues of Hc. The closure of the reachable set
in time T is all matrices of the form

K1 exp

⎛
⎜⎜⎜⎜⎜⎝
−i

⎡
⎢⎢⎢⎢⎢⎣

μ1 0 0 0 0
0 μ2 0 0 0

0 0
. . . 0 0

0 0 0 μn−1 0
0 0 0 0 μn

⎤
⎥⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎟⎠

K2,

where μ = (μ1,μ2, . . . ,μn)
′ satisfies μ ≺ T λ , where λ = (λ1,λ2, . . . ,λn)

′, and the
symbol ≺ stands for majorization, i.e., μ lies in convex hull of the vector T λ and
its various permutations.

Example 10.4. For the coupled spins, as in example 1, if we choose a=−i{IαSα},
then the Weyl points Zj have the form cxIxSx + cyIySy + czIzSz, where

(cx,cy,cz) ∈
{

ε1cσ(1),ε2cσ(2),ε3cσ(3)|εi =±1, ∏
i

εi = 1

}
,
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where (cσ(1),cσ(2),cσ(3)) are various permutations of (c1,c2,c3), and c1 ≥ c2 ≥ |c3|.
Then the reachable set for the system in time T in example 1 is now described by
Theorem 10.1 and can be explicitly written as

R̄(I,T ) = K1 exp(b1IxSx + b2IySy +b3IzSz)K2, (10.114)

such that b1 ≥ b2 ≥ |b3|, and b1 ≤ Tc1 and b1 + b2 ± |b3| ≤ T (c1 + c2 ± |c3|).
As before K1,K2 ∈ K = SU(2)⊗ SU(2).

Theorem 1 gives a complete characterization of the reachable set for a coupled
qubit system. The results derive from the Cartan decomposition of the group
G= SU(4) in terms of the associated subgroup K = SU(2)⊗SU(2), where elements
of K can be synthesized in arbitrarily small time. Until now we have only talked
about two coupled qubits. Experiments in quantum information processing and
NMR spectroscopy involve control of dynamics of multiple coupled spins. For a
system of n spin 1

2 , the Hilbert space is 2n dimensional. Unitary transformation on
such a space belong to the group G = SU(2n). The control Hamiltonians for such
a system generate the subgroup K = SU(2)⊗ SU(2) . . .SU(2), the group of local
unitary transformations that affects individual spins. Lie group decompositions such
as the KAK decomposition can be used to decompose any unitary transformation
U ∈ G as

U = Kn+1 exp(−iHctn) . . .exp(−iHct1)K1,

where Ki ∈ K are local rotations and are interspersed with the evolution of
the coupling Hamiltonian −iHc for appropriate time. These decompositions then
provide explicit synthesis methods for generating unitary transformations in G.

There are numerous beautiful control problems of efficient synthesis of unitary
transformations belonging to SU(2n), using the coupling Hamiltonian between the
spins and the control subgroup K [11]. Finding time optimal control for synthesizing
unitary transformations in the big space G can be reduced to problems in Sub-
riemannian geometry and have been recently studied [30]. Characterization of time
optimal trajectories for multiple spin systems, however, remains largely open.

10.5 Control of Coupled Spin Dynamics in the Presence
of Relaxation

Many experiments in coherent spectroscopy and quantum information processing
require transfer between different states of coupled spin system. The presence
of decoherence arising due to coupling to the environment limits how close the
state of a spin system can be driven to a target state. In the previous section,
we described problems in time optimal control of coupled spin dynamics with
the goal of minimizing decoherence effects by reducing the time to perform
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Fig. 10.9 (a) Shows the eigenstates of the Hamiltonian H0 +Hc for the two spin system as in
(10.115). The energies are in frequency units. (b) Corresponds to an ensemble where there are
excess of spin I oriented along the B0 field direction. The populations in various states are shown
below the energy bars [1]

quantum operations. In this section, we describe some problems of optimal design
of trajectories of coupled spin evolution so that they suffer minimum decoherence
loss. We show that by exploiting explicit models for decoherence, represented by
Lindblad operators as described in (10.33), it is possible to design trajectories of the
coupled spin system so that they suffer minimum decoherence loss [31–33].

We consider a coupled spin system consisting of spin I and S. The Hamiltonian
for the spin system takes the form

H(t) = 2πνIIz +2πνSSz︸ ︷︷ ︸
H0

+πJ2IzSz︸ ︷︷ ︸
Hc

+2πAcos(ωt +θ (t))︸ ︷︷ ︸
u1(t)

(Ix +Sx)︸ ︷︷ ︸
H1

. (10.115)

The first two terms of H0 represent energy of the spins I and S in a static
magnetic field along the z direction. The term 2IzSz corresponds to the interaction
Hamiltonian, which gives a positive contribution when spins are oriented alike and
negative contribution when the spins are oriented opposite to each other. The control
consists of an oscillating magnetic field along the x direction, whose amplitude,
frequency, and phase, given by A(t), ω , and φ , can be varied. In these experiments,
J � A � νI ,νS. Typical values of J and A are in Hz and kHz, respectively, while νI

and νS at B0 field strength of Tesla are hundreds of megahertz.
The eigenstate of the Hamiltonian are the product operator basis |00〉, |01〉,

|10〉, and |11〉, where |0〉 and |1〉 are eigenstates of σz, with eigenvalues 1
2 and

− 1
2 . Therefore, the energies of these eigenstates are − (νI+νS−J/2)

2 , (νI−νS−J/2)
2 ,

(−νI+νS−J/2)
2 , and (νI+νS+J/2)

2 . These energies are depicted in the energy level
diagram in Fig. 10.9a. Observe that the difference in the energies of the |1〉 and 0〉
states of spin I depend on whether the S spin is in |0〉 or |1〉 state and corresponds to
transitions I and II in Fig. 10.9a. The corresponding energies are νI − J

2 and νI +
J
2 .
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Therefore, if one performs an NMR experiment as described earlier in Fig. 10.3 on
a spin ensemble of coupled spin I and S where I spins have the Larmor frequency
ωI, then one observes two resonances, one at νI − J

2 and one at νI +
J
2 .

Figure 10.9a shows the state of a spin ensemble with the population in different
states written below the energy bar. The proportion of the ensemble when spin I is
in the state |0〉, vs when the spin I is in the state |1〉, is 5/4, while the ensemble has
equal number of spin S in |0〉 and |1〉 states. Writing down a density matrix for this
system then gives,

ρ =
5

18
|00 〉 〈 00|+ 5

18
|01 〉〈 01|+ 4

18
|10 〉 〈 10|+ 4

18
|11 〉〈 11|. (10.116)

We obtain

ρ =
1
4

1 +
1

18
Iz,

which signifies that we have an ensemble of spins with an excess of spins I
oriented along the z direction. An important experiment in NMR spectroscopy is
to synthesize unitary transformations that will transform an ensemble of the kind

1
4

1 +αIIz +αSSz,

where αI > αS into an ensemble that looks like 1
4 1 +αSIz +αISz. If the gyromag-

netic ratio γI > γS, then in thermal equilibrium spins I are more polarized than spin
S and therefore αI > αS. By transforming the ensemble so that more of the spins
S get more polarized compared to their equilibrium state, it is possible to improve
the sensitivity of NMR experiments that determine the Larmor frequency of spins S.
This experiment is called the transfer of polarization experiment. To make matters
more transparent, we assume αS = 0 and drop the factor 1

4 1 as this part of the
density matrix does not transform under rotations. We consider operations that will
transform the spin ensemble from the initial state

Iz → Sz. (10.117)

One method for performing this manipulation is to first perform a rotation on spin
I conditioned on the state of spin S, so that |10〉 ↔ |00〉, while |01〉 and |11〉 is
unperturbed. In the language of quantum information processing, this is so-called
a controlled not (CNOT) operation, and the corresponding unitary transformation
denoted Ucnot inverts the state of spin I, conditioned on state of spin S being |0〉.
This is depicted by arc I in Fig. 10.9b. Now, we can perform a CNOT operation on
spin S, such that the S spin is inverted if spin I is 0. As a result of the first CNOT
operation, the ensemble in (10.116) transforms to

ρ =
5

18
|10〉〈10|+ 5

18
|01〉〈01|+ 4

18
|00〉〈00|+ 4

18
|11〉〈11|= 1

4
1 +

1
18

2IzSz.

(10.118)
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As a result of the second CNOT operation, the ensemble in (10.118) transforms to

ρ =
5
18

|10〉〈10|+ 5
18

|00〉〈00|+ 4
18

|01〉〈01|+ 4
18

|11〉〈11|= 1
4

1 +
1

18
Sz. (10.119)

Another operation of fundamental importance in quantum information processing
is to transform a separable state |00〉 to an entangled state of the form |00〉+|11〉

2 .
Entangled states are useful resources in many quantum information processing
protocols. One mechanism of performing such an operation is to start with an initial
state |00〉 and transform it as

|00〉 → |0〉 |0〉+ |1〉√
2

.

Such a transformation simply involves doing a local unitary transformation of the
type exp(−i π

4 1 ⊗ σx) and can be obtained by evolution of local Hamiltonians
as described in the previous section. Such operations are significantly faster than
the evolution of the coupling Hamiltonians. Now, by performing the unitary
transformation, Ucnot, on this state, where the state of the first spin I is inverted
conditioned on the state of the spin S, such that |00〉 → |00〉 and |01〉 → |11〉, we
obtain

|0〉 |0〉+ |1〉√
2

→ |00〉+ |11〉
2

.

In the presence of decoherence or dissipation in the system, the desired transfer
cannot be performed with complete fidelity. Interesting optimal control problems
arise with the goal of maximizing the fidelity of the desired transformations in the
presence of decoherence as described subsequently. The control system describing
the transfer is obtained by first writing the Schröedinger equation of the coupled
spin system in terms of the product basis |00〉, |01〉, |10〉, and |11〉. This gives
us that

d
dt

⎡
⎢⎢⎣

ψ1

ψ2

ψ3

ψ4

⎤
⎥⎥⎦=

−i
2

⎡
⎢⎢⎣
−ωI −ωS + J u u 0

u −J+ωS −ωI 0 u
u 0 ωI −ωS + J u
0 u u ωI +ωS + J

⎤
⎥⎥⎦

⎡
⎢⎢⎣

ψ1

ψ2

ψ3

ψ4

⎤
⎥⎥⎦.

(10.120)

We add decoherence into our system model by introducing fluctuations into the
system Hamiltonian H(t) in (10.120). The resulting density matrix equation then
takes the form

ρ̇ =−i[H(t)+ f1(t)Iz + f2(t)Sz + f3(t)IzSz,ρ ], (10.121)
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where f1(t), f2(t), and f3(t) are assumed to be uncorrelated fluctuations such that
E[ fi(t + τ) f j(t)] = δi jδ (τ)ki. This captures the fact that various terms contribute to
the Hamiltonian fluctuating. This leads to the master equation

ρ̇ =−i[H(t),ρ ]+ k1[iIz[iIz,ρ ]+ k2[iSz[iSz,ρ ]+ k3[iIzSz[iIzSz,ρ ]︸ ︷︷ ︸
L(ρ)

. (10.122)

Now, by choosing u(t) = 2cosωIt, where ωI is the resonance frequency of spin I,
and transforming into a rotating frame described by taking the density matrix

ρ(t)→ exp(iH0t)ρ(t)exp(−iH0t),

we obtain that

ρ̇ =−i[2JIzSz +Acosφ(t)︸ ︷︷ ︸
u(t)

Ix +Asinφ(t)︸ ︷︷ ︸
v(t)

Iy, ρ ]+L(ρ). (10.123)

We can rewrite the corresponding density equation as

d
dt

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

z1

y1

x1

x2

y2

z2

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0 u −v 0 0 0
−u −k −J 0 0 0
v J −k 0 0 0
0 0 0 −k −J v
0 0 0 J −k −u
0 0 0 −v u 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

z1

y1

x1

x2

y2

z2

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
, (10.124)

where (x1,y1,z1) is a Bloch vector associated with the two level system |00〉 and
|01〉. Similarly, (x2,y2,z2) is the Bloch vector associated with the two level system
|10〉 and |11〉.

The goal is then to synthesize u(t) and v(t) that transfer

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

1
0
0
0
0
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
→

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

−1
0
0
0
0
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
.

This would correspond to the selective inversion of the transition I in Fig. 10.9a.
We reexpress the above equations with coordinates Z1 = z1+z2

2 and Z2 = z1−z2
2 .

Similarly, we define X1,X2,Y1,Y2. Then, we obtain the following control system:
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d
dt

⎡
⎢⎢⎣

Z1

X1

X2

Z2

⎤
⎥⎥⎦=

⎡
⎢⎢⎣

0 −u(t) 0 0
u(t) −k −J 0

0 J −k v(t)
0 0 −v(t) 0

⎤
⎥⎥⎦

⎡
⎢⎢⎣

Z1

X1

X2

Z2

⎤
⎥⎥⎦. (10.125)

Now, the goal is to steer the above system from (1,0,0,0)′ to (0,0,0,η)′, maxi-
mizing the value of η . Here the parameters J and k represents the coupling and
relaxation in the system. Equation (10.125) represents a typical problem in the
control of quantum systems in the presence of decoherence where one requires
natural dynamics, represented by the parameter J, to steer the system between points
of interest and the natural dynamics is dissipative, as represented by the parameter
k. When the strength J is comparable to the parameter k, one necessarily dissipates,
resulting in η < 1. Since the controls can be made much larger than the natural

parameters in the system, we define r1 =
√

Z2
1 +X2

1 , r2 =
√

Z2
1 +X2

1 , tanθ1 = Z1
X1

,

and tanθ2 =
Z2
X2

. Writing an equation for r1 and r2 gives us

d
dt

[
r1

r2

]
=

[−ku2
1 −Ju1u2

Ju1u2 −ku2
2

]
, (10.126)

where u1(t) = cosθ1(t) and u2(t) = cosθ2(t). The goal is that for 0 ≤ u1(t),u2(t)≤
1, find the maximum possible transfer to the final state r2, starting from the initial
state (r1,r2) = (1,0). Now, this problem can be solved by direct application of the
maximum principle.

Let (λ1,λ2) represent the costate variable for the system in (10.126). Along the
optimal trajectory, the Hamiltonian

H(u1,u2) =
[

λ1 λ2
][−ku2

1 −Ju1u2

Ju1u2 −ku2
2

][
r1

r2

]

should be maximized. The Hamiltonian can then be written as

H(u1,u2) =
[

u1 u2
][ −kλ1r1 J λ2r1−λ1r2

2
J λ2r1−λ1r2

2 −kλ2r2

]

︸ ︷︷ ︸
B

[
u1

u2

]
.

Then the optimal (u∗1,u
∗
2) should satisfy that H(u∗1,u

∗
2) = 0. This then implies that

det B = 0 and B

[
u∗1
u∗2

]
= 0. Then substituting det B = 0 and letting a = λ2

λ1
, b = r2

r1

and ξ = k
J , we obtain that

√
b
a
=

√
1+ ξ 2− ξ .
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Now using the condition that B

[
u∗1
u∗2

]
= 0, implies that

u∗1
u∗2

= a−b
2ξ , resulting in

u∗2r2

u∗1r1
=

√
1+ ξ 2− ξ . (10.127)

The optimal feedback control law for (10.125) entails that X2
X1

=
√

1+ ξ 2 − ξ .

This policy leads to an optimal value of η =
√

1+ ξ 2 − ξ in (10.125) and this
is the largest possible value of r2 in (10.127). Infact, it is now straightforward to
write down an optimal return function V (r1,r2), representing the maximum possible
achievable value of r2 starting from arbitrary value of r1 and r2 and it turns out to be

V (r1,r2) =
√

η2r2
1 + r2

2.

In (10.121), we assumed that fluctuations fi(t) are uncorrelated. Interesting
model systems arise when we consider correlations between various noise mech-
anisms [32]. Suppose, we assume that E( f1(t) f3(t+τ)) = kcδ (τ), which represents
interference effect between noise mechanisms in NMR spectroscopy [32]. The
following transfer problem arises in this case, which is of fundamental and practical
interest. Given the control system

d
dt

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

Z1

Y1

X1

X2

Y2

Z2

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0 u(t) −v(t) 0 0 0
−u(t) −ka −J 0 kc 0
v(t) J −ka kc 0 0

0 0 kc −ka −J v(t)
0 kc 0 J −ka −u(t)
0 0 0 −v(t) u(t) 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

Z1

Y1

X1

X2

Y2

Z2

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
, (10.128)

find optimal (u(t),v(t)) such that starting from (Z1,Y1,X1,X2,Y2,Z2) = (1,0,0,0,0,
0), what is the largest value of (0,0,0,0,0,η)?

The above optimal control problem can be solved in closed form. Consider the
vectors l2 = (X2,Y2) and l1 = (X1,Y1). The optimal solution is then given by the
following two invariants of motion. The ratio

l2
l1

=
√

1+ ξ 2− ξ = η ; ξ =

√
k2

a − k2
c

k2
a + J2 (10.129)

is maintained constant and the angle between vectors l2 and l1 is maintained
constant. The maximum transfer of efficiency is then η .

It is worthwhile to point out that researchers in magnetic resonance have
developed novel pulse sequences that have improved the transfer described in
(10.128); however, the fundamental limits of the transfer described here was not
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Fig. 10.10 The figure shows efficiency of various state of the art pulse sequences as a function of
ka
J for the transfer in (10.128) for kc = 0.75. The CROP pulse sequences developed using optimal

control of system in (10.128) provide the optimal transfer [32]

known. Figure 10.10 shows a plot of transfer efficiency of various state-of-the-
art pulse sequences as a function of the ratio ka

J for kc = 0.75. The CROP pulse
sequence obtained by solving the above transfer problem using methods of optimal
control performs better than all state-of-the-art methods and provide significant
improvement in sensitivity. Furthermore, methods of optimal control help to state
limits on how close a quantum dynamical system can be driven to a target state.

In summary, in this section, we provide some concrete examples of state transfer
problems involving control of coupled spin dynamics in the presence of decoherence
or relaxation. We showed how optimal control of these dissipative bilinear systems
can lead to design of better experiments. A systematic study of the controllability
and optimal control of problems related to Lindblad equations of open quantum
systems is expected to have immediate impact in areas of coherent spectroscopy
and quantum information processing.

Acknowledgments N. Khaneja would like to thank Sinbae Kim and Paul Coote for discus-
sions, and acknowledge NSF-0724057, ONR 38A-1077404, and AFOSR FA9550-05-1-0443
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Chapter 11
Common Threads and Technical Challenges
in Controlling Micro- and Nanoscale Systems

Benjamin Shapiro and Jason J. Gorman

The chapters in this book were taken from different groups, each of which has
addressed a different topic in the control of miniaturized systems. Yet the broad
issues they had to solve turn out to be strikingly similar. We close this book by
describing some common threads and technical challenges found throughout the
book chapters and in the field in general. This is followed by comments on research
directions that we believe are necessary to enable future innovations in this area.

11.1 Common Threads

As editors, one major motivation in assembling this book was to see what
unifying themes might emerge when examining a number of different applications
involving control at the micro- and nanoscales. It was clear that there would be
crosscutting technical challenges, which are discussed in the following section.
However, somewhat less expected was the emergence of common threads in
how the contributing researchers approached a new problem. These common
threads comprise a high-level research philosophy on how to approach new and
challenging control problems. Although culled from challenges in controlling
micro- and nanoscale systems, the points highlighted below largely apply to any
multidisciplinary research that involves control.
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11.1.1 Picking the Right Problems

All of the chapters in this book present applications where control can have a
strong impact such as dramatically improving the performance of atomic force
microscopy and enabling fast automated manipulation of nanoscale objects. Thus
the first recurring thread through all the chapters is the selection of good problems
where control can have a big impact. These problems can either be motivated by
current technological needs (e.g., the push to make AFM imaging and manipulation
better) or by a vision that control can do something in a new way (e.g., better
material growth by in situ sensing for online control of reactor parameters).

The problems presented in this book are just a sample. There are other examples
of control on small scales, including the control of microchemical reactors (e.g., see
[1, 2]), medical implant control (e.g., see [3]), and microscale robots (e.g., see [4]).
Control is also emerging in synthetic biology, where the goal is to design novel,
robust, and tunable biochemical systems and program them into genes to reprogram
living cells [5, 6].

Picking good problems is an art. Success at this stage is dependent on experience,
a view of the big picture, and creativity. To build up such a view in a new area, for
example, for control theorists interested in learning about miniature systems, we
recommend attending high-level seminars far outside one’s area of expertise, taking
every opportunity to “pick-the-brain” of researchers in disparate fields, and reading
widely – doing so is instrumental in uncovering broad needs. Even better is complete
immersion in a new environment for a significant period of time – no one we know
has ever regretted time spent in this way.

For experts in chemistry, fabrication, optics, microfluidics, or other domains
related to miniaturized systems, this book provides some concrete examples of how
feedback control can significantly improve capabilities on small scales. In every
single case that took significant time. It takes months, sometimes years, for a new-
comer to understand what questions to ask. However, once the issues sink in and the
creativity starts to work with different tools at hand, the subsequent payoffs can be
tremendous.

11.1.2 Model-Based Control

Although the book contributors were selected without any regard for what kind of
modeling they use, all of the chapters proceed by either stating a known physical
model (e.g., the Schrodinger equation for quantum mechanics) or by deriving one.
In each case, control systems were designed using these physical models. Moreover,
the modeling was not based on “black-box” system identification (e.g., fitting a
neural network to experimental data). Rather, as much as possible, the models were
derived from the physics. There are multiple reasons for this, but the simplest one
is this: if there is physics-based information (such as Newton’s laws or chemical
rate equations) that can be translated into “when this actuator is turned on like this,
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the behavior of the system changes like this,” then that information is useful and
it permits better design of controllers. Including that known information explicitly
through first-principles modeling is more effective than trying to have a computer
infer it from limited and noisy data. Simply put, the physical information that is
known provides a big advantage for control design, even though it may take months
or years to extract, understand, and use that information properly.

Although physical modeling is highly beneficial, the derived models do not have
to be perfect. Many of the chapters in this book deal with messy and complex
situations where pristine models are not feasible. Yet physical modeling is still a
major advantage. Even imperfect models can be used to tell a controller what it
should do to make the situation better – feedback then ensures high performance
by sensing the errors, choosing actuations to diminish them, and repeating the
correction at the next time step to force errors down to near zero. This works even
if each correction is imperfect. For dealing with imperfect models, the mathematics
of designing effective controllers in the face of modeling errors is known as robust
control and is a major field of study within control theory [7].

In some cases, systems exhibit crucial behavior that cannot be fully captured by
first-principles modeling, either due to a lack of physical understanding or inherent
system complexity (e.g., as in Chaps. 2, 3, 4, 5, 6, and 9). In these cases, it is ad-
vantageous to focus fitting and estimation techniques on just the unknown portions
of the system behavior and to still codify the remaining known information with a
physical first principles model. This leads to a “gray-box” type description, where
part of the model is known from the physics and the rest is identified from data.

Regardless of the form of the models created, they must be useful for control
design. This means that they must be compatible with available or emerging control
design tools. It is of no use to create a system model that contains all the physics
and is extremely accurate but is so complex that it requires a super-computer to
complete one simulation. More detailed models with a large number of states can
be (but are not necessarily) more accurate, but smaller models fit with a wider
array of analysis, design, and optimization tools. Roughly speaking, with current
computational capabilities and algorithms, linear control design techniques, such as
LQR (linear quadratic regulator) control design, can be used on linear or linearized
models with up to thousands or tens of thousands of states [7, 8]. But methods for
nonlinear control analysis and design [9,10], such as nonlinear stability analysis and
feedback linearization, are only practical for analytical models or models with much
fewer states (typically less than tens of states). Molecular dynamic or computational
fluid dynamic models, with their millions of states, are too large to be used directly
for control analysis or design. The key issue is to strike the right balance. In the
words of the 2004 National Science Foundation panel [11], models should be
“parsimonious” – the best models include only the most essential elements. When
large models originate from physical first principles, for example for computational
fluid dynamic or molecular dynamic models, it may be possible to reduce the size
of such high-fidelity models while keeping most of their accuracy by using model
reduction techniques [12, 13], as was done in Chap. 2. Used wisely, this can be an
effective tool for generating small but accurate models of complex systems.
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Effective modeling is a necessary part of control design. In new domains, this
modeling must be at least initiated by a control expert since they know what types
of models are needed for control analysis and design. Once initiated, continued
modeling is also usually carried out by the same person. However, information on
system physical phenomena is required from a domain expert, such that a tight
collaboration between a control scientist and a domain expert is almost always
required during the modeling phase. The attitude that control design starts with
prerequisite knowledge of a model in the form ẋ = f (x,u) and that this model is
provided by the domain expert is self defeating. The end result of this thinking is
that the control expert will miss a chance to work on something new and interesting
and the domain expert will have another example of a situation where control cannot
be applied to their problem of interest. Our own experience, and the experience
reflected in the book chapters, is that appropriate and high-quality modeling is
essential for successful control of micro- and nanoscale systems.

11.1.3 Posing the Right Mathematical Problem for Control

Once a suitable model is available, the next step is to pose the control problem in a
form that is tractable using existing, understood, or at least emerging mathematical
analyses. Good decisions here can sometimes turn what initially looks like a very
difficult task into something solvable. Conversely, it is easy to do this poorly – by not
keeping in mind the limitations of control analysis and design tools, or by a desire
to attack “the most general problem” – and to arrive at a formulation that cannot
be solved. As a concrete example related to control of electrowetting in Chap. 9,
consider the task of controlling the shape of liquid droplets by modulating surface
tension on their boundaries. Mathematically, this corresponds to control of nonlinear
partial differential equations through their moving boundary conditions, and it
is beyond the capabilities of current partial-differential-equation (PDE) control
methods. But if this problem is rephrased: if it is noted that the dynamic map from
the pressure on the boundary to the velocity inside the droplet is linear, that the
map from voltage to modulated surface tension pressure is nonlinear but static, and
that what is needed is a mapping from a few actuators (those actuators overlaid
by the droplet) to a few material points that adequately define the shape, then the
problem can be rephrased as a small least squares inversion from surface pressure
above the electrodes to velocity at the particles/material points, along with a static
inversion of the pressure/voltage nonlinearity. Now the problem can be easily and
effectively solved, robustly, and in real-time. These kinds of problem formulation
decisions are crucial – by exploiting features of the physics, difficult tasks can
turn into tractable problems. So, as in modeling, a careful balance must be struck
here between generality (more general problems are harder to solve) and usefulness
(a too specific solution will apply to only a small class of problems). Our advice is
to initially be motivated by specific applications, as is the case for all the chapters in
this book, and then to work up and out from demonstrated specific applications to a
wider class of problems.
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11.1.4 Experimental Verification

Another common thread that is present in all of the chapters is the essential need
for experimental verification. In a new area, like control of micro- and nanoscale
phenomena, there are few accepted models and the validity of the existing models
is far less certain compared to, for example, models of macroscale mechanical
structures. In these cases, it is not sufficient to demonstrate control performance
through simulations because one can only have confidence in simulation results
when the system models have been experimentally validated over the years.
Speaking from personal experience, we have yet to encounter a group of micro-
or nanoscale domain experts that will accept simulations as proof of performance.
Improved performance must be demonstrated where it counts, in actual working
systems.

11.1.5 Communication Across Complementary Fields

The final thread across the chapters is effective cross-disciplinary communication.
It is popular to invoke the importance of interdisciplinary collaboration, but the
depth of cross-immersion that is necessary to achieve results between two fields is
striking. We have found time and again that we can only create working systems
once we have deeply understood the needs, physics, numerics, and experiments
for that application domain, or, alternately, once each of those areas of expertise
is represented in our research team. From reading the chapters of other contributors,
we believe this need is universal. Being a controls expert just talking to a MEMS
expert or a clinician is almost always not good enough. The clinician must be
willing to become part of the team. The reverse is likely also true: being a MEMS
expert and talking to a controls expert is insufficient, rather, the microsystems expert
or clinician should find the right controls person and make him or her a part of
the research team. We hope that this book will add to the impetus to create tight
interdisciplinary teams, and to educate the next generation of students, as well as
engineers and faculty, in a concrete way – not just in name, but in real effort and
significant time spent learning things from new sources and outside disciplines. We
know the effort will be worth the rewards.

11.2 Technical Challenges

As seen throughout this book, controlling micro- and nanoscale systems presents
some unique and serious challenges in terms of the physics encountered and
implementation required. Some of these challenges are a result of scale and are
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not found in macroscale systems, while others are simply exacerbated by the
reduction in size. This section describes some of the most prevalent challenges and
limitations.

11.2.1 Noise and Fluctuations

All systems experience noise in one form or another; but at the micro- and
nanoscales, noise plays a particularly important role in system behavior. This is
because these systems are much closer in scale to the atomic-scale processes that
cause noise and they require precision measurements that are more likely to be
affected by noise. Thermal noise, which is due to the random interactions between
atoms and molecules in gases, liquids, and solids, is one form of noise that is
universal. When a particle is suspended in solution, the atoms in the liquid interact
with the particle causing Brownian motion [14]. As described in Chap. 6, Brownian
motion has a significant effect on the behavior of optically trapped particles.
Fluctuations in the particle position limit the manipulation precision and can cause
the particle to escape from the trap. Other examples of noise include shot noise in the
laser-based beam bounce method used to measure the deflection of AFM cantilevers
and Johnson noise in sensor readout electronics. Control issues for noisy systems are
well known. Optimal control design tools are appropriate to minimize the influence
of noise on the output signal. In most cases, noise in the sensor signal sets the bottom
limit on closed-loop resolution. Although there are many optimal control design
tools for linear stochastic systems, control theory for nonlinear stochastic systems
is currently limited to special cases due to mathematical complexity and remains an
open area of research.

11.2.2 Model Uncertainty

Parametric uncertainty is a major issue in micro- and nanoscale systems. As an
example, the geometry of micro- and nanofabricated structures generally has much
more uncertainty compared to structures machined using conventional macroscale
technology. When using a CNC (computer numerically controlled) mill, it is com-
monplace to machine a 5 mm feature with 25μm tolerances (tolerance/feature size
= 0.005). Using standard contact lithography for the microfabrication of MEMS,
one can typically fabricate structures with 5μm features with 0.5μm tolerances
(tolerance/feature size = 0.1). Therefore, in this comparison there is 20 times more
uncertainty in the microfabricated structures. Similarly, there is far more uncertainty
in the material properties of micro- and nanoscale structures compared to bulk prop-
erties due to variations in deposition procedures, surface effects, and the breakdown
of continuum mechanics as the structures approach nanometer dimensions. As a
result of this uncertainty, parameter identification is required in many cases, even
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when a high-fidelity model of the physics is available. Furthermore, robust control
is needed when designing a single controller to be used on many similar devices
(e.g., a large batch of MEMS accelerometers) due to such parameter variations.

11.2.3 Precision Sensing

Measuring one or more of a system’s state variables is a prerequisite for feedback
control at any scale. However, sensing at the micro- and nanoscales is generally
more difficult than in macroscale systems. This is partly due to the fact that many
of the techniques used to measure macroscale systems do not scale well in terms
of dynamic range and resolution. For example, due to the diffraction limit of
light, far-field optical measurement techniques often have reduced sensitivity when
measuring nanostructures because the focal spot of light is bigger than the measured
structure. This is true when using laser-based displacement interferometry for
nanoelectromechanical systems [15]. Other issues include difficulty in measuring
multiple state variables of a system and coupling between sensors and actuators,
both due to the confined area where these measurements take place. Therefore,
the challenge is designing a controller that can achieve the desired performance
with limited and noncollocated sensing. Given some of the ambitious performance
specifications found in micro- and nanosystems (e.g., the MEMS gyroscopes
discussed in Chap. 8), this is often not easy.

11.2.4 High-Bandwidth Operation

One straightforward outcome of scaling down to micrometers or nanometers in
size is that the mass of the system becomes extremely small. For example, the
mass of a 1μm diameter silica particle is approximately 1 picogram. As a result,
systems at these scales are often capable of extremely high accelerations due to
their low inertia. From a performance point of view, this means that high-bandwidth
operation can be achieved. This has motivated the application of MEMS to a
number of problems including hard-disk drive read heads and scanning probe
microscopy. This advantage also presents two significant challenges. The root-
mean-square (RMS) noise within a system is directly related to the bandwidth of
the system when there are white noise sources (e.g., thermal noise, Johnson noise,
and shot noise). Therefore, high-bandwidth operation introduces more noise into the
system response, which may outweigh the benefits of faster motion. Second, higher
bandwidth requires a higher bandwidth control system. As an example, closed-loop
nanoscale resonators with resonant frequencies on the order of MHz are so fast
that digital signal processing (DSP) and field-programmable gate array (FPGA)
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controllers are insufficient (e.g., see [16]). Therefore, an all-analog controller
implementation is required, which limits tunability and functionality compared to
digital controllers.

11.2.5 Surface Forces

Surface forces can dominate at the micro- and nanoscales, which can result in
very different behavior than seen at the macroscale. This is because surface forces
scale with the area of an object whereas bulk forces, such as gravity and inertia,
scale with the volume. Some of the most prevalent surface forces are electrostatic
forces, van der Waals forces, surface tension forces, and friction [17,18]. The action
distance of these surface forces varies significantly and is heavily dependent on
system geometry and environmental conditions. Surface forces play a major role in
the control of micro- and nanoparticle manipulation, as discussed in Chaps.4 and 9.
Other examples include micromotor failure due to stiction and the “jump to contact”
seen in atomic force microscopy, where the cantilever snaps to a surface during
approach because of surface forces. From a controls perspective, surface forces are
a challenge due to the speed at which adhesion can occur and the irreversibility of
many events driven by surface forces (e.g., a particle stuck to a probe).

11.2.6 Embedded On-Chip Control

It is often desirable for micro- and nanoscale devices, including MEMS/NEMS and
micro/nanofluidics, to be stand-alone systems for portability and easy integration
into larger systems. As an example, MEMS accelerometers are currently used in
a number of hand-held consumer products. Therefore, they must be self-contained
and offer functionality that is compatible with existing electronics. This requires
embedded control electronics using an application specific integrated circuit (ASIC)
based on complementary metal-oxide-semiconductor (CMOS) technology, which
presents several additional challenges. Tools for synthesizing controllers under
CMOS design constraints and then translating those controllers into CMOS circuit
layouts do not yet exist. Also, many micro- and nanoscale actuators require more
power and voltage than possible with standard CMOS electronics (e.g., electrostatic
MEMS actuators (Chap. 7) require tens of volts but CMOS voltages must typically
be below 6 V). Finally, massively parallel MEMS arrays are being used for optical
displays (e.g., the Texas Instruments digital light projector (DLP)) and high-density
data storage (e.g., the IBM Millipede) and have prospects in many other areas.
As these technologies evolve, closed-loop control will be required for every device
within an array, resulting in significant complexity in the design and implementation
of the controllers. It is expected that as more micro- and nanoscale devices move to
market, these system integration issues will become more evident and will require
serious research efforts to solve.
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11.3 Future Directions

This book has provided an introduction to some of the application domains where
control has been demonstrated to have an impact. There are many other examples
of control at the micro- and nanoscales and it is safe to say that this field will
continue to grow over the next decade. Up to this point most of the research on
controlling micro- and nanoscale systems has been application focused, with little
cross-fertilization between application domains. However, based on the common
threads noted above, there is a large amount of overlap between current and
emerging applications. Moving forward it is critical that there be more focus on
the big picture that unifies these efforts. We close this book with a few thoughts on
where the field of control of miniaturized systems may be going.

At least five of the chapters in this book relate to nanomanufacturing, which
closely aligns with current goals in nanotechnology research to move nanoscale
research and development from laboratories to the marketplace. Using macroscale
manufacturing as an analogy, many manufacturing processes start out as open-
loop processes with no methods for correction. However, once a product reaches
maturity, there is a much stronger focus on yield, repeatability, reliability, and cost.
At this stage, the manufacturing processes are typically reevaluated and closed-
loop control is implemented to improve production. Nanomanufacturing is now
approaching this phase and, as a result, there are a number of manufacturing
applications that can benefit from the control systems perspective. In addition to
those already discussed, examples where control can have a large impact include
directed self-assembly, dip pen nanolithography, and nanoimprint lithography.

All of the micro- and nanoscale systems discussed in this book have been
engineered but there are many such systems found in nature that can equally benefit
from control. Research over the last decade in the area of systems biology has
striven to provide mathematical formalism to biological sciences. This formalism
is a prerequisite to understanding the mechanisms of internal control and finding
ways to introduced engineered control into biological systems. With the merging
of biotechnology and nanotechnology, and the increasing demand for noninvasive
medical diagnostics and treatments, it is clear that controlling micro- and nanoscale
biological systems will be a major thrust in the coming decade.

As systems approach the scale of atoms, classical mechanics break down, and
quantum mechanics is needed to describe their behavior. In this book, only the
nuclear magnetic resonance (NMR) applications discussed in Chap. 10 required a
quantum mechanical description. However, it is clear that control engineers will be
faced with more and more systems with quantum behavior over the next decade.
Quantum computing is one of the biggest drivers because control systems will
be needed for preparing quantum bit states and verifying that the proper bits
are attained. However, there are many other examples of nanoscale systems that
will require quantum-level control, including magnetic resonance force microscopy
and quantum communication and encryption. The merging of control theory and
implementation with quantum systems is expected to be a growing trend with
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massive implications in the way we compute, communicate, and further scientific
understanding in our world.

This book has largely been application driven because most practical research
on controlling micro- and nanoscale systems is still focused on solving specific
problems, whether it is improving the performance of an atomic force microscope
or an atomic layer deposition process. This is the right way to start. However,
based on the common threads and technical challenges discussed earlier and the
emerging needs for control in nanomanufacturing, biological systems, and quantum
mechanical systems, there is now enough knowledge and momentum to begin to
tackle problems at a level higher than a single application. Classes of problems
will need to be identified, and then rigorously approached, to maximize such
efforts.

For control theorists approaching this subject, a common question is whether new
control theory is required to control micro- and nanoscale systems. It is tempting to
create grand unified control theory frameworks – these have an air of generality that
is satisfying from a mathematical viewpoint. However we know from experience
that such frameworks, unless they emerge from real application needs, are rarely
useful. Solving specific practical problems is hard enough; control of a general
class is even more difficult. The chances that the created framework will be aimed
just right (general enough to encompass a variety of applications, simple enough to
be tractable, but powerful enough to provide useful results for a class of practical
micro- and nanoscale applications) are slim to none unless it is motivated by real-
world needs.

A more sensible approach is to first try existing control methods in applications
where control is needed, see how they work, and then extend the theory to fill major
gaps as necessary. This is the approach that was chosen by the majority of the
authors in this book: In Chaps. 3–9 the authors started with existing control theory,
adapted and applied it in a micro- and nanoscale setting, and only then began to
extend it. In some instances, for example, in Chap. 9, the problems were first recast
into a form that allowed standard mathematics to be used.

However, there are cases where it is clear that standard control theory does
not suffice. In Chap. 2, existing model reduction and control tools were not
sufficient to control nanoparticle synthesis and processing. In Chap. 10, new
mathematical structures for infinite dimensional control and control of ensem-
ble systems had to be developed to better manipulate quantum systems. Thus
the answer is: new control theory will surely advance control of micro- and
nanoscale systems, but its development should be driven by concrete and high-
impact applications. We hope this book will help motivate the next generation of
researchers who will develop needed theory, and combine it with deep knowledge
in applications, to demonstrate the impact that feedback control can have in
micro- and nanoscale applications ranging, as the book title says, “from MEMS
to atoms.”
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contact mode imaging, 114–115
dither piezo, 112–113
dynamic modes, 115–117
noise sources, 113–114
position control, MEMS, 179
scanning tunneling microscope, 109, 110
uses, 111–112

Automatic gain control (AGC), 237
AWN. See Angle white noise (AWN)

B
Back-focal-plane detection method, 155, 156
Batch protein crystallization

low-order models, particulate processes,
25–27

particle size distribution, 9–10
Beam-bounce method, 110
Bilinear systems

coupled spin dynamics, 361
oscillatory control, 330

Bloch equations
control input design, 326
free induction decay, 326
frequency dispersion, 338–342
high field NMR instrument, 328
NMR spectrum, 327
salient features, 325
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Bloch equations (cont.)
steering problem, 325

Brownian motion suppression
instrument design, 166–167
scan controller design

linearized closed-loop system, 167, 168
PD controller, 170, 171
PI controller, 170, 172
PID control system, 169
power spectrum, 170

C
Cantilever

AFM, 109, 110
contact mode imaging, 114–115
dynamic mode, 115–117
noise sources, 114
thermally driven scanning, 199–200

Client-server program, 86–87
Closed-loop sense channel, DRG

advantages, 249
block diagram, 250
closed-loop spectra, 254
magnitude function vs. detuning frequency,

252, 253
scale factor and optimum demodulation

phase, 252
spectral density, 255, 256
transfer function, 250–251

Closed-loop vibratory rate sensor operation,
DRG, 220, 221

CMOS-integrated scanning cantilevers,
199–200

Comb-electrode actuator, 182–183
Contact angle saturation, 277
Contact loss detection, 95, 96
Continuous crystallization, 8–9
Coupled spin dynamics

Cartan decomposition, 351
density matrix, 350
description, 348
Hamiltonians, 348, 349
Lie algebra, 351
relaxation

Bloch vector, 358
CNOT operation, 356, 357
decoherence effects, 354
Hamiltonian eigenstates, 355, 356
Lindblad operators, 355
optimal feedback control law, 360
spin ensemble, 355, 356
state-of-the-art pulse sequences, 361
unitary transformation, 357

theorems, 352–354
unitary transformations, 350

Crystallization
batch protein, 9–11
continuous, 8–9

D
Data storage

devices, 200, 201
magnetic HDD

approaches, 204
decoupled sensitivity design, 204, 205
dual-stage actuation, 203, 204
master-slave design, 204, 205
PQ method, 205
VCM suspension, 203, 204

media actuator
LQG regulator, 202, 203
seek-and-settle stage, 201, 202
time-optimal control, 201, 202
track-and-follow, 202, 203

2-D automated micro/nanoparticle
manipulation

atomic force microscope (AFM), 70
force-based 2-D nanoparticle manipulation

AFM non-contact-mode images, 89
experimental results, 90–94
force modeling, 90–94
imaging, 88
system description, 86–87

micro/nanoelectromechanical system
fabrication process, 70

reference image, 71
vision-based 2-D microparticle

manipulation
adhesive forces, 72–73
automated micromanipulation system,

structure of, 72
automated single-microparticle

manipulation, 81–84
force modeling, 74–78
image processing, 78–79
parameter estimation, 79–81
sliding mode control, 73–74

Disk resonator gyro (DRG)
amplitude and phase coordinates, 215–216
bias terms, analysis of

phase perturbation, 263, 264
rebalance loop gain, 261–262
zero rate bias, 260

closed-loop control architecture
amplitude stability, 237, 238
automatic gain control, 237
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excitation and force-to-rebalance loop,
234

loop gain, 234, 235
phase-locked-loop, 236
wideband frequency response, 235, 236

electrostatic biasing
electrical stiffness matrices, 229
electrostatic tuning algorithm, 230–233
model fitting algorithm, 228

equations of motion, 214
noise analysis

angle uncertainty, 256–260
closed-loop sense channel (see

Closed-loop sense channel, DRG)
Johnson noise, 238
open-loop sense channel (see Open-loop

sense channel, DRG)
noise power spectrum, 221
operation modes

angular rate sensing mode, 218
closed-loop operation, 219
whole-angle mode, 217, 218

resonant structure, 211, 212
scale factor, 220
skew-symmetric matrix, 213
vibratory sensor model

empirical frequency response, 225–228
gyro transfer function, 225
wideband frequency response, 224

weighting factor, 222
2DOF control architecture

analysis, 130–131
benefits of, 131
control synthesis scheme, 129–130
DOF scheme, 128–129
electrical stiffness matrices, 229
feedforward-feedback scheme, 128, 129

DRG. See Disk resonator gyro (DRG)

E
Electro-optic deflectors (EOD)

critical performance parameters, 153
operating principles, 151, 154

Electro-osmotic microflow modes, 299, 300
Electrostatic biasing

electrical stiffness matrices, 229
electrostatic tuning algorithm

eigenvalue problem, 231
empirical frequency response, 232–233
stiffness matrices, 230–231

model fitting algorithm, 228
Electrostatic microactuators

charge-control approach, 191–193

comb-electrode actuator, 182–183
PPA, 182–184
voltage-control approach

closed-loop control, 187, 188
controller gain, 186, 187
controller output waveforms, 186, 187
conventional CMOS process, 184, 185
feedback control algorithm, 189, 190
feedback control system, 184, 185
gimbaled two-axis micro-mirror

fabrication, 189
phase margin, 186, 187
silicon-on-insulator wafer, 187, 188
sliding-mode control, 190–191
variable structure control, 191

Electrowetting actuation
applications of, 272
definition, 272
modeling

contact angle saturation, 277
dielectric energy, 274
level-set method, 279
line pinning, 277
Navier–Stokes equations, 274–276
pressure jump, 276
shape change actuation, 273
UCLA EWOD system, 274, 275, 278
variational front-tracking approach, 279

particle steering
algorithm initialization, 282
angular path, 288
closed-loop feedback control

architecture, 281, 282
diverging paths, 291, 292
figure 8 path, 287, 288
particle motion, desired direction of,

283
particle position and droplet boundary

sensing, 282
particle position updation, 286–287
pressure boundary conditions,

least-squares solution of, 283–286
sine wave path, 290
two-particle control, 289

Electrowetting-on-dielectric (EWOD) system
droplet in, 283, 284
particle steering closed-loop feedback

control architecture, 281, 282
particle steering control algorithm update,

286, 287
UCLA EWOD system, 274, 275, 278

Emissivity correcting pyrometer (ECP), 47
Ensemble control

multiply rotating frames method, 342–348
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Ensemble control (cont.)
parametric inhomogeneities, 335–338

EOD. See Electro-optic deflectors (EOD)
Extended Kalman filter (EKF), 49

F
Fault-tolerant control systems, 27–29
Feynman lecture, 5
Force-based 2-D nanoparticle manipulation

experimental results, 96–99
flowchart description, 94
force modeling

deformation, of cantilever, 92
friction, 90
net force vs. contact angles, 92, 93
normal force, 91
parameters, 90, 91

imaging, 88, 89
mechanical pushing/pulling, 89
principle, 85
system description, 86–87

Force-to-rebalance controller, 218

G
Gaussian potential, 159, 160
Generalized Lorentz-Mie theory (GLMT), 161

H
Hele-Shaw cell, liquid flow in, 274, 275
Hough transform, 78
HVOF thermal spray coating processes

microstructure coating, 33–35
velocity and temperature control

closed-loop simulations, 38
feedback controller response, 40, 41
pressure and fuel/oxygen ratio, 35–37
profiles of, 38, 39

Hybrid predictive control, low-order models
continuous crystallizer, 23–25
limitations, 20, 21
model predictive control

implementation, 22–23
policies, 20

I
Inertia sensors, MEMS

capacitive accelerometers, 194–197
closed-loop feedback configuration, 193,

194

description, 193
tunneling accelerometers, 197–199

J
Johnson noise, 238

L
Laser cooling, 333–334
Laser intensity modulators, 154–155
Level-set method, 279
Linear quadratic Gaussian (LQG) regulator,

202, 203
Linear transformation, of boundary conditions,

286
Low-order models, particulate processes

aerosol reactors, nonlinear control
closed-loop profiles, 31–33
steady-state profile, 30, 31
summarization, 29

batch protein crystallizer, 25–27
fault-tolerant control systems, 27–29
hybrid predictive control

continuous crystallizer, 23–25
limitations, 20, 21
model predictive control, 20, 22–23

nonlinear control
closed-loop output, 20, 21
crystal size distribution, 19, 22
fifth-order moment model, 17
infinite-order dimensionless system, 16
manipulated input profiles, 19, 21
open-loop profiles comparison, 17, 18
output feedback controller, 19

particle size distribution evolution, 26, 27

M
Magnetic hard disk drive (HDD), 203–206
Master equations, 331–333
Media actuator

LQG regulator, 202, 203
seek-and-settle stage, 201, 202
time-optimal control, 201, 202
track-and-follow, 202, 203

MHE. See Moving horizon estimation (MHE)
Microfluidics

boundary conditions, 270
electrowetting actuation

applications of, 272
contact angle saturation, 277
definition, 272
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dielectric energy, 274
level-set method, 279
line pinning, 277
Navier–Stokes equations, 274–276
particle steering (see Particle steering,

control for)
pressure jump, 276
shape change actuation, 273
UCLA EWOD system, 274, 275, 278
variational front-tracking approach, 279

fabrication methods, 270
geometric uncertainty, 271
object manipulation, flow

control/electrophoresis
advantages, 293
feedback control, 298–302
multiple particle control, 302–304
physics and modeling, 294–298
single particle control, 302
single quantum dot control, 305–307
swimming cell control, 304
system setup and device fabrication,

294
three-dimensional control, 308–312

Microscale system. See Nanoscale system
Model predictive control (MPC), 51
Moving horizon estimation (MHE)

advantages, 62–63
application of, 59, 61
chemical vapor deposition

experimental apparatus, 52–54
MHE, illustration of, 55, 56
state space model, 54–55

Multiply rotating frames method, 342–348

N
Nanoparticle control, in Brownian motion,

310–311
Nanopositioning systems, control design

bandwidth, 120–121
2DOF control

analysis, 130–131
benefits of, 131
control synthesis scheme, 129–130
DOF scheme, 128–129
feedforward-feedback scheme, 128, 129

optimal control framework
creep effects, 125
hysteresis elimination, 123, 124
MIMO transfer function, 122
parallel-kinematic xyz, 121, 122
tracking performance, 123, 124

performance criteria and limitations

block diagram, 118
challenges, 119
finite-waterbed effect, 120
tracking error, 118
waterbed effect, 119

positioning system, 117
resolution, 120–121
robustness, 120–121
ultrahigh resolution

feedback strategies, 125, 126
noise-management scheme, 127
single-axis open-loop system, 126
sub-nanometer positioning resolution,

127
tracking, 128

Nanoscale surface property estimation
optical surface measurement, 45, 46
pyrometry and temperature control

constructive interference, thin
transparent film, 47, 48

emissivity correcting pyrometer, 47
reflectometry and film thickness control

inverse problem, 48–49
lithographically patterned surfaces, 49,

50
MHE, 49 (see also Moving horizon

estimation (MHE))
scatterometry, 51–52
spectroscopic ellipsometry, 50–51

Nanoscale system
length scale, 2
technical challenges

embedded on-chip control, 372
high-bandwidth operation, 371–372
model uncertainty, 370–371
noise and fluctuations, 370
precision sensing, 371
surface forces, 372

threads
cross-disciplinary communication, 369
experimental verification, 369
mathematical problem, 368
model-based control, 366–368
right problems, picking, 366

Noise analysis, DRG
angle uncertainty, 256–260
closed-loop sense channel

advantages, 249
block diagram, 250
closed-loop spectra, 254
magnitude function vs. detuning

frequency, 252, 253
scale factor and optimum demodulation

phase, 252
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Noise analysis, DRG (cont.)
spectral density, 255, 256
transfer function, 250–251

Johnson noise, 238
open-loop sense channel

coriolis force, 241
cross-coupling, 239
decoupled sensor dynamics, 239, 240
excitation signal, 242
magnitude function vs. detuning

frequency, 246–247
noise scaling vs. detuning frequency,

248
operation of, 243
scale factor, 244–245

Noise-management, 127
Nonlinear control

closed-loop output, 19, 21
low-order models

crystal size distribution, 19, 22
fifth-order moment model, 17
infinite-order dimensionless system, 16
manipulated input profiles, 19, 21
open-loop profiles comparison, 17, 18
output feedback controller, 19

Nonlinear stochastic control theory, 174
Nuclear magnetic resonance (NMR) spectrum

high field instrument, 328
principles, 327

O
Object manipulation, flow

control/electrophoresis
advantages, 293
feedback control, 298–302
multiple particle control, 302–304
physics and modeling

Brownian motion, 297
electro-osmotic actuation, 294–295
fluid velocity, 296

single particle control, 302
single quantum dot control, 305–307
swimming cell control, 304
system setup and device fabrication, 294
three-dimensional control, 308–312

Open-loop sense channel, DRG
coriolis force, 241
cross-coupling, 239
decoupled sensor dynamics, 239, 240
excitation signal, 242
magnitude function vs. detuning frequency,

246–247
noise scaling vs. detuning frequency, 248

operation of, 243
scale factor, 244–245

Optical diagnostics
definition, 46
uses, 59

Optical sensor, 46. See also Nanoscale surface
property estimation

Optical trapping
actuation and sensing

block diagram, 150
laser intensity modulators, 154–155
particle position sensing, 155–158
performance of, 150
trap scanners, 151–153

in air and vacuum, 173–174
applications, 143–145
Brownian motion suppression

instrument design, 166–167
scan controller design, 167–172

controlled, 173
description, 141
dipole moment, 143
dynamic behavior

empirical closed-form dynamic model,
163–165

finite lifetime, 159–163
method of lines, 160
probability density function, 161
trapping coordinate system, 163, 164

extending trapping lifetime, 173
feedback control

design approaches, 148–149
gradient force, 145
isometric measurements, 146–147
PID control law, 148
trapping configuration, 146

nonlinear stochastic control theory, 174
three-dimensional position control,

172–173
trap formation, 141, 142
trapping forces, 143

Optimal control design
creep effects, 125
hysteresis elimination, 123, 124
MIMO transfer function, 122
parallel-kinematic xyz, 121, 122
tracking performance, 123, 124

P
Parallel-plate actuator (PPA)

modelling, 183–184
voltage-control approach

closed-loop control, 187, 188
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controller gain, 186, 187
controller output waveforms, 186, 187
conventional CMOS process, 184, 185
feedback control algorithm, 189, 190
feedback control system, 184, 185
gimbaled two-axis micro-mirror

fabrication, 189
phase margin, 186, 187
silicon-on-insulator wafer, 187, 188
sliding-mode control, 190–191
variable structure control, 191

Parameter fitting method, 49
Particle-center detection, 94, 95
Particle position sensing

back-focal-plane detection method, 155,
156

microscopic illumination, 157
optical detection mechanism, 158

Particle size distribution
aerosol synthesis, 11–12
batch protein crystallization, 9–10
continuous crystallization, 8–9
HVOF thermal spray coating processes

microstructure coating, 33–35
velocity and temperature control, 35–41

particulate process model
aerosol reactors, nonlinear control,

29–33
batch protein crystallizer, 25–27
description, 7–8, 12–13
fault-tolerant control, 27–29
hybrid predictive control, 20–25
nonlinear control, 16–20
reduction of, 14–16
spatially homogeneous, 13–14

Particle steering, control for
algorithm initialization, 282
angular path, 288
closed-loop feedback control architecture,

281, 282
diverging paths, 291, 292
figure 8 path, 287, 288
particle motion, desired direction of, 283
particle position and droplet boundary

sensing, 282
particle position updation, 286–287
pressure boundary conditions, least-squares

solution of, 283–286
sine wave path, 290
two-particle control, 289

Particulate process model
description, 7–8, 12–13
low-order models

aerosol reactors, nonlinear control,
29–33

batch protein crystallizer, 25–27
fault-tolerant control, 27–29
hybrid predictive control, 20–25
nonlinear control, 16–20

reduction of, 14–16
spatially homogeneous, 13–14

Pattern-formation planning, 100–101, 103
Phase-locked-loop (PLL), 236
Pietrement’s contact mechanics model, 90
Position control, MEMS

AFM system, 179
classical loop-shaping, 181
conventional closed-loop control system,

180
data storage

devices, 200, 201
magnetic HDD, 203–206
media actuator, 201–203

design and implementation issues, 206–207
electrostatic microactuators

charge-control approach, 191–193
comb-electrode actuator, 182–183
PPA, 182–184
voltage-control approach, 184–191

inertia sensors
capacitive accelerometers, 194–197
closed-loop feedback configuration,

193, 194
description, 193
tunneling accelerometers, 197–199

linear time-invariant control systems,
180–181

sigma-delta control, 194–197
SPM, 199–200
types of, 180

PPA. See Parallel-plate actuator (PPA)
Proportional-derivative (PD) controller, 170,

171
Proportional-integral (PI) controller, 170, 172
Pyrometer, 46–47

Q
Quantum mechanical system

bloch equations control
control input design, 326
free induction decay, 326
frequency dispersion, 338–342
high field NMR instrument, 328
NMR spectrum, 327
salient features, 325
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Quantum mechanical system (cont.)
steering problem, 325

coupled spin dynamics
Cartan decomposition, 351
density matrix, 350
description, 348
Hamiltonians, 348, 349
Lie algebra, 351
relaxation, 354–361
theorems, 352–354
unitary transformations, 350

density matrix, 323, 324
description, 3
dispersions, 335–338
ensemble control

multiply rotating frames method,
342–348

parametric inhomogeneities, 335–338
magnetic moment evolution, 322
open quantum systems

laser cooling, 333–334
master equations, 331–333

oscillatory control, 329–331
Schröedinger equation, 321
two level system, 323

R
Real-time optical measurement, 46
Rebalance loop filter, 250
Reflectometer, 48

S
Scan controller

linearized closed-loop system, 167, 168
PD controller, 170, 171
PI controller, 170, 172
PID control system, 169
power spectrum, 169, 170

Scanning probe microscopy (SPM), 3
Scanning tunneling microscope (STM), 109,

110
Scatterometry, 51–52
Shear flow, 310–311
Sigma-delta modulation, 194–197
Simple least squares fitting

application, 60
MHE, 56

Sliding mode control (SMC), 73–74
Spectral reflectometry measurement, 58
Spectroscopic ellipsometry, 50–51

Surface emissivity, 47
Surface forces, 372
Surface roughness, 57–59

T
Thermal spray. See HVOF thermal spray

coating processes
Three-dimensional particle control,

microfluidics, 308, 309
Trap scanners

AODs, 151
critical performance parameters, 153
EODs, 152
operating principles, 151, 152

Tuned gyro, 218
Two-particle separation, 289, 290

V
Variational front-tracking approach, 279
Vibratory gyros, 211, 220
Vibratory sensor model

empirical frequency response, 225–228
gyro transfer function, 225
wideband frequency response, 224

Vision-based 2-D microparticle manipulation
adhesive forces, 72–73
automated micromanipulation system,

structure of, 72
automated single-microparticle

manipulation
Lyapunov stability criterion, 84
pixel discretization, 82
single polystyrene (PS) particle, 82, 83

force modeling
adhesive force, 74–75
frictional forces, 76
horizontal forces, 77
material properties, 76
spinning friction, 74

image processing, 78–79
parameter estimation

linear transformation, 79
Lyapunov function, 80
sliding-mode iterative parameter

estimator, 81
sliding mode control, 73–74

Z
Zero rate bias (ZRB), 260
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